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PREFACE 


Instrum ent Engin eering is intended to provide a comprehensive background 
of theory for the teaching and practice of measurement and control. The relevant 
physical principles and mathematical techniques are drawn together in a pattern 
adapted for use in attacks on problems of all complexity levels. This pattern, 
based on information drawn from many texts and treatises dealing with physics, 
mathematics, and engineering, has been built up during a period of over twenty 
years of intensive experience with teaching and practice. 

Instru ment Engineering is made up of three volumes. The first volume is 
concerned with the description of physical situations by means of mathematical 
and graphical forms. The second volume gives the theoretical background for 
associating solutions with these forms. The third volume is composed of exam¬ 
ples in which the theory, methods, and techniques described in the first and sec¬ 
ond volumes are applied to typical cases. The examples are selected to cover a 
range in complexity from simple measuring units to systems that include an in¬ 
definite number of components with arbitrary performance characteristics. In 
treating these examples, emphasis is laid on the development and use of a gen¬ 
eralized plan of attack suitable for measurement and control problems of all kinds. 

Volume II of Instrument Engineering is not a mathematical text for readers 
primarily interested in mathematical theory or a handbook for engineers who are 
looking only for numerical results. It is a comprehensive source of information 
on effective methods and techniques for solving the integro-differential equations 
that commonly appear in descriptions of the behavior of physical systems with 
"lumped coefficients." This information is presented in a way that makes a max¬ 
imum of useful knowledge easily available to practicing engineers and students 
who do not have the inclination to review mathematical theory for the purpose of 
carrying out detailed derivations. In Volume II, typical results are developed 
with enough detail to save much routine effort for readers. At the same time, 
attention is called to the place of each example in the general pattern of proce¬ 
dures for finding solutions of typical equations. The knowledge to be gained by 
following through the derivation of complete solutions for simple equations greatly 
assists in the understanding of solutions for more complex problems, and also 
provides a basis for handling special situations of all kinds. 
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The material of Volume II is presented in a sequence of chapters that deal 
first with the reduction of integro-differential equations to standard nondimen- 
sional forms and then describe methods for finding solutions. The various chap¬ 
ters are independent to some extent in that the treatment of any given subject is 
made to standalone so far as possible, with references to other discussions added 
for the purpose of calling attention to the development of general patterns. For 
example, Chapter 19, which describes solutions for the second-order differential 
equation with constant coefficients, gives derivation details both as special cases 
of broad general principles and as self-contained examples. All mathematical 
reasoning is carried out with nondimensional variables, and all results are given 
in nondimensional terms. This makes it possible to associate generalized solu¬ 
tions with any physical situation that may be represented by the equations from 
which the solutions are developed. When an approach of this kind is used, there 
is no reason to consider any physical situation in the terms of any other analogous 
situation. This means that the information required to set up equations in any 
case may be kept in terms of the physical quantities actually involved. There is 
a considerable disadvantage in using analogues, because thinking about the actual 
physical facts of a situation is hampered, instead of stimulated, by the principles 
used in the analogue. These principles often do not provide obvious means for 
representing all the essential physical features that appear in real problems. For 
example, electrical analogues for situations that involve mechanical parts are 
sometimes not effective in representing backlash and rubbing friction between 
mechanical parts, because the behavior associated with these quantities does not 
have a direct correspondence with the behavior of simple electrical elements. It 
is always important to keep in mind that mathematical reasoning will not produce 
a correct result from an equation that does not truly describe the physical situa¬ 
tion under consideration. There is no way that mathematical techniques of any 
kind can be substituted for effective thinking in identifying equations with physical 
situations. 

For the reasons outlined, the attitude adopted throughout Instrument Engi¬ 
neering is to use the integro-differential equation as a common denominator for 
physical situations, without dependence on the use of analogues. This does not 
mean that physical reasoning is disregarded in finding solutions for given prob¬ 
lems. On the contrary, in Volume I the greatest attention is directed toward the 
representation of physical facts in terms intended to stimulate engineering think¬ 
ing. The function of Volume II is to develop generalized solutions for integro- 
differential equation forms produced by the methods of Volume I. 

Volume II does not develop integro-differential equation solutions by any 
single method or technique. The viewpoint chosen is that of presenting in com¬ 
mon terms the classical, operational, and weighting function procedures, and 
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showing that these attacks are different aspects of a single set of basic relation¬ 
ships. Engineers and students who are willing to become familiar with the mate¬ 
rial provided in Volume II will be able to select an effective method for solving 
any given problem. In addition, their activities as engineers will be facilitated by 
the ability to discuss problems with colleagues whose training restricts them to 
the viewpoint of a single mathematical method. 

Volume II begins with a discussion of the generalized integro-differential 
equation and the procedure for reducing it to a specified standard nondimensional 
form. Three generalized procedures for solving the basic equation are followed 
by detailed solutions for first- and second-order equations. Equations and non- 
dimensional curve families for a number of forcing functions and initial condi¬ 
tions are included to illustrate typical results and to provide immediately avail¬ 
able quantitative information for engineering uses. Discussions of stability for 
higher order equations are followed by descriptions of several techniques for 
handling equations of arbitrary order. The volume ends with th£ development of 
procedures for handling the basic equation when nonlinear terms are present. 

The authors are indebted to many sources for the background material of 
Instru ment Engineering . The basic mathematical references have been the texts 
on advanced calculus by Philip Franklin and by F. B. Hildebrand, and the works 
on ordinary differential equations by E. L. Ince, by H. B. Phillips, and by Abra¬ 
ham Cohen. The techniques of the operational calculus have been drawn from the 
books by M. F. Gardner and J. L. Barnes, by H. S. Carslawand J. C. Jaeger, and 
by R. V. Churchill. The recently published book, The Mathema tics of Circuit 
Analysis , by E. A. Guillemin, has served as the basis for the discussion of sta¬ 
bility of mathematical forms. Publications on the technique of the roots-locus 
method by W. R. Evans, and subsequent work by R. T. Donohue of the Instrumen¬ 
tation Laboratory staff, have supplied the background for this approach to the 
study of the dynamic performance of systems. Network Analysis and Feedback 
Amplifier Design by H. W. Bode; articles by A. C. Hall and by H. T. Harris on 
servomechanism theory; Theory of Servomechanisms by H. M. James, N. B. 
Nichols and R. S. Phillips; Principles of Servomechanisms by G. S. Brown and 
D. P. Campbell; and various other treatises in this field have been used as the 
basic references on frequency analysis methods. 

Many students and colleagues have helped with the preparation of Volume II 
of Instrument Engineering . The contribution of Dr. Y. J. Liu is acknowledged by 
placing his name on Chapter 22. Similarly, Dr. Albert Madwed is given credit 
for Chapter 27. Mr. James L. Stockard has been of invaluable assistance in pre¬ 
paring many of the charts, curves, and derivation summaries. Mr. Richard E. 
Marshall and Mr. Evan T. Colton helped prepare the pulse response curves in 
Chapter 25. Dr. J. Halcombe Laning, Jr., and Dr. Elmer J. Frey provided 




critical assistance in presenting the derivations throughout the volume. Mr. Wil¬ 
liam H. Shields collaborated with the authors on Chapters 15, 20, 21 and 25. 

The authors are indebted to Messrs. L. Earl Payne, Gardner W. Pope, and 
George F. MacKenzie, Mrs. Charlotte D. Mooers, and their associates of 
Jackson & Moreland for their assistance in the preparation of the manuscript and 
art work for Instrument Engineering . 

Volume nof Instrument Engineering should be an effective textbook and basic 
reference for students and engineers who are interested in the mathematical back¬ 
ground of measurement and control. 

C. S. Draper 
W. McKay 

Cambridge, Massachusetts S. Lees 

July, 1953 
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INTRODUCTION 


SCOPE OF VOLUME II 

1. Performance-describing concepts and mathematical* forms may be asso¬ 
ciated with physical situations by the methods illustrated in Volume I.** In order 
for these forms to have their greatest usefulness in practice, they must be proc¬ 
essed by mathematical reasoning to generate results that may be given physical 
interpretations. This phase of instrument engineering is not considered in Vol¬ 
ume I, but is taken as the subject of primary importance in the present volume. 

2. In Volume II, symbols that have specific meanings in Volume I are re¬ 
placed by working variables that combine to give mathematical forms having no asso¬ 
ciation with physical situations. To facilitate manipulation, working variables are 
represented by the simplest possible symbols. These symbols are not given unique 
meanings in all mathematical forms, but are redefined for reasons of convenience 
when particular situations are considered. For example, the symbol u is used to 
represent a generalized independent variable, while v is taken to represent the 
generalized dependent variable. In order to simplify computation and to produce 
results that may be easily applied to the widest possible range of engineering 
situations, the basic steps of finding mathematical solutions are carried out in terms 
of nondimensional variables. The mathematical forms considered in Volume II are 
chosen either because their solutions may be directly associated with physical situa¬ 
tions that often occur in practice or because the processes of finding solutions illus¬ 
trate some generally useful method or procedure. No attempt is made to show the 
physical background for any particular result. Discussions of this kind are taken 
as proper subject matter for Volume III, which is made up of problems that are solved 
by applications of the methods and procedures described in Volumes I and II. 

• Webster's New Gollegiate Dictionary gives for oiathematical : Of, pertaining to, or according to mathe¬ 
matics; hence, theoretically precise; accurate. 

Mathematics : That science treating of the exact relations existing between quantities or magnitudes 
and operations, and of the methods by which, in accordance with these relations, quantities sought are de- 
ducible from others known or supposed. 

Note : All definitions reproduced by permission from Webster's New Collegiate Dictionary, 
copyright, 1949, 1951, by G. & C* Merriam Co. 

•• Volume 1 deals with situations that lead to "lumped parameter" forms that may be described by or¬ 
dinary differential equations expressing summations of the components of some physical quantity. The same 
procedure of summing physical quantities may be applied to systems with continuous parameters rather than 
lumped parameters, but the resulting forms are partial differential equations instead of ordinary differential 
equations. In Volume II, attention is placed primarily on procedures for handling ordinary differential equations. 
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BASIC TYPES OF INSTRUMENT ENGINEERING PROBLEMS 


3. Any typical problem of instrument engineering involves an operating sys ¬ 
tem with the qualities described in Chapter 1. From the standpoint of represen¬ 
tation by means of mathematical forms, the essential property of an operating 
system is that it establishes a functional relationship* between some output quan¬ 
tity and some input quantity . The action of any given operating system is asso¬ 
ciated with a particular performance operator or performance function ,** which 
may be derived from the performance - describing equation for the system under 
consideration. In generalized abstract terms, the performance function is rep¬ 
resented by the relating function, which describes the functional relationship 
between variables that is established by a given differential equation. 

4. Input quantity changes correspond to variations of the independent van- 
able that act as the ind ependent variable forcing function, or simply the forcing 
function *** when this term may be used without misunderstanding. Output quan¬ 
tity changes correspond to variations of the dep endent variable , which is the re^ 
sponse function. In any particular situation, the response function corresponds to 
the complete solution for a given forcing function applied to a given differential 
equation with given initial conditions . By definition, initial conditions include all 
the information required to describe the state of the response function at the 
instant chosen as zero on the time scale. 

5. It is convenient to resolve the complete solution into the normal re- 
sponse function and the initial condition function . By definition, the normal 
response function is the form taken by the complete solution when normal initial 
conditions exist, where these conditions**** correspond to situations in which the 
dependent variable and all its time derivatives are zero at the initial instant. 
For any specific example, the normal response function is given by the re¬ 
lating function acting on the forcing function. When initial conditions differ 
from normal initial conditions, the initial condition function is the difference 
between the complete solution for the actual initial conditions and the normal 
response function. Many applications of the relating function, the complete 
solution, and the normal response function appear in Volume II. 


• Under the generalized concept of an operating system discussed in Chapter 10, an indefinite number 
of outputs may be related to an indefinite number of inputs . For the purposes of the mathematical forms con¬ 
sidered in Volume II, attention is restricted to situations in which the operating system establishes a func¬ 
tional relationship between a single input and a single output. 

•• The concepts of performance o perator and performance function are discussed in Chapter 3. 

••• In the discussion of Chapter 6, the term output forcing fu nct ion is applied to the response for an oper¬ 
ating system that would exist if the ourput variation perfectly followed the input forcing f unctio n. 

•••• The generalized definition of normal initial conditions is somewhat different from that given here. The 
complete definition is discussed in Chapter 16, which covers operational methods for solving differential 
equations. 
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6. From the standpoint of generalized reasoning, the problems of instrument 
engineering may be divided into four types: 

1) The direct analysis problem, in which performance equations (i.e., the 
differential equation and the relating function) are known for the oper¬ 
ating system under consideration, and it is required to find the system 
response (i.e., the complete solution) as a function of time when initial 
conditions are given and the input forcing function is specified. 

2) The inve rse analysis pro blem , in which the response of a system (i.e., 
the response function) with given characteristics (i.e., a given differen¬ 
tial equation) is known as a function of time, and it is required to deter¬ 
mine the corresponding input forcing function and initial conditions. 

3) The perfo rmance fu nction analysis problem , in which the input variation 
(i.e., the input forcing function) and the corresponding output varia¬ 
tion (i.e., the response function) are known, and it is required to find 
the performance function (i.e., the relating function) for the operating 
component with which the input and the output are associated. 

4) The design problem, in which it is required to determine the performance 
characteristics (i.e, the relating functions) that an operating system 
must have if its responses (i.e., the response functions) to specified 
input forcing functions are to fall within given tolerance limits. 

7. Problems of the first three types may be solved for many special cases 
without providing any considerable part of the background information required 
for the design problem. On the other hand, data on the responses that correspond 
to a wide range of input variations are the essential information for design pur¬ 
poses. These data, when they are available, are conveniently summarized by 
means of nondimensional curve families that describe the relating function as a func¬ 
tion of properly chosen parameters. Curve families of this kind may be generated 
from specific information on a satisfactorily large number of solutions for the direct 
analysis problem (type 1) using typical input forcing functions and initial conditions. 

SUBJECT MATTER OF VOLUME II 

8. Because properly chosen solutions for the direct analysis problem are so 
generally useful when they are available, it is desirable to compute families of 
these solutions for differential equation forms that may be associated with a con¬ 
siderable number of different operating systems. The time and effort required 
to calculate and plot reasonably complete curve families set practical limits to 
the number and complexity of equation forms worth covering by this method. 

This means that it is generally necessary to limit solutions for complicated 
equations to a small number of especially important situations. The procedures 
adapted for situations of this kind are described in Volume II because they illustrate 
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basic principles and demonstrate the use of certain computational aids. Volume II 
also gives mathematical derivations of solutions for several widely useful,simple 
differential equation forms, and includes discussions of methods that may be ap¬ 
plied in finding solutions for differential equations of both linear and nonlinear types. 

9. The forms considered in Volume II have the basic pattern of the perfor¬ 
mance equations discussed in Chapter 8. In working variable terms, the typical 
ordinary differential equation form is 


a 

n 


d n v 

dt n 



* = b (cnst] * ■>„« 



♦ 




where a o , a l , . . . , and o n are the dependent variable differential equation coef- 
ficients* and b (cnst) , b 0 , b, , . . . , and b m are the independ ent variable differential 
equation coefficients. 


10. From the standpoint of finding relating functions and complete solutions, 
the important differences between typical differential equation forms are associat¬ 
ed with the coefficients that have magnitudes substantially greater than zero. 

The orders of the terms associated with the coefficients that fulfill this condition 
offer an effective means for identifying various differential equation forms. For 
example, the (0; 0,1) equation has all the independent variable coefficients equal 

to zero except that of the zero-order term (i.e., the term in which the indepen¬ 
dent variable appears without differentiation), and has nonzero coefficients only 
for the dependent variable zero-order and first-order terms. The identified 
(0; 0,1) differential equation is 

°. v + °0 V - b 0 u (2) 

11. The background for solving generalized ordinary differential equations by 
classical, operational and weighting function methods is developed in Volume II 
along conventional lines** except that all equations and their solutions are sys¬ 
tematically reduced to nondimensional terms. The steps required to find solutions 
are outlined from the standpoint of the engineer who wishes to use mathematical 
reasoning in practical problems without following through all the steps of rigorous 
mathematics, but with emphasis on an understanding of the broad pattern behind 
the procedures applied in any particular case. This understanding is particularly 
useful for individuals who are concerned with the design and use of analog and 
digital computing devices. 


• Unless otherwise specified, all the differential equation coefficients in the forms discussed in Volume 
II arc constants. 

•• Conventional methods for solving ordinary differential equations are discussed by Franklin in Methods 
of Advanced Calculus (29) and by Hildebrand in Advanced Calculus for Engineers (36). Operational methods 
for solving ordinary differential equations are discussed by Franklin and Hildebrand in the previously cited 
references (29) and (36), by Gardner and Barnes in Transients in Linear Systems (30), and by Churchill in 
Modern Operational Mathematics in Engineering (14). 
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12. Differential equations of any order higher than the second may often be 
resolved into first- and second-order forms. For these equations, it is possible 
to synthesize the solution for any high-order form from the solutions for its first- 
and second-order components. This method is particularly effective for differential 
equations with constant coefficients, because solutions for first- and second-order 
forms of this type are available in nondimensional terms that may easily be ap¬ 
plied directly to engineering problems. For this reason, and to illustrate the gen¬ 
eral procedures for finding solutions of differential equations, Volume II includes 
detailed treatments of the first- and second-order forms. These treatments define 
concepts, develop notation, and present curves in terms of nondimensional vari¬ 
ables that summarize a wide range of useful information on first- and second-order 
solutions. 

13. Solutions of integro-differential equations, no matter how obtained, must 
be examined for suitability to engineering applications. One of the critical prop¬ 
erties of solutions from this standpoint is stability,* treated qualitatively in Chap¬ 
ter 6. A general quantitative discussion of both absolute and relative transient 
stab ility, together with measures for these concepts, is given in Volume II, fol¬ 
lowed by a review of analytical methods applicable to high-order equations. Non- 
dimensional charts are developed for treating third- and fourth-order equations, 
and it is shown how these charts may be used to study equations up to the ninth 
order. 

14. The limitations of analytical approaches for the solution of high-order 
integro-differential equations have led to the development of various numerical and 
graphical procedures for extracting useful information. Alternative and supple¬ 
mentary procedures of this type, useful in both steady-state and transient studies, 
are presented. A number of graphical aids, including special profile templates 
and plotting papers, are described, and their use is illustrated by typical examples. 

15. The problem of performance function analysis (type 3) is discussed from 
the standpoint of finding the relationship between a given change of the independent 
variable and the corresponding change in the dependent variable. Numerical and 
graphical methods for finding these relationships are described. These are par¬ 
ticularly useful for situations where the independent variable change occurs in a 
short interval compared with the interval in which the response occurs and for this 
reason may be treated as a pulse or an impulse . Analytical expressions for per¬ 
formance functions may be deduced by the graphical method noted in the preceding 
paragraph. Inverse analysis problems (type 2) may also be solved by these methods 
to find the changes in the independent variable that must have occurred in order 

• The stability of a mathematical form with respect to some selected reference form depends upon the 
way in which it approaches or diverges from the selected form. A form is stable if it approaches the reference 
form and unstable if it diverges from the reference form. 
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to produce given changes in the dependent variable, for a given performance function. 

16. Differential equations that are linear, except for the inclusion of a single 
constant whose sign is determined by the first derivative of the dependent variable, 
occur in practice to represent the effects of Coulomb friction* or the action of 
certain switch-type control systems. Detailed analytical and graphical methods 
are presented in nondimensionalized terms to solve problems of this type. 

17. Volume II ends with a discussion of number series methods for finding 
solutions and analyzing information when the essential relationships are so non¬ 
linear that even piecewise linearity may not be assumed. 

SUMMARY 

18. The subject content of Volume II as outlined in the foregoing paragraphs 
is chosen to meet the needs of the working engineer who wishes to use any one of 
various established methods of analysis for his problems without expending the 
effort required for a general study of mathematical texts. The discussions in¬ 
clude the essential information needed for the ordinary range of instrument engi¬ 
neering applications, but in many cases should be supplemented by studies of the 
cited texts when specific questions involving the limitations of any given procedure 
must be answered. 

19. The methods and results of Volume II are applied in the examples of Vol¬ 
ume III. The over-all objective of Instrument En gineering will be achieved if the 
combination of all its parts not only provides the background for understanding the 
examples of Volume III, but also is helpful in suggesting an effective approach for 
any problem of instrument engineering that may arise in practice. 

• By definition, Coulomb friction is the type of frictional force that occurs when two nonlubricatcd solids 
slide with respect to one another. The force is constant in magnitude and always acts to oppose relative 
motion. 
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CHAPTER 14 


NON DIMEN SION ALIZATION OF 
LINEAR INTEGRO-DIFFERENTIAL EQUATIONS 

INTRODUCTION 

14.1. Differential equations with the pattern of those discussed in Chapter 8, 
particularly Eq. (8-2), are important because forms of this type may be associated 
with physical situations. This importance stems not so much from the ability of 
equations of this class to describe given physical situations as from the fact that 
purely mathematical techniques can be used to produce solutions showing the de¬ 
pendent variable changes produced by given forcing functions. 

14.2. A number of methods are available for associating solutions with dif¬ 
ferential equations. Three of the more generally useful formal methods are: 
(a) the classical method, (b) the operational method, and (c) the weighting function 
method. A generalized discussion of the classical method is presented in Chap¬ 
ter 15. The operational method is described inChapter 16, and the weighting func¬ 
tion method is considered in Chapter 17. 

14.3. It is advantageous, in finding the solution for any differential equation, 
to reduce the running variable and the coefficients of the equation to nondimen- 
sional terms. The principles for applying nondimensional forms to express solu¬ 
tions of practical problems are discussed in Chapter 8 from the standpoint of di¬ 
mensional analysis. It is shown in Chapter 8 that nondimensionalization reduces 
the number of required variables and parameters to a minimum and adds insight into 
the nature of the physical processes involved. From the standpoint of mathematical 
procedure, nondimensional variables may be used to simplify and standardize 
operations leading to generalized results. 

14.4. When quantities are nondimensionalized, the difficulties that often ap¬ 
pear with forms that contain dimensions are entirely eliminated. The benefits of 
using nondimensional forms are achieved by systematically removing dimensions 
from all the essential terms before beginning to solve any given differential equa¬ 
tion. A generalized procedure for accomplishing this result by operations with 
equation coefficients is described in this chapter. In order to eliminate unnecessary 
restrictions on results, the basic form is taken as an integro-differential equation 
similar to Eq. (8-2) except for the addition of an indefinite number of integral 
terms involving both the dependent variable and the independent variable. 
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THE LINEAR INTEORO-DIF FER ENTIAL EQUATION 

14.5. For the purposes of instrument engineering, the ordinary linear dif¬ 
ferential equation describes a relation between three variables: an independent 
variable , a dependent variable, and a running variable .* As an example, consider 
a differential equation written in working variable form: 

a, d 3v + a, d 2y + a jk + a v = b 0 u + b.^lL (14-1) 

3 dt> ^ dt 2 1 * 0 0 dt 


in which 


u 

du 

dt 


independent variable 

first derivative of the independent variable 
with respect to the running variable 


v = dependent variable 


dv 

dt 


first derivative of the dependent variable 
with respect to the running variable 


d 2 v 
dt 2 


second derivative of the dependent variable 
with respect to the running variable 


dN 
dt 3 


third derivative of the dependent variable 
with respect to the running variable 


t = running variable 

14.6. The independent and dependent variables are both functions of the run¬ 
ning variable, but these functional relations are usually not of primary importance 
It is functional relationships between independent and dependent variables, as de¬ 
fined and limited by the equation, that have the greatest interest for instrument 
engineering. 

14.7. The functional relationships between the dependent and independent vari 
ables need not be restricted to derivatives, for the basic equation may include 
integrals of the dependent and independent variables. The most general integro- 
differential equation, which is of the (n + r) th order in the dependent variable and 
of the (m + s) th order in the independent variable, has the form** 



d<n-l) v 


+ a, 


dv 

dt 


+ 


a o v 





(14-2) 


Equation (14-2) is called a linear equation if: 

1) The dependent variable, v , and each of its derivatives are of the first 
degree. 


• In physical situations, the running variable is usually time. For this reason, the running variable is 
represented by the lower-case letter t. 

•• Constants of integration associated with the integral terms are implicit in Eq. (14-2). These must be 
evaluated in any specific application of the equation. 
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2) There are no products of v and any of its derivatives or integrals. 

3) There are no products of any derivatives and integrals of v. 

4) The conditions 1), 2), 3) apply to the independent variable,u, and its de¬ 
rivatives and integrals. 

5) There are no products between the derivatives or integrals of u and v . 

14.8. The coefficients of the general linear integro-differential equation may 
be functions of the running variable, but they cannot be functions of either the de¬ 
pendent or independent variable. When the coefficients (thea's andb's) are con¬ 
stant, Eq. (14-2) is a linear integro-differential equation with constant coefficients. 

14.9. The integro-differential equation (14-2) is called homogeneo us if the 
right-hand side is zero, i.e., if all the terms in u and its derivatives and integrals 
are zero. If the right-hand side is not zero, Eq. (14-2) is nonhomogeneous and 
is frequently called the complete differential equation. 

14.10. The linear integro-differential equation may be written in a more 


succinct form as 


in which 

d 1 v 

dt‘ 


d 1 u 

dt' 


y o dw . y b ily 

‘ dt‘ dt) 


(14-3) 


i th derivative of the dependent variable, v, if i is positive 
i th integral of the dependent variable, v, if i is negative 

j th derivative of the independent variable, u, if j is positive 
j th integral of the independent variable, u, if j is negative 


The more compact form of the integro-differential equation given by Eq. (14-3) is 
easier to manipulate than the form given by Eq. (14-2), because of its character¬ 
istic of displaying a typical term on each side of the equation. In most of the fol¬ 
lowing discussion, Eq. (14-3) is the form used. 


NONDIMENSIONALIZED LINEAR INTEGRO-DIFFERENTIAL EQUATIONS 

14.11. When the coefficients a ( and b f are not constants, it must be recognized 
that there are two relationships between the coefficients and the running variable, t. 
The more obvious relationship is a functional dependence: the coefficients may 
vary as the running variable varies. The other relationship is a dimensional de¬ 
pendence, a relationship that is independent of the value of the running variable 
but depends upon the scale selected for the running variable. For example, the 
spring constant of a system may change with time; this is afunctional dependence. 
On the other hand, the dimensions of a spring constant are force per unit length, 
or MT’ 2 , which are invariant with time; this is a dimensional dependence. In 
Chapter 8 it is shown that a functional dependence is not affected by nondimen- 
sionalization. 

14.12. Following the pattern laid down in the beginning of Chapter 8, the proc¬ 
ess of nondimensionalization can be effected in the following way. First, divide 
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Eq. (14-3) by the coefficient of the undifferentiated dependent variable, a 0 . Next, 
define a reference quantity,b (0)(re() , that has the dimensions of the coefficient of the 
undifferentiated independent variable but is never zero. Then multiply and divide 
the right-hand side of Eq. (14-3) byb (0)(rcf) . The new equation is 


1= n 


)= m 


l=-r 01 J=-s 


h; d>u 

1 dt> 


(14-4) 


where 


<V - 


b. = 


(0)(ref) 


<T = 


10) (ref) 


(See section b, Definition Summary 14-1.) 

14.13. The dimensions of every term on the left-hand side of Eq. (14-4) must 
be the same as v; those of each term on the right-hand side must be the same as 
u multiplied by a. The dimensions of a; and b' can only be powers of the running 
variable. The only coefficient with dimensions other than the running variable is 
<T, which has the dimensions of v divided by u. 

14.14. The integro-differential equation may be further modified by making 
the running variable a nondimensionalized quantity. To do this, select a reference 
value, TJ r ,. () , of the running variable, whose reciprocal is n, ref) . Let the running 
variable now be tn, ro() . If the new running variable is introduced into Eq. (14-4), 
that equation becomes t=n 


J=m 


Y ‘W.oO 


1= J r 


d ( tn (r 0 f))‘ 


= <T 


Y^ 


d'u 


cf) 


J= -3 


^ren)’ 


(14-5) 


14.15. The dimensions of the terms d'v/dhn,^,) 1 are only those of v, since the 
running variable now has no dimension. Since the dimensions of all the terms on 
the left-hand side of Eq. (14-5) must be those of v, the coefficients a;^ rel) must be 
without dimensions. The same is true of the coefficients b|n| re() . Note that not 
only is the new running variable,tn (ro() , dimensionless; the coefficients of all the 
terms have been nondimensionalized as well. 

14.16. The nondimensional running variable may be represented by the sym- 

bol - t (prime t). Then d»v . _dw_ , v «„ (14 . 6) 


The nondimensional derivative is represented by the symbol v ( ‘>, in which the ex¬ 
ponent enclosed in parentheses indicates the derivative operation with respect to 
the nondimensional running variable.* 


• This use of a normally unnecessary parenthesis is a particular application of a general procedure 
adopted in this book that can be summarized as follows: 

Just as V, V, ..., are simplified symbols for representing dv/dt, d' v/dt' , ..., which are derivatives 
with’respect to the running variable, the symbol V represents d n v/dt n , the n 1 * 1 derivative with respect to 
the running variable. Similarly, v', v", are simplified symbols for representing dv/d('t), d 2 v/d('t) 2 , 
which are derivatives with respect to the nondimensional running variable, and the symbol v (r,) represents 
d n v/d('t) n , the n 1 * 1 derivative with respect to the nondimensional running variable. In a case such as 
d (n + r) v/d('t) fn * r) , where a parenthesis is used around n + r for clarity, the corresponding simplified symbol, 
yttn+rD ^ conta i ns two parentheses. 
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The general linear integro-differential equation c.in he written in the form 


t ~ r. 


I = m 


E°4EE 


i = -r 


- 


b 

dt’ 


where 


d 1 v 

dt 1 


I th dependent variable derivative with respect to the running variable, if i is positive 

I ^ ^ i * * ft A m * 4 ft » a . ^ A ft Ik I A A a & • «a A *1 AA ft ft I . A A a A * ft a A a ft- A f . ft I a ftA A A a ftV A a A rfA A k A ft % I a 1 A. ft ^ ft ft ft ft a ft a A A A ft ft A ft ft A 


dt‘ li dependent variable integral with respect to the running variable, if i is negative 

d U \ I 1 * 1 independent variable derivative with respect to the running variable, if j is positive 

dt I j^ 1 independent variable integral with respect to the running variable, if | is negative 

0 = i 1 ** dependent variable intcgro-differentlal equation coefficient 

b = j 1 ^ independent variable intcgro-diIfcrencial equation coefficient 

o) General linear mtegro-different 10 I equation 

By means of the following steps, the general linear inregro-diff crcntial equation (1) can he converted to a 
form whose coefficients have the dimensions of powers of the running variable only: 

1. Divide both sides of I q. ( 1) by Q . 

2. Define b , as a reference quanriry with the dimensions of b and always different from zero. For 
purposes of illustration, this quantit) will be taken .is b , Mr ^ , having the dimensions of b . 

1 hen 


yv*v 

^ 1 ^ 


i- ri, 


E b i - 


' d'u 


i = -i 


i= -a 


w here 




b, = 


i r *‘ dependent variable running-variable-dimcnsioned integro-differential equation 


coefficient 


(T = 


^0)(ref) 
^ 0 )(rof) 


- j 1 *' independent variable running-variable-dimensioned integro-differential equation 
coefficient 

- independent variable—dependent variable dimensional similarity factor 


b) General linear mtcgro-dif ferentioI equa tion with ru nm ng-vona ble'dimens toned coefficients 

To nondimensionalize the coefficients and the running variable of hq. (2), select an arbitrarily chosen ref¬ 
erence value of the running variable, designated as whose reciprocal is r^ ref j (= 1 / "I^ rof ))• After each 


term of hq. (2) is both multiplied and divided by raised to the power equal to the order of die term, then 


1= n 


J=m 


V 'a = <y V 'b 

t—i 1 L-j j At'*\ 


i -r 


)=-3 


d('t) 


where 


bj = = i f *' dependent variable nondimensional inregro-differcntiaJ equation coefficient 

b = b | ry rej j = ) lh independent variable nondimensional integro-differential equation coefficient 

't = = dimensionless running variable (nondimensional time, when the running variable 

is considered as generalized time) 

rij re |j = —I- = reference frequency; ”^ re () = reference period 


(re!) 


c) Differential equotion with nondimensional running variable and nondimensional coefficients 


Definition Summary 14-1. Reduction of the general linear integro-differential equotion 

to standard forms. (Page 1 of 2) 
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The standard linear intcgro-diffcrcniial equation form can be derived from Eq. (3) by dividing both sides of 
that equation by 0^ and by multiplying and dividing the right-hand side by bj m )( re f) to yield 

i = n J=m 

Y >i v<l> = °b Y T? ' u<,) (4) 

where 


1 = -r 


J = -s 


Yi = 


^ dependent variable standard-form nondimensional integro-differential equation 


n 


coefficient 




(D 


d ('0 


u 


(j) _ d 1 u 
d('t) 




°mn 


) = j 1 * 1 independent variable standard-form nondimensional integro-differential equa- 

'(ml(ref) lion coefficient 

i 1 ^ 1 dependent variable derivative with respect to the nondimensional running 
variable, if i is positive 

i 1 * 1 dependent variable integral with respect to the nondimensional running 
variable, if i is negative 

j ,h independent variable derivative with respect to the nondimensional running 
variable, if j is positive 

j th independent variable integral with respect to the nondimensional running 
variable, if j is negative 

standard-form independent variable-dependent variable dimensional similarity 
factor 

k(m)(rol) _ m th independent variable nondimensional reference coefficient-n th dependent 

variable nondimensional coefficient ratio 
^ - n 1 ^ 1 dependent variable nondimensional coefficient 

m^ independent variable nondimensional reference coefficient (arbitrarily chosen) 

d) Standard linear integro-differential equation form 




’(m)(r®() 


(J) 


(5) 


The modified standard linear integro-differential equation form of Eq. (4) is 

E - s g 

l»-r )*=-» 

where 

y. „ = j 1 * 1 independent variable-i^ 1 dependent variable standard-form nondimensional coefficient ratio 

'^"11 .■ 

e) Modified standard linear integro-differential equation form 


Yi 


Definition Summary 14-1. Reduction of the general linear integro-differential equation 

to standard forms. (Page 2 of 2) 


Further, let 

'Qj = Oj'^rei) = prime a,, nondimensional coefficient of 

the i 1 * 1 dependent variable term 
bj =. bjry ref) = prime b,, nondimensional coefficient of 

the j independent variable term 
With these abbreviations, Eq. (14-5) now becomes 


(14-7a) 


(14-7b) 


l-n J=m 

y(l) " a Y 


^ ^ \ ^ h n(J) 

l-t 

(See section c, Definition Summary 14-1.) 


(14-8) 
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14.17. An additional modification of the linear integro-differential equation 
is obtained by first dividing Eq. (14-8) by t , the nondimensional coefficient of the 
highest order derivative of the dependent variable, and then multiplying and dividing 
the right-hand side of the equation by ^ m)(ro0 ; i.e., 


1 = n 


Z- 


i - -r 


J= m 

(0 = a- krrQl.re lj_ ^ _ 

^ ,= -G 


u 


(J) 


(14-9) 


' ni Href) 


0 

The quantity b 


th 


(rr,) (r • -1) 


is the reference n ondimensional c oefficient of the m_ deriva ¬ 

tive of the independent variable, corresponding to \ . (See section d, Definition 
Summary 14-1.) Equation (14-9) is the standard form of the linear integro-differ¬ 
ential equation with nondimensionalized coefficients. It may be written more 
simply by defining new symbols for the coefficients. Let 

(14-10) 


y. = 






'(mltret ) 

'0 


% = 


n 


<rr» 

The standard form of the linear integro-differential equation with nondimensional¬ 
ized coefficients now becomes 

(14-11) 


Y >i v ' n = Y r/ » u 


0) 


1= -r 


-8> 


(See section d, Definition Summary 14-1.) In this equation, only u, v and ^ have 
dimensions. All other parameters and coefficients have been nondimensionalized. 
The choice of the reference value, T lf „ n , of the running variable may occur at any 
stage of the solution, including the very last. The actual selection of this quantity 
is made for convenience in the particular application under consideration. 

14.18. It is often convenient to relate the coefficients of the independent vari¬ 
able terms to those of the dependent variable terms. For this purpose, define 

= ii-jih (14-12) 

With these symbols, Eq. (14-11) becomes the modifi ed standard form 

(14-13) 


1= n 


= m 


2 » 


v ,l) = o-. 


Y 


<n 


i=-r 


J = -s 


(See section e, Definition Summary 14-1.) 

14.19. The linear character of the integro-differential equation (14-11) makes 
it possible to write this equation in the form 

( l=m \ 

(14-14) 


in which 


11.! 


v = <r s 


11 '"I 


u 


V 


The expressions 


4-.- , if i is positive 

d('t)‘ 

J ... J d('t)‘, if i is negative 


1= n 


y y,'p‘ 


and 


i=-r 


J= m 

Zo 

)=-s 


i) 


(14-15) 


are operators with respect to the nondimensional running variable 't. 
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14.20. The complete nondimensionalization process is outlined in Definition 
Summary 14-1. 


DESIGNATION OF LINEAR INT EGRO-D IF F ER E NTIAL EQUATIONS 


14.21. The properties of the solutions of linear integro-differential equations 
are associated with the coefficients of the various terms. It is convenient to de¬ 
fine a compact symbol for designating the equation by the orders of the terms 
whose coefficients are substantially different from zero. 

14.22. The generalized scheme adopted in this book for identifying the form 
of any linear integro-differential equation with constant coefficients uses the order 
of each derivative and integral of both variables and presents the ensemble of 
these integers as a set of numbers enclosed in parentheses. The whole set is ar¬ 
ranged into two subsets, separated by a semicolon - the first subset referring to 
the independent variable, the second to the dependent variable. The individual 
integers of each subset are separated from each other by commas. For example, 
the expression 


(m, m-1, 


• • 


2, 1,0, -1, -2,..., -s; -r, -(r-1), ..., -1, 0, 1, 2.n) (14-16) 


may be used to designate Eq. (14-11). The first term in the left-hand subset cor¬ 
responds to the highest order derivative of the independent variable; the second, 
to the next highest order; and so on down the line. The presence of the integer 
zero indicates the inclusion of the undifferentiated independent variable. The nega¬ 
tive integers refer to integral terms. The highest order integral of the independ¬ 
ent variable (or the lowest order derivative, if the equation contains no integrals) 
precedes the semicolon. The right-hand subset begins with the highest order 
integral of the dependent variable (or the lowest order derivative, if the equation 
contains no integrals) and proceeds successively to the highest order derivative 
of the dependent variable. For example, a second-order equation with the form 


o iiv + o. J* 


4 a 0 v = b„u 4 b, 


du 

dl 


(14-17) 


2 dt^ ‘ dt 

may be designated by the symbol (1, 0; 0, 1, 2). 

14.23. A special situation exists when all orders from m to zero of the inde¬ 
pendent variable and all orders from n to zero of the dependent variable are pres¬ 
ent in the differential equation. The identifying symbol for this case is written as 
(m;n), where m and n are the highest orders of the independent and dependent 
variables respectively. To prevent confusion, the identifying symbol for an equa¬ 
tion in which only the n th and orders occur is written as (m-; n-). 
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CHAPTER 15 


CLASSICAL METHOD OF SOLVING 
LINEAR INTEGRO-DIFFERENTIAL EQUATIONS 


INTRODUCTION 

15.1. In the previous chapter it was shown that a given linear integro-differ- 
ential equation, of the (n + r order in the dependent variable, v, and of the (m + s) th 
order in the independent variable, u, may be reduced to the standard nondimensional 
form given by Eq. (4) of Definition Summary 14-1. In terms of the symbols defined 
in that summary, the standard form is 

1 = r« i= m ♦ 

^ >* vl,) = °* ^ v u ' n (iS-l) 

l = -r J=-s 

This form belongs to the class of ordinary differential equations. Various methods 
for solving ordinary differential equations are discussed in the mathematical texts 
cited in the references.** One generally applicable procedure, often called the clas 
sical method , is discussed in this chapter. 

COMPONENTS OF THE COMPLETE SOLUTION 

15.2. The complete solution of Eq. (15-1) for a given situation requires that 
the independent variable be known as a function of the running variable and that 
(n+r) conditions on the dependent variable be specified for known values of the 
running variable. 

15.3. In Chapter 6, it is noted that the complete solution for a differential 
equation is the sum of a transient solution and a forced solution . The forced solu¬ 
tion is the form assumed by the complete solution for very large values of the run¬ 
ning variable. The transient solution is important for relatively small values of 
the running variable and includes provisions for adapting the complete solution to 
the (n+ r) specified conditions on the dependent variable. The discussion of this 
chapter is concerned with the definition of concepts and the development of proce¬ 
dures for finding the transient and forced solutions for integro-differential equations 

• For convenience, the symbol for the running variable associated with the dependent and independent 
variables is omitted when no ambiguity exists; e.g., v('t)-*v. The running variable symbol will be used when 
identification is necessary. 

•• Sec Cohen, An Elementary Treatise on Differential liquations (16); Franklin, Methods of Advanced Cal¬ 
culus (29); Hildebrand, Advanced Calculus for Engineers (36); Ince, Ordinary Differential Equations (39); 
Phillips, Differential Equations (59); and Uilson, Advanced Calculus (78). 
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THE TRANSIENT SOLUTION 


15.4. The transient solution, v (fr) , of the complete linear integro-differential 
equation (15-1) is the solution of the associated homogeneous equation , which is ob¬ 
tained by setting the right-hand side of Eq. (15-1) equal to zero. This means that 
the associated homogeneous equation has the form 



(15-2) 


15.5. The function v (tr)1 , which satisfies Eq. (15-2) for all values of the run¬ 
ning variable, is called a solution of the homogeneous equation. When v (tr)1 is sub¬ 
stituted in the left-hand side of Eq. (15-2), then the equation 

E nC, - 0 (15-3) 

1 = -r 

must be true for all values of the running variable. It is a property of linear inte¬ 
gro-differential equations that if the functions V)1 , V(tr)2 .v (tr)q are all distinct 

solutions of the homogeneous equation, then any linear combination of them is also 
a solution of the same equation; i.e., the function 

k=q 

C i v (tr)i + C 2 V (fr)2 + . . . + C q v ((r)q = ^2 C k v («r)k (15-4) 

I 

(in which the C's are fitting constants ) is a linear combination of the g solutions 

of the homogeneous equation, and is a solution of Eq. (15-2). The truth of this 

statement about linear integro-differential equations is easily verified by direct 
substitution. 

15.6. The functions v (tr)1 , v (tr)2 . V(tr)q are called linearly independent if there 

is no combination similar to Eq. (15-4) that is equal to zero for all values of the 
running variable.♦ From the theory of ordinary differential equations, it is known 
that there are, at most, (n+r) linearly independent solutions of the (n+r) th -order 
homogeneous integro-differential equation.♦* The equation 

1= n+r 

V) = C lV)l + --- + C (n + r) v (.r)(n + r) * Y C » V (tr). (15-5) 

1=1 

containing (n+r) arbitrary constants is the solution of Eq. (15-2), which gives the 
form of the transient solution. When the forced solution, in addition to the tran¬ 
sient solution, for a particular equation is known, these arbitrary constants may 

be determined so that the complete solution fulfills the specified arbitrary condi¬ 
tions on the dependent variable. 

15.7. The linearly independent solutions of the homogeneous linear integro- 
differential equation are associated directly with the equation, and, for this reason, 
are char acteristic of the equation. On the other hand, the arbitrary fitting constants 

This is true provided at least one of the fitting constants is different from zero. See Hildebrand (36) 

•• See Ince (39). 
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of Eq. (15-5) are associated with both a particular situation and the equation. This 
means that, given a homogeneous linear integro-differential equation of the (n + r) th 
degree, the (n + r) linearly independent solutions with (n + r) undetermined constants 
may be written down without regard to any particular application. For a given 
situation, the (n + r) constants may be determined with the aid of the (n + r) solu¬ 
tions, the (n + r) specified conditions, and the forced solution. 


THE FORCED SOLUTION 


15.8. Any solution of the complete integro-differential equation (15-1) is called 

a forced solution . When v, is any solution of that equation, then 



(15-6) 


and v, is a forced solution of the equation. The forced solution for a particular 
situation can be obtained only when the independent variable is known as a function 


of the running variable. 


THE COMPLETE SOLUTION 


15.9. The complete solution, v, of the linear integro-differential equation (15-1) 
is the sum of the transient solution, v ((r| , and the forced solution, v, ; i.e., 

(15-7) 


l* n+r 


v ( »f > + v . 


■ E c. 


v (tr a + v i 




The fitting constants, C,, are determinable, after the forced solution has been ob¬ 
tained, by imposing (n + r) given conditions on the dependent variable, v. 

15.10. The steps in the classical method of solution of a linear integro-differ¬ 
ential equation are outlined in Derivation Summary 15-1. 


THE PRINCIPLE OF SUPERPOSITION 

15.11. It is to be noted that all the previous steps of finding a complete solu¬ 
tion are based on the principle of superposition , which may be expressed as follows: 
If the solution of an equation is known for each of several forms of the indepen¬ 
dent variable, the solution of the equation for a form of the independent variable 
that is a linear combination of these forms is the same linear combination of the 
respective solutions.* 


15.12. To show how the principle of superposition may be applied to linear 
integro-differential equations, consider two such equations that differ only in the 
form of the independent variable. Let 

1* n J«m 

(1.5—8) 

«=* r j=-s 

be one equation whose complete solution is v ( . 


• The fitting-constant-determining specified conditions associated with the linear combination solution 
must be consistent with those of the individual forms. 
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Let 


(15-9) 


1= n 


J=m 


n v(1) = 


E (j) 


l=-r J=-s 

be a second equation identical with the previous one except for the form of the func¬ 
tion represented by the independent variable. The complete solution for this equa¬ 
tion is v,j. 

15.13. A differential equation for which the form of the independent variable 
is a linear combination of u, and u n will have a complete solution that is the same 
linear combination of v : and v u . Thus, if the differential equation is 

,= " ’“ m oi (15-10) 


then the solution is 


^2 n v,n = * J2 

l=-r J=-s 

V = B,v, + B n v n 




(15-11) 


LINEAR INTEGRO-DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS 

15.14. When the coefficients of Eq. (15-1) are constants, that equation repre¬ 
sents the simplest form of the integro-differential equation, which is the linear 
integro-differential equation with constant coefficients . This is a type of differen¬ 
tial equation that is generally useful in engineering practice, since the solution may 
be obtained as a closed expression. 

15.15. It is often convenient to express Eq. (15-1) in another form, based on 
a new notation for differentiation. Let p represent the operation of taking a nondi- 
mensional derivative; i.e., 

, ’ V 'dh) (15-12) 

The symbol p is defined as the nondimensional derivative operator or, where no 
possibility of misunderstanding can arise, simply as the operator . By an extension 
of this concept, the operation of taking the i th nondimensional derivative is repre¬ 
sented by the i th power of p i.e., 


V 


d‘ v 


(15-13) 


15.16. If the operator symbol is used to replace the derivative symbol in 
Eq. (15-1), the resulting equation is said to be in operator form , and appears as 

l=n \ ) 

X>‘ v <15 ' 14) 

l=-r ) / 

As a consequence of the linear character of Eq. (15-14), the dependent variable is 
a common factor of the left-hand side of the equation and the independent variable 
is a common factor of the right-hand side. When the common factors are taken 
outside the brackets, Eq. (15-14) becomes 

I Lnfjvt'-) -.{ | L^j u( ' ,) <15 ‘ 15) 
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The complete solution, V, of the linear intcgro-diflcrencial equation in the standard nondimensional form 


i= n 


= m 


2> , ° = ^ 


(i) 


i- -r 


= -a 


(see Definition Summary 14-1) consists of the transient solution, v ?f) , plus the forced solution, v ? ; i.e.. 


V = V (tr) * 


( 2 ) 


(Sec Chapter 6 for definitions of transient and forced solutions.) 

o 1 Solution of the linear integro-di (ferent ioI equation 


The transient solutio n, V. ff ., is the solution of the homogeneous equation 


i ” n 


E 


i = -r 


>iV u ' = o 


(3) 


that may be associated with the linear integro-differcntial equation. 

I he transient solution is the sum of (n ♦ r) linearl> independent solutions of the homogeneous equation, 
each multiplied by one of the fitting constants, C ; i.e.. 


l- r> -f r 


(t r) 


I V (trU * ^2 V (tr)2 * * • • 4 ^ 


r» + r) VrHn + r) 


h 


(4) 


t- I 


I he transient solution form is based on die homogeneous equation (3). The fitting constants for an> partic¬ 
ular situation are determined after die forced solution for the given forcing function is known. 

b) Transient solution 

Ihe forced solution, v |# is any solution of the complete equation (1) when die forcing function that de¬ 
scribes the independent variable has been specified; i.e., 


1= n 


1 = IT, 


where 


22 22 ^ 

i=-r J=-s 

V, = forced solution 
c) Forced solution 




(5) 


( 6 ) 


The complete solution of Eq. (1) is the sum of the transient solution, tq. (4), and die forced solution, 
Eq. (6); i.e., i=r.-»r 

v - 22 c ' v ""' 


4 V, 


(7) 


1 = 1 


Ihe (n + r) fitting cons t a n ts . C,. may be found after the specification of (n + r) conditions on the dependent 
variable and the statement of an expression describing the forced solution. The determination of the transient 
solution is completed when die fitting constants arc known. 

d) Complete solutio n 

Derivation Summary 15-1. Formal solution of the linear integro-differential equotion 

by the classical method. 


The dependent and independent variables are written as v('t) and u('t) respectively 
because it is not otherwise obvious from the context of Eq. (15-15) that't is the 
running variable. In Eq. (15-15), which is another way of writing the operational 
form of Eq. (15-1), the expressions 
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and 


i— n 


X y\ V * y-r t>' r 4 n-r+D 


(*r+l) . . .. K(n-|) 


+ • • • 


4 >|n-|)t> ,n - n 4 0" 


(15-16) 


i = -r 


)= m 


XI ** V = *»-« t> S + ^* 3 + 1 ) ^ 


(-s -f 1 ) ^ . _ *>m 


+ . 


• * * ^m-l) 


4 *»n f> 


(15-17) 


= -3 


are called linear operators . Because the coefficients of the powers of 'p are con¬ 
stant, the expression (15-16) is a polynomial of the (n + r)^ order in 'p, while the 
expression (15-17) is a polynomial of the (m+s)^ order in the same variable. 
These expressions are similar in character to, but more complicated than, the 
simple nondimensional derivative operator, h- 


THE CLASSICAL METHOD OF SOLUTION 

15.17. For convenience in presenting the classical method of solution, Eq. (15-1) 
may be modified to eliminate the integral terms of the dependent variable. After 
the r th derivative of both sides of that equation is taken, the equation becomes 

1= n J= m ♦ 

= <r„ £ (15-18) 


l = -r 


J=-3 


/ l=n 


(15-19) 


The modified operator form of Eq. (15-18) is 

l=n \ /J=m J 

"Leo - * g t 

which shows that it can be derived from Eq. (15-15) when both sides are multiplied 
by the operator \> raised to the r^ power. 

15.18. The classical method of solving Eq. (15-1) or its modified form, 
Eq. (15-18), will now be described, following the pattern of Derivation Summary 15-1. 
The several steps required are: 

1) Solve the associated homogeneous equation for the transient solution form. 

2) Determine the forced solution associated with the given form of the inde¬ 
pendent variable. 

3) Determine the fitting constants, C,, required to satisfy the conditions on 
the dependent variable that are imposed by the situation considered. 

If the imposed conditions are the values of the dependent variable and its deriva¬ 
tives when the running variable is zero, they are known as the in itia l conditions . 

DETERMINATION OF THE TRANSIENT SOLUTION 


15.19. The homogeneous equation associated with Eq. (15-18) is 


1 = n 


X y ‘ v ' ,,+r 


1) 


o 


(15-20a) 


1= -r 


• Note that the normally "unnecessary" parenthesis about the exponent of a variable shows that the 
derivative of the variable with the order of the exponent is to be taken with respect to the dimensionless 
running variable. 


20 /\c(_•/Vo 4 



or, in operational form. 


o 


(15-20b) 



15.20. A possible solution* of the homogeneous equation is the exponential 

function v *= < X(t) (15-21) 

in which the exponent, a, is to be determined. Successive differentiation of Eq.( 15-21) 

gives _dy_ = A **<'«> 

d('t) 

d 2 V 3 A 2 ^ A('t) 

d('t)* 

> (15-22) 


d (n + r) V = A (n + r) fc A('t) 

d('t) ,n+r) 


Substituting these relationships in Eq. (15-20) yields the equation 


U..» (15-23) 

I 1 = -r I 

Since « v ' 1 is not always zero, the other factor, which is a polynomial of the(n+r) th 
degree must be zero; i.e., i= n 



(15-24) 


This expression is called the characteristic equation . 


ROOTS OF THE CHARACTERISTIC EQUATION 

15.21. Any value of a that satisfies Eq. (15-24) is called a root of the charac¬ 
teristic equation. The fundamental theorem of algebra ** shows that there are (n + r) 
roots, which may be either real or complex. Each root defines a possible function 
of the form of Eq. (15-21) that satisfies the homogeneous equation. There are, at 
most, (n+ r) functions of this form, each corresponding to one of the (n + r) roots. 

15.22. The expression i=n 

(15-25) 

i=-r 

is called the characteristic function associated with the homogeneous linear inte- 
gro-differential equation with constant coefficients. When the characteristic func¬ 
tion is equated to zero, as in Eq. (15-24), it becomes the characteristic equation. 
It should be noted that the characteristic function (15-25) is identical in form with 
the linear operator of Eq. (15-16), and can be obtained from the operator by setting 
t> equal to a. This means that the characteristic equation may be written down di¬ 
rectly from the integro-differential equation. 

• See Ince (39)- 

•• See, for example. Fine, A College Algebra (27), Chapter XXIX, page 22. 
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15.23. The characteristic function is an algebraic expression of the (n+r) tJl 
degree consisting of a sum of terms, each of which is an integral power of a (i.e., 
it is a polynomial in a). As shown by the unique factorization theorem of algebra ,* 
the characteristic function may equally well be expressed as a product of first- 
order factors; i.e., 


1= n 

Y t )\ A (1 4 r ' = (A - A j) (A - A 2 )(A - A 3 ) ... (A - A,) ... (A - A (n + r) ) 

i=-r 


(15-26) 


The numbers a,, a 2 , ... are all constants that may be either real numbers or com¬ 
plex numbers .** When a is set equal to a,, Eq. (15-26) vanishes; consequently, a, 
is a root of the characteristic equation (15-24). The same is true if a is set equal 
to a,, or a„ or a,, or A (n + r) . Accordingly, the roots of the characteristic equation 

are A,, a 2 , a 3 , .... a, .A (n + n- 

15.24. According to the fundamental theorem of algebra previously cited, the 
characteristic equation can have, at most, (n+r) distinct roots. Associated with 
these (n + r) roots are (n + r) linearly independent exponential functions, each of 
them similar to Eq. (15-21), and all of them solutions of the homogeneous linear 
integro-differential equation (15-20). When the roots of the characteristic equation 
are distinct, the form of the transient solution is 


(See Derivation Summary 15-2. 



Compare with Eq. (15-5).) 


(15-27) 


MULTIPLE ROOTS 

15.25. Often the roots of the characteristic equation are not all distinct. 
This situation causes several of the terms of the transient solution to include the 
same exponential function. A modification of the previously described procedure 
is necessary in order to provide the required number of linearly independent func¬ 
tions. The procedure for obtaining the transient solution when the characteristic 
equation has multiple roots is given in section e of Derivation Summary 15-2. 
Each of the several independent functions corresponding to a given multiple root 
consists of the exponential function common to all the terms multiplied by a power 
of the running variable. The sum of these independent functions is equal to a 
power series in the running variable (see Chapter 12) multiplied by the exponen¬ 
tial function associated with the multiple root. If there is more than one multiple 
root, the summation of the associated linearly independent functions is a double 
sum similar to the second term on the right-hand side of Eq. (14), Derivation 
Summary 15-2. 

• See Fine (27), Chapter XXIX. 

•• See Chapter 12; see also Churchill (13). 
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Given chc linear integro-differential equation with constant coefficients in standard non dimensional form, 


i= m 


X)> iV “' ■Z ’* 0 


i- -r 


) - “S 


(see Definition Summary 1*1-1), the associated homogeneous linear mtegro-differential equation is 


• W W 

v v 1 " ^ n) - o 


i = -r 


after hq. (1) lias been differentiated r times in order to eliminate the integral terms of the dependent variable. 

a ) Homogeneous linear integro-diftcrentiol equati on wi th const ant coefficients 


I he function 

is a solution of hq. (2) for proper values of A. 
I he derivatives of tins function are 


*i t > 


v lM = A £ ‘ n 


A : c v n ; 


• ; v 




b) Form of homoge neous equation solutions 


Substituting I qs. (\) and (4) in the homogeneous equation (2) gives 

n 


^2 >' ; A"* r V' ,) - o 


i - -r 


In general, c is not zero, so that the function of hq. (3) is a solution of the homogeneous differenclal 
equation only if i= n 

£>,*<■"' - 0 (6) 


-r 


hquation (6) is the ch aracteristic equation of the homogeneous equation. The left-hand side of Lq. (6) 
is defined as the characteristic function. 

c) Characteristic equation of the homogeneous equation 

The fundamental theorem of algebra states that every equation of the n ch degree has n, and only n, roots. 

The unique factorization theorem of algebra states that an n^-degree equation may be expressed as the 
product of the coefficient of the highest order term and n first-degree factors, each of which is the dif¬ 
ference between the equation variable and one of the n roots of the equation. 

The background for these theorems is available in any book on algebra; see, for example, Fine, A College 
Algebra (27), Chapter XXIX, or Albert, College Algebra (2), Chapters IV and V. 

The characteristic equation (6) is a polynomial of the (n+r) th order in A whose coefficients, y i , are con¬ 
stants. In accordance with the fundamental theorem of algebra , the characteristic equation has (n +r), and only 
(n + r), roots. NXich the aid of the unique factorization theorem , the characteristic equation may be expressed as 
the product of (n ♦ r) first-order factors; i.e., 

1= n 

y] y 1 A (A + r) = (A -A,)(A -A 2 ). . . (A - A,). . . (A-A (n+r) ) (7) 

1= -r 

The coefficient of the highest order term in the characteristic equation is unity by the procedure for obtaining 
the standard nondimensional equation form (see Definition Summary 14-1) and does not need to be indicated in 
Hq. (7). The symbols A |# A 2 , . . .,A 4 , . . . , A (n + r) are constants that may be real or complex. When A = A., 

Derivation Summary 15-2. Roots of the characteristic equation and form of the transient 
solution for the linear integro-differential equation with constant coefficients. 

(Page 1 of 2) 
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Eq. (7) vanishes and Aj is a root of the characteristic equation (6). There are, at most, (n + r) values of A, 
corresponding to Aj, A 2 , . . . , A t , . . . , A( n+r) , that cause Eq. (6) to vanish. These values are the roots of 
the characteristic equation. 

The form v = c x * satisfies the homogeneous equation (2) when A is equal to any one of the roots of the 
characteristic equation. For example, if the homogeneous equation is 

V" + 3V' + 2 v =0 (8) 

the associated characteristic equation is 

A 2 + 3A + 2 = 0 (9) 


with the roots 


Accordingly, the functions 


satisfy Eq. (8). 


A, = - 1 and A 2 = - 2 


= 1 * and v = 


d) Roots of the characteristic equation 


( 10 ) 


(ID 


The transient solution, for the linear integro-differential equation with constant coefficients, Eq. (1), 

is made up of the sum of (n+r) independent solutions of the homogeneous equation (2), each multiplied by 
one of the fitting constants, C t . 

Uhen all the characteristic equation roots, A,, . . . , A^, are distinct, the transient solution has the form 


1 = n + r 


w>- z C “ 


A,ft) 


( 12 ) 


i= l 

(Compare with Eq. (4) of Derivation Summary 15-1.) 

For the numerical example in section d, where the roots arc A ( = - 1 and A 2 = - 2, the form of the 

transient solution is v - C ,('») + C ,-*(*> 

v («r) = + '~2 € 

Uhen there are multiple roots of the characteristic equation (a multiple root exists when several of the 
roots of the characteristic equation are equal), the transient solution has the form 


(13) 


1= ndr 


- £ c .‘ v " + £ 


where 


i= i 


ndr *= number of distinct roots 


J=nmr k«(rm). , 

£ £ ’c )k <■»)“-■> .V" 

1=1 k-l 


nmr ■= number of multiple roots 
(rm)j = root multiplicity of j 1 * 1 root 

= number of times j 1 * 1 root occurs 

C, ) l fitting constants (values to be chosen as required to adapt the transient solution to 
C )lc ; \ given initial conditions with a given forcing function) 

e) Form of the transient solution for the standard nondimensional form 


(14) 


Derivation Summary 15-2. Roots of the characteristic equation and form of the transient 
solution for the linear integro-differential equation with constant coefficients. 
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DETERMINATION OF THE FORCED SOLUTION 

15.26. A straightforward approach for finding the forced solution in many ap¬ 
plications is the method of undetermined coefficients described in Derivation Sum¬ 
mary 15-3. The demonstration is carried out in this summary for the case in 
which the independent variable has the form of a polynomial, but the method may 
also be used for many other cases. 


15.27. The usefulness of the method of undetermined coefficients depends upon 
the forced solution having a form similar to that of the forcing function , which de¬ 
scribes the variation in the independent variable. When the forcing function is a 
power series in the running variable, or a series of exponential terms, or a series 
of sinusoidal terms, the method of undetermined coefficients may be applied with¬ 
out difficulty. Forcing functions of other types may require the use of different 
methods.* 


DETERMINATION OF THE FITTING CONSTANTS 


15.28. The last step in obtaining the complete solution of the linear integro- 
differential equation is to determine the fitting constants in the transient solution 
so that the complete solution satisfies both the initial conditions and the forced solu¬ 
tion. The form of the transient solution for the linear integro-differential equation 
with constant coefficients is given by Eq. (15-27) when the roots of the character¬ 
istic equations are distinct, or by Eq. (14) of Derivation Summary 15-2 when there 
are multiple roots. The specified conditions on the dependent variable may be 
stated in terms of initial conditions on the dependent variable and its derivatives 
and integrals. 

By definition, let 

v( 0 ) = initial value of the dependent variable 
v (l) ( 0 ) = initial value of the i^ derivative of the dependent variable. 
v ( * l) ( 0 ) = initial value of the i^ integral of the dependent variable. 

When the given equation is of the (n+r) tJl order in the dependent variable, there are 
(n+r) fitting constants, C 1P to be determined, requiring (n+r) initial conditions. 

15.29. The complete solution of the linear integro-differential equation is the 
sum of the transient and forced solutions. For purpose of illustration, the tran¬ 
sient solution form is taken as that given byEq. (15-27), which represents the case 
when all the roots of the characteristic equation are distinct. (The case when multi¬ 
ple roots are present is treated in Procedure Summary 15-1.) The forced solution 
is presumed to have been determined by the procedure of Derivation Summary 15-3 

1= n+r 

- £ c,/*"’ 

or 


or any other method. Then 

V 


V) + v f 


+ v. 


(15—28a) 


i=i 
i= n+r 




V't) 


i=i 


(15-28b) 

15.30. The (n+r) initial conditions, when introduced into Eq. (15-28b), give 
rise to (n+r) linear simultaneous equations in which the unknown quantities are 
the fitting constants, C,. When the running variable, 't, equals zero, so that all the 
exponentials reduce to unity, 


• Sec Cohen (16), Ince (39), and Phillips (59). 
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Given a linear differencial equation with constant coefficients in the standard nondimensional form, 

J=m 


n 


2>'‘' - ^ 22 (i) 

1=0 j=o 

(sec Definition Summary 14-1), the forced solution can be found in many cases by the method of undetermined] 
coefficients. 

o) l zL n eor differential equot'on w,th constant coefficients in standard no ndimcnsionol form 
Uhcn the independent variable may be expressed as a power series in the nondimensional running variable, 


or 


u = k 0 + B )('0 + k 2 ('0 2 +... + b a ('»)** 


d=q 

u - £ 6 d f*> d 

d=° 

where g is a positive integer. 

The j 1 ^ 1 derivative of the independent variable is 

u ()) = j! k + (i + 1)! b 


( 2 ) 


(3) 


(j ♦ D! B (J+ n ('t) {,) 

i • 2 


! b 


2 +... + -£i. w q 


(4) 


(g -i)! 


where 

j is a positive integer 

j? = j(j - l)(j -2)... 3*2*1 = factorial j 

If j > g, U CJI = 0. 

Equation (4) may be expressed as a summation; i.c., 

d=q 

U<J> = y _ d! h (' t )«H) 

rr- >> ! 

Independent variable and its derivatives expres sed as o po wer series m the nondimensional 

running variable 

Assume that the forced solution of the dependent variable is a power series like Eq. (2), whose cocffi- 
cients are to be determined; i.e., 

V f - \ * A ,('0 ♦ A ;('*) 2 +. . . + A q (' l) q 

or, in summation form, d=q 

v, - 22 Ai('t) d 

, d = 0 

so that 

d= q 

v/‘> = y - d - ! a, 

^ (d - i)! dV 


( 5 ) 


( 6 ) 


(7) 


d=l 


( 8 ) 


c) As sumed form of the forced solution and its derivatives 


Substituting the expressions for the independent variable and for the dependent variable into Lq. (1) gives 

l=n d=q J= m q 


E«- s■ E i 

J»0 d=J 


-I) 


(9) 


1=0 d=l 


Derivation Summary 15-3. Method of undetermined coefficients for the evaluation 
of the forced solution of a lineor integro-differentiol equation with 

constant coefficients. (Page 1 of 2) 
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Equate the coefficients of like powers of the running variable on each side of Eq. (9). As an example, 
equate the coefficient of ( t)' on the left-hand side to its coefficient on the right-hand side 

i=< *‘ e ) —q-«? 


E (e 4 i)! ' A = (r V l' * 

C I le+n s 2 ^ —JTT 


»>L r, B 


t|) • c = 0, 1. 2.g (10) 


X - V 


1 ~ II 


For each value of e between 0 and g, there is an equation like Eq. (10). These equations form a set of 

fg ♦ 1) simultaneous linear equations in the (g < I) unknowns, . They can t»e evaluated by use of Cramer’s 
rule as given in Derivation Summary 15-4. 

d) Evaluation of forced solution coefficients 

N °* e: An eX ’" n!;,Cn °‘ ,h * **■'*<* ol u, -dc'tf-'mirv?d ca lhc.r-ni, car. be made to include l.near intoqro-differential 
equalicriS with constant cc*.*ltlcients. 

Derivation Summary 15-3. Method of undetermined coefficients for the evaluation 
of the forced solution of a linear integro-differential equation with 

constant coefficients. (Page 2 of 2) 


n fr 


1= n4r 

£ c - z c 


t = 0 


(15-29) 


so that Eq. (15-28b) may be written 


i = ri f r 


V(0) - v (0) 


£c, 


I-1 


(15-30) 


Taking the first derivative of every term of Eq. (15-28b)changes it to the expression 


r»4r 


(1) 


E r . V* 


which at the initial value is 


1=1 


(15-31) 


i- r.+r 


v <l1 ( 0 ) - v‘ (0) = ^ C, A 1 


(15-32) 

1 = 1 

By repeated applications of this process, a set of (n+ r) linear simultaneous equa¬ 
tions may be produced. If the initial values of the first (n+r-1) derivatives of the 
dependent variable are specified, the equations are 


1= n4r 


v( 0 ) 


v< ( 0 ) 


■ £ c ' 


\ 


1=1 
1- n-fr 


V (l) (0) 


(1) 

V, (0) 


- £ 


1=1 

n-fr 


V (2) (0) 


12J 

V, (0) 


- £ cX 


v (n 4r-l) (0) - v. r ‘ ( 0 ) 


i=i 


i= n-fr 


■ £ c ' 


(n 4 r- l ) 


1=1 


> 


(15-33) 


J 


In forming these initial condition equations , any combination of derivatives and 
integrals of the dependent variable for the initial value of the running variable may 


be used. 
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Given a set of n linear simultaneous equations in n unknowns, 

°n X l + °.2 X 2 + °.3 X 3 + ••• + n X n = C 

°2» X 1 + °22 X 2 + °23 X 3 + * * * + 0 2n X n = C 

°31 X 1 + °32 X 2 + °33 X 3 + ' ‘ ’ + °3n X n * C 


°rU X \ + ^2*2 + ^3 X 3 + • • • + <Vm * n = C „ / 

in which the coefficients a i( all have given values, it is required to find the values of the n unknowns, 

X l» * 2 * •••» X n* C ^ at satisf y the system of equations. 

a) System of n simultaneous linear equations in the n unknowns , x ^ x 2 , ..., x n 

The characteristic determinant of the set of linear equations is by definition the determinant formed from 
the coefficients of the respective unknowns. This determinant is given by the symbol A, where 


°M °I2 °I3 * * • °m 

°21 °22 a 23 • • • °2n 

A = °3l °32 °33 • * * °3n 


I ^1^12^13 ’ * * Sinl 

n^-order characteristic determinant of n simultaneous linear equations 


Replace the elements of the i 1 ^ 1 column of the determinant A by the respective constant terms of each 
equation. The i'^-column derived determinant is defined as A,. 


°ll • • • 


c, 

a Kl + 1 ) ' • * 

°.n 

°2I * ’ * 

°2(i-l) 

c, 

a 2(l+ 1) • • • 

° 2 n 

°31 • * ’ 

°3ti-l) 

C, 

°3(1+ 1) * ' ’ 

°3n 

• 
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• 

• 

• 

■ 

• 

■ 

*Vil * * * 


C„ 

^(1+1) * * * 



c ) n*^-order determinant A„ derived from the characteristic determi 


mant 


According to Cramer’s rule, the value of the i** 1 unknown in the system of n simultaneous linear equations 
is given by the ratio of the i^ 1 derived determinant to the characteristic determinant;* i.e., 

A, 

x i * — (4) 


d) Cramer's rule 


• See Fine ( 27 ). 


Derivation Summary 15-4. Solution of n simultaneous linear equations in n unknowns 

by use of Cromer’s rule. 
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15.31. The coefficient of each fitting constant in the set of equations (15-33) is 
a power of one of the roots of the characteristic equation, a,. The fitting constants 
may be evaluated by use of Cramer's rule as suggested in section d of Derivation 
Summary 15-5. The complete solution of the linear integro-differential equation 
with constant coefficients when the roots are distinct is given by Eq. (9) of the 
cited summary. 

15.32. Determinants of order higher than the third are laborious to calculate. 

A short method, due to W. H. Shields,♦ is described in section e of Derivation 
Summary 15-5. The set of linear simultaneous equations relating initial condi¬ 
tions to fitting constants given by Eq. (7) of that summary implies a linear de¬ 
pendence of each fitting constant upon the initial conditions as expressed by Eq. (10). 
The reciprocal relationships of Eqs. (7) and (10) yield the fitting-constant¬ 
determining polynomials defined by Eqs. (14) and (15). The coefficients of Eq. (14) 
depend only on the roots of the characteristic equation, as is shown by Eq. (15). 
These coefficients are calculated only once for a particular equation and maybe 
used to obtain the fitting constant for any combination of initial conditions, using 
Eq. (10). It is suggested that these expressions be compared with those obtained 
by the Laplace transform method in section b of Derivation Summary 16-4. 

15.33. A modification of Shields' method is necessary to treat situations where 
the characteristic equation has multiple roots. This is discussed in Procedure 
Summary 15-1. The system of linear simultaneous equations relating the initial 
values of the transient solution and its derivatives to the fitting constants is given 
by Eq. (3a) of the cited summary. The corresponding equations relating the fitting 
constants to the transient solution initial values are expressed by Eq. (4) of the 
summary. As in the distinct characteristic root case, fitting-constant-determining 
polynomials, as in Eq. (6), are deduced with the special properties of Eq. (7). 
Polynomials with these properties are constructed from the roots of the charac¬ 
teristic equation. For the fitting constants associated with multiple roots, each 
polynomial is the product of two component polynomials like Eq. (10). The first 
component polynomial is given by Eq. (8a), while the coefficients of the second are 
calculated from the first by the procedure described in section d of the summary. 
The coefficients of the fitting-constant-determining polynomials are obtained from 

Eq. (11). The fitting constants themselves are finally obtained from Eq. (14). a 
concise outline of the procedure is contained in section e of the summary. 

THE NORMAL SOLUTION 

15.34. The solution of linear integro-differential equations when the ini- 
tial cond itions on the dependent variable are all zero is defined as a normal 

• Sec Shields (68). 
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Given a linear differential equation with constant coefficients in the standard nondimensional form of 
Definition Summary 14-1; i.e., 

l— n J= m 

X - "a X V ( ” (1) 

1=0 J=0 

Uhcn the roots of the associated characteristic equation arc distinct, the transient solution form has been 

1= n 

v _ v r y t] 

(tr) - 2^1 '“l 6 


found to be 


( 2 ) 


i=l 


by the method of Derivation Summary 15-2. The forced solution is represented by V f , which it is assumed 
has ocen found by the method of undetermined coefficients of Derivation Summary 15*3. The complete 
solution of Eq. (1) is the sum of the transient and forced solutions; i.e., 


V = V (tr) + v f 


(3) 


The complete solution is obtained when the fitting constants of the transient solution, Eq. (2), are deter¬ 
mined with the aid of n conditions on the dependent variable. 

a) Complete solution of the linear differential equation wit h constant coefficients 

The n conditions on the dependent variable may be the initial values of v and its derivatives. When 

'» = 0, 

V(0) = initial value of the dependent variable 1 

v0) (0)» V (/) (0), ... = initial values of the dependent variable derivatives j 

The initial values of the forced solution and its derivatives may be obtained from the expression for 
this quantity. I rom Eq. (3), the initial value of the transient solution is 


v (tr)(°) = V(0) - V, (0) 

The initial value of the d th derivative of the transient solution is 

V)< 0) e v,d, (°> - v / d, (0) ; d =0, 1, 2, 3_ 

b) Initiol conditions 


(5) 


( 6 ) 


The initial value of the transient solution in Eq. (5) must be equal to the right-hand side of Eq. (2) 
when the running variable is zero. Similarly, the initial value of any derivative from Eq. (6) must be equal 
to the corresponding derivative of Eq. (2) with the running variable equal to zero. From n initial condi¬ 
tions, n linear simultaneous equations are obtained with the fitting constants, C, , as the unknown quan- 
cities; i.e., 


1“ n 


v,(°) - v (°) - v°) 


Ec, 


<l) ~ 

w°> 


€ 2 ) 

v (tr) (0) 


i=i 

1*= n 


_ v<n 


v (0) 


_ vU) 


v f ( 0 ) 


X C ‘ A ‘ 


1=1 
la n 


v B, (0) 


_ v <2) 


v f (0) 


X 


1=1 


(n-i) 


1= n 


v (tr) (0) - V<"-»(0).- V ( (n * l) (0) ~ C,A 


1=1 


> 


(7) 


c) Introduction of the initiol conditions 


Derivation Summary 15-5. Complete solution of linear differential equations with constant 
coefficients when the roots of the associated characteristic equation ore distinct. (Page 1 of 4 ) 
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I he fitting constants may be evaluated from the linear equation system (7) by the application of Cramer' 
rule, given in Derivation Summary 15-4. The charactcristic determinant A is formed from the powers of 
that are the coefficients of the fitting constants. The determinant A t is derived from A by replacing its 
column by the corresponding terms on the left-hand side of each equation of (7). By Cramer's rule, the i c ^ 
fitting constant is % 

= -T- (8) 


The complete solution of Eq. (1) is 


x= r. 




m n 


+ v. 


d) Determination of the fitting constants by Cromer's rule 

The determinants that form the coefficients of Eq. (9) are generally laborious to evaluate. A short metlv 
od for calculating the coefficients without determinants has been described by U. H. Shields.* The set 
of linear simultaneous equations (7) shows that a linear relationship exists between the unknown fitting 
constants, , and the initial values of the transient solution and its derivatives, (0). This fact may 
also be deduced from Eq. (8). Let the linear relationship be 


d= n- I 


C * " C *dO°> : ‘ = 1.2.n 


( 10 ) 


d = G 


where C [d is a constant coefficient associated with bod) the initial value of the d lfl derivative of the tran¬ 
sient solution and the i ct ‘ fitting constant of Eq. (2). The problem of calculating the fitting constants is 
reduced to finding the constant coefficients of hq.(10). In particular, the constant coefficients associated 
with the r r ^ fitting constant will be evaluated. 

Multiply the d c ^ equation in (7) by C f ^ and sum the equations to obtain the expression 


d = r.- I d= n- \ / 1= n \ 1= n /d= n -1 \ 

E c '«v> (0) - E HEw -E E sa*? c, 

d = 0 d=o { 1=1 ) 1 =I ( d = 0 ) 


( 11 ) 


The last expression in hq. (1 1) is obtained by interchanging the order of summation. From fcq. (10), the 
left-hand side of Eq. (1 1) is equal to C f , and this equation may now be written as 


c -- z 


d = n- l 


d = 0 


\ l=n / d = n* 1 \ 

c ' dA? | c ' + E| E 

; t=i (. d=o ) 


( 12 ) 


Equation (12) will be satisfied when the coefficients C . are so chosen that 


d= n- 1 


E _ , d / = 0 for i = 1, 2, . . . , n ; i / r 
CfdA ‘ \=I for i = r 

d = 0 


(13) 


The function expressed by Eq. (13) may be interpreted as a polynomial of the (n - l) st degree in A, with 
the same roots A t as the characteristic equation associated with the original differential equation, except 
for the root A f for which the polynomial takes on the value of unity; i.e., 


d= n- 1 


P(n-i)(r) (A) ~ ^2 CrdA<j {=1 

d=o v 


= 0 for A = A, 


* - !• 2. 


i r 


for A 


(14) 


The expression in Eq. (14) is called the fitting-conscanc-determining polynomial. 


• Sco Shields (68). 
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A polynomial of the (n - l) st degree, which has the properties of Eq. (14), may be constructed with 
known coefficients. When it is expressed in product form, this polynomial is 


i= n 


n cx - Aj) 


P(n-l)(r) (A) 


1= 1 
l*r 

1= n 


(15) 


n M 


i=l 

i*r 


The capital Greek letter pi means "the product of;" i.e., 


1= n 


Y[ (A - A,) = (A-A,)(A-A 2 )(A-A 3 ) ... (A - A^) 


(16) 


product of the quantities (A - Aj) for all integral 
values of the index from 1 to n 


The symbol 


1= n 


n u - *■> 


(17) 


1=1 

l*r 


means that the factor for which A, is equal to \ is omitted from the product. 

By equating the coefficients of like powers of A in Eqs. (14) and (15), values may be obtained for the 
coefficients C fd . However, it may be observed that since 


1= n 


1= n 


£ - II (A - Aj) = characteristic function associated with Eq. (1) 


(18) 


then 


i=o 


1 « n 


n <a - V 


1= n 

£ 


1=1 

l*r 


(A- A,) 


(19) 


The division of the polynomial by the binomial in Eq. (19) may be simplified by using synthetic division 
as described in section a of Derivation Summary 21-1. 

It is to be noted that the coefficients C rd that are used in Eq. (10) loobtain the 
r fitting constant arc independent of the initial conditions and depend only 
upon the roots of the characteristic equation. 

Shields’ method for determining transient solution fitting constants when the roots of the associated 
characteristic equation are distinct requires the following steps: 

1) Given the characteristic function 


1» n 


1= n 


e * a ‘ - n (a - a ‘ ) 


( 20 ) 


with roots Aj, i - 1, 2, . . . , n. 

2) Divide the characteristic function by the factor (A - A,), where A, is one of the roots of the char¬ 
acteristic function. The quotient is a polynomial one order lower than the characteristic equation, 
with a remainder of zero. The method of synthetic division given in section a of Derivation Sum¬ 
mary 21-1 will simplify the process. 

3) Calculate the value of the polynomial obtained in step 2 for A - A,. (The method of synthetic di¬ 
vision is useful when the root is a real number.) This quantity is equal to the denominator of Eq. (15). 

Derivation Summary 15*5. Complete solution of linear differential equations with constant 
coefficients when the roots of the associated characteristic equation are distinct. (Page 3 of 4) 
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4) Divide each coefficient of the derived polynomial of step 2 by the constant calculated in step 3 to 
obtain the polynomial P (n _ i )(1) (A) of Eq. (14). 

5) Identify the coefficients ot ^(n-i )(1 j (A) with the coefficients C Jd . 

6) Introduce the coefficients C jd into Eq. (10) with the given initial values of the transient solution 
and calculate the fitting constant. 

7) Repeat this procedure for each root of the characteristic equation. 

e) Determination of the fitting constants by Shields' method 

Derivation Summary 15-5. Complete solution of linear differential equations with constant 
coefficients when the roots of the associated characteristic equation are distinct. (Page 4 of 4) 


solution .* Solutions of this type are frequently useful in instrument engineering. 

If the initial conditions imposed on the dependent variable are all zero, then 

v(u> - v"’(o) = v c >( 0 ) = ... = v (n + r *'i(o) = o (15-34) 

15.35 . Normal solutions are found by the same procedure described for complete 
solutions. When Cramer's rule is used, normal solutions may be easier toexpress 
in the general case because the transient solution initial values are just the nega¬ 
tive of the forced solution initial values. In the normal solution, when the deter¬ 
minants are expressed for use of Cramer's rule, the initial values of thedependent 
variable are omitted in the numerator determinants. When Shields' method is used 
for the normal solution, the coefficients of the fitting-constant-determining 
polynomials must be evaluated in the same way as for the complete solution. However, 
if either the complete or the normal solution has already been computed, the other 
solution can be obtained immediately because the same fitting-constant-determin¬ 
ing polynomials are used in each case. The fitting-constant-determining polyno¬ 
mials depend only on the characteristic equation, and are the same for any set of 
initial values that may be used. 


• This definition of the normal solution differs from the definition of the generalized normal solution 
given in Chapter 16 on the Laplace transform method of solving ordinary differential equations. The definition 
given here relates to the initial values of the dependent variable only. The definition of the generalized nor¬ 
mal solution relates to the initial values of both the dependent and independent variables. 
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Uhen the characteristic equation associated with a differential equation has multiple roots, the tran¬ 
sient solution form is that of Eq. (14), Derivation Summary 15-2, which may also be written as 

l=nmr ( J= (rm), \ 


. I ■■■/! 1 - 

-EE 


where 

nmr = number of multiple roots 
(rm)j = root multiplicity of the i f ^ root 

The terms of Eq. (1) associated with distinct roots will have unity for (rm);. The associated characteristic 
function is given by the expression 


1 = n 


i“ nmr 


n ( a - V 1 ™’' 


(2a) 


where 


1= nmr 


^ ] (rm)j = n = order of differential equation 


and 


nmr ^ n 


(2b) 


(2c) 


»— r 

Introducing the initial values of the complete solution and its derivatives produces values of the transient 
solution and its derivatives for 'f equal to zero. In a similar manner to that used in section c of Deriva¬ 
tion Summary 15*5, a set of linear simultaneous equations may be obtained from Eq. (1) above, of which 
a representative equation for the d 1 * 1 derivative is 


1= nmr k= d , , 

M) ^ 0! . n 

V (tr) • d « 0, l f 2, . . . , (n - 1) 

1=1 k=0 

= v (d) ( 0 ) - v/ d) ( 0 ) 

where C, (d . k + 1) corresponds to one of the fitting constants C,, of Eq. (1) for appropriate values of 
(d - k + 1). For all other values of (d - k + 1), the coefficient C, (d . k + 1) is zero. 

a) Introduction of the initial conditions 


(3a) 


(3b) 


The fitting constants may be determined from the linear simultaneous equations represented by Eq. (3), 
using Cramer’s rule. However, because of the linear relationship between the fitting constants and the 
initial values of the transient solution, it is also possible to obtain an expression similar to Eq. (10) of 
Derivation Summary 15*5; i.e., d=n-i 

r (<*) „ 

L *J = C UdV)<°> (4) 

d=0 

As in section c of Derivation Summary 15*5, the problem of calculating the fitting constants is reduced 
to finding values for the constant coefficients in Eq. (4). The particular coefficient that will be calcu¬ 
lated is the one indicated by the subscripts rs; i.e., 

c ra = fitting constant of the transient solution term of Eq. (1) for which i - — r and j ——s; 

I.e., C r „('»(5a) 


where 


\ » root of Eq. (2a) with multiplicity (rm) 


From Eq. (4), 


d= n- 1 


r ( d ) 

C rs - 2^ C md V (tr) <°> 


(5b) 


d«=Q 


b) Red uct ion of the fitting constants to linear relationships on the initial conditions 

Procedure Summary 15-1. Determination of transient solution fitting constants when the 
associated characteristic equation has multiple roots. (Page 1 of 3) 
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It is shown in the reference* that Eqs. (3) and (4) are satisfied when the quantities C f . d are the coef¬ 
ficients of a certain polynomial in A, similar to Eq. (14) of Derivation Summary 15*5, which may be indi- 
catedas d =n-i 

P (n-l)(rs)^ = C rsd A ' 1 = (n - 1 )-degree polynomial in A associated with the rs fitting 

d=o constant of the transient solution ( 5 ) 

The polynomial of E<J. (6) must have the following properties: 

P (n-i)(rs) (A) = 0 for A = A 1 ; where A, is a root of Eq. (2a) (7a) 


dA< d 


P (n-l)(ro) = P (n-l )(rs) * A ^ “ 0 for A = A, 


0 < d & (rm) r - 1 


except that 


p(p-l) 

r (n-i)(rs)' A) = 1 for A = A r 


c) Properties of (itting-constont-delermimng polynomials 


(7b) 


(7c) 


A polynomial with the foregoing properties may be constructed from the product of two component poly 
nomials. Let the first polynomial be 


i-rwnr 


n 


(l)(rs) 


1=1 

(A) = 2*1 

i= nmr 


n (A r -A l ) ,rm) * 


(A - Aj .) (o ~ 1 * 

(s - 1)! 


(8a) 


P (l)(rs) (A) 


1 = n-(rm) + o- 1 


E 


(D(rs)l 


(8b) 


The polynomial of Eq. (8) is of the (n - (rm) f + (s - 1)) degree. It vanishes for all values of the roots of 
the characteristic equation,as required by Eq. (7a). All derivatives of order less than (s-1) also vanish 
for the variable equal to roots of the characteristic equation. The (s - 1) derivative is equal to unity for 
A equal to A f , but zero for all other roots. However, the higher derivatives of Eq. (8) do not vanish for 
this value of A, as required by Eq. (7b). It is necessary to construct a second polynomial factor that gives 
the rest of the proper characteristics to P (n . l)(rs) . Let the second polynomial be written as 


P ( 2 )(r B ) (A) - 


f= Irm) - o 


P( 2 )(rs)f A< = (( fm ) f ~ s)-dcgree polynomial 


f *=0 


The required polynomial of Eq. (6) is the product of Eqs. (8) and (9); i.e., 


P (n-l)(r C ) (A) 


P (l)(ra) (A) P ( 2 )(rs) (A) 


(10a) 


d= n- 1 

E 

d = o 


C r S d A ' 


1= n-(rm L+ o- 1 


E 


(l)(rs)l 


f= (rm) f - e 


( 2 )(rs)f 


(10b) 


The coefficients C fcd are equal to the coefficients of like powers of A on the right-hand side of Eq. (10b) 
when the expression is multiplied out. It is frequently convenient to use the formula 


l=d 


p (l)(rs)l P( 2 )(rs)(d-i) for d = 1, 2.(n — 1) 


( 11 ) 


* See Shields (68). 
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Values of C rsd found from Eq. (11) are used in Eq. (5) to evaluate the required fitting constants. 

The coefficients of the second polynomial factor of Eq. (9) are calculated by using the first polynomial 
factor, Eq. (8), and its derivatives in the following way: 

1) Obtain the values of the derivatives 

P«U.)W for A = Aj., for d = s, s + 1.(rm), - 1 (12) 

2) Calculate the quantities: . , 


( 12 ) 


*>=! p ( »+ b -D,. . 


where 


b= i 


(13) 


33 P (2)(rs) (A) 


9 (rs) o “ ^ ^nd i = 1, 2, • # • | (rm^ s 
jg (rm) f " s f=(rm) r -s 


Y P ( 2 )(rs)f A< = Y 9(ra)f^“\^ 


(14) 


f = 0 


When the right-hand side of Eq. (14) is expanded, the coefficients P (2)(rs)f appear. This may be facili¬ 
tated by the synthetic division method of section c, Derivation Summary 21-1. 

d) Evaluation of fitting constant polynomials 

Shields’ method for determining transient solution fitting constants when there are multiple roots of the 
associated characteristic equation uses the following steps. For the rs fitting constant: 

1) Calculate the polynomial of the first type from Eq. (8a). Express the polynomial coefficients as in 
Eq. (8b). 

2) Calculate the derivatives of the polynomial of step 1 for the root A,, as indicated by Eq. (12). 

3) Calculate the intermediate coefficients g (fo)( from the expression of Eq. (13). 

4) Obtain the coefficients of the polynomial of the second type from Eq. (14). 

5) Use the relationship of Eq. (11) to calculate the fitting-constant-determining polynomial coeffi¬ 
cients from the polynomials of steps 1 and 4. 

6) Introduce the quantities determined in step 5 into Eq. (4) to obtain the required fitting constant. 

7) Repeat the steps for all the other fitting constants. 

Note: The method of synthetic division given In Derivation Summary 21-1 may be uoed to shorten many of the 
steps. 

e) Outline of Shields' method when there are mu ltiple roots 

Procedure Summary 15-1. Determination of transient solution fitting constants when the 
associated characteristic equation has multiple roots. (Page 3 of 3) 
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CHAPTER 16 


OPERATIONAL METHODS OF SOLVING 
LINEAR INTEGRO-DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 

INTRODUCTION 

16.1. Solutions for linear integro-differential equations with constant coeffi¬ 
cients may be found by the classical method described in Chapter 15 and also by 
many other procedures, including those commonly grouped together and called 
"operational methods." The essence of these methods is that the operations of in¬ 
tegration and differentiation are represented by symbols in mathematical forms 
that may be manipulated by the procedures of conventional algebra to assist in find¬ 
ing desired solutions. As a matter of record, the concept of an operator (with 
symbol p) to represent differentiation has already been defined and used in the 
development of solutions by the classical method. However, in this method, the 
operator is defined and treated as a notational convenience for the process offind- 
ing forced solution components for sinusoidal variations of the independent variable, 
rather than as a basic theoretical concept. A somewhat oversimplified criterion 
for distinguishing operational methods from other procedures might be the role 
played by the operator concept in working out solutions. Operational methods use 
properly defined operators in developing complete solutions by a unified systematic 
process. In other methods, the operator concept appears more or less incidentally 
in part of the process used to find complete solutions. Discussions of operational cal¬ 
culus (which includes methods for solving linear integro-differential equations with 
constant coefficients) are available in many places. These references include Oliver 

(35 \ 

Heaviside's original expositions of his operational calculus' \ Philip Franklin's 
book on the Fourier integral^ 23 ), the treatment of Laplace transform theory by M. F. 
Gardner and J. L. Barnes^ 30 ^, R. V. Churchill's text on operational mathematics in 
engineering^ 4 ^, and a considerable number of other works in the same general field. 

16.2. All operational methods are based on the definition of a transformation 
to change functions of the running variable into corresponding functions of a trans ¬ 
form variable . This change of form is determined by a transformation equation 
that makes it possible to develop a table of transform pairs . A table of this kind 
bears the relationship to the transformation equation that a table of integrals bears 
to the defining equation of integration. A proper table of transform pairs makes it 
a simple matter to write down transforms for given functions in the same way 
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that an integral table provides integrals of given functions. Just as it is possible 
to use an integral table "backwards" to find the function corresponding to a given 
integral, it is possible to use a transform pair table to write down the inverse 
transforms associated with given functions. This procedure of finding inverse 
transforms from tables is often more convenient than using inverse transforma¬ 
tion equations to work out the running variable functions corresponding to trans¬ 
form variable functions. 

16.3. Transformation equations are generally chosen to give integro-differen- 
tial equation transforms that may be easily manipulated by the rules of conventional 
algebra. To be effective in finding solutions, the terms of the transformed equation 
must generally have inverse transforms that may be easily written down from 
tables and combined to give complete solutions for integro-differential equations. 
Many defining relationships have been developed for associating algebraic forms 
with integro-differential equations. For the purposes of the present discussion, 
principles and procedures, rather than history or mathematical completeness, are 
of primary interest, so attention will be confined to a single operational method 
from which other operational methods may be derived as special cases. The La¬ 
place transform method is chosen for discussion here because of its generality 
and demonstrable mathematical rigor. Relationships between the Laplace method 
and other operational procedures for finding integro-differential equation solutions 
are noted as occasions for this arise later in the book. 

16.4. The Laplace transform procedure for solving integro-differential equa¬ 
tions differs in several ways from the classical procedure described in Chapter 15. 
For example, the Laplace method does not automatically distinguish between forced 
solution components and transient solution components, but accepts initial condi¬ 
tions and independent variable changes in the same transformed equations to pro¬ 
vide closed-form expressions for complete solutions togiven problems. This char¬ 
acteristic of the method makes Laplace transform expressions especially suitable 
for generalized discussions of solutions for integro-differential equations. In par¬ 
ticular, the natural division of solutions found by the Laplace transform method 
into certain components suggests the concept of normal solutions. Normal solutions 
are defined so that they are simple to write down and are convenient to use in pro¬ 
cedures for associating solutions with given integro-differential equations and arbi¬ 
trary initial conditions. 

16.5. The present chapter deals with the definitions and procedures of the 

Laplace transform method that are required to find solutions for linear integro- 

differential equations with constant coefficients. In order to give the development 

a systematic pattern and to show the general relationships among the concepts 

associated with the Laplace transform, the steps of finding an integro-differential 
equation are listed here: 
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1) Start with a given integro-differential equation, a specified independent 
variable forcing function, and the initial conditions for a specific situation. 

2) Reduce the integro-differential equation to standard nondimensional form 
by the procedure described in Chapter 14. 

3) Write the Laplace transform for the equation of step 2, using either the 
Laplace transformation equation or a table of transform pairs. 

4) Solve the transformed equation algebraically for the Laplace transform 
of the dependent variable. 

5) Expand the right-hand side of the transformed equation into partial fractions 
for which inverse transforms are tabulated. 

6) Use a table of transform pairs to write inverse transforms for the terms 
of the equation of step 5. 

7) Group the terms of the inverse transform equation of step 6 in convenient 
forms and substitute nondimensional values describing independent vari¬ 
able variations and initial conditions. 

8) Use the relationships of Chapter 14 to derive any desired dimensional 
results from the nondimensional expressions of step 7. 

16.6. It is important to note that steps 3 and 6 cannot be applied unless the 
terms of the equations of step 1 are Laplace tra nsformable . That is.it must actu¬ 
ally be possible to write down Laplace transforms for all the terms involved. If 
this situation exists, the Laplace transform method will always produce a solution 
for any linear integro-differential equation with constant coefficients when a com¬ 
plete set of initial condition information is available. It is practically important 
that many of the functions used in engineering are actually Laplace transformable. 

16.7 . Laplace transform solutions for linear differential equations with constant 
coefficients have terms of two classes: normal solution terms and initial condition 
function terms . Terms of the first class do not involve initial conditions in any way. 
Terms of the second class involve initial conditions of the independent variable 
and the dependent variable and their derivatives. These classes of terms do not 
correspond to the forced solution terms and the transient solution terms that ap¬ 
pear when integro-differential equations are solved by the classical method pro¬ 
cedure discussed in Chapter 15. 

16.8. Normal solutions occur in the Laplace transform procedure when the 
initial condition function is zero. Solutions of this kind are so much simpler than 
complete solutions that it is worth while to develop procedures by which normal solu¬ 
tions may be manipulated to provide all the essential information on independent 
variable - dependent variable relationships associated with a given linear integro- 
differential equation with constant coefficients. The background of the normal so¬ 
lution is developed in this chapter. The procedures for applying these solutions 
are described in later chapters. 
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If F(t) is a function of the running variable, t, and 

Z = (Re) Z + \(lm)Z 

is the complex variable, *hich in this application acts as the Laplace transform variable (called the 
transform variable when no misunderstanding is possible), then, by definition, 

w here F(z) = [LT]F(t) = Laplace transform of F(t) 


is chc Laplace transformation equation. 


F(z) = / { -*'F(t)dt 


Note: 1. The complex variable, Z, mu3t have dimensions that are the inverse of the dimensions of t. 

2. The Laplace transformation Is possible only when the integral In Eq. (3) remains finite. 

o) General definition of the Lapl ace transform 

If F('t) is a function of the dimensionless running variable, 't (= t/T (roj) ), and, by definition, 

A = a + j 2 rr/3 (4 

is r he nondimcnsional Laplace transform variable, where 

T(ref) = running variable reference value or, if the running variable is considered as time, the 
reference period 

a - (Re) A * real component of the nondimcnsional Laplace transform variable 

(It is shown later that a corresponds to the reference time - characterist Ic time ratio that appears generally 
In the exponents of real exponential term components) 

2rrfi * (Im) A - imaginary component of the nondimcnsional Laplace transform variable 

(It is shown later that ft corresponds to the frequency ratio that appears generally as an essential para- 
m^ter In deocrlptlono of steady-state sinusoidal response) 

then, by definition, «, 

F(a) » [LT]F('») - / «-*i'i) F (' t)d (-,) (5) 

0 

* nondimcnsional Laplace transform of the function 
F( t) of the dimensionless running variable 

The Laplace transform elation is valid only for those functions, F('t), which arc Laplace trans¬ 
formable. To be Laplace transformable, the functions, F('t), must be 

1) piecewise continuous, and have piecewise continuous derivatives 

2) equal to, or less than, K < a c 1 

where K is some constant and a c is the convergence limit for the real part of the nondimcnsional Laplace 
transform variable. That is, the transform equation remains finite for values of A with real parts that arc 
not algebraically less than a c ; i.e., (a c - Re A) ^ 0. 

Not®: The Laplac® trannformabtllty condition® ar® discussed In detail by M. F. Gardner and 1. L. Barnos In 
Transient® In Linear System® (30). 

b) Nondimensional Laplace transform 


If F(A) is a function of the nondimensional Laplace transform variable, then by definition 

F('t) - [LT]' 1 F(A) ■ inverse Laplace transform of F(A) 

ICrC _ 1 0,+ J 00 

F(-o r ^-FiAidA 

2 FT I J 


where 


a l -\ 


is the inverse Laplace transformation equation (a t is a value of the real part of the transform variable so 
chosen that the integral of Lq. (7) converges). 

c) Nondimensional inverse Laplace transform ation equation 

Not®: Complete treatments of the Laplace transformation may be found In the cited references and others. Sco, 
for example, Operational Methods In Applied Mathematics by Corn law and Jaeger (10), Modorn Operational 
Mathematics In Engineering by Churchill (H), Transients In Linear Systems by Gardner and Barnes (30) 
and Advanced Calculus for Engineers by Hildebrand (36). 

Definition Summary 16-1. Laplace transformations. 
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16.9. Impulse functions are shown in Chapter 12 to be useful as limiting ap¬ 
proximations for the rectangular pulses in a representation of a given arbitrary 
quantity change. This fact is important in finding differential equation solutions 
because the Laplace transform of an impulse function is a constant, and, by the 
convolution theorem ,* the transform of the properly formed integral of the pro¬ 
duct of two functions is the product of the transforms of the two functions. This 
means that the especially simple impulse function transform may be used to in¬ 
troduce the action of a given integro-differential equation, while the contribution 
of a given independent variable change is taken into account through a multiplica¬ 
tion of the impulse function transform by the transform of the variation. Solutions 
of this tyoe are discussed because of the unique importance of the impulse function 
in describing independent variable changes, and because a generalized integro- 
differential equation solution for the impulse function illustrates, in the simplest 
possible way, the essential features of the Laplace transform procedure. 

16.10. A normal solution and also a complete solution for the impulse function 
are carried out in this chapter. 

DEFINITIONS ASSOCIATED WITH THE LAPLACE TRANSFORM 

16 . 11 . Laplace transformations change functions, F(t), of the running variable, t, 

to functions, F(z), of the complex variable, z. defined in Eq. (1) of Definition Sum’-’ 
maryl6-l. This complex variable has real and imaginary parts and otherproper- 
ties described in Chapter 12. For present purposes, the complex variable is the 
La P lace transform variable . Equation (2) of Definition Summary 16-1 shows that 
a set of square brackets around the letters LT placed before a function of the run¬ 
ning variable is used as the symbol for the Laplace transform of the running vari¬ 
able function. Equation (3) of Definition Summary 16-1 is the Laplace transforma¬ 
tion equation that gives a specific meaning to the symbol [LT]F(t). The transfor¬ 
mation equation is the integral from zero to positive infinity with respect to the 
running variable of the product of the function to be transformed and the exponential 

raised to the negative of the product of the complex variable and the running variable. 

In general, this exponent must be dimensionless, so the complex variable itself 
always has dimensions that are the inverse of the dimensions of the running vari¬ 
able. The transform itself has the dimensions of the running variable function 
multiplied by the running variable. 

16.12. It isobviousthat Eq. (3) ofDefinition Summary 16-1 has meaning only 

for running variable functions that are Laplace transformable . By definition, this 

class includes those functions for which F(z) remains finite within the convergence 

limit defined in section b of Definition Summary 16-1. Complete di^Ii^Tf 

the requirements for Laplace transformability are given in the references cited 
in Definition Summary 16-1. 

• See Tabic 16• 1 on page 48. 
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16.13. For practical purposes, it is desirable to eliminate dimensions from 
the running variable and the transform variable. Section b of Definition Summary 
16-1 shows that the running variable, t, may be made dimensionless by dividing 
all its values byT (re() , a reference value of the running variable. Because the 
running variable is very often time, it is convenient to identify T (rc() as the refer¬ 
ence^ period . In general, the reference period may have any arbitrarily selected 
convenient value that is ordinarily not specified until after solutions have been 
completed and numerical values are desired. The symbol for the nondimensionalized 
running variable is T. In Eq. (4) of Definition Summary 16-1, the lower-case 
Greek letter lambda (a) is introduced as the symbol for the nondimensional transform 
v ariable . The nondimensional real part of a is given the lower-case Greek letter 
alpha (a) as its symbol. The nondimensional imaginary part of a is given the symbol 
2fi/3. The significance of the introduction of 277 as the coefficient of the lower-case 
Greek letter beta (/3) in this imaginary oart appears in Eq. (3) of Derivation Sum¬ 
mary 17-3, and in the latter part of Chapter 20. 

16.14. Equation (5) of Definition Summary 16-1 is the defining equation for the 
nondimensional Laplace transform . This transformation equation is similar to 
Eq. (3) except for the replacement of z by a and t by t. 

16.15. The conditions for Laplace transformability are expanded somewhat in 
section b of Definition Summary 16-1, where it is noted that F('t) must be piecewise 
continuous and that F('t) must remain always equal to or less than the product of 
some constant, K, and the exponential raised to a conver gence limit value, a c , of the 
real part of a. This rough statement of transformability conditions should be 
supplemented by study of the cited references whenever questionable functions 
of the running variable are to be transformed. 

16.16. The basic definitions associated with Laplace transform theory are 
completed by Eqs. (6) and (7) of Definition Summary 16-1 which are for the non- 
dimensional inverse Laplace transform . This concept is given the symbol [LTJ 'F(a) 
for the specific case of the nondimensional running variable function F( t) that cor¬ 
responds to the transform variable function F(a). The inverse Laplace transforma- 
tion equation is given as Eq. (7) of Definition Summary 16-1. It is always theore¬ 
tically possible to find F('t) from F(A) by means of this equation if transformability 
exists. However, in practice, it is often easier to find inverse transforms from 
transform pair tables than to work out the inverse transform integral. 

LAPLACE TRANSFORMS OF DERIVATIVES AND INTEGRALS 

16.17. An essential step in solving any integro-differential equation by the 
Laplace transform method is to write down the transform for each term of the 
equation. Each of these terms is made up of a constant coefficient and either some 
derivative or some integral, of the independent variable or the dependent variable, 
with respect to the running variable. This means that it is necessary to develop 
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transformation formulas for derivatives and integrals of arbitrary orders. The 
procedure for finding these results is described in Derivation Summary 16-1. 

16.18. Equation (1) of Derivation Summary 16-1 is a formal expression for the 
Laplace transform of the first derivative of the function F('t). The final convenient 
expression for this transform is made possible by use of the integration-by-parts 
formula of integral calculus, which is given as Eq. (2) of Derivation Summary 16-1. 
By making the identifications of Eqs. (3) and (4), Eq. (1) may be written in the form 
of Eq. (5), in which the first term is the product of the exponential raised to the 
negative of the product of a andt taken between the limits of zero and infinity, and 
the second term is the defining equation for the transform of F('t) multiplied by a. 
Under the conditions for transformability, the first term reduces to zero at the 
upper limit (i.e., F('t) divided by is equal to zero) and is equal to F(0),the value 
of F('t) when t is zero, at the lower limit. In the literature of the Laplace trans¬ 
form, * considerable attention is given to the value of F('t) as't approaches zero from 
negative values or positive values. For the purposes of the present discussion, 
this question is not important. No designation is placed on the 0 in F(0), and it is 
understood that approaches to this value may be through either plus or minus values 
of't as special cases whenever the direction of approach has an essential effect 
on the result. 

16.19. Equation (6) of Derivation Summary 16-1 is the final expression for the 

Laplace transform for the first derivative of F('t). Equation (6) of Deriva¬ 

tion Summary 16-1 shows that the Laplace transform of the first derivative of F('t) 
is the transform of F('t) itself multiplied by a, minus the value of F('t)when 't is 
equal to zero. 

16.20. The Laplace transform for the second derivative of F('t) may be found 
by a procedure identical with that used in developing the transform for the first 
derivative when F('t) is replaced by F ll >('t). The process of finding [LT]Fc>('t) is de¬ 
scribed by Eqs. (7) through (13) in Derivation Summary 16-1. Equation (13) shows 
that the Laplace transform for the second derivative of F('t) contains three terms. 
The first term is F(a), the transform of F('t) itself, multipled by the square of a. 
The second term is F(0), the initial value of F('t), multiplied by a. The third term 
is F« ll (0), the initial value of F H ('t). 

16.21. It is evident that the procedure used for finding Laplace transforms 
for the first and second derivatives of F('t)may be extended derivative by deriva¬ 
tive*** to include derivatives of any arbitrary order. The generalized result of 
this procedure is shown by Eq. (14) of Derivation Summary 16-1. The first term 

• See Campbell and Foster (9). Carslaw and Jaeger (10), Churchill (14), Gardner and Barnes (30), Hilde- 
brand (36), and Wylie (79). 

•• A derivative is indicated by a superscript number enclosed in a normally unnecessary parenthesis. If a 
simple power is indicated, the normally unnecessary parenthesis is omitted. 

••• This procedure is known in mathematics as an iterative process. 
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Application of the Laplace transformation relationship defined by Eq. (5) of Definition Summary 16-1 to 

the first derivative of a Laplace transformable function of the dimensionless running variable, F('t), shows 
chat the transformation equation is 

CLT]F ,I) ('t) - / c^)iMd ( ' t) (1) 

0 d('t) (l) 

From the integral calculus, the general intcgration-by-parts formula is 

f udv = uv - f vdu 

In Eq. (1) let J % , J U) 

<T* X(,, -U ; -A € *Mt)d('t).du (3) 

F«>('0 -imidCO.dv ; F('t) - V (4, 

d('t) 

Using the relationships of Eqs. (2), (3), and (4) in Eq. (1) shows that 

[LT]F"'('0 - £-*<"') F('t) “ + a /” e -M't>F(-t)d('t) (5) 

0 0 

Under the condition for Laplace transformability, the first term on the right-hand side ofEq. (5) reduces to 
zero at the upper limit, and the exponential factor becomes unity at the lower limit. From this fact, from 
Eq. (5), and from the Laplace transformation equation (Eq. (5) of Definition Summary 16-1), it follows that 

whele [LT]F m ('t) . aF(a) - F(0) («, 

F(0) - initial value of F('t) 

- value of F('t) when 't - 0 

Note: In Eq. (6) It la understood that the "0** value will be chosen for convenience as (0 ), or (0 + ), the valuea 
of F( f) as t-*0 from the negative side or the positive side, respectively. 

The Laplace transform for the second derivative of F('t) may be found by applying a procedure similar 
to that described by Eqs. (1) through (6): 

F®('0 - iimi- _<L /1FDI\ 


so chat, under the Laplace transformation equation, 


In Eq. (10), let 


0-T]F“('t) - f -A. /dF(-t) W t) 

» d('t) v d('») J 

; -A £-*>'" d('t)-du 


J_ /_dFLli\d<' t ) _ dv . , .. dF('0 _ F ( "('t) 
d('t) V d('t) J d(l) 

Using the relationships of Eqs. (2), (9), and (10) in Eq. (8) shows that 

H-T]F“('t) - dFC) “ + A /",-Vti dF('f) H( .,) 

d('t) o o dCO 

- -F<»<0) + A 0_T]P*>('t) 

where 

F“>(0) - initial value of F»>('») 

- value of dF('t)/d('t) when 1-0 
Substituting the result of Eq. (6) in Eq. (12) shows that 

[LT]F 0) ('t) - a 2 F(a) - aF( 0) - F n, (0) 

°) Laplace transformations for the first and second derivatives 

Derivation Summary 16-1. Laplace transformations for derivatives and integrals. 

(Page 1 of 3) 


( 10 ) 


(ID 


( 12 ) 


( 13 ) 
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Repeated applications of the procedure outlined in section a to successively higher derivatives shows 
that, in general, k^n-i 

” (0) (14) 


[LT]F n) ('t) - A r F(A) - ^ A ,n -»* k >F( k 


where 


k=0 


F ln, ('l) - - „ lh dcr,va.,vcolF( l) 

d('t)" 

F (k, (0) = initial value of the L** 1 derivative of F('t) 

The expression of Lq. (Id) may be put in a more convenient form by defining 

< ICP >ln'n]„ E A (r.-‘-ki F' k) (o, 

k-0 

= initial condition pol>nomial of the n^'-ordcr derivative of the function F('t) 

Using the expression of 1- q. (15) in Fq. (14)gives the Laplace transformation equation for derivatives as 


(15) 


[LT]F ,n ’( 0 = A r ‘F(A) - (ICP), Frn)n 

b) Laplace Iransformat ion equation lor derivatives of any order 


(16) 


Application of the l.aplace transformation of 1 q. (*•) of Definition Summary 16-1 to the first integral of 
a l.aplace transformable function of the dimensionless running variable, F('t), shows that 


Let 


[LT] / F( t)d( t) - f / F( t)d( t) 1 d( t) 

/ o V J 


/ F('t)d('!)—«► u ; F('t)d('l) —du 


(17) 


l 




d('t) 


A 


(18) 


(19) 


so that when Lqs. (2), (18) and (19) are used in F.q. (17), that equation becomes 


[LT] /' F('t)d('t) - / F('l)d('t) 

A 






t = o 


y e -Mt)Pf' 


F('t)d('t) 


-J -f F('t)d('t) + -J-F(a) 

A A 


( 20 ) 


( 21 ) 


Rearranging the terms of F.q. (21), interchanging the limits of integration and reversing the sign of the 
integration gives the following expression for the Laplace transform of the integral of a given function: 


[LT]f'~"(' 0 - [LT] / F('t)d('t) = -LFU) + J-/‘ F(T)d('t) (22) 

\ A A 

*1 0 

A repeated application of the procedure just outlined shows that the Laplace transform of the n 
integral of a Laplace transformable function of the dimensionless running variable is 


th 


k * n 


[LT]F ( - n, ('0 = 4F(A) + V A ( - n ‘ 1+lc) F ( - k, (0) 


(23) 


k = 1 


or, introducing a simplified form for the second term, 


where 


[LT]F<-"’('0 - -jjr F(a) - ( |CF> )[f,'»!(-„) 

/ ' 

F ( -o)('t) = J . . . f F('t)d('t) n - n ,h integral of F('t) 


(24) 


( 25 ) 


Derivotion Summary 16*1. Laplace transformations for derivatives and integrals. 

(Page 2 of 3) 
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and 


k= n 


< lcf V('oK-» - - £ rf*"' ,+k, F , ‘ k, ( o) 

k = l 


(26) 


= initial condition polynomial of the n fh -order integral of the function F('t) 

In order to be consistent with standard texts,* the form of Eq. (23) is used for the Laplace transform of 
integral expressions. To preserve the form of Eqs. ( 23 ) and (26), F ( * k) (0) is defined by the following ex¬ 
pression rather than by setting 't equal to zero in Eq. (25). 


F ( ‘ k) (0) = /' . . . /' F('t)d('t) k 


(27) 


# See Gardner and Barnes (30). 


c) Laplace transformation equation for integrals 


Derivation Summary 16-1. Laplace transformations for derivatives and integrals. 

(Page 3 of 3) 


of the^n derivative transform is the transform of F('t) multiplied by A raised to 

the n power. The remaining terms of the derivative are n in number and are all 

negative. Each individual term is the product of a power of A and the initial value 

of some derivative of F('t). In this summation, the initial value of the zero th deriva- 
tive of F('t) is considered as F(0) itself. 


16.22. The first term in the transform of the n th derivative has a convenient 
form, but the remaining terms are cumbersome even when the summation notation 
of Eq. (14) of Derivation Summary 16-1 is used. To improve this situation, the 
summation, which is actually a polynomial in powers of a, is given the symbol 
(ICP)[F('t))n and is called the initial condition polynomial of the n th -order derivative 
of Uie function F('t) . Equation (16) of Derivation Summary 16-1 gives the n ^-de- 
rivative transform when the initial condition polynomial notation is used. 


16.23. Equations (17) through (22) of Derivation Summary 16-1 outline the 
derivation of the Laplace transform for the first integral of F('t) by use of theinte- 
gration-by-parts formula. Equation (22) shows that [LT]F<’ l >('t) (where the super¬ 
script -1 within its unnecessary parenthesis indicates the first integral) is equal 
to two terms with positive signs. The first of these terms is F(A), the transform of 
F(t), divided by a. The second term is the reciprocal of a multiplied by the inte¬ 
gral of F('t) with respect to't taken between limits of zero and some fixed value of 
'» identified as 


16.24. Equation (23) of Derivation Summary 16-1, which gives the result from 
a series of repetitions of the procedure used for finding the transform of the first 
integral of F('0, shows that the transform of the n th integral of F('t) is made up of 
the transform of F('t) divided by a raised to the n th power, and a summation. This 
summation represents a polynomial made up of negative integral powers of a mul¬ 
tiplied by integrals of F('t) of various orders taken between zero and 't,, a fixed 
value of't. Equation (24) of Derivation Summary 16-1 gives the final form for the 
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the initial condition 


transform of the n th integral of F('t) in terms of (ICP) [rrt))( _ n) ,_ 

polynomial of the n th -order integral of the function F('t) . The definitions for this 
polynomial and its components are given in section c of Derivation Summary 16-1. 

16.25. With the results of Derivation Summary 16-1 available, it is possible 
to write down immediately the transform for any term that can occur in a linear 
integro-differential equation with constant coefficients when any arbitrary set of 
initial conditions is specified. 

16.26. In general, the initial condition polynomials that occur in the transform 
expressions for derivatives and integrals are cumbersome and must be specially 
fitted to each set of initial conditions. On the other hand, the single term not in¬ 
cluded in the initial condition polynomial that occurs in each derivative or integral 
transform is simple and convenient to handle. Because of this fact, a tendency 
exists to disregard the initial condition polynomial and identify the transform for 
the n 1 derivative with the product of the n th power of a and the transform of F('t). 

For a similar reason, Fia) divided by the n th power of a is often associated with the 
n th integral of F(i). 

16.27. The simplification of transforms noted in the previous paragraph is 
convenient, and often serves a very useful purpose, but it should be carefully remem¬ 
bered that, in general, complete transforms include initial condition polynomials. 

TABLE OF LAPLACE TRANSFORM PAIRS 

16.28 Laplace transforms for any Laplace transformable function F('t) may be 
found directly by substituting F(i)in the defining equation given as Eq. (5) of Defi¬ 
nition Summary 16-1. 

16.29. It is, of course, possible to use the defining equation each time a trans¬ 
form is required for a given function. However, this procedure is not generally 
necessary, because a relatively small number of running variable functions appear 
in ordinary practice. These functions include constants, powers of't , the expo¬ 
nential raised to exponents formed of't multiplied by a real or complex coefficient, 
powers of 7 multiplied by the exponential, sines and cosines, products of expo¬ 
nentials and sines or cosines, hyperbolic sines, and hyperbolic cosines. In addi¬ 
tion to the functions mentioned above, the transform of the running variable unit 
impulse function , [UIF]('t), is of general interest. 

16.30. Table 16-1 gives a list of Laplace transform pairs that includes the 
forms commonly required in practice. Detailed derivations for the transforms of 
Table 16-1 may be found in various references,* which also give summaries that 
include many functions not listed in Table 16-1. 


• See Campbell and Foster (9), Carslaw and jaeger (10), Churchill (14), Gardner and Barnes (30), Milde 
brand (36), and Uylic (79). 
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Table 16*1. Laplace transform pairs.* 



COMMONLY USED LAPLACE TRANSFORM THEOREMS 

16.31. Of the many theorems that are associated with the Laplace transform, 
a few are so generally useful that it is worth while to bring them together for 
immediate reference purposes. These theorems are described in the following 
paragraphs and presented in Theorem Summary 16-1 without the proofs, which 
may either be worked out by the reader or found in the references on the Laplace 
transform that are cited at the end of the summary. 

16.32. The linearity theorem states that the transform of F('t) multiplied by a 
constant is F(a) multiplied by the same constant, and that the transform of a sum 
of functions is the sum of the transforms of the functions. 
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Uhen a is a constant or a variublc independent of 't and A, th 

[LTJoF('f) = oF(A) 


en 


and 


0-T] IF, C») ♦ F 2 ('t)l = [LT]F, ('») + [LTJrCt) 


F 1 (A) + F (A) 


( 1 ) 

( 2 ) 


f ) Linearity theorem 


Let the Laplace transform of F( t) be F(A). If the scale of the nondimensional running var.able .s 
changed by mult.plication by the rec.procal of a (a posit.ve constant), the Laplace transform variable 
is increased by the same factor. 0 . and the Laplace transform is multiplied by the factor a. i.e.. 


rhe (unction 


*herc 


(LT]F(1) = a F(a a) 

2) Scale change theorem 

= / F ('tJF ('t - r c )d('t 0 ) 


(3) 


(4) 


t c = convolution integral nondimensional running variable 

is known as the convolution in.epral. If the Laplace transform of F, ('t) is F ( (A), and that of F ('t) is 

F 2 (A). the Laplace transform of the convolution integral is the product of the corresponding transforms 
of F, and F ? \ i.e., \ 

(LT] / F,('I C )F S ('» - -t c )d(-t c ) =, F(a) , F,<a>F 2 (a) (5) 

3) Complex multiplication theorem, or convolution theorem 


re- 


If the function F('t) and its first derivative F<‘>('0 have the Laplace transforms F( A) and aF(A), .. 

spcctively, and the limit of AF(A) as A becomes infinitely large exists, then the initial value of F('t) 

is given by the relation • vC/vx 

7 limit A r(A) = limit r( t) 

\ )-*o 

4) Initial value the orem 

If F('t) has the Laplace transform F (A) = P m (A)/P(A) where PjA), P n (A> .ue polynomials .n A, the 
order of P m (A) being less than P„ (A), and if the roots of P„ (A) = 0 are either zero or have negative real 

Par ‘ S ’ th<?n limn AF(A) = limit F('t) 

A-o f't) 


( 6 ) 


(7) 


Note: This formulation of the- final value theorem is similar to that of J. C. Jaerjcr in Introduction to the 
Laplace Transformation (41). — - 

51 Final volue theorem (for application to linear differential equations with constont coefficients ) 

Let F('t) be a function that is zero for negative values of the running variable. Let the Laplace trans¬ 
form of F('t) be F(A). If the function is translated so that it begins at the point 't,, then it is written as 

F('t - 't,). The Laplace transform of the translated function is that of the untranslated function multi- 
plied by the exponential function c'^V; i.e. t 

[l_T]F('t - '»,) - 6 1 1> F(A) ; if F('t - 'tj) =0 for o < 't < 't, 

6) Real translation theorem 

Nolo: The names of these- theorems are those used by M. F. Gardner and J. L. Hornes in Transients in 
Linear Systems (30). See this reference for the derivations of the theorems. 

Theorem Summary 16*1. Generally useful theorems associated with the Laplace transformation. 
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16.33. The scale change theorem states that the transform of a function in 
which the running variable is divided by a constant, a, is equal to the transform of 
oa multiplied by a. It is to be noted that, in general, the use of a nondimensional 
running variable makes the scale change theorem unnecessary, since a simple change 
in T (rof) automatically accomplishes the effect of a scale change. 

16.34. The complex multiplication theorem , also called the convolution theorem , 
defines the convolution integral as the integral of the product of two functions of't, 
one of which is actually a function of the argument ('t - %), where \ is a running 
variable of integration. The integral is taken from a lower limit of zero to't as the 
upper limit. The complex multiplication theorem states that the Laplace transform 
of the convolution integral is equal to the product of the transforms of the two func¬ 
tions that appear in the integrand. This theorem is particularly useful in dealing 
with arbitrary independent variable changes that are represented by products of 
impulse functions and other suitable forms. 

16.35. The initial value theorem states that the limit, as A goes to infinity, of 
the product of a and the transform of the function F('t) is equal to the limit of F('t) 
as't approaches zero. 

16.36. The final value theorem states that the limit of the product aF( a) as a 
approaches zero is the limit of F('t) as 'f approaches infinity, under the limitations 
noted in the statement of the theorem in Theorem Summary 16-1. 

16.37. The real translation theorem states that the transform of F('t) when the 
argument is changed from't to ('t -'t,) is equal to the transform F(a) multiplied by 
the exponential raised to the -A('t,) power. This theorem is true under the special 
condition that F('t - t,) is zero whent lies between zero and 't„ where is a constant 
value of't. 

16.38. Figure 16-1 illustrates the significance of the real translation theorem 
by showing a building up of the transforms for pulse functions from step function 
transforms. A function that is zero for a finite interval after the initial instant for 
the running variable may be considered as having its origin shifted along the running 
variable axis. For example, the plot of Fig. 16-la shows an increasing step func¬ 
tion starting at 't equal to zero. The running variable expression for the step func¬ 
tion is placed above the plot, and the corresponding Laplace transform is given at 
the right of the figure. The plot of Fig. 16-lb is similar to that of Fig. 16-la ex¬ 
cept that the step occurs at't equal to '»,. The equation for this variation is given 
above the plot, and the Laplace transform is placed at the right of the plot. This 
transform is the Laplace transform of the untranslated function multiplied by the ex¬ 
ponential raised to the - A('t,) power. Figures 16-lc and 16-Id are plots with the cor¬ 
responding equations for an untranslated and a translated decreasing step function. 

16.39. Figures 16-le and 16-lf illustrate the combination of two or more in¬ 
creasing and decreasing translated step functions to form pulse functions. The 
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a) Increasing 
seen function 









single pulse of Fig. 16-le is made up of an increasing step function translated to 
't equal to 't t and a decreasing step function translated to't equal to 't_. The Laplace 
transform for this pulse function is the Laplace transform of the untranslated func¬ 
tion multipled by the difference of two exponentials. The Laplace transform of the 
expression describing the series of pulse functions in Fig. 16-lf is the transform 
of the untranslated function multiplied by the difference between a sum of exponen¬ 
tials raised to powers involving the initial instants of the pulses and a sum of expo¬ 
nentials raised to powers that correspond to the final instants of the pulses. 

GENERALIZED SOLUTION FOR THE STANDARD-FORM LINEAR INTEGRO-DIFFERENTIAL 
EQUATION WITH CONSTANT COEFFICIENTS BY THE LAPLACE TRANSFORM METHOD 

16.40. Derivation Summary 16-2 outlines the application of the steps listed in 
the introduction for this chapter to the specific problem of finding the generalized 
solution of the standard-form linear integro-differential equation with constant 
coefficients (see Derivation Summary 14-1) by the Laplace transform method. When 
the transforms for each of the standard-form equation terms (see Eq. (1) of Deriva¬ 
tion Summary 16-2) are written down from the expressions given by Eqs. (16) and 
(24) of Derivation Summary 16-1, the result is Eq. (2) of Derivation Summary 16-2. 
The left-hand side of this equation consists of two summations, each of which rep¬ 
resents a polynomial in integral powers of the transform variable, a. The first of 
these two polynomials involves only products of the dependent variable differential 
equation coefficients and powers of a. This polynomial acts as the coefficient 
for the transform of the dependent variable. The second polynomial on the left-hand 
side of Eq. (2) is made up of terms formed by multiplying the dependent variable 
initial condition polynomials by the differential equation coefficients. The symbols 
(ICP) in the second polynomial, which are defined by Eqs. (15), (26), and (27) of 
Derivation Summary 16-1, carry the subscript (v) to show that they belong to the 
transform of the dependent variable. 

16.41. The two summation terms on the right-hand side of Eq. (2) represent 
polynomials that correspond to the two summations on the left-hand side of the same 
equation with the independent variable substituted for the dependent variable. 

16.42. Equations (3) and (5) of Derivation Summary 16-2 result when Eq.(2) 
is solved for the transform of the dependent variable in terms of the transform of 
the independent variable, and the initial condition polynomials of the independent 
variable and the dependent variable. The form of Eq. (5), which will ordinarily be 
applied in this book, uses the definition of Eq. (4) to substitute the symbol [1C F], which 
represents the initial condition function , for the difference of two summations that 
contain the independent variable and dependent variable initial condition polynomials. 
The initial condition function symbol is given the subscript (u, v) to show that it is 
associated with both the independent variable and the dependent variable. The 
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From Definition Summary 14-1, the standard-form linear integro-differential equation with constant co¬ 
efficients is [m n j*= m 

Z ^"'CO ui 


l* -r 


J=-a 


o) Standard-form linear inteqro-differential equation with constant coefficients 


When the Laplace transform for each term in Eq. (1) is formed by use of Eq. (16) of Derivation Sum¬ 
mary 16-1, for derivatives, and Eq. (24) of Derivation Summary 16-1, for integrals, and the results are 
written as summations, the Laplace transform expression corresponding to Eq. (1) is 

| 1 i*n i J * m j J~m 

I S n Al i v(A) - ^ i U<A) ~ a » ^ i,(ICP)c.„ < 2 > 

' l*-r ' 1 = -r f ) = -o ) j«- 3 

The nondimensional Laplace transform of the dependent variable v('t) is found by solving Eq. (2) for v(A) 
to obtain )*m )»m l=n 

Z i* °z Z t (ICP) Mi - Z y* (,CP) iv,. 


v(A) 


* -S 


1 * n 


u( a) - 


= -3 


l--r 


1* n 


* A ‘ 


2 ** 


lr -r 


1* -r 


Define 

[ICF] (|J V) (A) * Laplace tra nsform of tjie i ndependent variable - dependent variable initial con¬ 
dition function 

- - J«= m i*n 


where 


<« Z * (ICP) <«m Z » (ICP) '»>‘ 

tlCF], UiV) (A) - --- 


1 * n 


i* n 


2 ** 




l* -r 


l*-r 


Substituting the initial condition function expression of Eq. (4) in the dependent variable transform ex¬ 
pression of Eq. ()) gives j = m 

Z ’h* 

v(A) - <r a —- u(A) - [ICF] (u V) (A) (; 


1 * n 


Z ** 


i*-r 


b) Dependent variable Loplace transform associated with the standard integro-differential eq uation form 

The expression for the dependent variable as a function of the dimensionless running variable, namely, 
the formal solution of the standard integro-differential equation form of Eq. (1), is found by taking the 
inverse Laplace transform of each term in Eq. (5); i.e., 

.( S ' 4 ) 


v('t) - OLTJvU) = [LT] 


J--S 


1* n 

E» 

l--r 


u(a) \ - iur{ocF] (u> 


Derivation Summary 16-2. Generalized solutions of the standard-form integro-differential 

equation by the Laplace transform method. (Page 1 of 3) 
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The relationship of Eq. (6) may also be expressed as 

1“ m 

Z 


v('t) = [LT] 




J*-S 


u(A) 


i= n 


l z 


>1 


- 0CF] (UfVj ('t) 


(7) 


l = -r 


/ 


where 


CCF] (u v ,(',) . [LT]" 1 1 [ICF] lu v) (A) J. (8) 

Note that while Eq. (7) gives the complete formal solution of Eq. (1), an explicit solution for v('t) is 
possible only when 

1 )The dimensionless coefficients )j and ^ arc known. 

2) The dimensional similarity factor, o;, is known. 

3) The Laplace transform u(A) of the independent variable u('t) is known. 

•1) I he Laplace transform [ICF] (|j v) (A) of the independent yariable - dependent variable initial 
condition function, [ICF] (u y) ('t), is known. 

5)Thc inverse Laplace transform is known for each term of Eq. (6). 

* hen the information of items 1 through 5 is available, the solution may be written down in a prac¬ 
tically useful form. 

c) Generalized solution for the standard-form linear inteqro-diIfcrcnt ioI equation with constant coefficients 

By definition, the expression of Eq. (7) becomes the La place transform of the generalized normal solu¬ 
tion of the s tandard -form integro-differential equation when [ICF] (u>v) (A), the Laplace transform of T 
independent variable - dependent variable initial condition function, is equal to zero. This means that 

J»m 


Z ^ 

[ V(A) ](qns) * °a - U(A) 


1* n 


(9) 


E n>l 


where 


1* -r 


[ y (A)](< jno ) * Laplace transform of the generalized normal solution of die standard-form integro- 

differential equation 

generalized normal solution of the stand ard-form integro-differcntial equation is given by the in¬ 
verse Laplace transform of Eq. (9); i.c. f 


J= m 


[v('.)], q 


[LT]" - [LT]' 1 < i -u(A) 


E 


no) 


( 10 ) 


1« n 


Z n* 


i « -r 


Note that for Lq. (10) to bo valid the standard-form Inteqro-dlfferentlal equation must be linear 
In both the Independent variable and the dependent variable, and the expressions for theoo func¬ 
tions must be Laplace transformable (see Chapter M). 

d) Generalized normal solution 


Derivation Summary 16-2. Generalized solutions of the standard-form integro-differential 

equation by the Laplace transform method. (Page 2 of 3) 
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By definition, the summation ratio term in the coefficient of the Laplace transform of the dependent 
variable in Eq. (10) is the Laplace transform of the relating function. In equation form, 

J=m 

Z 

[RF](A) f a„ I*'* 


Ul) 


i * n 


Z y ' A ‘ 


where 


i r -r 


[RF] (A) = Laplace transform of the integro-differential equation relating function 
In terms of the relating function, the Laplace transform of the generalized normal solution for the de¬ 
pendent variable is r . rnri. 

E - M«]| gns , - [RF](a)uU) (12i 

The generalized normal solution corresponding to [v(A)] ( }r ( is given by the inverse Laplace trans¬ 
forms of the terms of hq. I 12); i.e., 


- [LT]" [»(*)]„„, - [LT]" | [RF]<a) u( a) ) 

It is common practice to <lcfinc the tra nsfer (u ncti on as identical with fRF] (A); i.e., 

[TF] ( A) = [RF] (A) 

Relating function form of t he generalized normal s olution: the transfer (unction 

Derivation Summary 16-2. Generalized solutions of the standord-form integro-differential 

equation by the Laplace transform method. (Page 3 of 3) 


(13) 


(14) 


transform variables, enclosed in parentheses after the initial condition function 
symbol shows that the transform of the function is represented, not the function itself. 

16.43. The complete formal solution for the integro-differential form of Eq. ( 1 ) 

of Derivation Summary 16-2 is given by the inverse Laplace transform of Eq. (5). 
This solution, represented by Eqs. (6), (7), and (8) of Derivation Summary 16-2, 
has two terms. The first of these terms is the inverse transform of the product of 
(the dimensional similarity factor), the ratio of two polynomials in a, and the 
transform of the independent variable. The second term is the inverse transform 
of the transform of the independent variable - dependent variable initial condition 
function. InEq. (7) of Derivation Summary 16-2, this term is represented by [ICF]('t) 
with the identifying independent variable - dependent variable subscript. 

16.44. Section c of Derivation Summary 16-2 summarizes the information that 
must be known before a complete solution for the standard-form integro-differential 
equation may be written down. 

16.45. Except for special situations involving low-order differential equations 
or especially simple initial conditions, the initial condition terms of Eqs. (5) and (6) 
of Derivation Summary 16-2 tend to be complicated and troublesome to handle. On 
the other hand, the first terms on the right-hand side of Eqs. (5) and (6) are easy 
to write down and relatively simple to interpret. This simplicity, and the fact that 
practical methods have been developed for finding all the essential information on 
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complete solution behavior from these terms, lead to the concept of normal solutions 
for linear integro-differential equations with constant coefficients. Equation (9) 
gives the definition for the L aplace transform of the generalized normal solution 
for Uie linear integro-differential equation with constant coefficients . This defin¬ 
ing equation is identical with Eq. (5) of Derivation Summary 16-2 except that the 
initial condition function is zero. It is important to note that this situation may exist 
when the initial values and all initial derivatives of the independent and dependent 
variables are equal to zero; or it may also exist for any set of initial conditions 
that combine to make the transform of the initial condition function equal to zero. 

16.46. Equation (10) of Derivation Summary 16-2 gives the generalized normal 
— lution — ^ linear integro-differential equation with constant coefficients as the 
inverse transform of the expression of Eq. (9). In this equation and in Eq. (10), the 
subscript (gns) on the symbol for the independent variable shows that the complete 
symbol represents the generalized normal solution . 

16.47. In practice, it is convenient to think of generalized normal solutionsfor 
integro-differential equations in terms of functions of three kinds: 

1) The L ° rcin g function , which describes the variation of the independent 
variable. 

2) The response function , which describes the variation of the dependent vari¬ 
able due to the forcing function. 

3) The relating function , which describes the action of the integro-differential 
equation in causing the response function to accompany the forcing function. 

In formal terms, the relationship associated with these three functions is 


16.48. 


/ RESPONSE \ RELATING 1 / FORCING \ 

\ FUNCTION / FUNCTION J \FUNCTI0N ) 


(16-1) 


The simple concept of the relating function does not include provisions 


for introducing initial conditions, and for this reason it is not well adapted for di¬ 


rect description of complete solutions. On the other hand, it fits perfectly into the 

procedure for obtaining normal solutions, which by definition do not contain initial 
terms of any kind. 


16.49. Equation (11) of Derivation Summary 16-2 defines the Laplace transform 
of the relating function as the coefficient of the transform of the independent variable 
inEq. (9). The functional nature of the relating function is indicated by placing the 
letters RF inside square brackets instead of inside parentheses. The transform vari¬ 
able symbol in parentheses is placed after the relating function symbol to show that 
the complete symbol represents the transform of the relating function. Equation (12) 
of Derivation Summary 16-2 gives the Laplace transform of the generalized normal 
response function in terms of the transform of the relating function and the trans¬ 
form of the forcing function. The corresponding response is represented in Eq. (13) 
by the inverse transform of the term on the right-hand side of Eq. (12). 
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16.50. As noted in Derivation Summary 16-2, the Laplace transform of the re¬ 
lating function is commonly called the transfer function .* 

IMPULSE FUNCTION NORMAL SOLUTION FOR THE LINEAR INTEGRO-DIFFERENTIAL 
EQUATION WITH CONSTANT COEFFICIENTS 

16.51. It is useful to discuss integro-differential equation responses to impulse 
function forcing functions for several reasons. First, the nature of the Laplace 
transform for the unit impulse function** makes it possible to illustrate the essen¬ 
tial features of the Laplace transform procedure for solving linear integro-differ¬ 
ential equations with constant coefficients by the simplest possible forms. Second, 
the terms found in responses to impulse function changes of the independent vari¬ 
able are typical of the terms that appear in responses to forcing functions of all 
kinds. Finally, impulse functions are important as such because they may be used 
as components in forms that describe arbitrary independent variable changes by 
the method described in Fig. 12-11 of Chapter 12. Solutions associated with forc¬ 
ing function expressions of this kind are facilitated if a reference showing the steps 
of the Laplace transform solution for the impulse function is available. To il¬ 
lustrate all the points of interest, this should be a complete solution, but many of 
the basic features involved may be demonstrated in the process of obtaining the 
normal solution for the impulse forcing function. This normal solution is worked 
out in Derivation Summaries 16-3 and 16-4. 

16.52. The linear integro-differential equation with constant coefficients is 
given as Eq. (1) of Derivation Summary 16-3, which is written with the special con¬ 
dition that the coefficient of the highest order dependent variable derivative is unity. 
Equation (2) of Derivation Summary 16-3 gives the definition of the dimensional 
running variable impulse function as the product of a constant coefficient thatrep- 
resents the dimensional impulse function strength and the dimensional running var¬ 
iable unit impulse function . This unit impulse function represents a sharp "spike" 
that, in the limit, is infinitely high but lasts an infinitessimally short interval on 
the running variable axis, subject to the condition that the integral of the height with 
respect to the running variable taken from plus infinity to minus infinity is equal to 
unity. Under this definition, the dimensional running variable unit impulse function 
has the dimensions of the inverse running variable. Equations (4) and (5) of Deri¬ 
vation Summary 16-3 outline the procedure for transforming the impulse function 
from the dimensional running variable to the dimensionless running variable by 
multiplying and dividing by a reference period, T (raf) . With this change, the nondi- 
mensional impulse function strength is equal to the dimensional impulse function 

• Gardner and Barnes, Transients in Uncar Systems (30), term this concept the system function. Brown 
and Campbell, Principles of Servomechanisms (6), use the term syste m transfer function, usually abbreviated 
to transfer function , 

•• Row 1 of Table 16-1 shows that the Laplace transform for the unit impulse function is unity. 
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Consider the integro-differential equation standard form as given by Eq. (4) of Definition Summary 14-1, 


1= n 


J = m 


E HV a, ('0 = <r„ £ 

i=-r ]=-s 


(1) 


with the condition that y n = 1 . 


a > Lmeor integro-differential equation with constant coefficients 


Let the change in the independent variable be represented by an impulse function, as this function is 
specified in Definition Summary 12-7. The formal expression for the impulse function is 

[IFJ(t) = B (lj) [UIFJ(t) = B (lf) 5(t) 


( 2 ) 


where 


[IF](t) * dimensional running variable impulse function 
B, lf) = dimensional impulse function strength 
= B (lmp) of Definition Summary 12-7 

[UIF](t) * dimensional running variable unit impulse function (this function has the 
dimensions of the inverse running variable) 

CUIF] (t) = s(t) - Dirac function 

The Dirac function is defined as equal to zero for t t 0, and equal to infinity at t = 0, in such a way that 


OO 


/ 5(t)dt = 1 (3) 

—oo 

I he dimensionless running variable form of chc impulse function appears when the right-hand side of 
Kq. (2) is multiplied and divided by a reference period, Tj re ji.e., 

[IF]('») «'B (lf) [UIF]('t) e B (li) 6('t) 

[IF] ('t) * nondimensionaJ impulse functi 

g 

- nondimcnsional impulse function strength 


where 


(4) 


ion 


9 

B 


(11) T 


(ref) 


[UIF]('t) - 5( 


When 


t) ~ 5/— i \ *T (reJ) 5(t) » nondimcnsional running variable unit impulse function 

' ’(ref) / 

<0 - ORM) - B (lf) [UIF]('t) (5) 

application of section 1 of Theorem Summary 16-1 and row 1 of Table 16-1 shows that the Laplace trans¬ 
form of the nondimensional impulse function is 

[LT]u('t) - 0-T] { B (af) [UIF]('t) | - B (1() 


( 6 ) 


b) Loplacc transform for an impulse function 


Uhen the independent variable has the form of an impulse function, Eq. (5) of Derivation Summary 16-2 
shows that the Laplace transform for the dependent variable of Eq. (1) is 

J»m 

E ■»* 

- [ICF] (U y| (A) ,7) 


l* n 


y ‘ A ‘ 


l«-r 


Derivation Summary 16-3. Impulse function normal solution for the stondard integro-differential 

equation by the Laplace transform method. (Page 1 of 3) 
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The generalized normal solution form for the transform of Eq. (7) appears when the initial condition 
function is reduced to zero; i.e., j= m 

£ 




i = n 


y * A ‘ 


1= -r 


Only the generalized normal solution will be considered in this derivation summary, hor this reason, 
the omission of the subscript (gns), for generalized normal solution, will not lead to misunderstanding. 
When this simplification is made, and the numerator is multiplied and divided by the s^ 1 power of A while 
the denominator is multiplied and divided by the r c,i power of A, Eq. (8) takes the form 


I ~ m 


£ ^ ,,+s 

V(A) = <r. _ >-- E _ 


1= n 


A (ti ' 


" £ * 


,(i+r) 


1 = -r 


To limit the discussion of this equation to a situation of practical importance, it is assumed that 

s > r ; (n + r) > (m + s) (10) 

Application of die fundamental theorem of algebra and the unique factorization theorem quoted in Deri¬ 
vation Summary 15-2 shows that the summation of die denominator of Eq. (9) may be expanded as a product 
of terms, each of which is of the first order in A. This expansion has the form 


1~ n 


£ 


(l+r) 


y n (A - A,)(A - A 2 )(A - A 3 ) ... (A - A (n+r) ) 


(ID 


1 = -r 


where A Jt A 2 , ..., A (n+r) are die (n + r) roots of Eq. (11). 

When the condition y n = 1 of section a is taken into account, and the product notation is introduced in 
Eq. (1IX l=n 1 = n+r 

£ n u -v U2) 


i--r 


Substituting the expression of Eq. (12) for the denominator of Eq. (9) gives 


J* m 


£ * 


A ()+S) 


v(A) 


)=-= 


(13) 


1= n-fr 


A (s ' r) JJ (A - A,) 


c) Laplace transform for the generalized normal impulse function solution with the denomi nator 

expressed in terms of first-order forms 


Th*? portlal fraction theorem of algebra states that when the denominator of a given proper fraction 
has been separated into factors — some occurring once, some occurring more than once —that are all 
prime to one another, the fraction itself can then be resolved into one, and but one, sum of proper 
fractions In which 

1) for each factor, P, that occurs but once, there is a single fraction of the form B/P and 

2) for each factor, Q, that occurs r times, there is a group of r fractions of the form Cj/Q + C 2 /Q 2 + 

. • . + C f /Q r where Cj, C 2 , - • • # are all of lower degree than Q. 

For proof of this theorem, see, for example. Fine, A College Algebra (27), Chapter VIII. 

Derivation Summary 16-3. Impulse function normal solution for the standard integro-differential 

equation by the Laplace transform method. (Page 2 of 3) 



A formal application of the partial fraction theorem to Eq. (13) shows that when all the roots, A , in 
Eq. (12) are distinct, v(A) may be written as 


k= s-r 


i= n+r 


v(A) 




c - 


1 


A - A, 


I 


B 


(if) 


(14) 


m 


i « i=i * ) 

In Eq. (14), the fitting constants, C ok , are given the subscript 0 to show that they are associated with 

the denominator factor ^hich, in effect, corresponds to (s-r) linear terms in which the roots are- 

equal to zero. 

Hie partial fraction coefficients, C Qk and C,, may be determined by the procedure that is discussed i 
Derivation Summary 16-4. 

d) ParUal fraction expansion for the Loploce transform of the impulse function normal solution 


The inverse transform for each of the terms of the first summation in the brackets of Eq. (14) is given 
by row 5 of Table 16-1. 

Hie inverse transform for each of the terms of the second summation in the brackets of Eq. (14) is 
given by row 6 of Table 16-1. 


re 


Use of these inverse transform relationships on the terms of Eq. (14) shows that the dependent variable 
sponsc associated with Eq. (1) for an impulse function change of the independent variable is 




3-r 

T - 

frT tk - in 




l* n+r 

11 ♦ £ c,^"’ 
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(15) 


Impulse function normal solut,on for the standard intcgro-dUfcrcntiol eouoti 


on 


Derivation Summary 16-3. Impulse function normal solution for the standard integro-differential 

equation by the Laplace transform method. (Page 3 of 3) 


strength divided by the reference period, and the nondimensional unit impulse func¬ 
tion is equal to the dimensional unit impulse function divided by the reference peri¬ 
od. The nondimensional nature of the unit impulse function strength is shown by a 
preceding superscript prime. The nondimensional unit impulse function is distin¬ 
guished from the dimensional unit impulse function by the substitution of 1 , the di¬ 
mensionless running variable symbol, for t, the dimensional running variable symbol. 

16.53. Equation (6) of Derivation Summary 16-3 shows that the Laplace trans¬ 
form of the nondimensional running variable impulse function is the constant that 
represents its strength. This simple result appears because the unit impulse func¬ 
tion transform is unity, and the transform of a function multiplied by a constant is 
equal to that same constant multiplied by the transform of the function. 

16.54. The Laplace transform for the dependent variable of Eq. (1) in Deri¬ 
vation Summary 16-3, if the independent variable is an impulse function, may be 
written immediately from Eq. (5) of Derivation Summary 16-2 by replacing the 
symbol u(A) with B (lf) ,the impulse function strength (see Eq. (7) of Derivation Sum¬ 
mary 16-3). The impulse function normal solution Laplace transform correspond¬ 
ing to the expression of Eq. (7) is formed by dropping off the initial condition 
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function transform term. This normal solution transform expression is then given 
by Eq. (8) of Derivation Summary 16-3. 

16.55. In preparation for the succeeding steps for finding the solution corre¬ 
sponding to the transform expression of Eq. (8), each term in the summation of the 
numerator is multiplied and divided by a raised to the s th power. At the same time, 
each term of the denominator is multipled and divided by a raised to the r^ 1 power. 
The result of this procedure is to add a raised to the (s - r) th power as a factor in 
the denominator and to change the powers of a inside the summations as shown in 
Eq. (9) of Derivation Summary 16-3. In order to reduce the problem of handling 
Eq. (9) to a situation of practical importance, it is assumed that attention is limited 
to a situation in which the conditions of Eq. (10) are fulfilled. These conditions in¬ 
sure that the highest power of a in the denominator of Eq. (9) is greater than the 
highest power of a in the numerator. 

16.56. Except for a few special cases, the ratio of summations that appears 
inEq. (9) of Derivation Summary 16-3 is difficult to use directly in writing inverse 
Laplace transforms. As a general rule, the ratio becomes easier to handle in this 
operation when it is broken up into a sum of partial fractions that have simple 
recognizable functions for their inverse transforms. The basic step in making the 
change from the summation form of Eq. (9) is to use the fundamental theorem of 
algebra and the unique factorization theorem cited in Derivation Summary 15-2 to 
expand the denominator summation into a series of factors. Each of these factors 
has the form of a difference between the nondimensional running variable and one 
of the (n + r) roots of the polynomial represented by the denominator summation. 
The form of this factored expansion isgivenby Eq. (11) of Derivation Summary 16-3. 
When it is remembered that the coefficient y n that appears in Eq. (11) is assumed 
to be unity, the denominator polynomial may be written in the product symbol form 
of Eq. (12). Equation (13) gives the result of substituting the form of Eq. (12) into 

Eq. (9). 

16.57. Inverse transforms may be found directly from Eq. (13) of Derivation 
Summary 16-3 for certain special cases, but the derivation of generalized results 
requires a further modification of the transform expression. This change is an 
expansion of Eq. (13) into a sum of terms with linear denominators by use of the 
partial fraction theorem of algebra. Section d of Derivation Summary 16-3 con¬ 
tains a statement of this theorem, and Eq. (14) gives the partial fraction expansion 
for the dependent variable transform of Eq. (13) in general terms. When all the \ 
roots are distinct/ the expansion is a sum of terms, each of which has a fitting 
constant for its numerator and a first-order expression in a for its denominator. 
The denominator factor A (6 ‘ r) corresponds to (s - r) roots all equal to zero and 
produces (s - r) partial fractions in which the denominator is some power of a 

• The situation that exists when all the A, roots arc not distinct is discussed in Derivation Summary 16-4. 
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including all integral powers from unity to (s - r). Each term of the product in 
Eq. (13) that contains (n + r) factors of the form (A - a,) has a matching term in the 

partial fraction expansion with (a - a,) as its denominator and a fitting constant as 
its numerator. 

16.58. Inverse transforms for the terms of the first summation in Eq. (14)of 
Derivation Summary 16-3 are given by row 5 of Table 16-1 as powers of the non- 
dimensional running variable raised to an integral power multiplied by the fitting con- 
stants of Eq. (14) and divided by the factorial of the power of't. Row 6 of Table 16-1 
shows that the inverse transforms of the summation terms in Eq. (14) that have 
denominators of the (a - a,) form are exponentials raised to the A,('t) power with the 
C, fitting constants as coefficients. The complete inverse transform of Eq. (14) 
is given by Eq. (15) as an expression giving the dependent variable in terms of the 
dimensionless running variable. This expression is the impulse function normal 
solution for the standard-form linear integro-differential equation. 

determination of fitting constants for impulse function normal solutions 

16.59. The solution form given by Eq. (15) of Derivation Summary 16-3 may 
be associated with any particular situation by finding the roots A, and then deter¬ 
mining the fitting constants C ck and C,. The (n + r) roots are solutions of the de¬ 
nominator polynomial of Eq. (9) of Derivation Summary 16-3. This means that each 
one of the roots satisfied the equation 

2] y ‘ A<l+r) * 0 (16-2) 
l = -r 

It is important to note that Eq. (16-2) has a form that is identical with the character¬ 
istic equation of Derivation Summary 15-2. When the roots of Eq. (16-2) are known, 
the fitting constants may be found by the procedure described in Derivation Sum¬ 
mary 16-4. Equation (1) of that summary is identical with Eq. (13) of Derivation 
Summary 16-3 except that the integral-power-of- a term in the denominator is 
omitted, the summation limits are changed to be 0 and p in the numerator, and the 
product limits are changed to be 1 and q in the denominator. These changes sim¬ 
plify the partial fraction treatment and do not restrict the generality of the results. 

16.60. Two special cases appear when Eq. (1) of Derivation Summary 16-4 is 
expanded in partial fractions. In the first case, all of the roots that appear in the 
denominator are distinct. In the second case, two or more of these roots are equal. 
The partial fraction expansions corresponding to these two situations are given by 
Eqs. (2) and (3) of Derivation Summary 16-4. 

16.61. When only distinct roots exist, the partial fraction expansion is a simple 
summation of terms, each with a fitting constant numerator and the difference between 
A and one of the roots as the denominator. When some roots are distinct but other 
roots are equal, the distinct roots give partial fraction expansion terms like those 
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liquation (13) of Derivation Summary 16-3 is typical of the forms that occur when solutions for the 
standard integro-differential equation are found by the Laplace transform method. In order to complete the 
steps leading to the final result, it is necessary to change the summation numerator — product denominator 
form of I:q. (13). Derivation Summary 16-3. to a sum of partial fractions that always exists under the al¬ 
gebraic theorem stated in section d of that summary. In order to illustrate the required procedure in gen¬ 
eral terms, the lorm considered v. i 11 be written with the limits of 0 and p on the numerator summation and 
the limits 1 and q on the denominator product, which is thus assumed to represent a polynomial with the 
coefficient of its highest order term equal to unity. 

Lnder the conditions noted in the previous paragraph, the typical form for illustrating partial fraction 
expansion is j- ^ 

Z! ^ 

v(A) - <r s B (in _if®- (1) 


»-q 

II 

1- 1 


(A - A t ) 


In hq. (1), the coefficient B in is used to show that the form considered is assoclated with the response to 
an impulse function with a strength of B , ?r l*he absence of an initial condition function in Lq. ( 1 ) shows 
that the equation represents normal response, rather than the most general response to the impulse function. 
Under the partial fraction theorem ol algebra, two situations may occur when hq. (1) is expanded: 

1) No two of the roots A, are equal. 

2) Two or more of the roots are equal. 

If the first situation exists, the partial fraction expression has the form 

1 = q 


v(A) = B un ^ C ‘ 


1 


A - A 


(2) 


1=1 


If the second situation exists, the partial fraction expression is 


1= ndr 


v( A) - ^ B, lt) 


Z c. 


A - A 


+ B (li) 


J=nmr k=(rm), 

z z 


Ik 


1 


whe 


i = l 


J=l 


k = 1 


(A - A.) k 


(3) 


re 


ndr = number of distinct roots 
nmr = number of multiple roors 
(rm): = root multiplicity of the multiple root 

C t = partial fraction coefficient associated with the i c ^ distinct root 
C Jk = partial fraction coefficient associated with the k th term of the j th multiple-root term sequence 

a) Expression of mtegro-differentiol equation Laplace tr ansform in partial fractions 

Treatises on algebra discuss various methods for determining the partial fraction coefficients of Eqs. (2) 
and (3). See, for example. Pine, A College Algebra (27), Chapter VIII. 

The methods described here for finding partial fraction coefficients are based cn the discussion in Tran¬ 
sients In Linear Systems , Chapter VI, by M. F. Gardner and J. L. Barnes (30). These methods are so effec¬ 
tive that it is usually unnecessary to consider other procedures. 

tthen all roots arc distinct, the procedure for finding the partial fraction coefficients is as follows: 

1) Multiply both sides of hq. (2) by (A - A k ) to obtain 

i=q 

(A - A k )v(A) = <r 3 B (lf) C, ~ 1k + B (lf) C k (4) 


1=7 


1=1 

l*k 


where the symbol ^ means that the summation includes all the q terms of hq. (2) except the k 1 * 1 term 


i=l 


Derivation Summary 16-4. Determination of coefficients for partial fraction expansions 

of Laplace transforms. (Page 1 of 3) 
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2) In Eq. (4), let A - A fc so that all terms on the right-hand side except the C term reduce to 
U follows that (A - A. )v(A) 

'■'k * 7~ - 

(r s B (1() A = A,. 


zero. 


The expression of Eq. (5) may be used fo, finding C k because »(A) contains (A - A. ) as a factor in the 

denominator. This factor may be cancelled out, leaving (A - A t )v(A) as an expression that may be evalu 
ated numerically for A * A fc . 

3) The procedures of steps 1 and 2 are repeated until all q partial fraction coefficients have been 
determined. 

b) Determination of partial fraction coefficients when oil roots arc distinct 

Uhen a number of distinct roots, ndr, and a number of multiple roots, nmr, exist in a form like that of 
Eq. (3). there will be ndr distinct-root term coefficients and E™ (rm^ multiple-root term coefficients 
to be determined. The distinct-root term coefficients may be determined by the method of section b. The 
multiple-root term coefficients may be found by the following procedure: 

1) Multiply both sides of Eq. (3) by (A - to obtain 


i= ndr 


. . i=nar 

<A-a/ y v(A> - % 'B„ n (A-A/ m, i V c, — 1 

A — 


1 # * ^ 1 A-A, 

i=i 1 

J=nmr k = (rm \ 

w.'B„„(A-A/"”t ^ £ C 


Wi 


k=l 


(A - A.) lt 


+ (T. 


k= ( rm ) j 

’B,.„ E C A <A-A/> 

k=» 1 


2) Observe that only one term on the right-hand side of Eq. (6) does not have the expression (A - A/) 
as a factor. This term is contained in the third summation, and it is the one for which k is equal 
to (rm)y. Wien A = A /f every term on the right-hand side of Eq. (6) becomes equal to zero except 
for the one term in which (A - A/) does not appear as a factor. Equation (6) reduces to the ex- 


prcssion 


and 


(A - A/) (rml ^ v(A) 


A=A 




(If) '“/(rm) 


(A - A^) (rm *^v(A) 


^/(rm). = 


’(If) 


A=A / 


Note that the procedure leading to the result of Eq. (8) applies only to the coefficient with the second 
subscript equal to the root multiplicity of the l ,h root. Only one coefficient of the terms in the sequence 
corresponding to the multiple roots, which is represented by the second term on the right-hand side of 
Eq. (3), may be found by this method. 

To determine the remaining coefficients for the multiple-root sequences, carry out the following steps: 
1) Take the derivative with respect to A of all the terms of Eq. (6) to obtain 

i/ % \ / r ndr 


{<a-a/"'A(a)} -^{".^(A-a/^E C 


A - A 


+ o. 


’(if) 


J " nm r kr (rm). 

+ S £ C,t ]} 

\*1 

k« (rm )/-| 

C/ k Urm)^ - k)(A - A J ^/ (r '"^ k ^ 

k-l 


Derivation Summary 16-4. Determination of coefficients for partial fraction expansions 

of Laplace transforms. (Poge 2 of 3) 
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2) See A = Ay in Eq. (9). The result shows that 


7[( rm)i-|) = 


6X 


[(A-a/^vU)] 


( 10 ) 


A=A 


3) Repeat steps 1 and 2 to take the second derivative of both sides of I£cj. (6), and solve for 
^/[(rm)^_2) • 

4) Repeat steps 1 and 2 for higher derivatives until the ((rm>£ - 1 ] st derivative is reached. Each 

succeeding derivative will give one of the multiple-root term partial fraction coefficients by use 
of the formula 


<4,- -J— 4 [(A - a/"!* v(A>] 

1 B,,,, dA" 1 1 


A=A 


where 


n! = n(n — 1 )f n - 2) . . . 3 • 2 • 1 = n Factorial 
c) Determination of partial froction coefficients when mult iple roots exist 

Derivation Summary 16-4. Determination of coefficients for partial fraction expansions 

of Laplace transforms. (Page 3 of 3) 


ofEq. (2), while eachgroupof equal roots gives rise to a number of partial fraction 
terms that is equal to the multiplicity of the given root. The numerators of these 
terms are fitting constants, and the denominators are powers of the difference 
between a and the value of the multiple root raised to each integral power from 
unity to the root multiplicity. 

16.62. When all the roots of Eq. (16-2) are distinct, the procedure for finding 
the fitting constants for terms corresponding to distinct roots is given by section b 
of Derivation Summary 16-4. To find C k , the fitting constant for the k th term, the 
procedure is to multiply both sides ofEq. (2) ofDerivation Summary 16-4 by (a’- A k ) 
and to remove the k th term from the summation as indicated by Eq. (4). By allowing 
A to become equal toA k , all terms of Eq. (4) vanish except (A - A k )v(A) and the term 
containing C k . The result of solving this expression for C k is given in Eq. (5) of 

Derivation Summary 16-4. This procedure is repeated until all partial fraction 
expansion fitting constants have been determined. 

16.63. WhenEq. (16-2) has multiple roots, the procedure described in section c 
of Derivation Summary 16-4 may be used to find the values for the corresponding 
partial fraction fitting constants. This procedure is similar to that described in 
section b for the case of distinct roots except that repeated differentiation of the 
multiple root terms is used to generate an individual equation for each one of the 
fitting constants. The formal steps required are summarized in Eq. (11) of Deri¬ 
vation Summary 16-4. 


RELATIONSHIP OF LAPLACE TRANSFORM SOLUTION COMPONENTS TO TRANSIENT AND 
FORCED SOLUTION COMPONENTS OF CLASSICAL SOLUTIONS 

16.64. Thediscussion of Chapter 15 defines transient components and forced 
components as concepts that appear naturally in working out solutions of integro- 
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differential equations by the classical method. These two solution components each 
have a physical significance that is not immediately apparent in terms of Laplace 
transform solutions for integro-differential equations. For this reason, it is worth 
while to identify the Laplace transform components that combine to form the tran¬ 
sient solution and those associated with the forced solution. 

16.65. For the case of the impulse function solution, Eq. (15) of Derivation 
Summary 16-3 has terms of two classes: 

1) Terms containing powers of the running variable. 

2) Terms containing exponentials. 

Terms of the first class form the forced solution of the impulse function complete 
solution. Terms of the second class form the associated transient solution. 

16.66. A comparison of Eq. (14) of Derivation Summary 16-3 with Eq. (15) shows 
that the transient solution component is due to Laplace transform terms associated 
with the nonzero roots, a,, of the transform equation, and that the forced solution 
terms are associated with the zero root.* In the more general situation, where the 
independent variable may have any arbitrary variation, the Laplace transform par¬ 
tial fraction expansion will have three classes of terms: 

1) Terms associated with the roots a ( . 

2) Terms associated with the zero root. 

3) Terms associated with the transform of the indeoendent variable. 

The transient solution, like the impulse function solution, is associated with the 
first class of terms. The forced solution is associated with the second and third 
classes. This may be seen by comparing Eq. (5) of Derivation Summary 16-2 with 
Eqs. (14) and (15) of Derivation Summary 16-3. 

16.67. The generalized discussion of the Laplace transform procedure for 
solving linear integro-differential equations with constant coefficients is illustrated 
by specific examples in later chapters of this book. 

• Only one root equal to zero appears, but it may be a multiple root. 
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CHAPTER 17 


THE RELATING FUNCTION, THE WEIGHTING FUNCTION, 

AND THE TRANSFER FUNCTION 


INTRODUCTION 

17.1. Classical procedures* for solvingdifferential equations lead tosolutions 
naturally divided into transient s olution components and forced solution components. 
The transient components depend upon the differential equation, the forcing function, 
and the dependent variable initial conditions, and effectively disappear when the 
running variable reaches sufficiently large values. The forced solution components 
depend only on the differential equation and the forcing function, and do not change 
form as the running variable increases. Initial conditions of the independent vari¬ 
able do not appear explicitly in either transient solution components or forced 
solution components. 

17.2. Transient solution components are generally more troublesome to handle 
than forced solution components. This difference is due to the fact that transient 
components must be individually matched to each set of initial conditions while forced 
components are free from this difficulty. 

17.3. The practical advantages of eliminating initial conditions from response 
equation forms has led to the widespread use of methods based on forced solution 
components to describe the relationships that occur between given forcing functions 
and the corresponding response functions. The use of Fourier series to describe 
forcing functions and the building up of complete solutions from forced solutions 
for the Fourier series terms is a method of this kind. 

17.4. Laplace transform solutions** for differential equations fall naturally 
into initial condition function components and normal solution components. The 
initial condition function components involve nonzero initial conditions of the depend¬ 
ent variable and also of the independent variable. The normal solution components 
do not explicitly include initial condition information, but in general are not identical 
with the forced solution components of the classical method for solvingdifferential 
equations. Reasons similar to those that lead to the elimination of transient solu¬ 
tion components when the classical method is used suggest that initial condition 
function components be dropped out where possible when the Laplace transform 

• Classical procedures for solving differencial equations arc discussed in Chapter 15. 

*• The Laplace transform procedure for solving differential equations is discussed in Chapter 16. 
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procedure is applied to find differential equation solutions. This simplification is 
feasible if forcing functions are described by terms for which the response func¬ 
tions may be conveniently written with normal solution components. Impulse 
functions and sinusoidal functions are two of the various forms that are commonly 
used in situations where complete solutions are built up from normal solutions. 

17.5. Forced solution components and normal solution components are similar 
in that in any given situation they form response functions that may be written as 
the product of the forcing function and a function that depends only on the differential 


equation involved. The function for describing the differential equation relationship 
in terms of normal solutions is defined in Derivation Summary 16-2 as the relating 
function . When attention is restricted to normal solution components, the relating 
function and forcing function combine to give the response function by a relationship 
of the form 

( RESPONSE \ | RELATING | f FORCING \ 

(17-1) 


/ RESPONSE \ 
\ FUNCTION/ 


RELATING 

FUNCTION 


/ FORCING \ 
\FUNCTION / 


17.6. The Laplace transform of the relating function for any given differential 
equation may be easily written down when the form of the equation is known. Forex- 
ample, the Laplace transform of the relating function for the generalized linear dif¬ 
ferential equation with constant coefficients is derived in Derivation Summary 16-2 
by consideration of normal solutions for impulse forcing functions. The normal re¬ 
sponse to a unit impulse function may be regarded as the product of the relating 
function, expressed as a function of the running variable, and the strength of the 
impulse function (see Derivation Summary 16-3). This relating function form has 
particular importance and is called the weighting function. * The Laplace transform 
of the weighting function is the transfer function .** In general, the Laplace trans¬ 
form of the running variable form of the relating function is the transfer function. 
The significance of these concepts and their interrelationships are discussed in 
this chapter. 

17.7. The theoretical background for deriving relating functions from differ¬ 
ential equations may be developed from several standpoints, although the basic defi¬ 
nition depends on the Laplace transform procedure for solvingdifferential equations. 
Relating functions may be written in various forms that supply identical information 
but do not have the same usefulness in any given situation. For example, in many 
situations it is convenient to apply the Laplace transform of the running variable 
dependent form of the relating function rather than this form itself. It is also 


• The weighting function is discussed by James, Nichols and Phillips in Theory of Servomechanisms , (42). 

•• The identification of the relating function in special cases has been made several times by different 
authors. For example, Gardner and Barnes (30) have used the name system function for the Loplncc transform 
of this concept. Bode (4) has called it the immittance function , flail (34) refers to it ns the transfer function 
in the Laplace transform form, as do a number of others including Brown and Campbell (6). MacColl (50) has 
named the steady-state sinusoidal frequency response form the transmission ratio. (See also Greenwood, Holdam 
and Macrae, Electronic Instruments (32), footnote, page 230.) 
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common practice when sinusoidal forcing functions are involved to write the relating 
function either as a combination of complex variable terms or as products of real 
coefficients and imaginary exponent exponentials. 

17.8. A summary of the definitions and symbols associated with the relating 

function is given below. 

[RF]('t) = running-variable-dependent relating function 
[WF]('») - weighting function = [RFj('t) 

[RF]U) = [LT] [RF]('t) = Laplace transform of relating function 
[TF] (A) = transfer function = [LT][RF]('0 


In general 
where 

«('») = 
u('t -'»,) = 


W't)] (na , - / [RFJ('t,)u('» - '0 (17-2) 

0 

dependent variable normal solution 
response function normal solution 

independent variable as a function of the running variable't 
forcing function 

independent variable as a function of the running variable ('t -'t,) 
forcing function 


Taking the Laplace transform of both sides of Eq. (17-2) with the aid of the Complex 
Multiplication Theorem of Theorem Summary 16-1 shows that 


where 


lv(A)l (n3) = [RF](a)u(a) 


(17-3) 


(v(A)l, nc) = Laplace transform of response function normal solution = [LT]v('t) 
u(A) = Laplace transform of forcing function = [LT]u('t) 

17.9. The relating function for the generalized differential equation with con¬ 
stant coefficients is derived in section e of Derivation Summary 16-2. Relating 
functions for various types of first- and second-order linear differential equations 
with constant coefficients are developed in Chapters 18 and 19. In addition to the 
appearance of the relating function in these special examples, this function is im¬ 
portant in the demonstrations of principles in the remaining chapters of Volume II 
and also occurs in many of the instrument engineering examples of Volume III. 


IMPULSE FUNCTIONS AND RECTANGULAR PULSES 

17.10. Normal solutions for impulse forcing functions are developed in Deri¬ 
vation Summary 16-3. These solutions are particularly simple and convenient. 
It is possible to take advantage of this characteristic by representing continuous 
forcing functions of arbitrary shape in terms of impulse functions and building up 
the corresponding continuous response functions as combinations of normal impulse 
function response components. These normal impulse response components are 
conveniently expressed in terms of the weighting function, which is identical with 
the running variable form of the relating function. The resultant response function 
appears as an integral with the product of the weighting function and the given forc¬ 
ing function as factors of the integrand. 
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17.11. Definition Summary 17-1 reviews the pulse function and impulse function 
concepts and demonstrates the relationships involved in more detail than is provided 
by the discussion of Definition Summary 12-7. The unit impulse function is a function 
that is zero everywhere except in an infinitesimally small region near the zero value 
of its argument. Near the zero value of the argument, the function is such that the inte¬ 
gral of the unit impulse function with respect to the running variable taken between mi¬ 
nus infinity and plus'infinity is equal to unity. The figure of section a of Definition 
Summary 17-1 gives a graphical interpretation of the unit impulse function. It shows 
the limit of a rectangular pulse function as the width of the pulse becomes infini¬ 
tesimal and the height of the pulse approaches infinity in such a way that the impulse 
defining relationships of Eqs. (1) and (2) of Definition Summary 17-1 are fulfilled. 
This means that a rectangular pulse function of unit area and any arbitrary width 
goes over into a unit impulse function as its width approaches zero and its top gets 
higher and higher with the condition of unit enclosed area always preserved. 

17.12. It follows from the graphical interpretation of the unit impulse function 
that the limits of integration may be changed from minus and plus infinity to a finite 
lower limit at any value of the running variable less than zero and a finite upper 
limit at any value of the running variable greater than zero. These finite limits 
must not be exactly at the zero value of the argument. If the infinitesimal width 
of the impulse function is considered as centered on the zero value, and either limit 
of the integral is exactly zero while the other limit is not at zero, the graphical 
interpretation of the unit impulse function shows that the value of the integral re- 
ducestol/2. This relationship is indicated by Eqs. (3) and (4) of Definition Sum¬ 
mary 17-1. Difficulties that may be introduced by use of the zero argument as a 
limit of the impulse function integral may be avoided by defining 0“ as a value of 
the running variable effectively at 0 but still far enough on the negative side ofOto 
lie outside the infinitesimal width of the unit impulse. A corresponding value of 
the running variable on the positive side of zero is given the symbol 0 + . Equation (5) 
of Definition Summary 17-1 shows that the value of the unit impulse function inte¬ 
gral is unity when 0 as a limit is replaced by 0‘ and 0 + . The "spike" corresponding 
to the unit impulse function may be moved to any arbitrary place on the running 
variable scale by changing its argument from't to ('» - \). 

17.13. In practical applications, impulse functions often appear as the result 
of limit processes applied to rectangular pulse functions. Because the height of 
the pulse approaches infinity in the limit taking process, the pulse ordinate is not 
suitable for the purposes of quantitative representation. A more useful measure 
is the pulse strength, which by definition is proportional to the area enclosed by 
the pulse boundaries and the running variable axis. This concept is illustrated by 
the diagram of section c of Definition Summary 17-1. For the rectangular pulse, 
the pulse location is associated with the low-running-variable side of the pulse. 
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The unit impulse function , [UIF] ('t),(sec Definition Summary 12-7, Chapter 12) is a function that is zero 
everywhere except at the origin, 't = 0. At this point, [UIF]('t) approaches large values in such a way that 
its integral over the entire range of negative and positive 't values is equal to unity. In formal terms, these 
properties are: 

[UIF]('t)=U when 't /* 0 (1) 

00 

f [UIF]('t)d('t) = 1 when 't = U (2) 

In accordance with the cited derivation summary, the unit impulse function may he represented graphically 
as the limit of the unit pulse function, [UPFj('t), as the pulse function height is increased infinitel) and the 
pulse function width is decreased to infinitesimal size. This is illustrated in the accompanying figure. 


* < 


Unit Impulse function area 

= / lUIF]('t)d('t) -- 

—oc 

= 1 1 m ^(UFT)I ^ 
tor [ATt)) <URr) - drt) 


Second unit pulse function area 

“ area (a b c d ) 

= h (UFF )2^ ^^(IJPF)2 

- 1 


First unit pulse function area 


= (a, b, C, d,) 

= hlJPF) ^ ’lift 


(UPF), 
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\ irct unit pulse function height 
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Definition Summary 17-1. Impulse functions and rectangular pulse functions. (Page 1 of 3) 











DimonalorUons scale 


Because the unit impulse function is zero everywhere except in an infinitesimally small region about 
t = 0, the infinite limits on the impulse function integral may be replaced by 't ( and 'f where 't 
.s outside the nonzero impulse function rcg.on on the negative side of 't ^ 0, and Y isTurside the non¬ 
zero impulse function region on the positive side of 't =0. This means that " 

_f CUIF]('t)d('t) - /°’° [UIF]('t)d('t) - i (3) 

.... *(1)0 

In some situations, it is desirable to take zero as one of the integration limits in Hq.*(3). If zero itself is 
used for this purpose, however, the graphical interpretation given above, with d('t) symmetricaliy placed 
about zero, shows that the integral would include only half of the uni, area. This means tha, by definition 

/ l<2, ° [UIF]('t)d('r) = f° [UIFJCOdCt) ,_L (4) 


where 


'‘me < o 


(1)0 


\)0 > 0 


This difficulty is eliminated when 0“ is defined as a value of 't close to zero on the negative side but 
outside the region enclosed by d('t) of the integral, and 0 + is defined as a value of 't close to zero on the 
positive side but outside of the region enclosed by d('t) of the integral. The corresponding equations are 


'* 12)0 - - 0 + 


/ [UIF]('t)d('t) = / [UIFJ('t)d('t) 


(5) 


where 


( 1)0 


\)0 < 0 


\>0 > 0 


o* < o 


o + > o 


a) Umt_ impulse function of zero on the running vonobl e scolc 

Uhen the argument of the unit impulse function is changed from 't to ('t - \), the effect is to translate 

the function from 0 on the 't scale to \ on the 't scale. This action is illustrated in the accompanying 
figure. 
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In effect, [UIF]( t - t k ) causes an infinitesimally narrow "spike** to exist at from an ordinate level 
that is zero for all other values of the running variable. The height of the spike is such that the area en¬ 
closed by the boundaries of the spike and the zero axis is equal to unity. 

b) Unit impulse function at an arbitrary position on the running variable scale 

Definition Summary 17-1. Impulse functions and rectangular pulse functions. (Page 2 of 3) 


72 


As defined in Definition Summary 12-7, Chapter 12, a rcctangul ar pulse function has a constant value dif¬ 
ferent from zero for only a finite time interval. In symbols, |RPFJf('t k ) is a rectangular pulse in the function 
^ starting at t = t k . By definition, the rectangular pulse function strength , [RPFS]f('t k ), is the area 

K t k ) A( t k ) of the rectangular pul sc at 't = 't k . Graphical interpretations of these definitions are given in the 
accompanying figure. 
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c) Rectangular pulse function 

I*or various applications, it is useful to approximate rectangular pulse functions by means of impul se func¬ 
tions with properly chosen strengths. 

By definition, an impulse 1 unction in f£t) occurring at = \ is given by the expression 


, [IF]f(\) = [IFS]f('t) [UIF]('t -'t) (6) 

*here * * 

[IFSJK'^) = impulse function strength in f('t) at 't = ^ 

[UIF]('t - \) =r unit impulse function at 'f = \ (defined in section b) 

lo represent a rectangular pulse function by an impulse function, the impulse is placed at the low-running 
variable-value side of the pulse function and is given a strength equal to the strength of the pulse function. 
The graphical meaning of this representation is given in the accompanying figure. 


tt 


u. cc 

£ y= 



4 / 


Equivalent Impulse (unction representation strength 

^ = (IFRS|fn k ) 

- U't k ) V't k ) 



By definition 

[RPFS]f('0 . f(\)A{\) 

The impulse function representation [IFR]f('t k ) means that 

[RPF]f('U = [IFRJf(y) . [IFRS]f(\) (UIF]('t -'t) 


where 


[IFRS]f(\) = [RPFS]f(\) = f(\)A(\) = impulse function representation strength 

so that 

[RPF]f(\> - f(\)A(\)[UIF]Ct - \) 

d ) Impulse function representation of pulse functio n 

Definition Summary 17-1. Impulse functions and rectangular pulse functions. (Page 3 of 3) 
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17.14. By definition, an impulse function is similar to the unit impulse func¬ 
tion but, in general, it has an impulse pulse strength different from unity. It is 
often convenient to represent rectangular pulse functions by impulse functions. 
The conventions for this representation are summarized in section d of Definition 
Summary 17-1. The strength of the impulse function representation is equal to the 
strength of the rectangular pulse function. The impulse function representation 
"spike" is located at the low-running-variable side of the pulse function. 

17.15. Definition Summary 17-1 defines the concepts and gives the symbols 
associated with impulse functions and pulse functions in generalized terms. These 
concepts are used in many of the discussions that follow. 

REPRESENTATION OF CONTINUOUS FUNCTIONS BY RECTANGULAR PULSES 
AND IMPULSE FUNCTIONS 

17.16. To make the simple impulse function normal solutions useful in finding 
solutions of problems involving continuous forcing functions, it is necessary to 
establish certain relationships between impulse and continuous* functions. The 
general pattern for representing continuous functions by means of rectangular pulse 
functions is discussed in Chapter 12. A more detailed description of the relation¬ 
ships involved is given in Derivation Summary 17-1. 

17.17. The figure of section a of Derivation Summary 17-1 shows a "stairstep" 
approximation to a continuous function made up of the tops and parts of the low- 
running-variable sides of a sequence of rectangular pulse functions. Each of these 
pulse functions has the same arbitrarily selected width. The measure of any given 
pulse is the rectangular pulse function strength associated with the height of the 
continuous function at the low-running-variable side of the given pulse. It appears 
from the figure that the pulse function representation is an approximation that be¬ 
comes better as the pulse function width is decreased and the number of pulses 
becomes greater. 

17.18. The impulse function representation for a continuous function applies 
when the conventions of section d of Definition Summary 17-1 are used to associate 
an impulse function with each of the rectangular pulses in the approximation to the 
continuous function. Each impulse function is located at the low-running-variable 
side of the rectangular pulse it represents and has a strength equal to the strength 
of this pulse. Section b of Derivation Summary 17-1 illustrates the graphical 
meaning of the impulse function representation for a continuous function and gives 
definitions and symbols for the concepts and quantities associated with this repre¬ 
sentation. It is apparent from the figure of section b of Derivation Summary 17-1 
that the curve established by the upper ends of the lines that give the impulse 


• See Wiener (76), Gardner and Barnes (30), and James, Nichols and Phillips (-12). 
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An arbitrary function f( t) that is continuous and different from zero almost everywhere over a given 
range of the running variable may be represented by a set of adjacent rectangular pulse functions all 
having the same w idth. I his approximation is illustrated in the accompanying figure. 



1 ach rectangular pulse of the approximation has the same arbitrarily selected width \('t) and a height 

equal to f('l). The k (1 > rectangular pulse has the height l(\), which is the value of f ( 't) a, die low-runn.ng- 
variablc side of the k'* 1 pulse. 

Inder these circumstances, the conventions of Definition Nummary 17-1 give the strength of a typical 
pulse, say the k ,h pulse, as the area (obed). In equation form, this strength is 

[RPFS]fCO - f(\)\Ct,) (1) 

Because the pulse functions are adjacent and in sequence, the running variable value for the k th pulse 
is equal to the number of pulses up to the k ,h pulse multiplied by the pulse width; i.e., 

% - k M't.) 


so that 


( 2 ) 


[RPFS] l(\) = [RPFS]f(k \('tj)) = f(k.\('t 1 )) \('t 1 ) (3) 

It may be noted from the figure that the ensemble of pulse functions becomes a better approximate to 
f('t) as the common pulse width A('t,) is decreased. Uhen the pulse width is made infinitesimally small, 
i.e., the number of pulses becomes very large and the ensemble of pulse functions goes over 

to an ensemble of impulse functions that has a resultant effectively identical with f('t). 

a) gggfesenfofion of continuous functions by rectangular pulse functions 

Demotion Summery 17-1. Representation of continuous functions in terms of rectangular pulse 

functions and impulse functions. (Page 1 of 2) 
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UFRS]f('t k ) 


For the purpose of finding response functions, it is convenient to use impulse functions for representing 
rectangular pulse function approximations of continuous forcing functions. In an impulse function repre- 
sen ration (symbol [IFR]) for this application, the impulse functions arc located at the low-running-variablc 
sides of the pulse functions and have strengths equal to the corresponding pulse function strengths. These 
relationships arc illustrated in the accompanying figure. 



The strength of the k ,h impulse function representation of the impulse is defined as 

[IFRS]f(\) « [RPFSjf'tJ = f(\)A( / t l ) - f(k \('t,)) \('t,) (4) 

The impulse function representation may be conveniently expressed in terms of the notation given in 
section d of Definition Summary 17-1. For die point 't^, the impulse function representation is given by 
the expression 

[IFR]f('U - [IFRS]f('0 [UIFJCt, - \) - f(\)A('t,) [UIF]('t, - \) (5 ) 

where ^ is a running variable, identical with 't except that '\ { may change over the range of 't values 
independent of variations in 't itself. 

The impulse function representations for continuous functions plotted in terms of impulse strengths 
change as the number of rectangular pulses used becomes greater. The curve connecting the upper ends 
of the impulse function strength lines has the same genera] shape as the rectangular pulse function width 
changes, but its ordinates become smaller as die pulse function width decreases. In the limiting situation 
when this width approaches infinitesimal size, the impulse function strengths also become small but the 
number of impulses approaches infinity. 

b) Representation of continuous functions by impulse functions 


Derivation Summary 17-1. Representation of continuous functions in terms of rectangular pulse 

functions and impulse functions. (Page 2 of 2) 








function representation strengths will preserve its general shape but will have its 
ordinates reduced as the rectangular pulse width is decreased. When this width 
becomes infinitesimal, the ordinates of the impulse function strength also reach 

<■ 

infinitesimal size while the number of impulses approaches infinity. 

RESPONSE FUNCTIONS FOR IMPULSE FUNCTION REPRESENTATIONS OF CONTINUOUS 
FUNCTIONS 

17.19. Response functions for continuous forcing functions represented by 
impulse functions are based on the principle of superposition. This principle makes 
it possible to add up the responses to individual impulse forcing function components 
to find the resultant response. The procedure for doing this is illustrated in the 
figure of section a of Derivation Summary 17-2, which shows a discontinuous forcing 
function made up of two impulse functions. One of these impulses is located at the 
origin and the other is located at an arbitrary point, The strengths of these 
two impulses are shown by heavy lines at the impulse positions. The thin dashed 
lines represent the response components* for the two impulses, and the heavy curve 
is the resultant response formed by adding the response components for the individual 
impulse functions. This simple example illustrates the fundamental principle used 
to form response functions for forcing functions of any complexity. 

17.20. The definitions, symbols, and equations associated with the normal 
solution response to a forcing function are given in section b of Derivation Sum¬ 
mary 17-2. When attention is restricted to normal solutions, the action of a gen¬ 
eralized linear differential equation with constant coefficients (Eq. (5) of Deriva¬ 
tion Summary 17-2) is completely described by the relating function. When the 
differentially small region about the position of the impulse function argument is 
excluded (by using O' and 0 + instead of 0 for integration limits), impulse forcing 
functions may be assumed to have initial conditions that are all zero. If, in addition 
to these conditions, the response component corresponding to each forcing impulse 
is considered as having zero initial conditions, the normal solution given by the 
relating function is a complete description of the impulse function response. The 
response components corresponding to the impulses of the figure of section a in 
Derivation Summary 17-2 are given by Eqs. (7) and (8) of this summary. 

17.21. The dashed-line normal response curves of the figure of section a show 
that the effect of a forcing impulse decreases as the running variable interval 
increases. This means that the relating function in effect describes the "memory" 
of the differential equation with which it is associated for the effects of a forcing 
impulse. It may also be considered that the relating function "weights" the effect of 
a forcing impulse on the response as the running variable changes. This viewpoint 
leads to the term weighting function as a special name for the relating function. 

• For the purposes of the illustrations used here, the relating function used is that for a critically damped 
second-order differential equation. (See Fig. 19-24 of Chapter 19.) 
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Impulse function representations for continuous functions are useful for describing differential equation 
forcing functions because response functions may be built up from normal solutions for each of the individ¬ 
ual impulse function components. This procedure is possible in the convenient form discussed here when 
the discussion is restricted to linear differential equations, particularly those with constant coefficients. 
The principle of superposition (see paragraph 15.11, Chapter 15) is valid for equations of this type, so that 

the response (unction for any given situation may be made up of response components corresponding to the 
impulse forcing function components. 

lo illustrate the first of the several steps involved in forming the resultant response for a forcing func¬ 
tion represented by impulse function components, the accompanying figure shows a discontinuous forcing 
function made up of two impulse functions, one at the origin, 't - 0, and a second at 't = 't . 



If the t«o impulse function components are considered to represent narrou pulse functions in accordance 
with the conventions described in Derivation Summary 17-1, i.e., the impulse strengths are 

[IFS]u('t fj ) U(0'd('t) 

(ifsju(\) ~ urodro 

then the impulse functions corresponding to fcq. (5) of Derivation Summary 17-1 are 

[IF]u(-g , u('t)dCt) (UIFJCO 
tlF]u(1) . (UIFK't - 'I) 


( 1 ) 

( 2 ) 


(3) 

(4) 


o) I mpu l se function components of a discontinuous forcing function 


It is shown in Chapters IS and 16 that the response function associated with a given forcing function 
depends on the differential equation involved and on the initial conditions. A particularly simple situation 

Derivation Summary 17-2. Response functions in terms of impulse functions and relating 
function; summations and integral expressions; the weighting function; 

the transfer function. (Page 1 of 6) 
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exists when response function imcial conditions and forcing function initial conditions are zero. Under 
these conditions, the initial condition function defined in section b of Derivation Summary 16-2 is zero, and 
the response function is given by the normal solution defined in section d of that summary. 

l or the purpose of finding normal solutions, die essential characteristics of the standard-form differential 
equation of section d of Definition Summary 14-1, 


i= r» 




£>. 


1 = -r 


. y ( i> _ 


Z "’ u 


arc given by the relating junction defined in paragraph 16.47 of Chapter 16; i.e., 

M'•)](„,) - (RF]„ dl ('t)u('t) 


where 


I = normal solution 

[RF] Mi , ~ identified relating funcrion (the relating function depends only on the differential 
equation with which it is identified) 

Impulse functions as forcing functions are zero at the initial instant and have derivatives that are all 
zero at the initial instant. Ihis statement implies that the limit ol integration for the first impulse, in a se¬ 
quence that represents .1 continuous funcrion that is not zero with zero slope at the initial instant, muse be¬ 
taken at O’, as this concept is defined in Definition Summary 17-1. 

Uhen attention is restricted to situations in which response functions arc zero and have all-zero deriva¬ 
tives at the initial value of the running variable, the response functions are all given by normal solutions. 

I he normal solutions for the two impulse forcing function components of the figure of section a arc 

[v('t)] : - (RF], ldl (-t) DFS]u(\) (7| 

and 

[v('t)] k - fRF] (IJ> ('t - •(,) UFSJuCg ,8) 

The dun dashed-line curves ol the figure of section a illustrate tvpical normal solutions for impulse 
forcing function componems. These solutions show the typical "tailing off" of dr response from forcing 
impulses as the running variable increases. Tins effect is controlled by die relating function, winch for 
this reason is said to determine the "memory” of die differential equation. Uhen the relating function 
causes the effect of an impulse to fall off strongly over a small range of the running variable, die differen- 
rial equation has a "short memory." Uhcn the relating function allows the effect of an impulse to persist 
over a great range of (he running variable, the differential equation has a "long memory.” 

Ihc principle of superposition makes it possible to find die response to a forcing function made up of a 
number of impulses as the sum of die normal solution responses for the individual impulses. The resultant 
response shown in the figure of section a by a full-line curve is formed in this way. It is to be stressed 
that the individual normal response components are identical with those that would occur if each impulse 
were present by itself with response function initial conditions all equal to zero. 

b) Normal solution response to impulse forcing functions 

The concepts and conventions of Definition Summary 17-1, Derivation Summary 17-1, and sections a and 
b of this summary may be combined in a method for finding the continuous response functions associated 
with given continuous forcing functions by means of impulse function representations and normal solutions. 
The principal steps involved in this method arc: 

1) Approximate the given continuous forcing function by means of a series of ad|ucent rectangular 
pulse functions (refer to section a, Derivation Summary 17-1). 


Derivation Summary 17-2. Response functions in terms of impulse functions and relating 
function; summations and integral expressions; the weighting function- 
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(IFRS)f('O 


2) Represent the pulse function approximation by a sequence of impulse functions (refer to section b 
Derivation Summary 17-1). ’ 

3> Find normal solutions for each of die impulse functions in the impulse function representation (refer 
co section b of this summary). 

4) For each point on the running variable scale, sum up the contributions of the normal solution com¬ 
ponents from all of the impulse functions located at running variable points between zero and the 
point at which the resultant response is found (refer to section b of this summary). 

<>) Kc P l lcc thc summation of step 4 with an integral by allowing the width of the rectangular pulse 
functions of step 2 to become infinitesimally small. 

6) Carry out the integration of step 5 in terms of an integrating variable to obtain a continuous expres¬ 
sion for the response function corresponding to the given continuous forcing function of step 1. 

Io demonstrate the procedure outlined by steps 1 through 6, a simple example is worked out with three 
different rectangular pulse widths. The integral expression for the response function is thc limiting form 
of the summation of response function components. Thc situations associated with three illustrative pulse 
widths are illustrated in thc accompanying figures (Figs, a, b, and c). 
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Figure a shows a straighc-line forcing function approximated by three rectangular pulses, each of which 
has a width of These pulses arc numbered in order from zero to two. The zcro th pulse has its left- 

hand side at the origin, the first pulse has its left-hand side at 't = A('t.), and the second pulse has its 
left-hand side at t = 2 \( , t 1 ). The point for which a response value is found is at 't = 3A( , t 1 ). 

I ndcr the conventions of the last paragraph the number of rectangular pulses is 

[NRP] " * 

The designation of the pulse at the origin as the zero ,h pulse means that the rectangular pulse of ordinal 
number k is located on the high-running-variable side of the k 1 * 1 impulse. 

The impulse function representation strengths are shown in Fig. a as heavy lines located on the low-run¬ 
ning-variable sides of the associated rectangular pulse functions. The normal solution components corre¬ 
sponding to the impulse functions are shown by light dashed lines in Fig. a. 

Io find the resultant response function point at an arbitrary running variable point, 't, the normal solution 
components arc added up for this point. In terms of the symbols named and defined on Fig. a, the summation 
for the response function point is given by the expression 

k='t/Af't,) 

v('t) - Y, [v( ' ,)] k (io) 


k=0 

k= VAt't.) 


Y [RF]('t - k.\('t 1 ))u(k.\('t 1 ))A('f l ) 


(ID 


k=0 


In Eq. (1 1), the argument k.^'fj for the forcing function shows that the k th response component depends 
on the value of u( t) at a point that is k rectangular pulse widths from the origin. The argument ('t - kA('t,)) 
for the relating function means that an interval ('t - k \('t,)) occurs between the forcing impulse and the 
running variable value at which the corresponding response component is considered. 

Figure a shows the continuous forcing function as a heavy dashed line and the resultant response curve 
determined by an exact method as a solid line. It is evident that the impulse function normal solution com¬ 
ponent resultant with three rectangular pulses is not a good approximation to the correct value. 

Figures b and c are similar to Fig. a except that they arc drawn for six and twelve rectangular pulses, 
respectively. Inspection of the three figures shows immediately that the response function point approxi- 
macion improves as chc number of pulse components is increased. 

c) Response function points as resultant of impulse function normal solution components 

Uhen the pulse function width is decreased to infinitesim.il size; i.c., 

A('t,) — d('t,) ,12, 

the product k \( t t ) becomes equal to t ( , a special value of the running variable 't that is chosen as a 
variable of integration; i.c., 

\ - k A('t,) (13 , 

^hen these changes are placed in fcq. (11) and the summation is changed to an integration from 0" to 1, 
the point at which the response function is desired, the result is 


v('0 - / [RF](-t - 't,)u(-t,)d('0 


(14) 


After the integration of tq. (14) is performed, an expression for the response as a function of 't remains. 
In effect, this response is made up of a very large number of impulse function normal solution components, 
each of which is very small for the reason that the response components in Figs, a, b, and c become small 
as A('t 1 ) is decreased. 

Derivation Summary 17-2. Response functions in terms of impulse functions and relating 
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The form of fcq. (1*4) may be altered if the distance from the forcing impulse function to the point at 
which the response is considered is taken as the variable of integration. This means that the argument of 
the relating function becomes 't ( . 

In tennsof this variable, the forcing function value occurs at ('t - 't) when the relating function argu¬ 
ment is 't. If these new arguments are introduced into I:q. (14) and t is taken as the new variable of in¬ 
tegration, the result is 

V('t) / [RFJ('t.)u('t - 't,)d('t,) (15) 

Lqua t ions ( L») and ( I M are fundamental statements of the principle of superposition, as well as typical 
examples of the convolution integral defined in Theorem Summary 16-1. 

d) Convolution integral expressions for response functions 


In section b it is noted that die relating lunction determines the "memory” of a differential equation for 
the effect of an impulse function. Another way of expressing this idea is to say chat die relating function 
"weights" the effect of an impulse function as a function of the running variable change diat has taken 
place since the occurrence of the impulse function. For this reason, the relating function expressed as a 
function of the running variable is defined as the weighting function ; i.e., 

fWF] ('») = fRFJ('t) = weighting function (16) 

In terms of the weighting functions, fcqs. (14) and (IS) are the weighting function convolution integrals 


and 


v('t) = / fWFJC't - 't.M'tJdrg 

0 

v('t) = / [WFK'tX't - f t ) d( t t ) 

e) The weighting function and the weighting function convolution integrals 


(17) 


(18) 


Theorem 3 of Theorem Summary 16-1 shows that the Laplace transform of the convolution integral is the 
product of the Laplace transforms of the two factors of the integrand. 

This means that the Laplace transforms of Lqs. (17) and (18) are 


where 


By definition 


Note that 
and 


* 

[LT]v('t) = V(A) = [LTJ j f [WF]('t - '»,)u('t t ) d('t,) J 

* 

= [LT ]\f CWFJ('t t )u('t - 't 4 )d('t t )| 

= [LT] \ [WF]('t - ^)f [LT]u(' tl ) 

= [RF](a)u(a) 

= [TF](a)u(a) 

[LT] v( t) = v(A) = Laplace transform of response function 

[LT]u( t) = u(A) = Laplace transform of forcing function 

[LT] [WF]('t) = [WF](A) = Laplace transform of weighting function 

(WF]U) » [TF](W , transfer function 


(19) 


( 20 ) 


( 21 ) 

( 22 ) 

(23) 


CWF]('t) = [RF]('t) 

[TF] (A) = [RF](A) 

0 Laplace transforms of weighting function and relatmg function, the transfer funct .on 

Derivation Summary 17-2. Response functions in terms of impulse functions and relating 
function; summations and integral expressions; the weighting function; 

the transfer function. (Page 6 of 6) 


(24) 

(25) 


83 


17.22. Sectionc of Derivation Summary 17-2 outlines the steps for findingthe 
response function for a continuous forcing function by applying the relating function 
to the equivalent impulse function representation for a continuous forcing function 
and summing up the impulse function response components in an integral taken 
from 0 to 1 t, the running variable point at which the value of the resultant response 
is considered. This procedure, which is essentially a drawing together of the con¬ 
cepts described in Definition Summary 17-1, Derivation Summary 17-1, and sections 
a and b of Derivation Summary 17-2, is illustrated by three figures. In the first of 
these figures, the response for a continuous straight-line forcing function is approx¬ 
imated by the sum of response components based on three rectangular pulse functions 
between the origin and the point at which the response is considered. The forcing 
function is shown as a heavy dashed line; the rectangular pulse function approxi¬ 
mation is shown as medium-weight full lines; the impulse function strengths are 
represented by heavy vertical lines at the impulse locations; and the normal re¬ 
sponses for the individual impulses appear as thin dashed lines. Symbols and names 
for the various quantities involved in finding the response approximation for the 
point't are placed on the figure. Comparison of the response function point found 
by the method described above with the heavy line indicating the correct response 
as found by an exact method shows a large error due to the crude approximation 
of the forcing function. 

17.23. The second and third figures in section c of Derivation Summary 17-2 are 
similar to the first figure except that the response function approximation point is 
based on rectangular pulse functions with widths reduced so that six and twelve pulses, 
respectively, occur in the space occupied by three pulses in the first figure. The 
reduction in the strengths of individual impulses in the impulse function representa¬ 
tion and the corresponding lower ordinates for the response function component 
curves are evident from an inspection of the figures. It appears that the summation 
of larger numbers of smaller response components gives an increasingly better 
approximation to the correct response value at a given value of the running variable. 

17.24. Equation (9) of Derivation Summary 17-2 shows that the number of 
rectangular pulses is proportional to the running variable value being considered, 
divided by the pulse width. Equation (10) is a statement that the response function 
*0) for a given forcing function is approximated by the summation from k = 0 to 

k = 7 /A('tj) of the response to impulse forcing functions, which may be represented 

as the triple product of the relating function, with ('t - k A('t,)) as its argument; u(k A('t,)), 
the magnitude of the forcing function in the k th impulse; and A('t,), the pulse width. 

17.25. The summation of Eq. (10) of Derivation Summary 17-2 may be reduced 
to an integral with 0 as its lower limit and't as its upper limit by allowing the 
rectangular pulse width A('t,) to become the infinitesimal quantity d('t,) . Equation(14) 
of Derivation Summary 17-2 is the final expression for the response function v('t) 
for the forcing function u('t). Equation (15) of Derivation Summary 17-2 is an alter- 



native integral expression for v('i) with '» as the relating function argument and 
(1 - 7 t ) as the forcing function argument. It is to be noted that these expressions for 
the response function are special cases of the convolution integral defined in 
Theorem Summary 16-1 of Chapter 16. 

17.26. By definition, the relating function in the integrals of Eqs. (14) and (15) 
of Derivation Summary 17-2 is the weighting function. Normal solutions corre¬ 
sponding to arbitrary continuous forcing functions are given by the weighting function 
convol ution in tegr als represented by Eqs. (17) and (18) of Derivation Summary 17-2. 

17.27. Section f of Derivation Summary 17-2 shows the relationships between 
the relating function, the weighting function and the transfer function. The weighting 
function is the running variable form of the relating function while the transfer func¬ 
tion is the Laplace transform form of this function. It is to be noted that the re¬ 
lating function is the more generalized concept. The essential unity of these con¬ 
cepts may be observed by taking the Laplace transform of the weighting function 
convolution integral, Eq. (17) or Eq. (18), which is given by Eq. (19) or Eq. (20). 
From the Complex Multiplication Theorem of Theorem Summary 16-1, Chapter 16, 
it is found that the transform of Eq. (17) of Derivation Summary 17-2 is the product 
of the transforms of the weighting function and independent variable terms, as in 
Eq. (21). The identification of the Laplace transform of the weighting function as 
that of the relating function gives Eq. (22), and as the transfer function gives Eq. (23). 

STEADY-STATE SINUSOIDAL RELATING FUNCTIONS 

17.28. The Laplace transform of the relating function, as just described, is 
developed in section c of Derivation Summary 17-3 by the methods of Chapter 16, 
and the expression of Eq. (9), Derivation Summary 17-3, shows it to be a ratio of 
two polynomials in the Laplace transform variable, a. Generally, the variable a, 
as defined in Eq. (6), consists of both a real part and an imaginary part. When the real 
part, a , is zero, the restricted form of the relating function is useful for finding 
the solutions for forcing functions made up of sinusoidal components as discussed 
in Chapter 12. This special form is the steady-state sinusoidal relating function, 
which gives the steady-state sinusoidal response when it is applied to a sinusoidal 
forcing function. 

17.29. Derivation Summary 17-3 outlines the Laplace transform method for 
the development of the steady-state sinusoidal relating function for the generalized 
linear integro-differential equation with constant coefficients defined by Eq. (1) of 
the summary. In section b of the summary, the imaginary exponential form for 
the sinusoidal forcing function is written in terms of the dimensionless angular fre¬ 
quency, L,, as well as the frequency ratio, p . Section c gives the equations for the 
Laplace transforms of the generalized response function and for the normal solution 
that appears when the Laplace transform of the initial condition function is zero. 
The Laplace transform of the relating function is shown by Eq. (9). 
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X v ,w - 


I he generalized linear integro-differcncial equation with constant coefficients can be written in the 
standard form of Lq. (4) of Definition Summary 14-1 as 

* =n k=m 

« v(1 ’ - <s X^ u ' kl 

» = -r k = -c 

where the summation identification k is used instead of the j used in the referenced 
prevent confusion with the imaginary unit j = 


(1) 


equation in order to 


°) Standard-form integro-diffcrcntiol equation 


Assume an imaginary exponential forcing function form (defined in section a, Definition Summary 12-3, 
and Figs. 12-1, 12-2, 12-3 and 12-4 of Chapter 12) 


where 


✓ 

0 ) 


t - ^iVo 


u('t) = = „ a€ J(a*/3)rt> 

2 17 | j 

—■ - “ lap = nondimcnsional angular forcing frequency 

M 

T (re0 = reference value of forcing period 
T, = forcing period 

P = ——— = — ^' l| = forcing frequency ratio 


( 2 ) 


(rot) 


t 


n, = -L = forcing frequency 


n 


(ref) 


(ref) 


reference frequency 


> (3) 


J 


b) Imaginary exponential forcing function 


Section b of Derivation Summary 16-2 shows that the Laplace transform of Eq. (1) may be written in th 
form /l=n \ / k = m \ k-m i=n 

VU) " X W* I UU) - <* X ' ,k ( ICP )(ulk * X (ICP) M‘ 

' ‘ c * r ) ‘ k = ; k = -a |= -r 


Equation (4) may be solved for v(A) to obtain the form 


<5 


V (A) 


! £ '■' ! 


1= n 


X 


l=-r 


u( a) - [ICF] {u<v) (a) 


Yi 


where 


A = a + )2 n ft = Laplace transform variable 

v(A) e (LT)v('t) = Laplace transform of the complete solution for the dependent variable 
U(A) = (LT)u('t) « Laplace transform of the independent variable 

OCPU - “ ,h -term independent variable initial condition polynomial 


(ICP) (V)1 = i'^-term dependent variable initial condition polynomial 


(4) 


(3) 


( 6 ) 
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DCF] (A) 


j m 1~ n I 

i E ^ (lcp u - E (lcp u 

\ k = -s i^-r » 


l= r. 




- Laplace transform of the initial condition 
function 


l- -r 


By definition, the initial condition function is equal to zero when the initial values of the independent 
and dependent variables and the appropriate derivatives and integrals* are zero. When these conditions 
exist, hq. (5) for the Laplace transform of the complete solution reduces to an expression for the normal 
solution as defined in section d ot Derivation Summary 16-2; i.e., 


k — m 

E 


>h * 




k=- 


i — r. 


U(A) 


E ^ 1 


hquacion (“'I may also be written as 


irr-r 


K [RF] <A)u(A) 


u here 


y = rn 


fRF](A) = or. 


E * 


k “ - l. 


E >iA ‘ 


Laplace transform form of the relating function for the gener¬ 
alized linear <hffcrential equation with constant coefficients 

(Hq. ( 1 )) 


1= -r 


(Compare with Lq. (22) of Derivation Summary 17-2.) 

Note that the relating function depends only on the differential equation with which it is associated. For 

reasons of convenience, the relating function is often given a special form for particular types of forcing 

functions. 1 or example, when forcing functions of the impulse type are involved, the relating function form 

used will be different from the form used when imaginary exponential or smusoid.il forcing functions are 
concerned. 


c) Laplace tronsform for the relating function of the general,zed standord-form l,near differential 

equation with constant coefficients 


Row 6 of Table 16-1 shows that the Laplace transform for the imaginary exponential of fcq. (2) is 


[LT](u. 


) 0 , t ( t) 


) - 


-—a- A - | cu f < l0) 

Substitution of this expression in tq. (7) gives the transform of the normal solution response function as 


lv(A)] ( n 0 , = [RF](A)—^2___ 

A - ) 


( 11 ) 


k= m 


E it* 


= 


k = -s 
1= n 


^ >» A ‘ 


A - j i 


( 12 ) 


i= -r 


• This is only one way the Laplace transform ot the initial condition function can be- zero; other conditions are 
also possible* fer which this occurs. 

Derivation Summary 17-3. The steady-state sinusoidal relating function: derivation by the 
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The roots of the associated characteristic equation, Eq. (12), include one for which A = j Zj, (from 
A - j e> ( = 0). It is to be observed that the real part of A as defined in Eq. (6) is zero for this root. The 
partial fraction expansion of Eq. (12). obtained by the procedure of Derivation Summary 16-3, includes a 
term which corresponds to this root; i.c., 

[v( A)] 

»i MA = ) J r '* 

k = m 

% 0 j .,) 1 

k = -s 


^(ns)(par fr)(A = j o> t ) “ Partial fraction of v(A) as sod ated wi th root A = j cu^ 


■ m a 

E 


= 


1= n 


“ )6> f 


(13) 


T. nOw f )‘ 


i=-r 


As was pointed out in paragraph 16.66, Chapter 16, the Laplace transform partial fraction expansion of 
equations like Eq. (12) has three classes of terms: 

1) Terms associated with the nonzero roots of the characteristic equation,exclusive of the inde¬ 
pendent variable transform. 

2) Terms associated with the zero root. 

3) Terms that can be associated with the transform of the independent variable. 

I he forced solution is associated with the second and third classes of partial fraction terms. Equa¬ 
tion (13) is the only partial fraction in the expansion of Eq. (12) associated with the independent variable 

transform, and represents the Laplace transform of the steady-state sinusoidal frequency response part of 
(he solution. 

From row 6 of Table 16-1, the inverse transform of Eq. (13) that is the corresponding function of the 
running variable is 

l(ns)(par fr)(A = ) oj { ) “ inverse transform of partial fraction associated with root A = j oj ( 

k = m 

rj k U 


K'OL 




E 

k«--s 




l(o f (t) 


1= n 


(14) 


Y, * <> ".>* 


i = -r 


For each value of qj {9 when co t has a constant value, Eq. (14) has the form 


M'OL 


(ns )(par fr)(A= ) (Df ) 


■ 


Jaq(t) 


rjU 


(15) 


where 

r) = [RF] (j = steady-state sinusoidal relating function 

The properties of the imaginary exponential function described in the previously cited figures of Chap¬ 
ter 12 and the relationship given in Definition Summaries 13-2 and 13*3 show that the form of Eq. (15) cor¬ 
responds to the constant-amplitude sinusoidal variation of v('t) with an angular forcing frequency t,>, that 
is the steady-state sinusoidal part of the solution of Eq. (1) when the independent variable is given by 
Eq. (2). This can be verified by observing that (a) Eq. (15) does not have any renl exponential terms that 
cause this equation to change its form with variations in 't, and (b) Eq. (15) contains oil the terms of the 
normal solution associated with the root equal to j o> f . The expression of Eq. (15) gives the steady-state 
sinusoidal frequency response associated with the generalized linear differential equation with constant 
coefficients; i.e., 

M 0]( nB )(par (r)(A *= J aq) “ " [RF](j £ 1 (16) 
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Because the form of this equation prevents misunderstandings, the expression 

v( t) = [RFj(j cl»,) u('t) (|7j 

is generally sufficient to identify a relationship giving the steady-state response to a sinusoidal forcing 
function. 

Equation (3) shows that - 2nfi % so that from Eqs. (14) and (15) 

k = m 

r] k (j2^) k 


[RF](i^,) = [RF](j2rrt) 


a 


— m 

E 

it- -a 


1 = n 


(18) 


E 


l* -r 


It IS worth while to note rhat,for the generalized linear integro-diffcrential equation with constant coef¬ 
ficients, Eqs. (15) and ( 18) explicitly define the relating function that appears as an essential concept in 
the various ways listed in Definition Summary 1 3-6, Chapter 13, for describing the steady-state sinusoidal 
performance characteristies of operating systems. 

d) Complex function form of /he relating function lor steady-state sinusoidal response 

It is often desirable to transform the steady-state relating function form of fcq. (18) to the product of a 
real magnitude and an imaginary exponential. The relationships involved in this transformation are described 
m Definition Summary 13-6 and Figs. 13-1 and 13-2 of Chapter 13- Fquations (3) and (18) of Definition 
Summary 13-6 show that the steady-state sinusoidal relating function [RF] = tj* may be written as 

9 = pf^ (19) 

where, by definition, 

p = dynamic amplitude ratio 
0 = dynamic response angle 

The general pattern of the procedure outlined in Fig. 12-1 for transforming from complex to exponential 
forms will be followed here. 

In any expansion of fcq. (18), all the terms with even powers of i or k will be real because any even 
power of j (= ) i s rca l. Similarly, all terms with odd powers of i or k will be imaginary. These facts 

mean that fcq. (18) may be written in the form 

y + j ^ rj k 

k odd 


[RF] (j2tr/3) = rj - <r — 


even 


where 


y l (j 2 rr/^) 1 ♦ j £ * jjffi) 1 


( 20 ) 


1 oven 


1 odd 


E 


k even 


denotes a summation that includes all the terms in the numerator summation of Eq (18) 
for which Ic is even 


denotes a summation that includes all the terms in the numerator summation of fcq. (18) 
k odd * or w fr>ch k is odd 


y y » yi ha vc the meanings for the denominator of Eq. (18) that 

5 ] 00 ^ ^ ^ have for the numerator. 


1 even 1 odd 


k even 


k odd 


* Because the functional dependence of the various forms of the relating function Is not Important for the 

purposes of Definition Summary 1 3-6. parentheses showing the arguments Involved are not Included with the 
symbols of that table. 
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The principles shown in E ig. 12-1 may be used to transform the complex numerator of Eq. (20) to the 
product of a magnitude and an imaginary exponential. A graphical representation of this transformation i 
given in (he accompanying figure. 



> k odd 




(j 2rrflV 


1 2 + \ ^ 7, k (j2;7/3) k 

d k even 


= dynamic amplitude ratio for the 
steady-state sinusoidal relating 
function numerator 


E 




t an 


- 1 k odd 


E >7k (|2-/9) k 

k oven 


= dynamic response angle for the 
steady-state sinusoidal relating 
function numerator 


A similar graphical representation for the denominator of Eq. (20) would show that 


Pv = 


J\ E >i-^r * f E n ( i^>'l 

* lodd j Li even 


and 


<i = tan-‘_i£±^__ 


(|2r7/l)‘ 

j 


Y Vi 


dynamic amplitude ratio for the 
steady-state sinusoidal relating 
function denominator 


dynamic response angle for the 
steady-state sinusoidal relating 
function denominator 


1 even 


“ = <r s —“ € 

10 V 

Pv* 


Pu < ^v ) 

Pv 


Comparison of Eq. (25) with Eq. (19) show s that 

[RF ] ( f 2 n(i) = 7] = pe^ 


where 


P * 


Pv 



( 21 ) 


( 22 ) 


(23) 


(24) 


Uhcn the expressions of hqs. (21), (22), (23), and (24) arc substituted in Eq. (20) the result is 

n u 

[RF](j2^) = J] = (r —^- * (25) 


(26) 


r £ n Vllnft)* 1 7 

L iodd L ieven J 


= dynamic amplitude ratio (27) 
for the steady-state 
sinusoidal relating function 


0 


E 

i i - 1 k odd 

0 U - 0 V = ia n 1 - 


E * 


T! n k (j2t7/i) 1 ' 


- tan 


-1 1 odd 


k even 


i even 


= dynamic response angle (28) 

-state 

ating function 


Z y (j 2nft) 1 for thc steady-state 

sinusoidal rclatir 


e) Dynamic amplitude ratio - dynamic response angle form of the relating function for steady-state 

sinusoidal response 
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17.30. Equation (10) of Derivation Summary 17-3 is the transform of the imag¬ 
inary exponential forcing function. When this transform is introduced into the 
general expression for the Laplace transform of the normal solution, Eq. (7), the 
result is Eq. (11) or its equivalent, Eq. (12). The terms in the partial fraction 
expansion associated with the root a equal to i of the characteristic equation form 
the Laplace transform of the steady-state sinusoidal frequency response part of the 
normal solution shown in Eq. (13). Equation (13) and its corresponding inverse 
transform, Eq. (14), contain all the components of the solution that relate to the 
sinusoidal forcing function. Moreover, there are no terms that include real expo¬ 
nentials in this part of the solution. The coefficient of the transform of the forcing 
function in Eq. (13) depends on t»,, but it is not a function of the running variable. 
This means that in Eq. (14) the coefficient of the expression for the sinusoidal forcing 
function acts as a constant for a constant value of L. and is unaffected by the inverse 
transformation. The coefficient is by definition the steady-state sinusoidal relating 
function and is represented in Eq. (15) by the lower-case Greek letter eta (»?). 
This special form of the relating function, as given in Eq. (18), is identified by the 
use of i a,, or \2nft as the argument for the usual relating function symbol, fRF] . 

17.31. Each term of the numerator and denominator summations of Eq. (18) 
of Derivation Summary 17-3 contains the imaginary unit j. This means that terms 
raised to even powers will all be real while terms raised to odd powers will contain j 
and will thus be imaginary. As a result of these facts, the relating function form 
of Eq. (18) will in general be complex. For many applications, it is desirable to 
replace the complex relating function by the product of a real factor and an imaginary 
exponential that is one of the basic forms of Definition Summary 13-6, Chapter 13. 
This transformation may be carried out by applications of the relationships devel¬ 
oped in Chapter 12 for complex and exponential forms. The procedure for modifying 
the relating function is outlined in section e of Derivation Summary 17-3. Expres¬ 
sions for the dynamic amplitude ratio , which has the lower-case Greek letter 
rho (p) as its symbol, and the dynamic response angle, which has the lower-case 
Greek letter phi (</>) as its symbol, are given by Eqs. (27) and (28). 

17.32. These concepts that appear here as results of derivations based on the 
generalized linear integro-differential equation with constant coefficients are identi¬ 
cal with those associated with steady-state sinusoidal response in the discussion of 
Chapter 13. Figures 13-1 and 13-2 illustrate the graphical significance of P and*. 

17.33. Derivation Summary 17-4 gives the details of two developments of the 
steady-state sinusoidal relating function by use of the classical method described 
in Chapter 15. One derivation is based on the use of an imaginary exponential form 
to represent the sinusoidal forcing function. The other derivation is carried out with 
the forcing function represented directly by a sine function. The expression of 
Eq. (11) of Derivation Summary 17-4 for the steady-state sinusoidal relating function 
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con- 


The steady-state sinusoidal relating function for a given linear integro-differential equation with 
stant coefficients can be derived directly by the classical procedure described in Chapter 15. 

Consider the generalized integro-differential equation form of Eq. ( 1 ) of Derivation Summary 17-3, 

l=n lc = m 

Z>'‘’ -1 £ » k « ,kl , 

l = -r k — - 3 

Standard-form integro-differential equation 

Assume a forcing function with the imaginary exponential form of Eq. (2) of Derivation Summary 17-3, 

#b //a\ j COl( t ) 

u( r) = u a f 1 ( 

The symbols for Eq. (2) are defined in section b of Derivation Summary 17-3. 

b) Imaginary exponential forcing function 


Assume that the steady-state solution for Eq. (1) with the forcing function of Eq. (2) has the form 


Derivatives of u('t) have the forms 


U<‘» . 


d('t) 


d('t) 


• VJ 

d('t) k 

Similarly the derivatives of v('t) have the forms 

*'" - ft W u o « “ ,l " - nd ^,)u('t) 


< 

n 

c 

% 

fi 

J cu f ('t) 

(3) 

, V i'oj.Ct) 

(|dq)U a < 

- (j^)u('t) 

(4) 

... 

W|) 2 U a ( 

• 

= (j^ f ) 2 u('t) 

• 

(5) 

• 

• 

• 

• 

= (j cu f ) k u('t) 

(6) 


v"’ - ,(j 

Substituting the derivative expressions of Eqs.( 6 ) and ( 8 ) in Eq. (1) gives 

( lmn I ( k = m j 

W l n | °('») - j ^ »7k ( j V k j u ('0 


Equating the coefficients of u('t) on the two sides of Eq. (9) shows that 

m 

X) Ik <> “I )k 


* (T 


k » -n 


ic: n 


Yi 0 ^f) 1 


( 10 ) 
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Using the definitions of kqs. (3) and f26) of Derivation Summary 17-3 in kq. (10) shows that 


k = m 


Y ^ (i2 ^ )l 


t) = [RF] ( I o> t ) = [RF](j2n/3) = f J li — 


Ml) 


1 = n 


Y. >1 (i 2 »/3) 1 


l=-r 


This steady-state sinusoidal relating function is identical with the form of kq. (18) of Derivation Sum¬ 
mary 17-3. Therefore, the transformations derived in section c of Derivation Summary 17-3 ma> be used to 
change the complex expression of kq. (1 1) to the product of a real factor and an imaginary exponential, 
c ) Derivation of the steady-state sinusoidal relating function by the classical procedure 


for solving differential equations 


The relationships among trigonometric and imaginary exponentials described in Chapter 12 may Ik* used 
to show that die relating function of hq. (11) is unchanged when the forcing function of kq. (2) is replaced 
by a sinusoidal form. It is also possible to derive the relating function directly by use of die classical 
method when the forcing function is a sine function 

u( 't) = U 3 sin Wj('t) (12) 

Assume that the solution ol 1 q. ( 1) when u( t) is sinusoidal has the form 

v('t) = V a sin [Li,('t) + (13) 

The independent variable derivatives are: 


= U ii { COS w f ('t) 

d('t) 


u< 2, ('0 - Cylll = -U Q cq 2 s.n o,,('t) = U J (j L,) 2 Sin ci, ( (t) 

d( '0 2 


u 0, ('») = d = 

d('t)’ 


- u a C L>l cos '(Jj t ('t) 


(jo,) J 


cos 01 . ('t) 


= U a '<of sin = U a (j tiq) 4 sin cu f ('t) 

d( t) 4 


(13) 


(14) 


(15) 


(16) 


(17) 


Uhen lc is odd, 

U« k> ('») = cosset) 

Uhen k is even, 

u' kl ('t) = u a (jl, f ) k sin £,.,('») 

The typical derivative forms for the dependent variable that correspond to Eqs. (18) and (19) are: 
Uhen i is odd, 

y(l)('t) _ w ^ ... f' . il 


(18) 


(19) 


cos 




Uhen i is even, 


v (,, ('t) = v a (j^)‘sin[^('t) 


( 20 ) 


( 21 ) 
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Substitution of Eqs. (18), (19), (20) and (21) in Eq. (1) shows th 

—— H V a cos [^>f( 0 + 0] + y' ft(j tUj) 1 V a sin ( 

1 odd ' ^ 


• * ' • • *-• -' — — r - - - — -j • \ / 

[«i('t) + 0] + >^(i 

.1pvon 


V r> sin [(Of ( t) 


u 


y u Q c °*«f('o + 

ic odd 


^ »7 k (j o> f ) k U Q sin 
k oven 


(22) 


where the summations of Lq. (22) have the meanings defined for Eq. (20) of Derivation Summary 17-3. 

I he trigonometric identity 

sin (A + B) = sin A cos B + sin B cos A (23) 

may be used to find the explicit form of the relationship between u('t) and v('t) that is determined by Eq. (22) 
Apply Eq. (23) to the right-hand side of Eq. (22) with 


2-t * j 

A —W ( ('0 and B —fc. 0 u = tan* 1 * odd - 

2 


(24),(25) 


k oven 


Use of che trigonometric identities 

tan B = sinB 
cos B 

in the expression of Eq. (25) shows that 


and sin‘B + cos 2 B 


(26),(27) 


sm 0, 


and 


E 

k odd 


Z 

k odd 

iiiTi 1 


<iW k 


+ E 

k even 1 


(28) 


y ikHty' 


COS0 u 


k even 


E 

k odd 


(i tot)' 


kl 2 


+ y 9k<io <( ) k 

. k even 


(29) 


Wien the relationships of Eqs. (23), (26), and (27) arc applied to the left-hand side of Eq. (22) with 


A —tiij('t) + (fa and B —► (fa * tan* 1 1 ocld 


E » 




(30),(31) 


£ mW 


1 even 


it follows (hat 


E» 


(i io t ) 1 


Sin(fa v ~ 


1 odd 


£»*£]'•[ 2 ,«-*] 

todd J L 1 even J 


(32) 
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and 




cos 0, 


1 even 


E 

1 odd 


(jL ( )‘ l 2 


^2 y i (i "* )l 

_loven 


(33) 


Substituting the expressions of Eqs. (24), (25), (28), (29), (30), (3D, (32), and (33) in the form of Eq. (23) 
and clearing fractions show that Eq. (22) may be rewritten in the form 


E 

i odd 


<i« f > 


l i2 


+ ^2 s,n [«,('0 + + ^ v ] 

1 even 


■ « \ E 




k odd 


+ ^2 r /k ( l^f )k sin|w ( ('t) + d> u J (34) 

k even 


The arguments of the sine terms must be equal, so it follows that 

•P = 0VJ “ 

Solving Lq. (3*1) for the ratio V,/u 1 shows that 


(35) 


= ol 


E 

k odd 


E 

1 odd 


k 1 2 


<i*i> 


W 1 2 


* « 

,k even 


+ ^2 >i^ 

.1 even 


(36) 


The expression of Eq. (36) is identical with that given by Eq. (27) of Derivation Summary 17-3 for the 
dynamic amplitude ratio for the steady-state sinusoidal relating function; i.e.. 

Equations (25), (3D and (35) show that tp is identical with the dynamic response angle for the sinusoidal 
relating function as this quantity is given by Eq. (28) of Derivation Summary 17-3. 

d) Derivation of the steady-state sinusoidal relating function when the forcing function is 


a sine function 


Derivation Summary 17-4. The steady-state sinusoidal relating function: 
derivation by the classical method. (Page 4 of 4) 


is identical with that of Eq. (18), Derivation Summary 17-3, found by the Laplace 
transform method. Similarly, the expressions of Eqs. (25), (31), (35), and (36) of 
Derivation Summary 17-4 for <fi and P are equivalent to the forms of Eqs. (27) and (29) 
of Derivation Summary 17-3 for these quantities. 

17.34. Derivation Summary 17-5 outlines the development of the steady-state 
sinusoidal relating function for the generalized linear integro-differential equation 
with constant coefficients by the operator method described in paragraphs 15.14 
through 15.17 of Chapter 15. This procedure is direct and simple, with fewer 
steps than either the Laplace transform or classical methods. Equation (6) of 
Derivation Summary 17-5 gives the form of the generalized integro-differential 
equation when integration and differentation are represented by the operator 
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The generalized linear integro-differential equation with constant coefficients given by Eq. (1) of Deri¬ 
vation Summary 17-3, l- n k 


1= n 

E 

i=-r 


y (i) 


E 


k = -s 


may be written in the operator form by defining the operators 


and 


jl 

p 1 * - when i > 0 

d('0‘ 

P 1 = f d('t) 1 when i<0 


The definitions of Eqs. (2) and (3) mean that 

V (1) ('0 = pM't) and U (k) ('t) - 'p k u('t) (4)>(5) 

Placing the expressions of Eqs. (4) and (5) in Eq. (1) gives the operator form for the generalized linear 
integro-differential equation with constant coefficients: 


1 = n 


x Yi p‘j v ('o - w 'pp 1 ) 


k = m 




v('0 


E ' pt 


k ■= -3 
1= n 


u('t) 


where 


E x ' p ‘ 


k = m 


i=-r 


X * ' pk 


ka-fl 

1= n 


- [RF]('p) " operator form of relating function 


E» ,pl 


i«= -r 


a) Operator form for the generalized linear integro-differential eq uation with constant coefficients 

Uhen u('t) has the form of a sinusoidal forcing function, the relationships described in Fig. 12-1, Chap¬ 
ter 12, show that it may be represented by an imaginary exponential of the form 

“('*) - ( 9 ) 

Application of the operator p to this steady-state sinusoidal variation gives 

W'O (.0, 

•p-M't) - / u('t)d(-t) - —L_ vjV" (,,) 

i 

This means that for steady-state sinusoidal changes 

'P - (12) 

P* 1 - (13) 

or, for the general case of the operator 'p k in the right-hand side of Eq. (6), 

'p k -(iV‘ (14) 

where k may be either positive or negative. 


( 10 ) 


( 11 ) 


Derivation Summary 17-5. The steady-state sinusoidal relating function: 
derivation by the operator method. (Page 1 of 2) 
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Similarly, the steady-state sinusoidal response corresponding to the sinusoidal forcing function of 
l*q. (9) can be represented by the imaginary exponential 

v('t) = v a J (15) 

Application of the procedure of hqs. ( 10) through ( 1 - 1 ) to this steady-state sinusoidal response shows that 
the operator 'p 1 in the left-hand side of bq. (6) can be written 


P 1 = (16) 

where i may be either positive or negative. 

Substituting 1 qs. (9M 14), (IS), and ( 16) into bq. (6) gives the stcady-s(a(e sinusoidal forcing function 
form of the operator equation as 


1= r. 




) Oq('t 


k “ in 


; ' »k I .. 1 °-'f ( 


>k = -j I 


(17) 


i • , ) oj ( i \) 

Solving Eq. (17) for v , f shows that 


k= m 


V / - ^ 

1 - Ti 


X 


U a f 


J 6«f( t 


(18) 


X 


i= -r 


For sready-sfate sinusoidal forcing functions, this means that 

v('0 - [RF](, L f )u('t) 


where 


(19) 


k = m 


[RFJ(joq) = [RF](|2.7/J) = (T r 


XI *it<i2"/3> k 


k = - s 


i= m 


( 20 ) 


Y. 


1 = -r 


It IS to be noted that the relating function form of Eq. (20) is identical with that of Eq. (18) of Deriva¬ 
tion Summary 17-3. 

b) Derivation of the steadystotc s inusoidal relating function 

Derivotion Summary 17-5. The steady-state sinusoidal relating function- 

derivation by the operator method. (Poge 2 of 2) 


raised to the proper negative and positive powers. The operator form of the relating 
function is given by Eq. (8), which shows it to be identical in form with the Laplace 
transform form of the relating function, given by Eq. (9)of Derivation Summary 17-3, 
When the sinusoidal forcing function is represented by the imaginary exponential 
of Eq. (9) of Derivation Summary 17-5, differentiation with respect to the running 
variable is equivalent to multiplication by jL ( . Under steady-state conditions the 


response function is a sinusoidal variation with the same angular frequency as the 
forcing function. This means that differentiation with respect to the running vari¬ 
able is merely multiplication by jL, . For similar reasons, integration of steady- 
state sinusoidal terms is equivalent to division by j L f . With both integration and 
differentiation represented by division and multiplication by the same expression 
the operator 'p for steady-state sinusoidal changes reduces to jL, 
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17.35. When 'p in Eq. (6) of Derivation Summary 17-5 is changed to jL f , the 
steady-state sinusoidal relating function may be derived by the steps of Eqs.(9) 
through (20) of Derivation Summary 17-5. This result is identical with those de¬ 
rived by the Laplace transform method and the classical method. 

17.36. Information Summary 17-1 lists the essential definitions and relation¬ 
ships associated with the relating function, the weighting function, the transfer 
function, and the steady-state sinusoidal relating function. This summary does 
not include developments for the results, but depends on the derivation summaries 
to describe the methods and procedures used to outline the background for the re¬ 
lating function and its associated concepts. 


I he generalized linear mccgro-differentiaJ equation with constant coefficients given by Lq. (1) of Deri¬ 
vation Summary 17-3 is t=n k = m 

]C M vU) = <r 5 £ r, k u (k > (1) 

i=-r k = -s 

It is shown in Derivation Summary 16-2 that the Laplace transform of the dependent variable, V, has the 

k = m 


form 


V(A) 




E 

k =- -s 


1 = n 


E 


l = -r 


u(A) - [ICF] (u v) (A) 


( 2 ) 


>i 


where 


A 

v 


(3) 


* 

0), 


r Laplace transform variable = a ♦ )2nfi = a + j [ xj{ 

' frequency ratio 

nondimensional angular frequency 
v(A) = [LT]v('t) = Laplace transform of the dependent variable 
U(A) « [LT]u('t) = Laplace transform of the independent variable 
[ICF]j u v) (A) = Laplace transform of the initial condition function 

Uhen the initial condition function in Eq. (2) is zero, v(A) reduces to |v(A)] (r the Laplace transform 
of the normal solution for the dependent variable. By definition, the function that gives the relationship 
between the Laplace transform of die independent variable and the Laplace transform of the normal solu¬ 
tion for the dependent variable is the Laplace transform of the relating function; i.e., 


where 


[RF]u> . [LT](RF](-t) 


From Eqs. (2) and (4) 


l V(A) J(no) - [RF](A)U(A) 

Laplace transform of the relating function 

k*= m 


(4) 


f RF] ( a) 


°~ a 


k^ -o 


(5) 


1 = n 


2] >'t A ‘ 


l«-r 


Information Summary 17-1. Relating function, weighting function, and transfer function definitions; 
integrol solution for the general response in terms of the weighting function; 

steady-state sinusoidal response. (Page 1 of 3) 
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By definition the transfer function fTF](Al is identical nx ith [RFJ(A); i.e., 

[TF] (A) =, (RF](A) = transfer function f6) 

o) Defini tions of no rmol s olution, relating f unction , and transfer function 

Derivation Summaries P-l and 17-2 show that the response function v('t) for any arbitrary continuous 
forcing function u('t) subject to the condition that the initial conditions on v('t) are zero may be written in 
the convolution integral forms as 

* 

v(-t) - / (WFJ(-r)u(-t - -t,)d('t,) (7) 


*('•) ~ / [WF]('l - 'l,)u('t,)d('0 


w here 


[WFj('t) = weigh tin g lunction 
By definition 

[WF]('t) = [RF]('t) - [LT]' 1 [RFJ(a) 

where 

[RFJ('0 = relai mg function 

[LT]’ fRF] (A) . inverse Laplace transform of the Laplace transform of the relating funct 

b) Integral solution for the response function; definition of the weighting function; 
weighting function convolution integral solution for the response function 


The steady-state sinusoidal relating function is formed by placing the real part of the Laplace transform 
variable equal to zero; i.e., in hq. (5) 

A —►)Irrft * Joq (10, 

The corresponding form for the Laplace transform of the relating function of hq. (5) is 


k= rc, 


[RF](j 2nB) = [RF](j^,) 




k= -S 

1= n 


(in 




1 = -r 


Note that, by definition, the transfer function form is 

[TF](joj) = [RF] (| 'to { ) (12) 

It is shown in Derivation Summary 17-5 that the steady-state sinusoidal relating function expression of 
Eq. (11) may be immediately written down from the operator form of Eq. (1) (in which 'p = d/d('t)) by noting 
that^for steady-state sinusoidal changes, 'p = j 'oq . 

c) Steady-state sinuso idal relating function 

Uhen the independent variable has a sinusoidal variation 

u('t) = u a sm W f (t) (13) 

which may also be represented by the imaginary exponential form of hq. (9), Derivation Summary 17-*j, i.e., 

,,.x 

u ( f ) = ( 14 ) 


Information Summary 17-1. Relating function, weighting function, and transfer function definitions- 
integral solution for the general response in terms of the weighting function; 

steady-state sinusoidal response. (Page 2 of 3) 
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then the developments of Derivation Summaries 17-3, 17-4, and 17-5 show that the corresponding steady- 
state sinusoidal response function may be written in the form 

v('t) = (RF](ji,|)u a e l “ ,< ” ,> ( 15 ) 

It is shown in section e of Derivation Summary 17-3 that the complex expression of Eq. (11) for the re¬ 
lating function may be changed to the form 


where 


P = 


k= m 


Y *ikO« f ) k 

[RF] (j lj t ) = - = pe 


1= n 


Y 


l = -r 


WT 


V' <i ^>£> k 1 2 v , xk" 

k odd Lk even 

e*^ ’♦ e 

I odd 1 oven 


dynamic amplitude ratio 


(16) 


(17) 


' \k 


Y ^ ~r 


E 


(i i-,)' 


- 1 k odd 


— tan 


-1 i odd 


Yj ( i <*>f )k 


Y 


dynamic response angle 


k ovon 


1 oven 


In terms of p and <£, the steady-state sinusoidal response function may be written in the forms 

v ('0 - V a sin[^ f ('t) + 0] = /»U a sin[cu ( ('») + 0] 


v('t) 


V 


^ ii,ni _ , 0u 


d) Forms of the steady-state sinusoidal response 


( 18 ) 


(19) 


( 20 ) 


Information Summary 17-1. Relating function, weighting function, and transfer function definitions; 
integral solution for the general response in terms of the weighting function; 

steady-state sinusoidal response. (Page 3 of 3) 
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CHAPTER 18 


SOLUTIONS ASSOCIATED WITH 
FIRST-ORDER DIFFERENTIAL EQUATION FORMS 

INTRODUCTION 

18.1. Solutions for differential equations of any arbitrary order are formally 
possible by the classical method described in Chapter 15 or by the operational 
procedure discussed in Chapter 16. Although both of these approaches are ade¬ 
quate from the standpoint of theory, their practical usefulness is sharply limited 
by the sheer volume of the operations involved when the required work is done by 
hand. For this reason, physical devices must be used to supplement human efforts 
in finding complete solutions for all but the simplest differential equation forms. 
These devices range from special coordinate paper and templates to very complex 
analog and digital computers. The computing installations required for problems 
of even ordinary complexity are generally high in initial cost and are expensive to 
maintain. However, properly designed computing devices provide the only feasible 
means for solving the nonlinear equations that are often required todescribe phys¬ 
ical situations of great practical importance. Because of this characteristic and 
their ability to generate complete solutions of differential equations over wide ranges 
of forcing functions and initial conditions, computers of suitable capacity are very 
desirable aids in the general practice of instrument engineering. On the other hand, 
consistent applications of the mathematical methods described in this volume will 
supply solutions for substantially all the problems of instrument engineering. 

18.2. Even if proper computing equipment is available, it can be used effec¬ 
tively only under the direction of supervisors and operators who thoroughly under¬ 
stand the principles by which differential equations must be solved with or without 
the use of machines. The development of the pattern formed when these principles 
are applied to the generation of information on solutions of linear and nonlinear 
differential equations may be started by using the generalized methods of Chap¬ 
ters 15 and 16 to solve linear first- and second-order differential equations 
with constant coefficients as specific examples. In addition to their useful¬ 
ness as illustrations of general procedures, first- and second-order solutions 
for typical initial conditions reveal the essential features of the forms that combine 
to make up solutions for equations of any order. The results from these simple 
examples also provide a framework for setting up a system of definitions and 
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notation that is generally effective for discussions of all differential equation forms 
and their associated solutions. 

18.3. The complete solutions and relating functions associated with linear 
first- and second-order differential equations with constant coefficients are gen¬ 
erally valuable because they represent the behavior of many physical systems with 
acceptable accuracy. This fact makes it important to have first- and second-order 
solution information in nondimensional equations and curves that may be immedi¬ 
ately applied to specific situations. 

18.4. For the reasons given in the foregoing paragraphs, discussions of first- 
and second-order differential equations with constant coefficients are presented in 
this chapter and Chapter 19, respectively. The discussion of this chapter starts 
with the generalized first-order differential equation and follows through the pat¬ 
terns established in Chapters 15 and 16to give complete response function equations, 

response function plots, and relating function plots, all in terms of nondimensional * 
variables. The treatment of the second-order differential equation given in Chap¬ 
ter 19 oarallels the first-order equation discussion of this chapter. 

REDUCTION OF THE FIRST-ORDER DIFFERENTIAL EQUATION TO STANDARD FORM 

18.5. First-order differential equations are characterized by the fact that the 
highest derivative of the dependent variable that appears is the first derivative. 
The typical equation of this type is shown in Eq. (1) of Definition Summary 18-1 as 
including the first- and zero-order derivatives of the dependent variable and the 
first- and zero-order derivatives of the independent variable. The identifying 
symbol for this equation is (1,0; 0,1), in which the first two numbers show that the 
first- and zero-order derivatives of the independent variable are present and in 
which the last two numbers, separated from the first numbers by a semicolon, 
show that the first- and zero-order derivatives of the dependent variable are included. 
This symbolism follows the pattern given in Chapter 14. 

18.6. Equation (1) of Definition Summary 18-1 uses lower-case o's for the 
coefficients of the dependent variable terms and lower-case b's for the coefficients 
of the independent variable terms. In an actual performance-describing equation, 
these differential equation coefficients may have any arbitrary dimensions so long 
as they combine properly with the dependent variable v and the independent vari¬ 
able u to give the same dimensions for each term of the equation. 

18.7. Following the pattern established in Definition Summary 14-1, itisa 
general rule that all the coefficients and the running variable are reduced todimen- 
sionless terms before beginning any procedure for finding differential equation solu¬ 
tions. The first step in this nondimensionalizing process is shown in section b of 
Definition Summary 18-1 as a division of all the a 1 s by a 0 , and a division of all the b's 
by ^o)(rcf)» 3 quantity with the dimensions of b that is never zero and is chosen to 
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( 1 ) 


V + °o v “ b o u + b i” 

a) Generalized (1,0,0,1) differential equation 


Define b -w r ,.*p a quantity with the dimensions of b that is never zero. 


u , ' 

a; =—2. - 1 ; b 

a. 


_ ^( 0 ) (ref 


r (0) (ret) 


a. r. 


; b; 

1 L 

°D)(rei) 


Then 


aj v + a' v = <r jb u 4 b j u] 

b) Generalized (1,0:0,1) differential equation with running-vanoble-dimensioned coefficients 


a: = 1 ; b, = b' 






Then 


(r^t) 


k, = A ; O'Ai 

T„,„ d(; } 


V' + v = "■[ b 0 u + b,u'] 

c) General ized (1,0,0,1) different ml equation with nondimensionol running variable 

and nondimensionol coefficients 


Define b (r a dimensionless quantity that is never zero 

t. i b. 


y o = T 




°k = 


(l-n 


imrc-l) 


°1 b l 

y * =_b T = 1 ; 7,1 = ^- 

1 il)(ref) 


°<1-1) 


'(l)Crc-<) 


Then 


Vi v ' + y 0 v = <r s 1 'h u + »h u ') 


Noting that y { is always unity, define 


_ ^0 . 


( 0 - 0 ) 


( 1 - 1 ) 


liquation (7) becomes 


v ' + >b v = ^lVo)Vo u + ^ci- n u ) 
d) Standard (1,0;0,1) equation forms 


Define special symhols by die following equation: 

v = 1 = 1 = Trof) _ If ref) 

° T '°1 a x ~ V a o 

f • (CT) ^ nondimensional first-order characteristic time 


r ^ 


(re!) 


(CT) = first-order characteristic time 


( 10 ) 


Definition Summary 18-1. Standard and special forms for the (1,0;0,1) linear first-order 
differential equation with constant coefficients. (Page 1 of 2) 
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Uith y Q - 1 / r and with * l f the standard form of Eq. (9) is 

v ' + ^f = ^[vo.-j 0 + 

+ v = ^s^p.o, u + •'a-I) 

Note: The dimensional lorms for the (1,0;0,1) equation appear when the superscript primes are removed from 

before the coefficients, and the superscript primes after the symbols U and V are replaced by dots above 
the symbols. 

Dimensional coefficients are formed from the dimensionless coefficients when they are multiplied by the 
reference period raised to a power equal to the order of the derivative with which the coefficient is as- 
sociated; e.g., 

T = rT (ref) 

Replacement of primes by dots on derivative symbols means that the nondimensional running variable, 
t(=t/ 1 ( ro f))# Is replaced by the dimensional running variable, t; i.e., 

( >'-i± ; (') - A! 

d('t) dt 

e) Special definitions and notation for the (1,0 ;0,1) differential equation 

Definition Summary 18-1. Standard and special forms for the (1,0;0,1) linear first-order 
differential equation with constant coefficients. (Page 2 of 2) 


( 11 ) 


( 12 ) 


have some convenient value in any particular situation. The ratio of b, w „ to a is 

. (OJ(ret) 0 

represented by the lower-case Greek letter sigma (<r) and is called the dimensional 
similarity factor because it matches the dimensions of the independent variable u 
to the dimensions of the dependent variable v. With the exception of cr, all the co¬ 
efficient ratios given in Eq. (2) of Definition Summary 18-1 must have only the 
dimensions of the running variable. Differentiation with respect to the running 
variable is shown by superscript dots. Each of the running-variable-dimensioned 
coefficient ratios is given the same letter symbol and subscript as the original 
coefficient but has an added superscript prime after the letter. 

18.8. The running-variable-dimensioned coefficients are completely nondi- 
mensionalized when each coefficient is divided by the proper power of a reference 
value of the running variable. Because the running variable is often considered as 
time, the reference value of the running variable is given the symbol T (re() and is 
called the reference period . When, at the same time that the coefficients are made 
nondimensional by dividing through by powers of the reference time, the running 
variable in each derivative is also divided by a power of the reference period equal 
to the order of the derivative, all terms of the differential equation remain unchanged. 
Section c of Definition Summary 18-1 outlines the details for reducing the coeffi¬ 
cients and the running variable to nondimensional forms. The nondimensional 
symbols are identical with the original symbols except for the addition of super¬ 
script primes before the letters. This method of indicating the nondimensional 
nature of quantities is used throughout Volumes II and III. 

18.9. The nondimensional form of the (1,0; 0,1) equation is shown as Eq.(5) 
of Definition Summary 18-1, in which differentiation with respect to the nondimen¬ 
sional running variable is represented by a superscript prime on the symbol. 
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18.10. It is convenient, both for the purposes of generalized reasoning and for 
the solution of specific problems, to reduce nondimensionalizeddifferential equa¬ 
tions to a standard form. The procedure for making this reduction for the (1,0; 0,1) 
equation is outlined in section d of Definition Summary 18-1. Standard-form non- 
dimensional coefficients for the dependent variable terms are divided by the coef¬ 
ficient of the highest order term, so that in the standard form the coefficient of 
this term is always unity. The coefficients of all the other dependent variable 
terms are assigned the lower-case Greek letter gamma (^) for their symbols, with 
subscripts showing the orders of the terms. In particular, Eq. (7) of Definition 
Summary 18-1 has y 0 as the zero-order dependent variable coefficient for the 
(1,0; 0,1) equation. As shown by Eq. (6) of Definition Summary 18-1, the standard- 
form coefficients for the independent variable terms are introduced when each term 
is divided by a reference quantity that is often associated with the coefficient of the 
highest order independent variable term. Equation (6) of Definition Summary 18-1 
shows this reference quantity as 'b (l)(re() . The standard-form independent variable 
coefficients are given the lower-case Greek letter eta (t?) for their main symbols 
and carry numerical subscripts that show the order of the terms with which individ¬ 
ual coefficients are associated. 

18.11. In order to maintain the differential equation unchanged when the non- 
dimensional coefficients are reduced to standard form, a ratio of the independent 
variable reference coefficient to the highest order dependent variable coefficient 
is formed outside brackets that enclose all the independent variable terms. This 
ratio is called the standard-form reference coefficient ratio and is given the main 
symbol a with a subscript parenthesis containing two numbers. The subscript 
number nearest the main symbol* represents the order of the independent variable 
term with which the reference coefficient is associated, and the second of the two 
numbers represents the order associated with the dependent variable term coeffi¬ 
cient by which the independent variable reference coefficient is divided. The product 

of the dimensional similarity factor , <>■ (with no subscript), and the standard-form 
reference coefficient ratio is the standard-form dimensional similarity factor, 
which is represented by the main symbol a with a subscript s, to show that the 
symbol is associated with the standard form. The standard form for the (1,0; 0,1) 
equation is given by Eq. (7) of Definition Summary 18-1. 

18.12. An alternative standard differential equation form is given by Eq. (9) 
of Definition Summary 18-1. In this form, standard-form nondimensional coeffi¬ 
cient ratios are formed by multiplying and dividing each of the nondimensional 
coefficients for the independent variable terms by a nondimensional coefficient from 

• This arrangement of subscripts is in accord with the conventions set up in Chapter 9, where the sub¬ 
script nearest the main symbol is associated with the reference quantity or the comparison quantity, and the 
next subscript to the right is associated with the dependent quantity or the compared quantity. 
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one of the dependent variable terms. These ratios are assigned the lower-case 
Greek letter nu ( v) as their main symbol and have a two-number subscript in paren¬ 
theses. The first number in any one of these parentheses is associated with the 
order of the dependent variable term from which the reference coefficient (i.ethe 
denominator of the ratio) is taken. The second subscript number represents the 
order of the independent variable term with which the given ratio is associated. As 
shown in Eq. (9) of Definition Summary 18-1, the use of the standard-form nondi- 
mensional coefficient ratios has the effect of making each independent variable term 
coefficient equal to the product of a coefficient ratio and some coefficient of one of 
the dependent variable terms. 

18.13. By applying the stated restrictions that the reference quantities are 
never chosen as zero, the standard nondimensional form of Eq. (9) in Definition 
Summary 18-1 makes it possible to go immediately from the (1,0; 0,1) form to the 

(0; 0,1) form merely by making v n .„ equal to zero. This procedure may obviously 
be extended to include standard-form equations with any number of independent 
variable t£rms. 

18.14. The wide applicability of the first-order differential equation and its 
associated solutions makes it worth while to establish a special concept and sym¬ 
bol for the most important quantity associated with any example of this form. This 
concept is the nondimensional first-order characteristic time , which is given the 
lower-case Greek letter tau (r) with a preceding prime for its symbol and is made 
equal to the reciprocal of the standard-form coefficient of the zero-order dependent 
variable term. The relationships of the nondimensional first-order character¬ 
istic time to other quantities associated with the first-order equations are given 

in Eq. (10) of Definition Summary 18-1. In self-defining notation, the symbol r is 
equivalent to the main symbol (CT) with a preceding prime. The dimensional form 
corresponding to these symbols is given by simply removing the preceding prime 
in each case. The corresponding concept is the first-order characteristic time , 
which is formed by the product of the nondimensional first-order characteristic 
time and the reference period. 

18.15. Equations (11) and (12) of Definition Summary 18-1 show two ways of 
writing the standard-form (1,0; 0,1) equation in terms of the nondimensional first- 
order characteristic time. Such an equation may be changed to its dimensional 
form by the following rule: 

On the coefficient terms, remove the preceding primes; on the variables u 
and v, replace the succeeding primes (which represent differentiation 
with respect to the nondimensional running variable) by superscript dots 
(which represent differentiation with respect to the running variable). 

This rule for transformation between dimensional and nondimensional forms may 
be applied to differential equation forms of any arbitrary order if the generalized 
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conventions of Definition Summary 14-1 are followed, as they are in Definition Sum¬ 
mary 18-1 for the special case of the (1,0; 0,1) equation. 

TRANSIENT SOLUTION FOR THE FIRST-ORDER DIFFERENTIAL EQUATION 

18.16. The transient solution for any given differential equation is defined as 
the complementary function, which is a solution of the homogeneous differential 
equation associated with the given equation. The homogeneous equation is formed 
from the given differential equation when the independent variable side of this 
equation is reduced to zero. In general, the form of the transient solution for any 
given linear differential equation is determined only by the dependent variable 
terms. This form always includes a number of fitting constants that is equal to 
the order of the equation (i. e. ,the order of the derivative in the highest order depend¬ 
ent variable term). These fittingconstants serve the function of integration constants 
so far as the formal mathematical requirements of the situation are concerned. 

18.17. In any particular case, the values of the fitting constants depend upon 
the forcing function (i.e., the function that describes the variation of the indepen¬ 
dent variable with time) and upon the initia] conditions (i.e., the conditions that 
describe the state of the dependent variable at the instant taken as t = 0). When 
the fitting constants are properly determined, the transient solution describes the 
variation of the dependent variable during the "period of transition" required for it 
to change from its initial conditions to the forced solution , which then continues so 
long as the given forcing function exists. 

18.18. Section a of Derivation Summary 18-1 gives the nondimensional form 
of the (1,0; 0,1) equation derived in section d of Definition Summary 18-1. This 
equation corresponds to the generalized form of Eq. (1) of Derivation Summary 15-1. 
Section b of Derivation Summary 18-1 shows that the homogeneous form of the 
(1,0; 0,1) equation is identical with Eq. (1) of the summary when the independent 
variable side of that equation is set equal to zero. Equation (3) in section c of 
Derivation Summary 18-1 gives the transient solution form for the ( —; 0,1)* equa¬ 
tion as a special case of Eq. (3) of Derivation Summary 15-2. When the derivative 
of this function is taken, and the function and the derivative are substituted in the 
homogeneous equation, the result is Eq. (5) of Derivation Summary 18-1. The char¬ 
acteristic equation of the (-;0,1) equation corresponds to the generalized charac¬ 
teristic equation defined in section c of Derivation Summary 15-2. The(-;0,1) 
characteristic equation is a statement of the fact that the coefficient for the ex¬ 
ponential in Eq. (5) of Derivation Summary 18-1 must be zero if the expressed 
relationship is to be true for all values of't . 

• Uhen the homogeneous equation is to be represented, a dash is used to replace all the numbers on the 
independent variable side of the semicolon in the equation-describing symbol. Thus the symbol ( —;U,1) repre¬ 
sents the homogeneous equation corresponding to the (l,0;0,l) differential equation form. 


107 



Equation (9) of Definition Summary 18-1 shows that the standard form of the (1,0;0,1) differential 


tion is 


equa- 


v ' + Y 0 y = <UVoi>o u + Vn u 1 (1) 

Hus form corresponds to the generalized differential equation form of section a of Derivation Sum¬ 
mary 15-1. 

a) Standard (1,0;0,1) form 


The (—;0,1) equation 


v' + y 0 v = o 


is the homogeneous form corresponding to all zero- and first-order dependent variable differential 


forms. 


( 2 ) 

equation 


b) Homogeneous (-;0,1) equotion form 


The transient solution form associated with the (—;0,1) equation corresponding to the form of Eq. (3) of 
Derivation Summary 15-2 is 

7 (tr) = « 

From Eq. (3) 


V, - - -xft) 


V ('tr) * 

Substitution of these expressions for V (tf) and V ( ' f) in Eq. (2) gives 

U + y 0 )<A('0 = o 

Equating the parenthesis of Eq. (5) to zero gives the (—;0,1) characteristic equation as 

(A + y 0 ) = 0 

Equation (6) corresponds to the characteristic equation of section c of Derivation Summary 15-2. 
From Eq. (6), the only root of die equation fulfills the relationship 

A l = -Yq 

Equation (7) shows that the root of die (—;0,1) characteristic equation is - y Q . 

c) Root of the (-;0,1) characteristic equotion 


(3) 

(4) 


(5) 


( 6 ) 


(7) 


In accordance with section d of Derivation Summary 15-2, transient solutions for all (-;0,1) differential 
equations arc products of die transient solution form and a single fitting constant, (FC); i.c., 


'Hr) 


(FC) ° 


( 8 ) 


This transient solution corresponds to Eq. (12) of Derivation Summary 15-2. 

d) Transient solution of the f-;0,1) equation 


In terms of the special notation of Definition Summary 18-1, y Q = 1/r and r = r T (rp() . Therefore, the 
nondimensional form of the transient solution is 


and the corresponding dimensional form is 


(tr) 


r (tr) 


(FC) 


- V r 


(FC)r'" 


(9) 


( 10 ) 


e) Special notation for the transient solution of the (-;0,1) equation 

Derivation Summary 18-1. Transient solution for the (-;(), 1) linear first-order differential 

equation with constant coefficients. 


18.19. Because the characteristic equation for the first-order form is a first- 
order algebraic equation, it has only one root. This root is represented by the 
lower-case Greek letter lambda (a) with a subscript 1 to show that it is the first 
root of the characteristic equation. The subscript identification is unnecessary 
for this particular example, but is used to match the generalized notation of Deri¬ 
vation Summary 15-2. 
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18.20. Section d of Derivation Summary 18-1 shows that the transient solution 
for the (-; 0,1) equation has the form of the product of a single fitting constant and 
an exponential that has the characteristic equation root (which in this case is the 
negative of the standard-form nondimensional coefficient of the zero-order depen¬ 
dent variable term) multiplying the nondimensional running variable as its exponent. 
This transient solution form is identical for all first-order differential equations, 
no matter how many independent variable terms may appear in these equations. 

18.21. Equation (9) of Derivation Summary 18-1 shows the transient solution 
form of Eq. (8) with the generalized symbol y 0 replaced by an equivalent expres¬ 
sion that uses the special first-order symbol r . Equation (10) of Derivation Sum¬ 
mary 18-1 shows the dimensional form of Eq. (9), which is reached in effect by 
multiplying both t and r by the reference time. The formal effect on the equation 
is to remove the preceding primes from t and r . This simple interchange between 
nondimensional and dimensional forms is an example of a general principle that 
may be applied to all solutions when standard-form nondimensional coefficients 
and variables are properly combined. 

COMPLETE STEP FUNCTION SOLUTION FOR THE (0;0,1) EQUATION 

18.22. Increasing step functions are represented mathematically as a special 
case of the generalized power series that is described in section a of Definition 
Summary 12-1. The step function case, as specified in section a of Derivation 
Summary 18-2, is like that in section b of Definition Summary 12-1, with the vari¬ 
able q(t) replaced by u('t), with t replaced by '», and with preceding primes added to 
all the B's, which are constant series coefficients. The preceding primes indicate 
that each coefficient includes the proper power of the reference period required 
to make it nondimensional. 

18.23. Section a of Derivation Summary 18-2 shows that an increasing step 
function of the independent variable is represented by a series form in which all 
coefficients are zero before the initial instant when't = 0, and all coefficients ex¬ 
cept B 0 are zero after the initial instant. 

18.24. Section b of Derivation Summary 18-2 gives the standard form and the 
special notation form for the (0; 0,1) equation when the forcing function is an in¬ 
creasing step function. The (0; 0,1) equation, given as Eq. (3) of Derivation Sum¬ 
mary 18-2, is a special case of the (1,0; 0,1) form of Eq. (9) of Definition Sum¬ 
mary 18-1 in which the zero - zero coefficient ratio . ^ 0) . is unity, the one-one coef¬ 
ficient ratio,w u . u , is zero, and the one-one reference coefficient ratio, g,.„, is unity. 
This method of obtaining a differential equation by reduction from a more general 
form is a special case of a general principle that will be used many times in this book. 

18.25. Section c of Derivation Summary 18-2 outlines the steps for finding 
the forced solution of the (0; 0,1) equation for an increasing step function forcing 
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The general power series form of Defirririor, Summary lw may bc used „ „ pfc „ ^ indcpcndcn[ 

.1 C as a function of the nondimensional running variable by the expression 

u('t) - *B 0 ♦ B,('») + B,("t) ! + ... + B n ('t) n + ... (I) 

Kqnarion (1) and .he description of a special siruarion specify rhe increasing srep form in accordance 
With the pattern set up in section b of Definition Summary 12-1. 

B = 0 ; 't < o 


'f - 0 (Initial 
Instant) 


u('t) =0 ; < 0 

f 

B 0 = constant ; 't l 0 u('t) = B ; 'f £ 0 


( 2 ) 


a> Representation of the increasing step function (isf) in the independent 


variable 


Uhcn 


‘ll-U °* Voi “ *• *** °ii-l) = 1. ^e standard (1,0;0.1) equation form of section d of Definition 
Summary 18-1 becomes 

v ' + y 0 V = <ry 0 B, ; 't ^ 0 


for which case 


(3) 


= b A and b 


'( 0 )(rci) = -o ii)(rei) = Vy 0 

Note that in this summary and in all succeeding summaries the differential equations and solutions are for 
positive values of the running variable only. 

In the special notation of section c of Derivation Summary 18-1, Eq. (3) becomes 


rV' + v = cr B 

o 

(0,0,1) equation for the increasing step function 


(4) 


The discussion of Chapter 15 shows that the forced solution of Eq. (4) is any function that satisfies 

the equation. A solution may be found by the method of undetermined coefficients described in Derivation 
Summary 15*3, as follows: 

1) Assume rha. .he forced solution,V ( , ms|)> corresponding an increasing srep function forcing func 
tion has a power series form; i.e. f 


2) Differentiating Lq. (5) gives 


V (f)(l3f) = A 0 + 


'A.('t) 


V' u- A 

(O(tsf) K 


3) Substituting v (j){lsj) and V' )(1|j() in Eq. (4) gives 


( 5 ) 

( 6 ) 


f A i + A o + A , ('0 


B 


4) Summing the coefficients of like powers of 't gives 
Zero power, 't°: r A + A 


(7) 


l + A o e ^ B o 


A, « o 


First power, 't: 

S) From Eq. (8), A, = 0 and A Q = rr B 0 . so that the forced solution, from Eq. (5), is 


} 


( 8 ) 


(f)(iof) 


K rr 


W 

B 


(9) 


forced solution of the (0;0,1) equation for the increasing step function 


Die complete solution for the (0:0,1) equation for the increasing step function may bc found by a special 
application of the generalized procedure described in section d of Derivation Summary 15-1. 

In general, 


For V, = V ( f )( lB<) . 


v - V, + v l 


V " V (tr) + V (f)(lnO 


( 10 ) 

(ID 


Derivation Summary 18-2. Increasing step function response for the (0;0,1) li 
first-order differential equation with constant coefficients. (Page 1 of 2) 


near 
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Using the first-order transient solution form of Lq. (9) of Derivation Summary 18-1 for V ( tr ) ' n I'M* (U) 
together with the forced solution of Lq. (9) shows that, in general, the complete solution has die form 

V = '(FC) + or Bj (12, 

The fitting constant (FC) of Lq. (12) must be determined so that at the initial instant, when 'f = 0, the 
deperdent variable v of Lq. (12) matches the specified initial condition. 

In the present situation, the initial condition is arbitrarily specified to make V equal to zero at the 
initial instant; i.e., „ ,. 

v = 0 ; t = 0 (13) 

Substituting the initial condition of hq. (13) into F.q. (12) shows that the fitting constant must be chosen 

50 ,ha ' 0 = (FQ + rr B ; '1 = 0 (14) 

Solving Eq. (14) for (FQ shows chat 

(FQ = - a B (15) 

Substituting ibis value of (FQ into hq. (12) gives the complete solution for the increasing step function 


as 


= - a Be' ' T + ct B 


or, taking a B out as a common factor, 


v * <r 


B (i - 


# / 
- t r 


(16) 


(17) 


The complete solution may be reduced to nondimensional terms by defining 
—-— = DVR = dependent variable ratio 


(ref) 


where 


V, = dependent variable reference (arbitrarily chosen) 
ircii * 

For the complete solution of Lq. (17), choose <r B Q as i.e., 

Vl) = Ir B : 

Using this reference in the dependent variable ratio shows that 


(18) 


B 

0 


f—1 

L V (re( ij (0;0, 


)) (151) (0) 


■ ( DVR )<o;o.im = l 


> 0 ) 


(19) 


and that the nondimensional form of the complete solution is 


w 


here 


(DVR) (0 ; 0 l)(l S ()(0) 


1 - € 


-\/r 


( 20 ) 


(DVR) , = zero-order independent variable - zero- and first-order dependent variable 

v '(O.-O, l)(is! )(0) . , r . . , . * i 

differential equation, increasing step function, zero initial level dependent 

variable ratio 

= first-order increasing step function response 

The nondimensional running variable that appears in Eq. (20) may be replaced by the dimensional run¬ 
ning variable by noting that 




r/T, 


( 21 ) 


(ref) 


Using Eq. (21) in Eq. (20) shows that the dimensional running variable form for the complete solution 
is identical with the nondimensional running variable form except for the removal of preceding primes on 
t and r; i.c. t 

(DVR) (0 . 01)( i sf)(0) = i - e ,/r (22) 

d) Complete solu tion of the (0;0,1) differential equation for the increasing step function 

with zero de pendent variable initial level 

Derivation Summary 18-2. Increasing step function response for the (0;0,1) linear 
first-order differential equation with constant coefficients. (Page 2 of 2) 
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function by a special application of the generalized procedure outlined in sections c 
and d of Derivation Summary 15-3 for the method of undetermined coefficients. 
In this method, the forced solution is expressed as a power series in the nondi- 
mensional running variable with coefficients having capital A's as their main sym¬ 
bols, number subscripts to specify the orders of the terms concerned, and preced¬ 
ing primes to show that the form is associated with a nondimensional running vari¬ 
able. In the assumed forced solution form of Eq. (5) of Derivation Summary 18-2, 
the series includes one term whose order is higher than the highest order term 
that is present in the forcing function. In the course of finding the solution, it be¬ 
comes apparent that if the coefficient of the term of next higher order than the 
highest order forcing function term is zero then the coefficients of all still higher 
order terms must also be zero. 

18.26. When the power series of Eq. (5) of Derivation Summary 18-2, which 
is assumed as a possible forced solution of Eq. (4), is differentiated with respect 
to the nondimensional running variable, as shown by Eq. (6), and this derivative 
together with the series itself is substituted in the (0; 0,1) equation, the result is 
as shown in Eq. (7). In order for the assumed power series form to be a true 
forced solution of the (0; 0,1) equation, the A coefficients for each power of't on 
the left-hand side of the equation must be equal to the coefficients for the corres¬ 
ponding powers of't on the right-hand side of the equation. The equations that ex¬ 
press these conditions in formal terms appear as Eq. (8) and show that the coef¬ 
ficient for the first-order term of the forced solution is zero. It is also evident 
that the coefficients for any terms of higher than first order are zero. With A, 
equal to zero, it follows that A 0 , the constant term of the assumed forced solution, 
must be equal to <r'B 0 which, as shown in Eq. (9), is the forced solution for the in¬ 
creasing step function. 

18.27. Complete solutions for differential equations are shown in the gen¬ 
eralized discussion of section a of Derivation Summary 15-1 to consist of the 
transient solution and the forced solution. A general statement of this principle 
is repeated in Eq. (10)of Derivation Summary 18-2. Equation (11) shows the gen¬ 
eralized forced solution replaced by the forced solution for the increasing step 
function. This form is made specific for the (0; 0,1) equation with an increasing 
step function forcing function by combining the transient solution form of Eq.(9) 
of Derivation Summary 18-1 with the forced solution of Eq. (9) of Derivation Sum¬ 
mary 18-2 to produce the complete solution form of Eq. (12). This latter equation 
contains the fitting constant (FC) as an undetermined coefficient. 

18.28. The fitting constant that appears in the complete solution must be as¬ 
signed a proper value in order for the solution to describe the variation of v when 
an increasing step function change is applied to the independent variable. This 
fitting constant value does not affect the form of the complete solution, which 
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reduces to the forced solution after the running variable has changed through a 
sufficiently great interval. On the other hand, it controls the value of the depen¬ 
dent variable given by the complete solution for the initial instant. Because, by 
definition, the dependent variable is not related to the independent variable by the 
differential equation before the initial instant, the dependent variable may have 
any arbitrary value at the initial instant. This arbitrary value is the initial con¬ 
dition that must be met by the complete solution of Eq. (12) of Derivation Sum¬ 
mary 18-2 when the fitting constant is determined. 

18.29. In section d of Derivation Summary 18-2, the dependent variable 
initial condition is arbitrarily taken as zero when t = 0. This initial condition is 
formally stated by Eq. (13) of the summary. Equation (14) is the complete solution 
with the initial condition substituted to make v = 0 att = 0, so that the exponential 
term reduces to unity. The solution of Eq. (14) is given by Eq. (15), which shows 
that the fitting constant must be equal to minus the product of o and B . The com¬ 
plete solution of the (0; 0,1) equation for the increasing step forcing function and 
the zero dependent variable initial condition is given by Eq. (16) when the fitting 
constant of Eq. (15) is substituted in Eq. (12). It is useful to note that in Eq. (16) 
the product of a and B, is a common factor and may be taken outside the paren¬ 
theses of Eq. (17). This product must always have the dimensions of the depen¬ 
dent variable. 

18.30. In general, it is useful to express differential equation solutions in 
nondimensional terms. This may always be achieved by dividing the dependent 
variable by some reference value of the dependent variable (main symbol v with 
(ref) as its subscript) to form the dependent variable r atio . For the complete 
(0; 0,1) solution of Eq. (17) of Derivation Summary 18-2, it is convenient to take 
theo- B, product as the dependent variable reference. When this reference is used, 
the increasing step function dependent variable ratio for the (0; 0,1) equation is 
represented by the expressions of Eq. (19) of Derivation Summary 18-2. The sym¬ 
bol for this ratio is DVR with three subscript parentheses.* The first of these 
parentheses is the symbol for the differential equation form with which the ratio 
is associated. The second parenthesis is (isf), which specifies the forcing function 
involved. The third parenthesis is (0) to show that the initial condition for the level 
of the dependent variable is zero. This last parenthesis is a special case of a 
general convention that uses a parenthesis in the final right-hand position to spe¬ 
cify the initial conditions associated with a given solution. In the initial condition 
parenthesis, the symbol nearest the main symbol describes the value of the dependent 


• In general these three subscript parentheses are taken by convention to give the following information: 

1) Subscript nearest the main symbol identifies the form of the differential equation concerned. 

2) Middle subscript identifies the forcing function. 

3) Third subscript from the main symbol specifies the initial conditions. 
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variable at the initial instant, the next subscript symbol to the right represents 
the initial value of the first derivative of the dependent variable, the next succeeding 
subscript symbol is associated with the initial value of the second derivative, and 
so on. This series of symbols is continued until the highest derivative of the de¬ 
pendent variable that is important for the initial conditions has been described. 

18.31. Equation (20) of Derivation Summary 18-2 givesthe dependent variable 
ratio form for the increasing step function solution for the (0; 0,1) equation with 
zero level of the dependent variable at the initial instant. The solution of Eq. (20) 
is expressed in terms of the nondimensional running variable. The transformation 
for changingto the dimensional running variable is summarized in Eq. (21). This 
transformation is formally very simple in that it only requires that the preceding 
superscript prime be removed from the symbols in the exponential term of the 
solution. The dimensional running variable form for the increasing step function 
solution is given in Eq. (22). 

18.32. Graphical representations of differential equation solutions in non- 
dimensional terms are useful not only as illustrations of general procedures, but 
also as convenient sources of numerical information for practical application of 
mathematical results. The upward-sloping curve of Fig. 18-1 is a representation 
of the dimensionless solution for the increasing step function first-order equation 
given by Eq. (22) of Derivation Summary 18-2. This solution is made up of unity 
and a second term which is minus the exponential raised to the - t/r power. 

18.33. In Fig. 18-1, the variableused for the abscissae is the time - charac ¬ 
teristic time ratio (in symbols t/r or t/CT ), while the dependent variable ratio is 
used for the ordinates. The definitions and notation used in Fig. 18-1 are generally 
identical with those used in Derivation Summary 18-2. In Fig. 18-1, u (re() , which 
is taken as a constant after the initial instant, corresponds to B, in the derivation 
summary. The increasing step function in Fig. 18-1 is represented by a small 
symbol with a shape similar to that of the independent variable change involved. 

18.34. The upward-sloping curve of Fig. 18-1 and its accompanying notation 
is a completely specified quantitative description of the manner in which the de¬ 
pendent variable of the (0; 0,1) differential equation responds to an increasing step 
function change of the independent variable when the dependent variable is zero at 
the initial instant. Whenever any situation, theoretical or practical, may be asso¬ 
ciated with a differential equation of the (0; 0,1) form, an increasing step forcing 
function and a dependent variable starting from zero at the initial instant, the cor¬ 
responding change in the dependent variable may be read directly from Fig. 18-1. 
The dimensionless response information of Fig. 18-1 may be immediately changed 
to dimensional values by multiplying the ordinates by the product of the dimensional 
similarity factor, <r, and the height of the step function as given in terms of the in¬ 
dependent variable. In a similar way, the running variable maybe changed to real 
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Fig. 18-1. Step function response associated with the (0,0,1) linear first-order differential equation 

with constant coefficients. 

time (or whatever other variable is involved) by multiplying the numbers on the 
abscissa scale by the characteristic time. 

18.35. Derivation Summary 18-3 outlines the development of the response for a 
(0;0,1) differential equation to a decreasing step function when the dependent vari¬ 
able has the step level at the initial instant. The procedure of this derivation is simi¬ 
lar to that already described for the increasing step function response developed in 
Derivation Summary 18-2. For this reason, the explanatory sentences included 
in Derivation Summary 18-2 are omitted in DerivationSummary 18-3. In general, the 
definitions and notation used in the two summaries are identical except that the sub¬ 
script (isf) - for increasing step function - that appears in Derivation Summary 18-2 
is replaced by (dsf)-for decreasing step function - in Derivation Summary 18-3. 
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> = 0 


r 

B 


constant 


o - » 7 < 0 u( t) - B 0 ; 

't * 0 u(7) = 0 

a) Representation of the decreasing step function (dsf) 


B 0 = o 


't < o 
't * 0 


( 1 ) 


rv' + v = 0 ; 't ^ 0 

b) Complete differential equation 


( 2 ) 


V (f)(dsf) = 0 


c) Forced solution for the decreasing step function 


v * V (tr) + v (l)(daf) 


'(FC)e- 


\/t 


+ o 


Dependent variable initial condition: 


so that 


v = o- 


& 


a 


0) (t < 0) ~ -0 


B. 


't = o 


p 

B. 


(FC) ; '» « 0 


v - cr'B^-Vf 


Choose 


(rel) 


B 


Then 


B 


[ V (ro()]( 0 ; 0 . 


l)(dof)(tr "B q ) 


( DVR ) to; o .0(d8f)(<r'b 0 ) 


and 


V r 


(DVR) (0;0<I )(d8£)(a‘b 0 ) = c 

(DVR)(o ; o,i)(d8l)«r Bjj) = c t/r 
d) Decreasing step function solution 


(3) 


(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 

( 12 ) 


Derivation Summary 18-3. Decreasing step function response for the (0;0,1) linear first-order 

differential equation with constant coefficients. 


18.36. The downward-sloping curve in Fig. 18-1 is a graphical representation 
of the nondimensional decreasing step function response for the (0; 0,1) equation 
with the initial dependent variable level at the step level. This curve is a direct 
plot of the dependent variable ratio of Eq. (12) of Derivation Summary 18-3, which 
has the form of a simple exponential function. 


COMPLETE RAMP FUNCTION SOLUTION FOR THE (0;0,1) EQUATION 

18.37. Forcing functions may always be represented by the power series form 
of Definition Summary 12-1 if a sufficiently large number of terms is included. 
The previous section discusses the especially simple case in which only the con¬ 
stant term of the power series is taken into account. The next simplest case in¬ 
cludes the first power of the running variable, to give the ramp function described in 
sections d and e of Definition Summary 12-1. This function is specified as a forc¬ 
ing function in terms of the nondimensional running variable in section a of Der¬ 
ivation Summary 18-4. 
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0 , B, = 0 ; 't < 0 


u('t) =o ; 't < 0 


1 = 0 


B» - 0 • B , 


= constant ; 't ^ 0 u(^t) = Bj (*t) ; 1^0 

a) Increasing ramp function (irf) 


('♦) : 
From Eq. (8): 
Eq. (7): 
fcq. (6): 

Therefore 


r v + v = (r 


'B.('t) ; 't ^ 0 


b) Complete differential equation 


V (t)(lrn “ A 0 + 


*,(*») + A 2 ('t) 


(t)(irf) 


= A, + 2 A.('t) 


f A, + ri A ,('t) + A 0 + A,('») + A 2 ('t) 2 = 


<r B,('t) 


f A, + A 0 = o 

'2 A 2 + A J e a Bj 

\ = o 


A «= o 


A i = B, 


A 0 * ~ <T T B, 


(()(lrf) 


= - err B + <r Bj f -7- 


c) Forced solution 


( 10 ) 


(ID 


( 12 ) 


Initial condition 


so that 


Choose 


Then 


'(FC) e -' ,/f - <r'r'B, + <r ’B, f 4 - 

v - 0 ; 't = 0 

0 = ?FC) - <r'r\ 

(FC) - tr'r'B, 

tr'B. f f * V ' r - or B f + <r'B r '±- 

1 ii r 


tr Bj r 


(ref) 


(rel) 


]( 0 ; 0 . 


B. f 


1) (1 r f) (0) 


(DVR) (0;0 . 


i)(lr()(o) 


(13) 


(14) 

(15) 

(16) 


(17) 


(18) 


(19) 


and 


0WU.W-IB ■ «- Vf - 1 * i 

(DVR)(q ; o,„(irfJ(o) " € Wr - 1 + -J- 
d) Increasing ramp funcfion solution 


( 20 ) 


( 21 ) 


Derivation Summary 18-4. Increasing ramp function response for the (0;0,1) linear first-order 

differential equation with constant coefficients. 


117 


18.33. Sections b. c and d of Derivation Summary 18-4 outline a derivation 
of the nondimensional complete solution of the (0; 0,1) equation for an increasing 
ramp forcing function with zero initial level of the dependent variable. These sec¬ 
tions correspond to the similarly lettered sections of Derivation Summary 18-3 
that outline the steps for deriving the decreasing step function response for the 
(0; 0,1) equation. The ramp function itself is represented by a constant, B, , multi¬ 
plied by the first power of t. This means that the assumed power series for the 
forced solution, Eq. (3) of Derivation Summary 18-4, must include at least the first 
power of't and is actually given a ('t) 2 term to demonstrate again the relationship 
between the highest power in the forcing function power series and the highest 
power that appears in the solution power series. The procedure outlined in sec¬ 
tion c of Derivation Summary 18-4 leads to the increasing ramp function forced 
solution of Eq. (12). The last term in this solution is multiplied and divided by V 
in order to give both terms a common factor. Section d of Derivation Summary 
18-4 outlines the determination of the fitting constant when the initial level of the 
dependent variable is zero, and gives the complete solution as a dependent vari¬ 
able ratio with the reference dependent variable chosen as the product of a-, 'B, 
and V. 

18.39. The curves of Fig. 18-2 represent the individual terms and the depen¬ 
dent variable ratio of Eq. (21), Derivation Summary 18-4. The time-characteristic 
time ratio is used for the abscissae, and components of the dependent variable 
ratio are plotted as ordinates. The heavy dashed line represents the last term of 
Eq. (21), which corresponds to the ramp forcing function. This function itself 
appears if the term is multiplied by the product, B,r t which may be taken as the 
independent variable reference . For this reason, it is convenient to define the in¬ 
dependent variable ratio (symbol IVR)as the ratio of the independent variable to the 
independent variable reference. The first term of Eq. (21) is an exponential tran¬ 
sient component shown as a downward-sloping, thin dashed line. The second term 
of Eq. (21) is minus one, which appears as a thin dashed line one unit below the 
abscissa axis in Fig. 18-2. The thin dashed curves represent components of the 
nondimensional ramp function response, while the full-line curve is the resultant 
that corresponds to the entire dependent variable expression of Eq. (21) of Der¬ 
ivation Summary 18-4. 

18.40. The curves of Fig. 18-2 demonstrate the concepts of dynamic response 
delay and dynamic error that are defined in Chapter 6 and illustrated in Fig. 6-1. 

In particular, after the time - characteristic time ratio in Fig. 18-2 exceeds 
four, so that the effect of the exponential component has substantially disappeared, 
the dependent variable ratio curve becomes a straight line parallel to the inde¬ 
pendent variable ratio line. When this condition exists, transient effects have dis¬ 
appeared and the response is identical with the forced response. By definition, the 
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Fig. 18-2. Romp function response associated with the (0;0,1) linear first-order differential equation 

with constant coefficients. 
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— dimensional forced dynamic response delay (symbol (FDRD) with necessary iden¬ 
tifying subscripts) is the length of time after the instant the independent variable 
ratio (which corresponds to the output forcing function of Fig. 6-1) reaches a cer¬ 
tain level for the dependent variable ratio (which corresponds to the output response 

of Fig. 6-1) to reach the same level. In symbols this means that 

r_L] r±l (FPRD)(o;o,i) ( irf)(VFn, 

L T J[dvr =(VR1,] L rJ[lVR = (VR) 1 ] T ' (18-1) 

so that 


where 


(FDRD),, 0, l)(lrl)(VR)j * 


G] 


[DVR =(VR)j] 


-m 


[IVR =(VR\) 


(18-2) 


L rJ [dvr = (vri] time — characteristic time ratio for the dependent 
j variable ratio equal to the identified variable ratio 

£ r J[ivR = (VRil = ” characteristic time ratio for the independent 

' variable ratio equal to the identified variable ratio 

(FDRD) (0;0 , )(lrf)(VR ^ = first-order increasing ramp function dependent 

variable ratio forced dynamic response delay for 
the identified variable ratio 


18.41. In Eqs. (18-1) and (18-2), the identification of each symbol with a par¬ 
ticular variable ratio is unnecessary for the forced dynamic response delay because 
this response delay is constant in the (0; 0,1) equation example. However, this is 
not a typical example of the general case in which the dynamic response varies 
throughout the period in which a given forcing function is acting. The (VR), subscript 
identification is included in the symbols of Eqs. (18-1) and (18-2) to establish a 
convention that may be applied in all situations. 


18.42. In Eq. (21) of Derivation Summary 18-4, the €* ,/r - l term is the differ¬ 
ence between the dependent variable ratio and the independent variable ratio. 
According to the definition of Fig. 6-1 of Chapter 6, this quantity is the nondimen- 
sional dynamic error for the abscissa at which it is measured. In terms of the 
notation of Figs. 6-1 and 9-11, the nondimensional forced dynamic error at the iden¬ 
tified abscissa in Fig. 18-2 is established by the relationship 


(DVR) (t/r ^ - (IVRW^ * KE)(DVR)] (dyn)(t/rJi (18 - 3) 

Solving for the nondimensional forced dynamic error in the dependent variable 
ratio shows that 


where 


[(E)(D/R)] (dyn)(t/f ^ - tFDE) to;0# i)(irf)(t/r\ " (DVRJj,/^ - (IVR) (t/rl ^ (18-4) 

(DVR) = dependent variable ratio for the identified time - 
1 characteristic time ratio 


(IVR \x/r\ = independent variable ratio for the identified time - 

characteristic time ratio 

KE)(DVR)] (dyn)(l/r , = dynamic error in the dependent variable ratio for the 
_ identified time — characteristic time ratio 


• The nondimensional symbol (FDRD)/r may be represented by the symbol '(FORD), which has the same 
definition as (FDRD) with the addition of the descriptive word "nondimensional." 
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(FDE) l0;0 1)(lrj)(t/rli = nondimensional first-order increasing ramp function 

dependent variable ratio forced dynamic error 

18.43. Equation (21) of Derivation Summary 18-4 and Fig. 18-2 show that the 
nondimensional first-order increasing ramp function dependent variable ratio forced 
dynamic error is constant and equal to minus one. This constant forced dynamic 
error is a distinguishing characteristic of the ramp function response of a first- 
order differential equation. To find the dimensional value of this error for any 

specific situation, it is only necessary to take the negative of the product of <r, B , 

1 

and the characteristic time for the given case. 

18.44. The decreasing ramp function response for the (0; 0,1) equation may 
be found by a procedure identical with that outlined in Derivation Summary 18-4. 
The important change between the two derivations is the use of a negative sign for 
the coefficient of the running variable in the ramp function. The resultant solution 
for zero initial level of the dependent variable may be represented by curves that 
are mirror images about the abscissa axis of the plots of Fig. 18-2. All quantita¬ 
tive aspects of the decreasing ramp function solution are identical with those of 
the increasing ramp function solution. 

COMPLETE PARABOLIC FUNCTION SOLUTION FOR THE (0,0,1) EQUATION 

18.45. Parabolic forcing functions are represented by the second-order term 
in the power series form of Eq. (1) of Derivation Summary 18-2. Derivation Sum¬ 
mary 18-5 outlines the procedure for finding the complete solution of the (0; 0,1) 
equation for the parabolic forcing function with the initial dependent variable level 
equal to zero. The steps of Derivation Summary 18-5 are generally similar to 
those used for finding complete solutions for the step forcing function and the ramp 
forcing function as these procedures are given in Derivation Summaries 18-3 and 
18-4. The complete solution form is given in Eqs. (20) and (21) of Derivation Sum¬ 
mary 18-5. The solution is represented graphically by the curves of Fig. 18-3, 
which follow the pattern of the conventions established for the ramp function solu¬ 
tion curves of Fig. 18-2, with the time - characteristic time ratio as abscissae 
and variable ratios for ordinates. The independent variable ratio, which corres¬ 
ponds to the output forcing function, fs an increasing parabola. The transient solu¬ 
tion is an upward-sloping exponential that starts from the - 2 point on the ordinate 
scale. A constant term of + 2 balances the initial - 2 value of the exponential to 
satisfy the initial condition on the dependent variable. The independent variable 
ratio and the downward-sloping straight line term are both zero when the abscissa 
is zero, so that they do not affect the initial condition. 

18.46. The concepts of dynamic response delay (symbol DRD ) and dynamic 
error (symbol DE ) are illustrated in Fig. 18-3 for a typical instant before the 
transient term has disappeared. These symbols are identified as being associated 
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't = 0 


'»°: 

1: 

(' 0 2 : 

From Eq. (8): 
Eq. (7): 
Eq. (6): 

Therefore 


B 0 = o , B, = o , = o ; 1 < 0 u('t) = o ; 't < 0 

= 0 * Bj = 0 , B 2 = constant ; 't £ 0 u('t) = 'B ('t) 2 ; 't k 0 

°) Increasing parabolic function (ipf) 


'rv' + V = <r B ('t) 


't * 0 


b) Complete differential equation 


v (fHiPO - \ - A ,C) + 'A 2 ('») Z 

v (i)(ipi) " "A i + 2 A 2 ('t) 

'A, + >2'A 2 ('t) + A 0 + 'A.('t) + A 2 ('t) 2 

V'A, + A 0 = o 
>2 'A 2 + 'A, . 0 

\ - -'B 2 


<r B 


-2 a- B 2 Y 


2<r B„ V 2 


r (f)(lpf) = 2tr B 2 r 2 - 2cr B 2 r 2 1- + <r'B 2 r 2 11 

c) Forced solution 


B, ('0 : 


(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 


Initial condition: 
so that 


Choose 

Then 


and 


= (FC)£* 

,/r ♦ 2<r B r 2 - 2<r B, V 2 1- + </B ? V 2 H 

2 r 2 >2 

(13) 


o 

u 

\ 

o 

V 

> 

(14) 


0 ■= (FC) + 2<r B., r 2 

(15) 


(FC) - -2cr'B 2 > 2 

(16) 

- 2 <r B r 

2 C Vf + 2 a B 2 r 2 - 2 o-'B 2 V 2 ? + tr'B/r 2 '» 2 

r 2 > 2 

(17) 


v (rof) " o-'B/r 2 

(18) 

J»'< 

to 

1 

\ v 1 “ (DVR) {0 o,i)(ipf)( 0 ) 

L V (r«f) J( 0 ; 0 . l)(lp()( 0 ) 

(19) 

(DVR) (0 . 0 1)(lp , Ha) - -2«‘ vf + 2 -2l + 

(20) 

(DVR) (0 ,o. i)(ipf)(o) ■ " 2 f ' l/r + 2 “ 2 7“ + "~ 

(21) 


d) Increasing parabolic function solution 

Derivation Summary 18-5. Increasing parabolic function response for the (0;0,1) linear first-order 

differential equation with constant coefficients. 
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Time - characteristic time ratio kctjr = ~ = _L 

Fig. 18-3. Parabolic function response associated with the (0,0,1) linear first-order differential equoti 

with constont coefficients. 
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with the first-order equation by a (0; 0,1) subscript. The parenthesis (ipf) shows 
that the forcing function is an increasing parabolic function; the subscript (0) indi¬ 
cates that the dependent variable initial level is zero; and a parenthesis encloses 
the time - characteristic time symbol with a subscript i to represent a particular 
value. The dynamic response delay and the dynamic error illustrated in Fig. 18-3 
are special cases of the concepts defined in Fig. 6-1. The abscissa chosen is within 
the range where the transient is still important, so the example does not illustrate 
the forced dynamic error or the forced dynamic response delay. These values 
would appear only for values of the abscissae greater than 4 or 5, required to 
reduce the exponential to negligible values. InEq. (21) of Derivation Summary 18-5, 
the forced dynamic error corresponds to the two terms (2 and minus twice the time 
— characteristic time ratio) that remain when the exponential that represents the 
transient component, and the square term that corresponds to the dependent vari¬ 
able forcing function, have been removed from the response equation. In Fig. 18-3, 
the nondimensional forced dynamic error is represented by a symbol identical 
with that defined for Fig. 18-2. No subscript is required to identify initial condi¬ 
tions because these conditions do not affect the dynamic error once the transient 
term has disappeared. On the other hand, the forced dynamic error for the para¬ 
bolic forcing function is not constant as it was for the ramp forcing function, but 
becomes larger as the time - characteristic time ratio increases. This means 
that a subscript must be added to the dynamic error symbol to identify the abscissa 
at which the error is considered. 

18.47. The remarks of the previous paragraph apply equally well to the non- 
dimensional forced dynamic response delay (main symbol (FDRD)), with a subscript 
pattern identical with that used for the nondimensional forced dynamic error). 
The nondimensional forced dynamic response delay (for which the reference quan¬ 
tity is the characteristic time) varies with the time - characteristic time ratio 
according to the expression given in Fig. 18-3. 

18.48. Comparison of the forced dynamic response delays for the step function, 
the ramp function and the parabolic function, as these delays are illustrated by the 
curves of Figs. 18-1, 18-2 and 18-3, reveals a general pattern that is present for 
power series terms of all orders. When the running variable is not present, as in 
the step forcing function, the forced dynamic response delay is zero. When the 
running variable is present to the first power, as in the ramp forcing function, the 
forced dynamic response delay is a constant, i.e., it "varies" as the zero power of 
the running variable. When the running variable is present to the second power, as 
in the parabolic forcing function, the forced dynamic error depends on the first 
power of the running variable. This principle may be continued indefinitely to show 
that, when the forcing function for the (0; 0,1) differential equation has the form of 
some power of the running variable multiplied by a constant, the forced dynamic 
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error will always depend upon some expression in which the highest power of the 
running variable is one less than the power that appears in the forcing function. 

18.49. The complete solution for the (0; 0,1) differential equation with a forc¬ 
ing function having the form of a decreasing parabola and a zero initial level of the 
dependent variable may be found by a repetition of the procedure described in Der¬ 
ivation Summary 18-5. The pattern of the resultant and component solution curves 
are a mirror image of the curves of Fig. 18-3 reflected about the axis of abscissae. 
A detailed derivation for the decreasing parabolic forcing function is omitted here 
because it would add nothing of substantial value either to the demonstration of 
methods or the presentation of results. 

18.50. No theoretical reason exists for restricting the forms used for repre¬ 
senting forcing functions to power series with the running variable power no higher 
than the second. However, the solutions rapidly become more cumbersome as the 
running variable power increases, so it is desirable to use forms other than the 
simple power series for describing complex forcing functions. In any cases where 
running variable terms of higher order than the second are required, procedures 
identical with those outlined in Derivation Summaries 18-4 and 18-5 may be used 
to find solutions. For this reason, no further examples of single terms based on 
powers of the running variable are discussed here. 

COMPLETE SOLUTION OF THE (0.0.1) EQUATION FOR FORCING FUNCTIONS EXPRESSED 
BY COMBINATIONS OF POWER SERIES TERMS 

18.51. Forcing functions of any form may be expressed by combinations of 
power series terms. The procedure for finding complete differential equation solu¬ 
tions for generalized forcing functions expressed in power series forms is simi¬ 
lar to the procedures described for the single terms that correspond to the step, 
ramp, and parabolic forcing functions. As an illustrative example, Derivation Sum¬ 
mary 18-6 outlines the steps required to find the complete solution for a forcing 
function formed by the combination of a step function (i.e., a constant term) and a 
ramp function (i.e., a term made up of a constant multiplied by the first power 
of the running variable). This example is very simple, but it demonstrates the 
general principles available for use in situations with any arbitrary degree of 
complication. The procedure for finding solutions for combinations of power series 
terms is similar to that described for single-term forcing functions. The one point 
of difference is that the coefficients assumed for forced solutions must account for 
more than one power of the running variable in the forcing function. This differ¬ 
ence is apparent upon comparing section c of Derivation Summary 18-5 with sec¬ 
tion c of Derivation Summary 18-6. 

18.52. Equation (19) of Derivation Summary 18-6 gives the complete solution 
of the (0; 0,1) equation with a forcing function made up of an increasing step-and- 
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= o, 'B, = o ; 't < o u('t) = 0 ; 't < o 

= constant, 'B ( = constant ; 't * 0 u('t) = 'B + 'B ] ('t) ; '\ > 0 

°) Increasing stcp-and-ramp function (isf + irf) 


>V' + V = <r['B n + B, ('*)] ; 't i 

b) Complete differential equation 
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(f)(lsf +irf) 
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d) Complete solution 
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(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


Derivation Summary 18-6. Increasing step-and-ramp function response for the (0;0,1) linear 

first-order differential equation with constant coefficients. 
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Fig. 18-4. Step-and-romp function response associated with the (0,0,1) linear first-order differential 

equation with constant coefficients. 
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ramp function and with the initial dependent variable level at zero. Figure 18-4 
gives the resultant curve and the component curves for this solution. These curves 
show that the solution is essentially similar to the solution for the ramp function 
shown by the curves of Fig. 18-2 except that the independent variable ratio starts 
from an ordinate above the zero level. This is equivalent to a simple ramp func¬ 
tion with the dependent variable starting at a level different from zero. This means 
that any particular plot must be drawn for some assumed value of the ratio B./B r . 
A value of 2 is chosen for this ratio in plotting the curves of Fig. 18-4. 

18.53. The simple example of Derivation Summary 18-6 and Fig. 18-4 isasuffi- 
c ient demonstration of the procedure for handling forcing functions that are formed by 
combinations of power series terms. The principles of this example may be imme¬ 
diately applied to any complex of series terms without further discussion. 

COMPLETE SOLUTION OF THE (0;0,1) EQUATION FOR A SEQUENCE 
OF FORCING FUNCTIONS 

18.54. The forcing functions considered in the preceding sections have been 
implicitly assumed to remain unchanged after the initial instant. This means that, 
once the transient response period during which the dependent variable changed 
from its arbitrary initial conditions to the forced solution was over, no further 
transients appeared. However, this simple situation is not typical of the general 
case in which the form of the forcing function may change any arbitrary number 
of times during the period within which complete solutions of a differential equation 
are of interest. Problems of this type may be solved by the procedure already 
described in detail for the (0; 0,1) equation. The general method is to divide the 
period for which a complete solution is to be found into intervals bounded by the 
instants at which the forcing function changes occur, and to find a continuous se¬ 
quence of complete solutions for these intervals. 

18.55. For a single interval, the specific forcing function and the initial con¬ 
dition are used to find the complete solution for the given differential equation. 
This solution describes the variation of the dependent variable during the interval 
considered and provides the initial condition for a following interval when the value 
of the running variable for the end of the interval is substituted in the solution. The 
solution for a second interval is based on the forcing function for this interval and 
the initial conditions that are the terminal conditions for the first interval. The 
solution for a third interval is found by a repetition of this procedure, using the 
terminal conditions for the second interval as the initial conditions. This proce¬ 
dure is continued from interval to interval until a continuous solution has been 
built up over the desired range. 

18.56. Derivation Summary 18-7 illustrates this procedure for two intervals 
in the running variable. The forcing function for the first interval is assumed to 
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be a ramp function. The second-interval forcing function is taken as a constant 
level of the independent variable. The initial condition for the first interval is taken 
as the zero level of the dependent variable. The required first interval solution 
is identical with the ramp function solution ofEq. (20) of Derivation Summary 18-4. 
The terminal condition for the first interval is found by making the running vari¬ 
able 't equal to't p the value of the running variable at the end of the first interval. 
The form of ihe solution for the second interval is given by Eq. (12) of Derivation 
Summary 18-2. In this equation, the running variable appears as 't, which would 
normally mean the value of the running variable considered from the initial instant. 
For the purposes of the second interval solution, it is convenient to consider the 
terminal instant t, of the first interval as the initial instant for the second interval. 
This is achieved by changing the running variable for the second interval solution 
from't to ('t - tj), which starts from zero at the initial instant of the second interval. 
If a long sequence of intervals were to be considered, it would be advantageous to 
define a simpler symbol for (l - '».) but, in order to stress the essential features of 
the solution for the second interval, the complete parenthesis is included in the 
second-period solution of Derivation Summary 18-7. In this derivation summary, 
Eq. (4) gives the solution for the (0; 0,1) equation for the ramp-function first period 
with the initial level of the dependent variable at zero. Equation (15) of Derivation 
Summary 18-7 is the second-period solution that follows the first-period sequence. 

18.57. Figure 18-5 gives the resultant and component curves for the increas¬ 
ing ramp-followed-by-constant forcing function response of the (0; 0,1) equation 
with zero initial conditions. These curves are made up of the increasing ramp 
function response shown in Fig. 18-2, followed by a typical increasing step function 
response like that illustrated in Fig. 18-1. The example might be continued with 
additional forcing functions in succeeding intervals, but nothing new in principle or 
procedure would appear so long as forcing function forms were restricted to power 
series terms. The possibilities resulting from various combinations of initial con- 
ditions and power series components are so great that it would not be worth while 
to attempt even a reasonably complete survey of typical situations by plotting curve 
families. For these reasons, the present discussion will close with no further 
consideration of the general principles outlined above. 

COMPLETE IMPULSE FUNCTION SOLUTION FOR THE (0;0,1) EQUATION 

18.58. The response of the (0; 0,1) equation to an impulse function may be 
found by an application of a sequence of the step function responses of Derivation 
Summaries 18-2 and 18-3. Impulse functions maybe formed by use of the pattern 
shown in section a of Derivation Summary 18-8. An increasing step function at 
't = ois followed by a period with the independent variable constant and then at't, 
by a decreasing step function to the initial level of zero. In the typical step function. 
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c) Increasing ramp function solution for first period 


Equation (12) of Derivation Summary 18-2 shows that when the forced solution is a constant, er B Q , the 
solution of the (0;0,1) equation may be written in the form 
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Derivation Summary 18-7. Increasing ramp-followed-by-constant function response for the 
(0;0,1) linear first-order differential equation with constant coefficients. 
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Dependent variable ratio dvk = - 2 — ; Independent variable ratio ivr = 

r V r o f) “(ref) 



Fig. 18-5. Ramp-followed-by-constant function response associated with the (0;0,1) linear first-order 

differential equation with constont coefficients. 

the interval represented by 't t approaches zero while B r , the height of the step func¬ 
tion, is such that the product B 0 't, always remains finite. The complete differential 
equations for the periods between 0 and't r-'t, and after't, are given in section bof 
Derivation Summary 18-8. 

18.59. If the initial level of the dependent variable is zero, the solution for 
the first step function is given by Eq. (20) of Derivation Summary 18-2, which ap¬ 
pears as Eq. (4) of Derivation Summary 18-8. Equation (5) gives the solution at 
the terminal instant of the constant level. The exponential term of this solution 
may be expanded by the power series expression of Definition Summary 12-2 of 
Chapter 12. When the exponent't/V approaches zero, all terms in this series that 
are higher than the first power may be neglected, so that the dependent variable 
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U('0 = B 0 ; 0<'t<'t, 

0 ; '» > 

u(l) - 0 ; 't > ^ 


For the impulse function, ^ -0 and B Q 't, is always finite. 

a) Impulse function (if) 


' tv ' + v 


O- B 0 ; 0 < 't < 't i 


rv' + v 


't >T 


• > 

f>) Complete differential equations 

From Eq. (20) of Derivation Summary 18-2, the complete solution for an increasing step function with 
V-Oat't-Ois y ,, 

~£- - 1 0 <!<-», ( 

Ac chc terminal instant for the constant level 


fctL, 


■ - ,-v> 


For an impulse function 


n-V 


\/'r 


+ — 0 
T 


Expanding e 1 by the power series of Definition Summary 12-2 and neglecting all powers of "t /'r 
higher than the first give f y 1 \ 

Define (IFS) as the impulse function strength where 


and (IFS) always remains finite. 
At the terminal instant, 


OFS) - B 0 7, 


’ Lpl 

T -♦ 0) *■ T 


Note that an impulse function imparts an apparently discontinuous value to the response of a first- 
order system. 

c) Impulse function solution for first period 


Equation (5) of Derivation Summary 18-3 shows that for a decreasing step function the solution of the 
(0;0,1) equation has the form 

v - (FQ € -V'r (9) 

From Eq. (8), the initial condition at ('t - 'tj) - 0 is 


so that 


and 


iPJ- ; ('» - \) - o 

r 

. '(FQ 


f. /. . // 




( 10 ) 


( 11 ) 


Choose 


V . <r{ IFS) 

V (r«f) " —V ' 


( 12 ) 


Derivation Summary 18-8. Impulse function response for the (0;0,1) linear first-order differential 

equation with constant coefficients. (Page 1 of 2) 
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Then 


'(ref) 


1 (o; o. 


0(H)(o) 


(DVR)(0; 0t l) (H)(0) ’ 


(IFS) 


(13) 


and 


or, since 't 


(DVR)( 0 ; 0< 0(10(0) 




0, the impulse function solution form reduces to 


( DVR )(0,...ll.«,(«* - « VV 

d) Impulse function solution 


(14) 


(13) 


Derivation Summary 18-8. Impulse function response for the (0;0,1) linear first-order differential 

equation with constant coefficients. (Page 2 of 2) 


ratio with aB as the dependent variable reference approaches '»,/>, as indicated 
by Eq. (6) of Derivation Summary 18-8. 

18.60. By definition, the impulse function strength (symbol (IFS)) is equal to the 
height of the constant level associated with the impulse function multiplied by the im¬ 
pulse duration. Substitution of the expression of Eq.(7), Derivation Summary 18-8, 
for this definition in Eq. (6) shows that the dependent variable divided by the prod¬ 
uct of a and the impulse function strength divided by > is equal to unity. This equa¬ 
tion shows that an impulse function has the effect of causing a discontinuous change 
in the dependent variable (because't, - o) to a level proportional to the strength of 
the impulse divided by the characteristic time. 

18.61. At the terminal instant,'t,, of the impulse, the dependent variable ef¬ 
fectively responds to a decreasing step function that maybe described by the form 
given as Eq.(5) of Derivation Summary 18-3. The usual procedure for determining 
a fitting constant shows that after't, the dependent variable follows a decreasing 
exponential from an initial level equal to the product of a and the impulse function 
strength divided by the characteristic time. When this product is taken as the 
dependent variable reference, and the magnitude of # t, is neglected in comparison 
with't measured from the start of the impulse, the dependent variable ratio for the 
response of the (0; 0,1) equation to an impulse is given by Eq. (15) of Derivation 
Summary 18-8. This response is represented graphically by the decreasing ex¬ 
ponential curve of Fig. 18-1. 


STEADY-STATE SINUSOIDAL SOLUTION FOR THE (1.0,0,1) EQUATION 

18.62. Power-series forcing functions have limited usefulness because differ¬ 
ential equation solutions do not have the same form for all terms and each group 
of terms requires a special equation that rapidly increases in complexity as the 
number of forcing function terms becomes greater. From the standpoint of formal 
mathematical operations, it is a great advantage to make up forcing functions from 
terms that all have solutions of the same easily manipulated form. In general, each 
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individual term in a solution of this type will have particular numerical values 
associated with it, but all terms will fit into the same standard pattern. 

18.63. The imaginary exponential and trigonometric forms describedin para¬ 
graphs 12.8 through 12.18 of Chapter 12 fulfill the requirements for typical forcing 
function terms that always lead to corresponding solution terms of the same form. 
Paragraphs 12.19 through 12.65 discuss the combination of imaginary exponential 
and trigonometric terms into Fourier series and Fourier integrals that may be 

used to represent any arbitrary physical situation involving a running variable and 
the variable that describes the situation. 


18.64. When the symbol u is substituted for q, Eq. (1) of Definition Sum¬ 
mary 12-4 gives the typical Fourier series form as 


r= o© 


u(t) 


where 


E 


jK.-kpa^] 


(18-5) 


r= -oo 


W. = 


2 T7 

T. 


2 rrn, = 


U, 


(a)r 

u(t) 

(P A ),W>r 


angular frequency of first-order component 
amplitude of r^-order component 


= function of t 


th 


phase angle of r -order component with 
respect to the first-order component measured 
in rtn.order angular units (other symbols are 
defined in Figs. 12-3 and 12-4) 


The figures and definition summaries of Chapter 12 show the relationship of vari¬ 
ous other imaginary exponential and trigonometric term forms for the Fourier 
series and give a number of applications to specific situations. 

18.65. The typical Fourier series term has the form 


where 


«(») 


U o< 


Jw,t 


(18-6) 





2 n n f 




amplitude of u 
angular forcing frequency 
forcing period 
forcing frequency 


If the general form of the solution of a differential equation with a forcing function 
like that of Eq. (18-6) is once found, the same form may be used for each term of 

any Fourier series, the only difference between terms being the amplitudes and 
forcing frequencies. 


18.66. Chapter 13 is devoted to a discussion of the general form of the forced 
solution for sinusoidal forcing functions and the various concepts, definitions and 
symbols that may be applied in describing this solution. Following the definition 
and symbol pattern of Definition Summary 13-2, the steady-state solution for the 
sinusoidal forcing function applied to an operating component has the form 


or, in purely mathematical terms, 


(18-7) 
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V - [RF]u a d ,W|t (18-8) 

where the equivalence between the symbols of Eqs. (18-8) and (18-7) is summarized 
by the following definitions: 

q ,, = output quantity = v = dependent variable 

q (ln)a = input quantity amplitude =u a = independent quantity amplitude 

[PFJ (ld) = performance function of identified operating component 

* [RF] =» n = relating function 

18.67. The performance function and the relating function forms associated 
with steady-state solutions for the sinusoidal forcing function correspond to Eqs. (9) 
and (11) of Definition Summary 13-2. The self-defining symbol form is: 

[PF]„ d| - <DAR) (1j)£ i,dra, '-> (18-9) 

The corresponding mathematical form is: 

[RF] = (DAR)< I(DRA) (18-10) 

The working variable form is: 

i - pc# (18-11) 

where 

(DAR) = dynamic amplitude ratio for the identified operating component 
1,1 (self-defining symbol) 

DAR = ( > = dynamic amplitude ratio 

(DRA) = dynamic response angle for the identified operating component 
11 ' (self-defining symbol) 

DRA = 0 = dynamic response angle 

18.68. Definition Summaries 13-2 through 13-6 of Chapter 13 present various 
ways of representing the relating function and its associated concepts by means of 
self-defining symbols and working variable symbols. Figures 13-1 through 13-3 
illustrate several graphical methods for describing the relating function as a single 
entity and when it is resolved into the dynamic amplitude ratio and the dynamic 
response angle. 

18.69. Thediscussionof Chapter 13 is concerned withmethods for describing 
sinusoidal response characteristics in general terms, but without showing the spe¬ 
cific form assumed by the sinusoidal forcing function relating function for any 
particular differential equation. This section is devoted to derivations for the 
forms of the steady-state sinusoidal relating function and its components that are 
associated with first-order differential equation forms. The forms considered 
include the (1,0; 0,1) equation, the (0; 0,1) equation and the (1; 0,1) equation. The 
results are presented as equations between nondimensional variables and in plots 
based on the various types described in Chapter 13. 

18.70. The general procedure for reducing the relating function* to nondimen¬ 
sional form is to define a reference amplitude ratio (self-defining symbol RAR or 

• In the discussion that follows, only sinusoidal forcing lunctions are considered. For this reason, the 
term relating function will he assumed to mean the form associated with the steady-state sinusoidal solution 
of chc differential equation under consideration. Any exceptions to this rule will be specifically noted. 
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(A^ren; working variable symbol Pr ) and use this quantity as the divisor for the 
dynamic amplitude ratio to form the dynamic amplitude ratio - reference amplitude 
ratio ratio, which is also called the nondimensional amplitude ratio . In self-defin¬ 
ing symbols, the relationship involved is 


In working variable 
where 


(DAR)(RAR)R = P^R = (AR) (dy n) 

RAR (ARW 


symbols, 


P 


jP 

Pr 


(18-12) 

(18-13) 


Pr • RAR ° (AR) {ref , = reference amplitude ratio 

j; - p - (DAR)(RAR)R = dynamic amplitude ratio - reference amplitude ratio 

ratio or nondimensional amplitude ratio 

18.71. The dynamic response angle has no dimensions in any case, so it is 
unnecessary to use a reference value of this quantity for the purpose of nondimen- 
sionalization. For reasons to be discussed later, it is convenient to define a ref¬ 
erence dynamic response angle (self-defining symbol (DRA) (ref) ; working variable 
symbol <f> T ) as a basis for measuring deviations, but a ratio like the P associated 
with the amplitude ratio is not required for presentation of dynamic response angle 
information. 


18.72. The first-order equation relating function information that describes 
the steady-state sinusoidal response characteristics for various forms of this equa¬ 
tion is all presented in terms of the nondimensional amplitude ratio (symbol P ) 
and the dynamic response angle (symbol 0 ). The independent variable used in these 
presentations is the characteristic time - forcing period ratio (symbol (C7)(FP)R 
or the lower-case Greek letter alpha (a)). The plotsofFigs. 18-6 through 18-14 
summarize the first-order sinusoidal response characteristics that are described 
by the relating functions developed in Derivation Summaries 18-9, 18-10 and 18-11. 

The developments for these relating functions are in each case special applica¬ 
tions of the generalized methods described in Derivation Summaries 17-3 and 17-5. 
The procedure corresponding to the classical method of Derivation Summary 17-4 is 
to find the relating function for the (1,0; 0,1) equation and to write the correspond¬ 
ing functions for the (0; 0,1) equation and the (1; 0,1) equation as special cases of the 
(1,0; 0,1) form. Corresponding developments are carried through for the Laplace 
transform method of Derivation Summary 17-3 and the weighting function convo¬ 
lution integral method of Derivation Summary 17-2. 

18.73. Section a of Derivation Summary 18-9 shows the graphical form of a 
typical steady-state sinusoidal forcing function and the corresponding imaginary 
exponential equation, which is the most convenient means for representing a sinus¬ 
oidal function during the process of finding the solution for a differential equation. 
The theoretical background for this representation is discussed in paragraphs 12.9 
through 12.16 of Chapter 12 and is represented graphically in Fig. 12-3. 
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u('t) 


U a* 


j Co f (t) 


( 1 ) 


a) Steady-slate sinusoidal forcing function (sin) 

From Eq. (12) of Definition Summary 18-1, the standard form of the (1,0;0,1) equation is 


0 . . / 


T V + V 


+ K,.n rul 


0-0) w "(1-1) 

b) Complete differential equation 


( 2 ) 


Assume a forced solution of the form 

V 


J ojA t) 

'(O(sin) * *7 U * (3) 

where the nondimensional frequency relati ng function , rj t is to be determined as a function of the nondimen 

sional angular forcing frequency, 'co* • 

)ZjA'<) 


l)(6in) * *? u e 


Substituting the expressions of Eqs. (3) and (4) in Eq. (2) gives 


qi) i) { r + l)u 




j r)u 


Equating the coefficients of u on the two sides of Eq. (5) shows that 

r/ll + | 'uj, r) * or [^. 0) + r) 

The expression for tj is a complex variable equation found by solving Eq. (6); i.e., 


(4) 


(5) 


( 6 ) 


i + j L>, f 

’l(nura) 


f) 


Ifdenom) 


’l(num)1(|/de nom) 


(7) 


( 8 ) 


where 

'f(num) * non dimensional frequency relating function numerator component 
r )(denom) * nondimensional frequency relating function denominator component 
'/(l/dcnom) * nondimensional frequency relating function reciprocal denominator component 
The imaginary exponential forms of r/ (num) and »J(|/denom) can ^e found by using the complex number - 
imaginary exponential transformation and definitions from section a of Fig. 12-1. 

From Eq. (7) 

’J(num) " (Re) rj(nuro) + i«"^( n um) 

* ^lo-o) + i <r s‘ / a-u "i f 


where 


(9) 

( 10 ) 


(R«)»)(num) * nondimensional frequency relating function numerator real component 
ffmi*j( num ) * nondimensional frequency relating function numerator imaginary component 



to(num)l * P(num) “ yj [(Re)r ) {num) ] 2 + [('/m;*7 (num) ] 

“ ^ yfrl- o) + w, r ) 2 


(num) * I °o -lj r 


-i v n-» 


(Ui T 


Axis of reals 


(Re) ij( num ) - ^^,.0, 


O-O) 


Derivation Summary 18-9. Steady-state sinusoidal response for the (1,0;0,1) linear first-order 

differential equation with constant coefficients. (Page 1 of 4) 
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By definition from Eqs. (17) and (18) of Definition Summary 13-6, 

P(num) a (DAR) (1 > 0 ;0,l)(num) * first- and zero-order independent variable - first-order sinusoidal 

relating function numerator dynamic amplitude ratio 

^(num) * (DRA) (1 ,0;0, l)(nun) ~ first- and zero-order independent variable - first-order sinusoidal 

relating function numerator dynamic response angle 

The preceding figure shows that the imaginary exponential form of the complex expression representing 
the numerator of Eq. (7) is 




V ■*., - s.„ ** J fc « 


) 


(ID 


^(num) 

l^(num) 

^(num)^ (12) 

Multiplying and dividing the reciprocal denominator component of Eq. (7) by the complex conjugate (de¬ 
fined in section c of Fig. 12-1) of the denominator shows that 

[1 — j CL>£ f] 


^(l/denom) 


1 


1 


0 * 

0 )i r 


- i 


i 


»7(denom) [l + j fl [l - j ft» £ fl * 1 + (^ f) 2 ’ l + {'o) { f) 2 

The graphical representation of section a of Fig. 12-1 shows that for Eq. (13): 


(13) 



By definition from Eqs. (17) and (18) of Definition Summary 13-6, 

P ( 1 /denom) " (DAR)^ #0 ;0, l)(l/denom) “ 

sinusoidal relating function reciprocal denominator 
dynamic amplitude ratio 

*^( 1 /denom) " 1,0;0. DO/denom) “ first- and zero-order independent variable - first-order 

sinusoidal relating function reciprocal denominator 
dynamic response angle 

From the preceding figure, 

1 _ _ J«£(|/d.nom) 

’Ifl/d.nom) _ P(l/denom)^ 


1(denoml 


(14) 


1 


J tan** (—aij r) 


(15) 


Vi + o 2 

Combining the numerator and the reciprocal denominator expressions of Eqs. (11), (12), (14) and (15) 
gives the first - and zero-order independent variable — first-order sinusoidal relating function 

1 - P F Vo i o..H.in) (16) 

Repeating Eq. (7) with the (sin) subscript eliminated gives 


[RFl - ^p-Q) + ' r] 


(17) 


Derivation Summary 18-9. Steady-state sinusoidal response for the (1,0;0,1) linear first-order 
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Also, from Eqs. (8), (11), and (15), 


where 


rPFl _ V^o-O) + ( ^i-n <°f f)2 .u 6 

1 J(, '° !0 ‘" Vl + U, f f ) 2 -‘ 


(18) 


/ / 


</> 


(num) 


+ 0 


(1 /denom) 


tan' 1 -l 1 -" *1 —^— + can' 1 (— f) 


(19) 


D-0) 

In terms of the generalized notation of Definition Summary 13-6, 

[RF] - (DAR) J (DRA, m. o.o.D 

L J (l,0,0,1) Vi-"MV 0i0; o,i) 6 

- pi 1 * 


where 


( 20 ) 

( 21 ) 


( DA R)0.0;0.1) ' f , irsc - and zero-order independent variable - first-order nondimensional frequency 

dynamic amplitude ratio 

(DRA) (l Q;0 n * first- and zero-order independent variable - first-order nondimensional frequency 

dynamic response angle 

Also, if 

p r - (RAR) (l 0;0 „ - first- and zero-order independent variable — first-order nondimensional 

frequency reference amplitude ratio (an arbitrary quantity with the 


and 


dimensions of (DAR) (J 0;0 () ) 

p ■= [(DAR)(RAR)R] (|<J;0|U * nondimensional first- and zero-order independent variable — 

first-order nondimensional frequency dynamic amplitude ratio — 
reference amplitude ratio ratio (or nondimensional amplitude 
ratio) 


then 


.o;o.i) " PrP e 


10 


Mhen 

then 


(^i.o,o.uK*>ARKRAR)R] |I< 0i0iI| 

Pr - (RARld.o.O.., “ 


)(DR A) 


H.0.0.1) 


[(DAR)(RAR)RJ q 0:0 . + ( V». f)2 


yjl + (m f f) 


( 22 ) 

(23) 

(24) 

(25) 


0 « (DRA) 


(1.0;0.1) 


« tan 


-i ■ii-ii f 


( 0 - 0 ) 


+ tan' 1 (- ij f r) 


(26) 


time - 


c) Forced solution (relating function) 

By definition, 

“ —— *= * [(CT)(FP)R] * nondimensional first-order characteristic 

^ forcing period rario 

- (CT)(FP)R - first-order characteristic time-forcing period ratio 

f « 2rra * 2n 1(CT)(FP)R] 

Tf 

The dimensional notation corresponding to the nondimensional definitions given above is 
r = rT (fef) - CT - first-order characteristic time; T (feJ) - reference period 


(27) 


“t 


/ 

m Jn. m angular forcing frequency; T ( - _L . forcing period; n, - forcing frequency 
(ref) M f 
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X 


T, 


n 


f 


'(ref) 

1 " 


Tf n (ref) = nondimensional forcing period ;n (rof) 


- - —= nondimensional forcing frequency 
T f "(ref) T f 


Note that 
a « — 


T, 


and 


(ref) 




a = r « m£ *= characteristic time —forcing frequency product 
In terms of the special definitions and notation given heie, the dimensional forms for the (1,0;0,1) sinus 


oidal response characteristics of the relating function forms are 

fPFl _ ^bK-O) + *'n-i»i«f r l 

L lTfcJ - 




^(i.o.-o.n , [l fo-o)- + ^-i) i^f r l 


^hen 




1 + i<OtT 


p r » (RAR)( 0 ; 0#1 , " (T a 


Also 


and 



h - RDAR)(RAR)R] . i + ( 1-^ f 


V I + (2 net) 2 


<t> - (DRA) (| 0;0 , - tan’ Oi ili )2,rg + tan*‘(-2 rred 


n - p r /i€ J ^ 

“ (RAR)«..o,o.u [(DAR)(RAR)R] n>0;0<1) c j(DRA, «.o.o.n 
»«a.o;o.u 


[RF] 

1 "-3- * (RF] n<0 ;o.„ “- fi . i 0;0 i l > - nondimensional relating function 

Pt ' G'a 

Names associated with the symbols of Eqs. (28) through (36) are identical with those listed previously 
in this derivation summary for similar symbols except for the elimination of the words "nondimensional 
frequency.” 

d) Special notation for the steadystate solution (forced solution) 

Derivation Summary 18-9. Steady-state sinusoidal response for the (1,0;0,1) linear first-order 
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18.74. Sectionb of Derivation Summary 18-9 gives the standard form for the 
(1,0; 0,1) equation as a special case of Eq. (12), Definition Summary 18-1. In this 
equation, the nondimensional characteristic time (symbol V), the standard-form 
dimensional similarity factor (symbol?.), the zero-zero reference coefficient ratio 
(symbol ) and the one-one reference coefficient ratio (symbol */ n . u ) are the 
coefficients that determine the essential characteristics of the (1,0; 0,1) equation. 
When the one-one reference coefficient ratio is zero, the (1,0; 0,1) equation reduces 
to the (0;0,1) form. When the zero-zero reference coefficient ratio is zero, the 
(1,0; 0,1) form becomes the (1; 0,1) form. 
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18.75. Section c of Derivation Summary 18-9 gives the details of finding the 
forced solution for the (1,0; 0,1) equation when the forcing function has the imaginary 
exponential form. The solution is assumed to have the form of the relating function 
(symbol 7) operating on the forcing function itself. Equation (4) of Derivation Sum¬ 
mary 18-9 shows that the first derivative of the assumed solution is equal to the 
assumed solution itself multiplied by ji, ( . Substitution of the assumed solution 
into Eq. (2) leads to the complex expression of Eq. (7) for the relating function. 
This expression has a complex numerator and a complex denominator. The pro¬ 
cedure of section a of Fig. 12-1, Chapter 12, may be used to transform these two 
complex components of the relating function into products of real amplitudes and 
imaginary exponentials. Combining these two component expressions gives the 
relating function for the (1,0; 0,1) equation in the form given by Eq. (18) of Deriva¬ 
tion Summary 18-9. In this form, the amplitude is the dynamic amplitude ratio 
(symbol DAR or P ) and the argument is the dynamic response angle (symbol DRA 
or</>). In any typical example of this form, the dynamic amplitude ratio may have 
dimensions. These dimensions may be eliminated by the use of a reference ampli¬ 
tude ratio (symbol RAR or P[ ). The dynamic amplitude ratio - reference amplitude 
ratio ratio (symbol (DAR)(RAR)R or ,,) is formed by dividing the dynamic amplitude 
ratio by the reference amplitude ratio. Equations (22), (23), (24) and(25) show 
the relationships among the nondimensional amplitude ratio (a shorter name for 
the dynamic amplitude ratio - reference amplitude ratio ratio) and the other terms 
associated with the dynamic amplitude ratio for the (1,0; 0, l)equation. Equation(26) 
gives the expression for the corresponding dynamic response angle. 

18.76. In Derivation Summary 18-9, Eqs. (1) through (26) have their essential 
symbols preceded by primes to indicate that the terms represented are nondimen- 
sionalized according to the procedure described in Definition Summary 18-1. The 
steps of the derivation have been carried out in terms of nondimensional variables 
and coefficients to stress the generality of the reasoning and the results. It appears 
in the following discussion that the transition from nondimensional terms to di¬ 
mensional terms does not involve any changes of form and is completely effected by 
removing preceding primes wherever they appear. The transformation from di¬ 
mensionless terms to the corresponding dimensional terms depends on the relation¬ 
ships listed in section d of Derivation Summary 18-9. The nondimensional amplitude 
ratio and the dynamic response angle are both functions of the product cu, V which 
is by definition equal to 2 na. In this form, the lower-case Greek letter alpha (a) is 
the working variable form of (CT)(FP)R, the characteristic time - forcing period 
ratio, which is the variable that completely determines the relating function for 
first-order differential equations. In section d of Derivation Summary 18-9, it is 
shown that, because the reference period appears in both the nondimensional char¬ 
acteristic time and the nondimensional forcing period in such a way that it always 
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cancels out, the characteristic time - forcing period ratio is the same for both di¬ 
mensional and nondimensional forms of the angular forcing frequency „ and the 
characteristic time, (CT) or r. 4 Y ’ " d the 

18.77 Equations (28) through (36) of Derivation Summary 18-9 give the sinus¬ 
oidal relating function for the (1,0; 0,1) equation in several of the generally useful 
forms, with equivalent symbols in self-defining notation and working variable sym¬ 
bols. Once the general pattern of the derivation and notation is understood by a 
review of the complete derivation, all necessary information on the steady-state 

sinusoidal response characteristics associated with the (1,0; 0,1) equation is directly 

available from Eqs. (28) through (36). When, in practice, it is determined that a 
given physical situation may be satisfactorily described by a (1,0; 0,1) differential 
equation, no effort is needed to carry through the mathematical procedure of find¬ 
ing a sinusoidal solution. Derivation Summary 18-9 may be used as the reference 

for immediately writing down the relating function in its most convenient nondi- 
mensional form. 

18.78. Derivation Summary 18-10 outlines the procedure for finding the si¬ 
nusoidal relating function for the (0; 0,l)equation as a special case of the relating 
function found in Derivation Summary 18-9 for the (1,0; 0,1) equation. To find the 
(0; 0,1) relating function, it is only necessary to assume that, in the (1,0; 0 1) form 
of Eq. (2) of Derivation Summary 18-9, the one-one reference coefficient ratio, 
Vl) , is zero while the zero-zero reference coefficient ratio, Vo) , is not equal to’ 
zero. With this change introduced, the nondimensional relating function in complex 
variable form for the (0; 0,1) equation may be immediately written from Eq. (17) of 
Derivation Summary 18-9. The steps for transforming this form into the imaginary 
exponential form are identical with those outlined in section c of Derivation Sum¬ 
mary 18-9. The results appear as Eqs. (3), (5), and (6) of Derivation Summary 18-10. 

18.79. Both the standard-form dimensional similarity factor, «r s , and the dimen¬ 
sional similarity factor, <r, are defined in Definition Summary 18-1 as ratios de¬ 
pending upon the choice of reference coefficients. The zero-zero reference 
coefficient ratio also depends upon arbitrarily selected reference coefficients. 

No limitations are introduced on the relating function expressions of Eqs. (3), 

(5) and (6) of Derivation Summary 18-10 if it is assumed that the reference’ 
coefficients are chosen so that the product of the standard-form dimensional 
similarity factor and the zero-zero reference coefficient ratio becomes equal to 
the dimensional similarity factor itself. When this modification is introduced into 
Eqs. (3), (5), and (6), and it is remembered that the angular forcing frequency- 
characteristic time product is independent of whether the factors are both non- 
dimensional or both dimensional, the sinusoidal relating function expressions for the 
(0; 0,1) equation are given by Eqs. (9) through (14) of Derivation Summary 18-10. 
This derivation summary also gives the symbols and corresponding names for the 
terms appearing in the expressions for the relating function. 
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o) Stcody-stotc sinusoidal forcing function (sin) 



The (0;0,1) differential equation appears when, in Kq. (2) of Derivation Summary 18-9. ^ 0 . 0) t 0 and 
» 0. The resulting differential equation is 

' rV ' + V - ^Vw u 

b) Complete differential equation 


(l-l) 


( 2 ) 


The nondimensional frequency relating function forms corresponding to Eq. (2), when the forcing function 
U has the simple sinusoidal form of Eq. (1), arc given by Fqs. (16) through (26) of Derivation Summary 18-9 

0. In terms of the notation of Derivation Summary 18-9, 


wi.h Vo) t 0 and Vl) 


1 " ^, 0 .« 


where 


°o *1o-0) 

1 + r 


a s * 1 o- 0 ) 

1 + )2na 


(3) 




tD . n h * zero-order independent variable - first-order nondimensional frequency sinusoidal 
relating (unction 

In general, from Eqs. (21) and (22) of Derivation Summary' 18-9, 


here 


Uhcn 


1 7 ' p7^ * p. _P c ^ 

- p t p^ 

(4) 

Px 



*= (DAR) - ^Vo. 

°s U i0-0) 

(5) 

#,;0 ' n ViVu;?) 2 

Vl + (2rra) 2 


zero-order independent variable - first-order nondimensional 
frequency dynamic amplitude ratio 


0 => (DRA)q ; 0 n * tan* 1 (- 6 j [ r) * tan“ 1 (-2/7a) 


( 6 ) 


= zero-order independent variable - first-order nondimensional 
frequency dynamic response angle 

P r “ (RAR), 0 ; o. jj = zero-order independent variable - first-order nonditnensional 

frequency reference amplitude ratio ( 7 ) 


(RARVo.o 


^3 


where 


77 ’ ** 


[(DAR)(RAR)R] (0;0 u 


( 0 - 0 ) 


( 0 - 0 ) 


Vl + (ca,f) 2 VT f (2rra) 2 


( 8 ) 


[(DAR)(RAR)R] fl0;O n * zero-order independent variable - first-order nondimensional frequency dynamic 

amplitude ratio - reference amplitude ratio ratio 

Uhen i/p -0j ■= 1, eg * and the dimensional variable equation forms associated with the zero-order inde¬ 
pendent variable — first-order sinusoidal relating function are obtained by removing preceding superscript 
primes from the various symbols, the following relationships appear: 

9 = ItfWu - \ + (r r - ' . ■ T-> (9) 


n " 4 -“ ^RF] (0;0<1) 


|aj f r 1 + )2rra 


<r 1 + \2na 

nondimensional relating function 


( 10 ) 


Derivation Summary 18-10. Steady-state sinusoidal response for the (0;0,1) linear first-order 

differential equation with constant coefficients. (Page 1 of 2) 


143 


p ■» (DARL n 

r x '(0; 0, 1) 


^ hen 


Vl + (6>£r) 2 VI + ( 2na ) 2 

<t> - (DRA) W;0 , = tan* 1 (— 6). r) = tan* 1 (- 2na) 


p - [(DARXRARJR]^ 


l 


l 


(ID 

( 12 ) 
(13) 

Vi + u f r)2 " vTTSr (I4) 

The names for the self-defining symbols of Eqs. (9) through (14) are identical with those for the corres¬ 
pond^ symbols of Eqs. ( 3 ) through (8) except for the omission of the words "nondimensional frequency.*' 

Steody^state solution (forced solution) 

Derivation Summary 18-10. Steady-state sinusoidal response for the (0,0,1) linear first-order 

differential equation with constant coefficients. (Page 2 of 2) 


18.80. Derivation Summary 18-11 outlines the procedure for deriving the 
sinusoidal relating function forms for the (1; 0.1) equation from the (1,0; 0,1) equa¬ 
tion relating function forms of Derivation Summary 18-9. Because the procedure 
definitions, and notation for a similar derivation have been discussed in detail for 
the (0; 0,1) equation, intermediate steps and definitions are omitted from Derivation 

Summary 18-11, which gives the essential information on the (1; 0,1) sinusoidal 
relating function in Eqs. (3) through (11). 

GRAPHICAL REPRESENTATION OF SINUSOIDAL RELATING FUNCTIONS 
ASSOCIATED WITH FIRST-ORDER DIFFERENTIAL EQUATIONS 

18.81. Relating functions in the form of nondimensional expressions contain 
all the essential information on the steady-state sinusoidal response associated 
with any given differential equation. The general usefulness of this information is 
greatly increased for many purposes if it is presented by quantitatively accurate 
plots in various convenient forms. Three forms of these representations that often 
appear in practice* are illustrated in Fig. 13-1 and discussed in paragraphs 13.22 
through 13.25 of Chapter 13. 

These three forms are: 

1) The linear scale complex plane representation. 

2) The linear scale amplitude and phase representation. 

3) The logarithmic scale amplitude and phase representation. 

18.82. The complex plane representation for the nondimensional relating func¬ 
tion uses the axis of ordinates for imaginaries and the axis of abscissae for reals 
and is particularly adapted for plotting complex relating function expressions like 
those of Eq. (29) of Derivation Summary 18-9, Eq. (10) of Derivation Summary 18-10, 
and Eq. ( 4) of Derivation Summary 18-11. In complex plane plots for first-order 

Many other schemes for graphical representation of relating function forms ore possible. In general, 
these representations are variants of the three fundamental methods that are described in this section. 
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relating functions, the running variable is the characteristic time - forcing period 
ratio or its identical equivalent, the characteristic time - forcing frequency product. 
These quantities are nondimensional and are represented by the lower-case Greek 
letter a as the working variable symbol and (CT)(FP)R or (CT}(FF)P as the corres¬ 
ponding self-defining symbols. 

18.83. Linear scale amplitude and phase representations use the nondimen¬ 
sional amplitude ratio and the dynamic response angle as ordinates and the char¬ 
acteristic time - forcing period ratio for the abscissae. In accordance with the 
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conventions used in this book, the quantities represented in all plots are nondimen- 
sional unless exceptions are specifically made for particular cases. This makes 
it possible to shorten the fully descriptive term dynamic amplitude ratio - refer¬ 
ence amplitude ratio ratio to nondimensional amplitude ratio and even to merely 
a mplitude ratio for the purpose of describing one of the ordinates used for linear 
scale representations of sinusoidal relating functions. The second ordinate for 
representations of this type is the dynamic response angle, which may have its 
name shortened to phase angle * when there is no possibility of misunderstanding. 
It is also convenient to use the term nondimensional forcing frequency or merely 
frequency for the characteristic time - forcing period ratio, which has been noted 
as being identical with the characteristic time — forcing frequency product. 

18.84. The third basic type of relating function representation is the logarith¬ 
mic scale plot, which has the same abscissa quantity as the linear scale plots, uses 
a linear ordinate scale for the dynamic response angle, and uses a logarithmic 
ordinate scale for the nondimensional amplitude ratio. 

18.85. Figure 18-6 is a linear scale complex plane polar plot for the nondimen¬ 
sional relating function for the (0; 0,1) differential equation, which is given as a com¬ 
plex expression by Eq. (10) of Derivation Summary 18-10. This plot is also called 
the sin usoidal response locus because the geometrical relationships illustrated in 
section a of Fig. 12-1 and in section a of Fig. 13-1 mean that the curve represent¬ 
ing the relating function is the locus of the end points of the vector that represents 
the nondimensional relating function. The heavy dashed vector in Fig. 18-6 shows 

a typical position for the nondimensional relating function vector. The length of 
this vector is equal to the nondimensional amplitude ratio. The angle from the 
positive direction of the axis of reals to the relating function vector is the phase 
an £* e > which is a shortened name for the dynamic response angle . It is important 
to note that the positive direction of this angle is counterclockwise. This means 
that the typical vector illustrated in Fig. 18-6 has a negative phase angle. The in¬ 
dependent variable that determines points on the performance locus in accordance 
with the (0; 0,1) nondimensional relating function equation is the nondimensional 
forcing frequency , which is a simplified name for the characteristic time - forcing 
period ratio. Points on the locus for various values of the nondimensional fre¬ 
quency are shown by dots on the curve. 

18.86. The relating function locus is a circle with one point of its circum¬ 
ference located at the origin of coordinates and having a diameter equal to unity. 
The circle is located on the positive side of the axis of imaginaries and is tangent 
to this axis at the origin. This means that the relating function vector has a length 
of unity and a phase angle of zero for zero frequency. 

rhis specialized use of the term should be distinguished from the definition given in Definition Sum¬ 
mary 12-4, Chapter 12, for the phase angle (main symbol PA) associated with Fourier series components. 
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Fig. 18-6. Linear scale complex plane polar plot of steody-state sinusoidal response characteristics 
associated with the (0;0,1) linear first-order differential equation with constant coefficients. 
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18.87. As the frequency increases toward larger positive values,* the vector 
decreases in length toward zero and the phase angle approaches -90 degrees. The 
dots on the lower half circle of the locus show that the major parts of these changes 
occur while the nondimensional frequency is changing from zero to unity. Detailed 
information on the way the nondimensional amplitude ratio (i.e., the length of the 

nondimensional relating function vector) and the phase angle (i.e., the dynamic re¬ 
sponse angle) vary with the nondimensional forcing frequency is given in Figs. 18-7, 

18-8, and 18-9. 

18.88. Figure 18-7 is a linear scale plot with the nondimensional forcingfre- 
quencyasthe abscissae and the nondimensional amplitude ratio and the phase angle 
as ordinates. The definitions and symbols are identical with those that appear in 
Fig. 18-6. The full-line curve of Fig. 18-7 shows how the amplitude ratio decreases 
from unity to a value less that 0.02 as the nondimensional forcing frequency in¬ 
creases from 0 to 10. The dashed-line curve of Fig. 18-7 gives the corresponding 
variation of the dynamic response angle as a range of 0 to about -89 degrees. 

18.89. The coordinates and notation of Fig. 18-8 are identical with those of 
Fig. 18-7. In Fig. 18-8, the frequency scale is expanded by a factor of 10 so that 
the maximum abscissa is 1 instead of 10. This figure gives more detailed infor¬ 
mation on the amplitude ratio and phase variations within the frequency range that 
includes the largest part of the variations. 

18.90. Figure 18-9 is a logarithmic scale plot that illustrates another method 
for presenting the information already given in Figs. 18-7 and 18-8. Scales with 
units of three types are used for the abscissae. The grid lines parallel to the axis 
of ordinates are logarithmically spaced and are labeled directly in characteristic 
time - forcing period ratio units. Lines parallel to the axis of abscissae are placed 
above and below the coordinate field and divided into 10 spaces for each cycle of the 
logarithmic coordinates so that each unit on the outside lines is one logarithmic 
ratio unit (symbol loru), with 10 used as the logarithmic base. Because one loru 
corresponds to a change of 10 on the direct number scale, the loru scale units 
may also be considered as deciles . It is conventional in various applications of 
logarithmic coordinates to establish units using 2 for the logarithmic base. A unit 

in this type of presentation is called an octave .** In Fig. 18-9, the line parallel to 
the axis of abscissae that is placed below the loru scale is divided into octaves. 

It is apparent from the figure that each loru contains slightly less than 3.5 octaves. 
The exact equivalence is 10 octaves for each 3 lorus. 

18.91. In Fig. 18-9, the lines parallel to the axis of abscissae that form the 
ordinate part of the grid are equally spaced within logarithmic cycle units that are 

• For practical applications, only positive frequencies arc important. The negative frequency half of the circle 
appears on an equal basis with the positive frequency half so far as mathematical representation is concerned. 

•* The octave is basically a musical term; it appears here because of its use for instrument engineering 
purposes by groups whose background was originally in the field of sound. 
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Fig. 18-7. Linear scale plot ot steady-state sinusoidal response characteristics associated with the (0;0,1) I 

first-order differential equation with constant coefficients. 
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first-order differential equation with constant coefficients. 





















identical with the logarithmic cycles of the abscissa scale. A loru scale is marked 
directly on the ordinate lines. A line parallel to the axis of ordinates is placed 
just outside the coordinate field and marked with short lines to show the positions 
occupied by antilogarithm numbers for the loru scale. Outside of the logarithmic¬ 
ally divided scale, a uniform scale identical with that of the ordinate grid is placed 
on a line parallel to the axis of ordinates. This uniform scale is marked off in 

decibels, * which are a special form of logarithmic units in which one loru is di- 
vided into 20 parts. 

18.92. The logarithmic units used in any particular discussion depend princi¬ 
pally on the background of the individuals concerned. It is desirable for the instru¬ 
ment engineer to understand the basic concepts involved and to have enough 
familiarity with the various systems of units to work on essential problems without 
being handicapped by the units used in any particular discussion. So far as loga¬ 
rithmic units are concerned, it appears that the loru, which is simply the base 10 
logarithm, is to be preferred to the octave-decibel combination for general pur¬ 
poses. For example, geometrical slope has its simple conventional meaning when 
lorus are used, while two numerical factors must be considered when octaves and 
decibels are used. For example, a line sloping downward to the right at 45 degrees 
on the plot of Fig. 18-9 has a slope of -1 in loru units, while it has a slope of -6 
decibels per octave. Obvious questions of terminology of this type can not affect 
any result, but they may affect the effectiveness of a group working on a given 
problem if the group is compelled to use unfamiliar concepts and notation. 

18.93. The ordinate scale for angles in Fig. 18-9 is uniformly divided, with 
5 degrees equal to 0.1 on the loru scale or 2 on the decibel scale. 

18.94. The full-line curve of Fig. 18-9 represents the variation of the non- 
dimensional amplitude ratio as thenondimensionalforcing frequency changes. For 
the low-frequency range, the amplitude ratio is asymptotic to 0 on the loru scale 
or to 1 on the direct-number scale. For the high-frequency range, the amplitude 
ratio is asymptotic to a straight line that has a geometrical slope of -1 in loru units 
or a slope of -6 decibels per octave. The heavy dashed-line curve of Fig. 18-9 
shows the variation of the dynamic response angle with the nondimensional forcing 
frequency. For low frequencies, this angle is asymptotic to 0 degrees; for high 
frequencies, it is asymptotic to -90 degrees. The dynamic response angle curve 
has the same form on either side of the nondimensional frequency line at which 
the phase angle is equal to 45 degrees. 

18.95. Logarithmic coordinate plots like those of Fig. 18-9 have several ad¬ 
vantages over the linear scale plots of Figs. 18-7 and 18-8: 

• The decibel is a unit equal to one tench of a bel, which by definition is equal to twice the base 10 
logarithm of any ratio. The bel is a unit chat is particularly adapted to describing power measurements in 
sound theory and electronic engineering, where comparatively large ratios must be represented. The decibel 
enters instrument engineering from groups with backgrounds in sound and electronics. 
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1) The numerical ranges of the variables that may be satisfactorily covered 
is greater with the logarithmic scale plots than with the linear scale plots. 

2) The curve shapes are simpler in the logarithmic scale plots than in the 
linear scale plots. 

3) Product combinations of functions represented by logarithmic scale plots 
may be represented by algebraic sums of distances on the plots. The same 
operations with linear scale plots are more difficult because multiplications 
have to be carried out for each point considered. 

18.96. The simple shapes of logarithmic plots are particularly advantageous 
if the concept of the break point or corner frequency is introduced. By definition, 
this point is the intersection of the two lines that are the asymptotes of the nondi- 
mensional amplitude ratio curve at high and low frequencies. The break point may 
be determined graphically by using light dashed lines to prolong the asymptotes. 
In Fig. 18-9, the low-frequency asymptote is the zero-loru line and is one of the 
ordinate grid lines, while the high-frequency asymptote is a line whose slope is-1 
in loru units. This means that in Fig. 18-9 the break point is determined as the 
intersection of the zero-loru line and a dashed-line projection of the high-frequency 
asymptote. A dashed line parallel to the axis of ordinates and passing through the 
break point gives the zero-order forcing term - first-order break point nondimen- 
sional frequency. When no misunderstanding is possible, this designation may be 
shortened to first-order break point. 

18.97. When graphical determinations of the break point are not sufficiently 
reliable, the nondimensional amplitude ratio equation may be solved to find accu¬ 
rate values. From Fig. 18-9, the nondimensional amplitude ratio equation is 

P = —7 =. -i. — - = (1 ♦ (2 va) 2 Y W2 

V 1 + (2 ™> 2 (18-14) 

Taking logarithms of both sides of Eq. (18-14) shows that 


log/i = -1 log(l ♦ (2rra) 2 ] (18-15) 

The equation for the low-frequency-range asymptote appears when a™) 2 is negli¬ 
gibly small with respect to unity so that 

lo *M(a-o) = o (18-16) 

The equation for the high-frequency-range asymptote appears when unity is negli¬ 
gible in comparison with (2rra) 2 so that 

lo «lpl (a -~) “ (2na) 2 = - log 2na (18-17) 

The break point occurs when 

l°g tpl(a-*0) - ,0 8Mia-~> (18-18) 


Substitution of the expressions of Eqs. (18-16) and (18-17) in Eq 

0 = log 2tt a bp ~ log 2 n + log a b 


and 

so that 


lo 8 a bp ■ - Io g 2rr = log 

l°g l a bpJ{0;0,1) • -0.798180 


(18-18) shows that 

(18-19) 

(18-20) 

(18-21) 
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and 

l°bp](»;o.l) - ~ - 0.159155 

where 


(18-22) 


fa bpl(o;o.D = zero-order forcing term - first-order break 

point nondimensional frequency 

The break point frequency of Eqs. (18-21) and (18-22) is identified and its numer¬ 
ical value is given in Fig. 18-9. 

18.98. Figures 18-6, 18-7, 18-8 and 18-9 illustrate the fundamental principles 
for describing steady-state sinusoidal relating functions in graphical terms. Many 
variants of these principles are possible and will be described in later sections of 
this book. However, the concepts and notation that are discussed here for the (0; 0,1) 
equation are generally useful in discussions of the steady-state sinusoidal charac¬ 
teristics associated with differential equations having any degree of complexity. 

18.99. Figure 18-10 is a linear scale complex plane polar plot of Eq. (4) of 


Derivation Summary 18-11 for the nondimensional relating function of the (1; 0,1) 
equation. Figure 18-11 gives logarithmic scale plots of the amplitude and phase 
expressions given by Eqs. (7) and (9) of Derivation Summary 18-11 for the (1; 0,1) 
equation. In this sequence of plots, the linear scale amplitude and phase curves 
are omitted because they are more difficult to draw than the logarithmic scale 
plots, and supply less information than the logarithmic scale plots. 

18.100. The break point frequency for the (1; 0,1) relating function is identical 
with that for the (0; 0,1) relating function. The amplitude ratio for the (1; 0,1) equa¬ 
tion has a shape similar to the shape of the (0;0,1) amplitude ratio but is located 
differently with respect to the breakpoint line. The (1 ;0,1) amplitude ratio 
has a 45-degree upward slope in the low-frequency range and is asymptotic to the 
zero line on the log amplitude scale in the high-frequency range. The correspond¬ 
ing phase angle plot is symmetrical about the break point frequency line with an 
asymptotic level of 0 degrees for the high-frequency range and an asymptotic level 
of +90 degrees for the low-frequency range. 

18.101. The complex plane polar plot of Fig. 18-10 is a single-curve repre¬ 
sentation of the features described for the amplitude ratio and phase curves in the 
preceding paragraphs. 

18.102. Figure 18-12 is a linear scale complex plane polar plot for the non- 
dimensional relating function given by Eq. (29) of Derivation Summary 18-9 with 
the zero-zero reference coefficient ratio, u 9m9 , equal to unity and the one-one ref¬ 
erence coefficient ratio, n,.„ , not equal to unity. Figure 18-13 gives a family of 
curves for the nondimensional amplitude ratio as given by Eq. (31) of Derivation 
Summary 18-9 for the (1,0; 0,1) equation with the coefficient ratios as noted. Fig¬ 
ure 18-14 is the family of dynamic response angles based on Eq. (32) of Derivation 
Summary 18-9 that corresponds to the amplitude ratio curve family of Fig. 18-13. 
The individual curves of these two families are drawn for arbitrarily assumed 
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values of the reference coefficient ratio, v* which appears as a multiplying factor 
for the imaginary term in the numerator component of the nondimensional rela¬ 
ting function. 

18.103. All of the amplitude ratio curves of Fig. 18-13 are asymptotic to the 
zero level on the loru scale for the low-frequency range. In the high-frequency 
range, each curve is asymptotic to an amplitude ratio level numerically equal to 
the reference coefficient ratio. The transition from the zero level to the high- 
frequency asymptote occurs at a lower frequency as the reference coefficient ratio 
increases in value. 

18.104. The pattern of the corresponding dynamic response angle variation is 
shown by the curve family of Fig. 18-14. Each of the individual curves is asymp¬ 
totic to zero for the low-frequency range and also for the high-frequency range after 
passing through an extremal level that is positive for values of the reference coeffi¬ 
cient ratio greater than unity, and negative for values of the reference coefficient 
ratio less than unity, but greater than zero. The extremal values occur at fre¬ 
quencies that increase as the reference coefficient ratio decreases. 

18.105. The complex plane polar plot curves of Fig. 18-12 represent in a 
single family the amplitude ratio and phase angle variations described in the 
preceding paragraphs. 

DIMENSIONLESS AMPLITUDE RATIO AND DYNAMIC RESPONSE ANGLE DEVIATIONS 
FOR STEADY-STATE SINUSOIDAL RESPONSE CHARACTERISTICS OF THE (1;0,1) 

AND THE (0;0,1) DIFFERENTIAL EQUATIONS 

18.106. Deviation is defined in paragraph 9.20 and Fig. 9-8 of Chapter 9 as 
the difference between some compared quantity and a reference quantity. This 
concept is particularly useful for expanding the scale with which the behavior of 
some curve is represented for a restricted region of the coordinate field. The 
same result might be achieved by using expanded scales for the coordinates them¬ 
selves, but if, in general, the zero level is retained on the plot this method greatly 
increases the total area required to describe the behavior of many functions. The 
use of deviations in effect makes it possible to ’’put a microscope” of adjustable 
magnification on any selected small portion of a curve or family of curves. 

18.107. Nondimensional amplitude ratios may be formed from the steady-state 
sinusoidal relating functions for the (0; 0,1) and the (1; 0,1) differential equations 
by using various reference amplitude ratios. For example, if the dimensional 
similarity factor, <r, is used as the reference amplitude ratio for the dynamic am¬ 
plitude ratio of the (0; 0,1) relating function, the result is the nondimensional ampli¬ 
tude ratio expression given and plotted in the full line of Fig. 18-9. This same 

• The (1-1) subscript is omitted in Figs. 18-12 through 18-14 since is unity and no misunderstanding 
is possible. 
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nondimensional amplitude ratio expression occurs when a-ina is used as the ref¬ 
erence amplitude ratio for the dynamic amplitude ratio of the (1; 0,1) relating 
function. 

18.108. The function represented by the full line of Fig. 18-9 is asymptotic 
to the zero level on the loru scale for low nondimensional frequencies. For var¬ 
ious applications, the zero level represents a desired behavior of the function and 
it is important to know the deviation of the dimensionless amplitude ratio from this 
level as a reference. In formal terms, this deviation is represented by the ex¬ 
pression for the amplitude ratio of Fig. 18-9 minus unity. This deviation is repre¬ 
sented for a range of 2 lorus by the full-line curves of Fig. 18-15. The curve of 
the upper plot in Fig. 18-15 uses the distance occupied by about one and a half 
lorus to represent ± 0.14 on the deviation scale. The lower part of Fig. 18-15 is a 
similar deviation plot with the deviation scale expanded by a factor of ten. 

18.109. Dynamic response angle deviations are formed by the same convention 
used for nondimensional amplitude ratio deviations. For example, when the ref¬ 
erence angle is taken as zero for the phase angle associated with the (0; 0,1) equa¬ 
tion relating function, the deviation has the shape shown by the dashed line in the 
upper plot of Fig. 18-15. 

18.110. Figure 18-15 gives the essential information on the functions asso¬ 
ciated with the deviation plots in self-defining notation and in working variable 
notation to represent the concepts defined in earlier figures. The expressions for 
the deviation functions are identified with their associated differential equations 
and reference quantities by a convention that places the reference quantity within a 
parenthesis before the identifying symbol for the equation. For example, (o-)(0; 0,1) 
identifies the differential equation as the zero-order forcing term - first-order 
differential equation and identifies the reference amplitude ratio as equal too-, the 
dimensional similarity factor. Similarly, ( 0 - 2 ™ )(1; 0,1) identifies the first-order 
forcing term - first-order differential equation and identifies the product vino, as 
the reference amplitude ratio. 

18.111. The symbols described in the previous paragraph are used to identify 
the expression plotted in Fig. 18-15. In each of the two cases plotted, the refer¬ 
ence dynamic response angle is identified as the angle that is approached asymptoti¬ 
cally by the dynamic response angle expressions for the low-frequency range. 

18.112. Figure 18-16 gives amplitude ratio and dynamic response angle devia¬ 
tion plots when the asymptotic levels for the high-frequency range are taken as the 
reference levels. The nondimensional amplitude ratios considered are the (1;0,1) 
equation amplitude ratio with 0 - as the reference amplitude ratio and the (0; 0,1) 
equation amplitude ratio with <r/in* as the reference amplitude ratio. 

18.113. The deviation plots of Figs. 18-15 and 18-16 will be useful in various 
problems discussed in Volume III. Once a situation is identified as being associated 
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Dynamic response angle deviation 

<D)(DRA) = DRA - (DRA) (fef) = A<£ = ( 
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with a given differential equation and certain reference quantities, the deviation plots 
may be immediately applied in making quantitative estimates of performance. 

SOLUTIONS FOR THE FIRST-ORDER DIFFERENTIAL EQUATION BY THE 
LAPLACE TRANSFORM METHOD 

18.114. The various solutions of the first-order linear differential equation, 
each associated with a different variation of the independent variable, presented in 
Derivation Summaries 18-1 through 18-11 have been obtained by the use of the 
classical method described in Chapter 15. As previously pointed out, the classical 
method obtains the solution in two parts, one of which is the transient solution and 
the other the forced solution. 

18.115. An alternative procedure for obtaining solutions of differential equa¬ 
tions is to use one of the operational methods. The Laplace transform, developed 
in Chapter 16, will be applied here to illustrate methods of this type. This method, 
outlined in Derivation Summaries 16-2 and 16-3, obtains the complete solution as 
the sum of the normal solution and the initial condition function. The normal solu¬ 
tion is defined in Derivation Summary 16-2 as the solution that exists when the 
Laplace transform of the initial condition function is zero. 

18.116. Derivation Summary 18-12 illustrates the use of the Laplace trans¬ 
form method to obtain a formal solution for the (1,0;0,1) equation. The equa¬ 
tion as given by Eq. (1) is in working variable form and includes the first- and 
zero-order terms of the dependent variable as well as the first- and zero-order 
terms of the independent variable. The first step of the method is to find the ex¬ 
pression for the Laplace transform of the given equation. This expression, shown 
in Eq. (6), is made up from Eqs. (2), (3), (4) and (5),which are the Laplace trans¬ 
forms of the dependent and independent variables and their respective first de¬ 
rivatives, based on results from Derivation Summary 16-1. When Eq. (6) is re¬ 
arranged to have the Laplace transform of the dependent variable on the left-hand 
side and all other expressions on the right-hand side, the resulting relationship is 
given by Eq. (7), and it is said that Eq. (6) has been solved for the Laplace trans¬ 
form of the dependent variable. Equation (7) has two terms on the right-hand side. 
The first term is a ratio of two first-order polynomials in a multiplied by the 
Laplace transform of the independent variable. The second term is a constant 
divided by a first-order polynomial in a. The constant is expressed as the 
difference between two terms, the first of which is obtained from the initial value 
of the independent variable and the second from the initial value of the depend¬ 
ent variable. 

18.117. The first expression on the right-hand side of Eq. (7), Derivation Sum¬ 
mary 18-12, is defined as the (1,0;0,1) equation relating function in nondimensional 
Laplace transform form. It is also frequently defined as the (1,0; 0,1) equation 



The operational method of solving linear integro-differential equations by the use of the nondimensional 
Laplace transformation is given in Chapter 16 and is outlined in Derivation Summaries 16-2 and 16-3- This 
method can be applied to the (1,0;0,1) form of Eq. (12), Definition Summary 18-1,which is 

V v' + v = o£[^. 0) U + *},.„>«'] (1) 

The definitions of the coefficients used here are given in Definition Summary 18-1. 

a) Nondimensi onal coefficient form of the (1,0;0,1) equation 

The first step of the operational method is to find the nondimensional Laplace transformation of Eq. (1) 
by writing down the transform of each term separately. 

The nondimensional Laplace transform of the dependent variable is indicated as v(A); i.e., 

(LT]v('t) = v(A) (2) 

The nondimensional Laplace transform of the first derivative of the dependent variable is 

[LT]v'('t) = A v(A) - v(0) (3) 

(See Eq. (6), Derivation Summary 16-1). 

The nondimensional Laplace transform of the independent variable is indicated as u(A); i.e., 

[LT]u('t) = u(A) (4) 

The nondimensional Laplace transform of (he firsc derivative of the independent variable is 

[LT] U'('0 = A u(A) - U(0) (5) 

(See Eq. (6), Definition Summary 16-1). 

The nondimensional l.aplace transform of Eq. (1) is obtained by substituting Eqs. (2), (3), (4), and (5) in 
Eq. (1), which gives 

(f A + l)v(A) = + ^ 1 .,, fAlu(A> + f v (0) - <r a r U(0) (6) 

b) Nondimensionol Loplo ce transform of the (1,0,0,1) equation 


Solving for v(A) gives 

V (A) = fA| U(A) . °a *11-I) ' U(0) ~ fV(0) 


(7) 


1 -f fA 1 + rA 

c) Nondimensional Laplace transform of the dependent variable of the (1,0,0,1) equation 

In accordance with the pattern of Derivation Summary 16-2, 

) [RF](A)j u n = _* f 1M l!—I = nondimensional Laplace transform of the 

1 + rA (1,0;0,1) equation relating function 


ltTF](A)| 0 0;0 n = transfer function of the (1,0;0,1) equation 


( 8 ) 


i [ICFJfu.v) ^(1,0.0, l) 


, - V(0) 

1 + rA 


nondimensional Laplace transform of the 
(1,0;0,1) equation initial condition function 


(9) 


Substituting Eqs. (8) and (9) in Eq. (7) gives (he general form of v(A) as 

vU> - |[RF]U)1„ „uU) - i[ICF] (u _„(«!„ 0;0 „ ( 10 ) 

d) Nondimensional Laplace transform of the dependent variable of the (1,0,0 ,1) equa tion 
expressed in the relating function - initial condition function form 

The normal s olution is defined as the solution for which the Laplace transform of the initial condition 
function is zero (see section d, Derivation Summary 16-2). Therefore, for the normal solution, 

(v(A)]j no , = |[RFJ(A)1 U 0;0 n u(A) (ID 

e) Normal solution of the (1,0;0,1) equation 

Derivotion Summary 18-12. Formal solution of the (1,0;0,1) equation by the nondimensional 

Laplace transform method. (Page 1 of 2) 


165 


For the normal solution 


The complete solution of Eq. (1) requires that the independent variable as well as the initial values of 
the dependent and independent variables be known. The formal solution may be written in terms of the in¬ 
dicated nondimensional inverse Laplace transform. 

v(-t) = D-T]" 1 1 itRF](A>j n 0 ; 01 ) u(a)| - i[ICF] (u v) ('0! (1 _ o . Oil| ( 12 , 

[v(= [LTr , {i[RF](A,t n . 0:0 .„u(A)} ( 13 , 

f) Formal solution of th e (1,0;0,1) equation 

Derivation Summary 18-12. Formal solution of the (1,0;0,1) equation by the nondimensional 

Laplace transform method. (Page 2 of 2) 


transfer f unction. The relating function is unaffected by the initial conditions in¬ 
corporated in the second expression, which is defined as the Laplace transform of 
the (1,0; 0,1) equation initial condition function . The definitions of these quantities 
are given by Eqs. (8) and (9). The equivalent expression for Eq. (7) in these terms 
is shown by Eq. (10). When the Laplace transform of the initial condition function 
is zero, the Laplace transform of the normal solution appears as in Eq.(ll). The 
solution of Eq. (1)expressed as a function of the running variable requires knowl¬ 
edge of the particular case. A formal statement of the complete solution is given 
by Eq. (12) and the normal solution by Eq. (13). 

18.118. When the coefficient of the first derivative of the independent 

variable in the (1,0;0,1)equation, is set equal to zero, this equation form becomes 
the (0; 0,1) equation whose Laplace transform can be derived from that of the 
(1,0; 0 , 1 ) equation. Equation (1) of Derivation Summary 18-13 is the nondimensional 
Laplace transform of the (1,0; 0,1) equation dependent variable as given inDeriva- 
tion Summary 18-12. Equation (2) is obtained from Eq. (1) by setting „ iUl) in each 
term on the right-hand side equal to zero. The Laplace transform of the normal 
solution of the (0; 0,1) equation is attained when the Laplace transform of the (0; 0,1) 
initial condition function is zero, which in this case can only occur when the initial 
value of the dependent variable is zero. 

18.119. The simplest situation for which a solution can be derived by the 
Laplace transform method is the normal solution for an impulse function input de¬ 
scribed in the general case in Derivation Summary 16-3. The normal impulse func¬ 
tion solution for the (0; 0,1) equation is shown in Derivation Summary 18-13. When 
the independent variable is an impulse function, it may be written in the form of 
Eq. (4) of this summary, and, as shown in Eq. (5), its Laplace transform is a con¬ 
stant equal to the strength of the impulse. Substituting Eq. (5) into Eq. (3) yields 
the expression for the Laplace transform of the normal impulse function solution 
of the (0; 0,1) equation given in Eq. (6). This expression has only one term, which 
is a constant divided by a first-order polynomial in a. It may be immediately 
identified from row 6, Table 16-1, as the Laplace transform of an exponential 
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function. The nondimensional running variable form corresponding to Eq. (6) may 
be writtendown as Eq. (7), which shows the solution to be the product of a constant 
and a decreasing exponential function. The dimensional running variable form is 
given by Eq. (8). By selecting a suitable reference value for the dependent vari¬ 
able, the nondimensional form of Eq. (10) is obtained. 

18.120. In Derivation Summaries 18-13 through 18-19, the Laplace transform 
method is applied to the (0; 0,1) equation for the various forms of the independent 
variable previously described in this chapter. This series of summaries illustrates 
the appropriate techniques for successively more complicated situations when the 
basic equation form is particularly simple. The pattern of the solution in all cases 
is the same as that outlined in Derivation Summaries 16-2 and 16-3. The presen¬ 
tation in each summary is kept the same so that the manner of working out the 
solutioncan be clearly seen. The first few summaries of this series are carefully 
explained, but only the pertinent points of the others are discussed, in order to 
avoid repetition. 

18.121. The normal impulse function solution described in the previous para¬ 
graphs is outlined in Derivation Summary 18-13. The next stage in complexity is 
a normal increasing step function solution, which is developed in Derivation Sum¬ 
mary 18-14. The definition of the increasing step function is given by Eq. (1); the 
increasing step function Laplace transform, shown inEq. (2), is obtained from row 2 
of Table 16-1. When this transform is introduced into the Laplace transform of the 
(0; 0,1) equation, the result is Eq. (4). This expression is characterized by a con¬ 
stant numerator and a denominator that is the product of a and a first-order poly¬ 
nomial in a . Because of the limited extent of Table 16-1, the Laplace transform 
expression of Eq. (4) must be expanded into partial fractions in order to obtain the 
corresponding running variable form. (Note that this step was not required in the 
normal impulse function solution of Derivation Summary 18-3.) 

18.122. The form of the partial fraction expansion corresponding to Eq. (4) 
is shown inEq. (5). The coefficients of the partial fractions are evaluated in Eqs. (7) 
and (8) by the method of Derivation Summary 16-4. The coefficient C., associated 
with the partial fraction whose denominator is a , is found by multiplying the ex¬ 
pression for v(a) by this denominator, thereby yielding an expression that is with¬ 
out a factor of a in either the numerator or denominator. When a is set equal to 
zero the new expression reduces to a constant that is the value of the coefficient. 

In a similar manner, the coefficient C,, associated with the partial fraction whose 
denominator is the first-order polynomial, is found by multiplying v(a) by this de¬ 
nominator and setting a equal to the root of the first-order factor as in Eq. (8) 
The partial fraction expansion with the evaluated coefficients is given as Eq. (9). 
The corresponding running variable function shown in Eq. (10) is obtained by ref¬ 
erence to the Laplace transform pairs of Table 16-1. The first term on the right- 
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The nondimensional Laplace transform of the dependent variable of the (1,0;0,1) equation is shown by 
Eq. (7) in Derivation Summary 18-12 to be 

v(A) = f?Vo> * Vi» fX] .,(A) - - v <°> ni 

1 + rA 1 + fA 

Vhen is zero, this expression becomes the nondimensional Laplace transform of the dependent vari¬ 

able of the (0;0,1) equation; i.e., 

v(A) = Jj>°? u(A) + . (2 ) 

1 + rA 1 + fA 

For the normal solution of the (0;0,1) equation, the nondimensional Laplace transform of the dependent 
variable is 

[vU)] (nsl = u(A) - _2_ u(A) ( 3) 

1 + fA 1 + fA 

when, in Eq. (2) of Definition Summary 18-1, b (Q){rof) is made equal to b Q . 

a) Nondimensional Laplace transform of the dependent variable 


v(A) 


[V<A)],„., = u(A) 


Let the independent variable be an impulse function (if) (see Definition Summary 12-7 and Derivation 
Summaries 16-3 and 18-8); i.e., 

uC») — BF](-|) . [UIFJO) (4) 


where 


[UIF]('t) « nondimensional running variable unit impulse function 
B^ lf) = nondimensional impulse function strength 

The nondimensional Laplace transform of this function,as obtained from row 1, Table 16-1, is B (1£ j; i.e., 

«<A) - [LT]l'B tlI1 [UIF]('l)| = 'B,,,, (5) 

b) Impulse function (if) and its nondimensional Laplace transform 


Substituting Eq. (5) into Eq. (3) gives the expression for v(A) when the independent variable is an im¬ 
pulse function; i.e., 


v(A) 


- ^(0-0) _ a 1 'n 

TTfA TTTa^'> TT77 * 


Note that the subscript (ns) has been dropped, since there is no ambiguity. 

The nondimensional running variable form of Eq. (6) is found from row 6 of Table 16-1 to be 


V('» -f'EW- Vf 


The corresponding dimensional running variable form, obtained by omitting the primes, is 


v(») - c-' /r 

r 

c) Normal impulse function solution 


Choose 


(ref) 


^Rll 


Then 


[ V (raf j ( 0 ; 0 . 


0(H)(0) 


- (dvr) ( 0i „. 11ii()<0 , - r-5 


M 


- € «/r - 6 - V f 


( 10 ) 


(Compare with Derivation Summary 18-8.) 

d) Nondimensional form of t he normal impulse function solution 

Derivation Summary 18-13. Normal solution of the (0;0,1) equation for an impulse function input 

by the Laplace transform method. 
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Let the independent variable be an increasing step function (isf) (see Definition Summary 12-1 and 
Derivation Summary 18-2); i.e., 

B.j = 0 , 't<0 u('t) = 0 ; 't<0 l 

Bj = constant , 't ^0 u('t) = B ; 't ^ 0 / ^ 

The nondimensional Laplace transform of this function, as obtained from row 2 of Table 16-1, is 

* _ 

B. 


u(A) 


( 2 ) 


o) Increasing step function (isf) and its nondimensional Laplace transform 


The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0, 1) 
equation is given by Eq. (3) of Derivation Summary 18-13 as 


v(A) 


u(A) 


1 + rA 

Introducing the relationship of Eq. (2) into Eq. (3) gives 


(3) 


v(A) 


„ B 0 


(T 


B 


1 + fA A 


[} + A ] f 


(4) 


b) Nondimensiona l Laplace transform of th e dependent variable 

In accordance with the procedure of Derivation Summary 16-3, the next step in the operational method 
is to express Eq. (4) as a sum of partial fractions; i.e., 


v(A) 


<r 


B 




A — + A 


(5) 


The method lor evaluating the coefficients C and C t is given in section b of Derivation Summary 16-4. 
In this case, all the roots of the characteristic function are distinct; i.e., 


0 


A, = -4- 

r 


( 6 ) 


The coefficients are determined as follows: 


t . A v(A) 


<r B 


-4- + A 


A=0 


= r 


(7) 


K = 0 


[a + 4-]vu) 


B, 


_L 

A 


\ = -l/ r 


— r 


( 8 ) 


- 1 / r 


Therefore 


v(A) 


*• [i ‘ rh ] 


(9) 


c ) Partial fraction expansion 

The nondimensional running variable function corresponding to Eq. (9) is found from rows 2 and 6 of 
Table 16-1 to be 


v('t) 


'B (l - c’ 1/f ) 


( 10 ) 


Derivation Summary 18-14. Normal solution of the (0,0,1) equation for an increasing step 

function input by the Loploce transform method. (Page 1 of 2) 
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The corresponding dimensional running variable form, obtained by omitting the primes, is 

v(t) » <rB 0 (l - <-</>■) 


Cl>oose 

Then 


(ref) 


B. 


[- 2-1 

L V (ref) J (o;0 , 


1 ) (1 s f) (0) 


- ( DVR )-0.0. 


1) (1S f) (o) 


= 1 - c' Wt » 1 - c-' t/f 


( 11 ) 

( 12 ) 

(13) 


(Compare with Derivation Summary 18-2.) 

d) Nondimensional form of the normal increasing step function solution 

Derivation Summary 18-14. Normal solution of the (0;0,1) equation for an increasing step 

function input by the Laplace transform method. (Page 2 of 2) 


hand side of Eq. (9) can be identified from row 1 of the table as the Laplace trans¬ 
form of a constant; the second term can be identified from row 6 of the table as the La¬ 
place transform of a decreasing exponential function. The remainder of the sum¬ 
mary presents various forms of the solution. 

18.123. The decreasing step function solution of Derivation Summary 18-15 
illustrates a situation in which the initial condition function is different from zero. 
In this case, the Laplace transform of the independent variable is zero. This de¬ 
creasing step function is defined in Eq. (1) of Derivation Summary 18-15 and its 
Laplace transform is given in Eq. (2). The pattern of the solution is the same as 
in the previous two summaries. Various forms of the solution are presented in 
Eqs. (6), (7), and (8),which show it to be a decreasing exponential function. 

18.124. The normal solution when the independent variable is an increasing 
ramp function is obtained in Derivation Summary 18-16. The function is defined 
by Eq. (1), and its Laplace transform is shown by Eq. (2) to be the product of B, 
and the inverse second power of the Laplace transform variable. When this func¬ 
tion is substituted in Eq. (3), the Laplace transform expression for the dependent 
variable in this situation is obtained, as shown in Eq. (4). The transform is char¬ 
acterized by a constant numerator and a denominator that is the product of the 
second power of a and a first-order polynomial. The partial fraction expansion 
form of Eq. (4), given in Eq. (5), shows that the x-squared factor of the denominator, 
having a double root at zero, requires two terms in the expansion. The evaluation 
of the partial fraction coefficients is shown in Eqs. (7), (8), and (9). The rest of 
the solution follows the standard pattern previously described. 

18.125. The normal (0;0,1) increasing parabolic function solution is similar 
to the normal increasing ramp function solution. It may be seen from Eq. (4), 
Derivation Summary 18-17, that in this case the denominator expression has athird 
power of a as a factor, which requires three terms in the partial fraction expansion 
of Eq. (5) and Eq. (11). 
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Let the independent variable be a decreasing step function (dsf) (see Definition Summary 12-1 and 
Derivation Summary 18-3); i.e., 

B 0 = constant ; 't <0 u('t) = B ; 't<0 | 

\ «= 0 ; 't Z o u('t) = 0 ; 't £ 0 ( 

I be nondimensional Laplace transform of this function is 

U(A) = 0 

Decreasing step function (dsf) and its nondimension al Laplace transform 

The nondimensional Laplace transform of the dependent variable for the (0;0,1) equation with initial 
conditions is given by Eq. (2) of Derivation Summary 18-13 as 

v(A) = — l(Q - 01 u(A) + -t v (°) = _ Z- u(A) + r v (0) 


1 + rA 


i y{°) = _£_ u(A) + rv(0) 

1 + rA 1 + rA 1 + fA 


under conditions stated for Lq. (3) of Derivation Summary 18-13. 

0 

Ihc initial value of the dependent variable in this case is cr B ; i.e., 

0 

v( 0 ) = <r B q ( 4 ) 

Introducing the relationships of Eqs. (2) and (4) into Eq. (3) gives 

,.. <r B. f <r B. 

v( A) = -=-£_ (5) 

1 + r A A + L 

* 

r 

b) Nond imensional Loplo ce transform of the dependent variable 

The nondimensional running variable function corresponding to Eq. (5) is found from row 6 of Table 16-1 
to be 

v('t) = <r B <r* ‘ r (6) 


Ihe corresponding dimensional running variable form, obtained by omitting the primes, is 


Choose 


v(t) = o B q c" ,/r 


(ref) 


f)j(0;0. 


I)(dct)(o B 0 ) 


= (DVR) „ ,-t/r - /Vr 

' UVr;/ (0;0.l)(dst)(oB 0 ) “ « = £ 


(Compare with Derivation Summary 18-3.) 

c) Nondimensional form of the decreasing step function solution 


Derivofion Summery 18-15. Solution of the (0,0,1) equation for o decreasing step function 

input by the Laplace transform method 


18.126. Derivation Summary 18-18 shows how several component solutions 
can be combined to produce the whole solution when the independent variable is 
a combination of several known functions. In this illustration, the input function is 
the combination of an increasing step function and an increasing ramp function, as 
specified by Eq. (1). The Laplace transform for the combined function is the sum 
of the transforms for the components as shown by Eq. (2). The normal solution is 
shown in various forms in Eqs. (7), (8), and (10), where it may be seen to be the sum 
of the normal solutions that correspond to the input function components. 
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Let the independent variable be an increasing ramp function (irf) (see Definition Summary 12-1 and 
Derivation Summary 18-4); i.e., 

B 0 = 0 , B, = 0 ; 7<0 u('t) = 0 ; 't<0 ) 

B 0 = 0 » B, = constant ; 't^O u('t) = B, ('t) ; 't^O j ^ 

Die nondimensional Laplace transform of this function, as obtained from row 3 of Table 16-1, is 

'd 

u(A) = _Z!_ , 

A 2 1 

Increasing ramp function (irf) and its nondimensional Laplace transform 

The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1) 
equation is given by Eq. (3) of Derivation Summary 18-13 as 

v(A) = -Z- u(A) / 

1 + fA 

Introducing the relationship of Eq. (2) into Eq. (3) gives 


V(A) = 


A 2 (l + rA) ‘ A 2 (A +4_) r 
b) Nondimensional Laplace transform of the dependent variable 


Eollowing-thc procedure of Derivation Summary 16-3, the partial fraction expansion of Eq. (4) (taking 
into account the double root at the origin) is 


v(A) = 


w- 


A + 


The method of evaluating the coefficients C Q2 , 'C QX , and C, is given by section c of Derivation Sum- 
mary 16-4. In this case, the roots of the characteristic function are 


A Q = 0 (a double root), A t = - -L 


The coefficients arc determined as follows: 

' r A 2 v(A) 

02 - Tb7 


jx [ A!vU) ] 

o'B. 


Therefore 


a +4- 

r 

K =0 A .^0 


* 

a r 




- f 2 


A “0 


\r=Q 


• c _ ( A + t) vU) 




A a -1 / r 


A* - 1 /r 


V(A) 


= (T 


B, r 


i-. -± + 


A + X 


( 10 ) 


c) Partial fraction expansion 

Derivation Summary 18-16. Normal solution of the (0;0,1) equation for an increasing ramp 

function input by the Laplace transform method. (Page 1 of 2) 


172 



The nondimcnsional running variable function corresponding to l£q. (10) is found from ro*s 2, 3 and 6 of 
Table 16-1 to be 


v('t) ■= 1- 1 +< -Vf] 

I he corresponding dimensional running variable form, obtained by omitting the primes, is 

v(f) = <rB, r[Ji- 1 + £* ,/r J 


( 11 ) 


Choose 

Then 


V (rcf) = o’ B, r 






(rel) J ( 0 ; 0 . l)(lrf)(o) 

(Compart with Derivation Summary 18-4.) 

d) Nondimensional form of the normal increasing ramp function solution 


( 12 ) 


(13) 


(14) 


Derivation Summary 18-16. Normal solution of the (0;0,1) equation for an increasing ramp 

function input by the Laplace transform method. (Page 2 of 2) 


18.127. Derivation Summary 18-19 shows how a solution is derived by the 
Laplace transform method when the independent variable is a piecewise-defined 
function. In this instance, the independent variable, as defined in Eq. (1), is zero 
for values of't less than zero, is a ramp function for values of't between zero and 
't, and is a constant for values of't greater than't,. The Laplace transform of this 
function can be obtained most easily if the input function is considered as the sum 
of two component functions: the first an ordinary increasing ramp function like that 
of Derivation Summary 18-14 and the second a step-and-decreasing ramp function 
that begins at't,. The new expression for the independent variable is given by Eq.(2). 
The Laplace transform of Eq. (2), obtainedby the use of the Real Translation Theo¬ 
rem of Theorem Summary 16-1, is given by Eq. (3). When Eq. (3) is substituted 
in the expression for the Laplace transforms of the (0; 0,1) dependent variable, Eq. (6) 
results. The running variable form of the solution must be expressed in piecewise 
fashion to correspond to the independent variable and is given by Eqs. (10) and (11), 
which are also obtained by the use of the Real Translation Theorem from Eq. (6). 
The remainder of the summary gives other forms of the solution. 

18.128. Steady-state sinusoidal frequency response functions for first-order 
equations arefoundby the Laplace transform method in Derivation Summary 18-20. 
The forcing function in this situation is defined by Eq. (1) as an imaginary exponen¬ 
tial function, and its Laplace transform is given by Eq. (2). The Laplace transform 
of the normal solution of the (1,0; 0,1) equation for this forcing function is given 
by Eq. (4) when Eq. (2) is substituted into Eq. (3). The transforms of both the 
transient and steady-state components of the solution are included in Eq. (4), but, 
following the steps of section d of Derivation Summary 17-3, the steady-state sinus¬ 
oidal response can be identified with the partial fraction associated with the root 

a equal to j L, . Equation (5) shows this partial fraction. The corresponding 
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Let the independent variable be an increasing parabolic function (ipf) (see Definition Summary 12-1 and 
Derivation Summary 18-5); i.e., 

B 0 = ° , B, = o , B 2 = 0 ; 't<0 u('t) = 0 ; 't < 0 ) 

B 0 = ° , Bj = o , B 2 = constant ; 't^O u('t) = B 2 ('t) 2 ; 't^O f 

The nondimensional Laplace transform of this function, as obtained from row 4 of Table 16-1, is 

u(A> . JA. (2) 

A 

Increasing parabolic function (ipf) and its nondimensional Laplace transform 

The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1) 
equation is given by Eq. (3) of Derivation Summary 18-13 as 

V(A) = -2__ u(A) (3) 

1 + fA y0> 

Uhcn the independent variable is an increasing parabolic function, Eq. (3) becomes 

\ \ rr - *n /r 2<T B- 


v(A) = 


2 B, = 


A 3 (1 + fA) 




b) Nondimensional Laplace transform of the dependent variable 


In accordance with Derivation Summary 16-4, the partial fraction expansion of Eq. (4) is 

2crUrC. 'C-- 'C_. t 1 


v(A) = 


t ' c .* . t.,. t, 

# A ! A A + 1 


The roots of the characteristic function are 


A 0 = 0 (a triple root), A, = —\- 


Thc coefficients are determined as follows: 


'C = a 3 v(A) 

03 —^T 

2<t B„ 


A + 


r \K =0 


r K=o 


[a 3 v(a)1 

dA 1 J 

2 or B„ 


A=o 


(* * i) 


A=0 


-c .ikM 

2 <T B, 


A .=0 


(W)\ 


2 cr B. 


y(A) 


- f 3 


A= -1/ f 


-l/f 


Derivation Summary 18-17. Normal solution of the (0;0,1) equation for an increasing 
parabolic function input by the Laplace transform method. (Page 1 of 2) 


( 10 ) 


174 





Therefore 


v(A) 


B t 2 \-2- - + _i_- 


r 2 A 3 




A + -l 


(ID 


c) Partial fraction expansion 


I he nondimensional running variable function corresponding to Eq. (11) is found from rows 2, 3, 4 and 6 
of Table 16-1 to be 


v('t) = o- 'B, ^ 2 [(y) 2 - 2^r + 2 - 

I he corresponding dimensional running variable form,obtained by omitting die primes, is 

v(t) = <rB 2 r 2 [(-^-) 2 - 2^ + 2 - 2 «" t/r J 


Choose 


Then 


(ref) 


] ( 0 . 0 . 


I) (I p <) (0) 


Vf) = ^ B . r2 

= (DVR) (0;0# i)( lp |,(o| - - 2c' t/r + 2-2-U(l) 2 


(Compare with Derivation Summary 18-5.) 

d) Nondimensional form of the normal increasing parabolic function s olution 

Derivation Summary 18-17. Normol solution of the (0;0,1) equation for an increasing 
parabolic function input by the Laplace transform method. (Page 2 of 2) 


( 12 ) 


(13) 


(14) 


(15) 


function of the running variable is given by Eq. (6), which is the required steady- 
state solution for the (1,0;0,1) equation. The steady-state nondimensional frequency 
relating function for this case is given by Eq. (7). 

18.129. The nondimensional frequency relating function for other first-order 
equations can be obtained from the general form of Eq. (7) by allowing various co¬ 
efficients to be zero. If the coefficient ratio of the first derivative of the indepen¬ 
dent variable, is zero, the result - given by Eq. (8) - represents the steady- 
state nondimensional frequency relating function associated with the (0; 0,1) equa¬ 
tion. If the coefficient ratio i/ (0 . 0) is zero, the result is the relating function for the 
(1;0,1) equation as given by Eq. (9). 


SOLUTIONS FOR THE FIRST-ORDER DIFFERENTIAL EQUATION BY THE 
WEIGHTING FUNCTION CONVOLUTION INTEGRAL METHOD 

18.130. A third technique for obtaining normal solutions of integro-differential 
equations is the weighting function convolution integral method outlined in Chapter 17. 
The basis of the method is presented in Definition Summary 17-1 and Derivation 
Summaries 17-1 and 17-2. The formal application of the weighting function convo¬ 
lution integral to the (0; 0,1) equation is shown in Derivation Summary 18-21. As de¬ 
scribed in Derivation Summary 17-2, the weighting function is the running variable 
form of the relating function obtained from the normal impulse function solution. For 
the (0; 0,1) equation, the weighting function obtained from Derivation Summary 18-8 
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Let the independent variable be the combination of an increasing step function and an increasing ramp 
function (isf + irf) (see Derivation Summary 18-6); i.e. f 

* S 

B 0 = 0 , B, = 0 ; 't<0 u('t) = 0 ; 't<0 ) 

B Q = constant , B, = constant ; 't^O u('t) = B Q + "Bj (^t) ; 't^O \ ^ 

The nondimensional Laplace transform for this function, as obtained from Table 16-1, is 

uu,. A ♦ A ( 2, 

Increasing step-and-ramp function (isf + irf) and its nondimensional Laplace transform 

The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1) 
equation is given by Lq. (3) of Derivation Summary 18-13 as 

V(A) - T^TX “ ( » <» 

Introducing the relationship of Eq. (2) into Eq. (3) gives 


V(A) 


1 + fA A 


-£- B n + -z_'B, 

A(1 + fA) 0 A 2 (1 + fA) 1 


b) Nondimensional Laplace transform of the dependent variable 


From Derivation Summary 18-14, the nondimensional running variable function corresponding to the first 
term on the right-hand side of Eq. (4) is 


wisrhio M ’ B °f' ” ‘* Vf J 


From Derivation Summary 18-16, the nondimensional running variable function corresponding to the sec¬ 
ond term on the right-hand side of Eq. (4) is 




1 + c 


-Vf 


c) Inverse Laplace transforms of component terms 

The nondimensional running variable function corresponding to Eq. (4) is given by the sum of Eq. (5) 
and Eq. (6); i.e., 

v('t) = <r'B 0 [l - <- Vf ] ♦ «r'B, f [-1- 1 + *‘Vf] ( 

The corresponding dimensional running variable form, obtained by omitting the primes, is 


Choose 


Then 


v(l) - a- B 0 [l -I-'"] + „B,,[i- 1 ♦ 


-t/r 


\tef) 


c D . r 


[vH - (DVR) (0i0 , im . ( + „ 1)(0) - - fA - l] 

L v (ref) J(0;0,l)(lsf ♦ irf)(0) B. r ) 


e -«/r + 


2- - I +-! 

r 


B,' 


(Compare with Derivation Summary 18-6.) 

d) Nondimensional form of the normal increasing step-and-ramp function solution 

Derivation Summary 18-18. Normal solution of the (0;0,1) equation for on increasing 
step-and-ramp function input by the Laplace transform method. 


( 10 ) 


176 



Let the independent variable be an increasing ramp (unction followed by a constant (irf -♦ enst) (see 
Derivation Summary 18-7); i.c. f 

Bj = 0 , B, = 0 ; 't<0 u(7) = 0 ; 't < 0 } 

B = o , B = constant ; 0 *'t ^'t u('t) = B. ('t) ; / 


B = constant , B = 0 ; 't ( ^'t 


u('t) 


B . '.,4'. 


This function may be considered as an increasing ramp function beginning at 't = 0 in combination with a 
step-and-decreasmg-romp function beginning at t = 1^, 

B. = 0 , B, = 0 ; 't<o u('t) = 0 ; 't<o 

B. =0, B ( = constant ; 0='t^'t, u('t) = Bj('t) ; (2) 

B, = constant , B, = constant ; 't, * 't u('t) = (B - Bj 't ( ) + [ B. 't - B ('t - 't,)] ; 

Note that the step function beginning at 'f = 't is increasing if B > 't ] and decreasing if B < B, 't ( 

The nondimensional Laplace transform of this piecewise-defined function may be found by the use of 
Table 16-1 and the Real Translation Theorem of Theorem Summary 16-1 to be 


u(A) 


B. - B, 't. -A'i 


i 1 


- \'t 


■> 


a) Increasing ramp-followed-by-constant function (irf-+cnst) and its nondimcnsional Laplace transform 

The nondimcnsional Laplace transform of the dependent variable for the normal solution of the (0;0,1) 

equation is given by Lq. (3)* Derivation Summary 18-13. as 

v(A) =-2-u(A) ( 

1 + fA 


Introducing the relationship of hq. (3) into Lq. (4) gives 


v(A) 


B - B. 't, -x 


1 ♦ 




«('B - B/t,) 

A(1 + fA) 


- X't 


b 


<r D, € 


A 2 (1 ♦ rA) 


A 2 (1 + fA) 


b) Nondimcnsional Laplace transform of the dependent variable 


The second term on the right-hand side of Hq. (6) is die same as Hq. (4), Derivation Summary 18-16. 
which is the nondimcnsional Laplace transform of the (0;0,1) form for an increasing ramp function input. 
The corresponding function of the nondimen sional running variable is given by Hq. (11), Derivation Sum¬ 
mary 18-16; i.e., r 'n q 


[ltt‘ _L£i— 

A 2 (1 + fA) 


■ ^ B > f tr - 


1 + e 


- V f 


' r ] for 't*0 


The other two terms on the right-hand side of Lq. (16) are interpreted with the aid of the Real Transla¬ 
tion Theorem. The nondimensional running variable function of the first term corresponds to the normal 
solution of a (0;0,1) equation for a step function that begins at 't = 'tjj i.e., 

l «> ♦ *» ( <TB 0 - 'B, [i - e - ( '*-V /f ] fa, -.5 <8 

The nondimensional running variable function of the third term corresponds to the normal solution of a 
(0;0,1) equation for a decreasing ramp function which begins at 't = 't^; i.e., 




[LT] 


'p * *'«, 

-l - cr b l £ 1 

A 2 (1 + fA) 


0 for 't £'t, 




for 't £ 't 


Derivation Summary 18-19. Normal solution of the (0,0,1) equation for an increasing 
ramp-followed-by-constant function input by the Laplace transform method. (Page 1 of 2) 
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The solution, which consists of the sum of Eqs. (7), (8) and (9), must be written in two parts: the first 
part for 't less than 't ( ; the second part for 't greater than This procedure gi 


ves 


v('t) = tr 


V('t) = cr'B, r + JL- l] ; 0* (10 ) 


The corresponding dimensional running variable form, obtained by removing the primes, Is 

v(t) = <r Bj r |** t/r + -1 - lj ; 


v(t) = or B, r 


■" t>-' 


)/r + B 0 


Choose 
Then 






V (ref) = r 


I-*-] 

L V ( r c- f) J (o ; 0 , 1 ) 


(lrf-.cn3t)(0)(0^t^t j) 


(DVR)... 


0;0, l)(lrl-cnst){0)(0=t=t l ) 


<.<. = + -± - 


( 12 ) 


(13) 


(14) 


(15) 


(ref) 


]( 0 ; 0 . 1 ) 


(irf-*cn st)( 0 ) (t=t p 


- (DVR), t , ;0 . llllrf . c .- e-' 7 '- (l + -A. - A-V"-'' 

V B. T r / 


-(»-». )/r + _§a 


(Compare with Derivation Summary 18-7.) 

c) Nondimensional form of the nor mal increasing romp-followed-byconston t function solution 

Derivation Summary 18-19. Normal solution of the (0;0,1) equation for an increasing 
ramp-followed-by-constant function input by the Laplace transform method. (Page 2 of 2) 


B,r 

(16) 


(derived by the classical method) or from Derivation Summary 18-13 (derived by 
the operational method) is given by Eqs. (1) and (2) of Derivation Summary 18-21. 
It consists of a constant multiplied by a real exponential function. The formal solu¬ 
tion for the (0;0,1) equation is performed by substituting the expression of Eq.(2) 
into the weighting function convolution integral form as in Eq. (3). The completion 
of the solution requires that a definite expression for the independent variable be 
given as a function of the running variable and the indicated integration with re¬ 
spect to the convolution integral running variable,'t c , be carried out. 

18.131. Normal solutions for the different variations of the independent quan¬ 
tity used earlier in this chapter are obtained in Derivation Summaries 18-22 through 
18-25 by means of the weighting function convolution integral. The first situation 
considered is the one for which the independent variable is an increasing step func¬ 
tion as defined by Eq. (1) of Derivation Summary 18-22. The running variable for 
the independent quantity in the convolution integral is ('t-'t c ); therefore, the defini¬ 
tion of the step function is modified to make this change as indicated by Eqs. (2) and 
(3). The substitution of the expression for the modified step function in the (0; 0,1) 
weighting function convolution integral is shown in Eqs. (4) and (5). The steps of 
the integration that yield the required normal solution are given in Eq. (6). 
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Let the independent variable be a steady-state sinusoidal forcing function (sin) represented by i 
aginary exponential function (see Derivation Summary 18-9); i.e. # 

u( t) = u a c * 

I he nondimensional Laplace transform of this function, obtained from row 6 of Table 16-1, is 


an im- 


( 1 ) 


U(A) = 


u 


A - j 

a) Steady-state sinusoidal forcing function (sm) and its nondimensionol Laplace transform 


( 2 ) 


Ihc nondimensional Laplace transform of the dependent variable for the normal solution of the (1,0;0,1) 
equation, as obtained from hq. ("’), Derivation Summary 18-12, is 




v(Al = ~ u(A) 


+ I 


1 + fA 

l olloping the method described in Derivation Summary 17-3, substitute Lq. (2) in Lq. (3) to obtain the 
pression r j 


. + i 


v( a) = 


l-l>' rA > U o 


A - | <o 


(3) 


ex- 


(4) 


I + fA 

(Compare with l q. (12) of Derivation Summary 17-3.) 

b) Nondimensional Loploce transfo rm of the dependent variable 

Among the partial fractions of the expansion of the right-hand side of hq. (4) is 

4 ‘(1-1) <°fl u o 

-;—777-- oi 

\ + n u>i a - i i,j t 

This is the nondimensional Laplace transform of the steady-state sinusoidal frequency response part of 
the solution of the (1,0;U,1) equation. The corresponding function of the running variable is 


M'0L„ - 


/ . / 

T | OJ, 


. / • / 

1 ♦ T I CJ 




J 


( 6 ) 


(Compare with Lq. (14) of Derivation Summary 17-3.) 

c) Steady-state sinusoidal response for the (1 ,0,0,?) e quation 

Lhc nondimensional frequency relating function is 

= ^*> 0-01 4 ‘"( l-D H ^() 
l + no, 

(Compare with hq. (7) of Derivation Summary 18-9.) 


(l .0:0.1) 


(7) 


U ‘a-u = 0. ,h > s becomes the nondimensional frequency relating function of the (0;0,l) equation; i.e., 


^(O.-O.l) 


( s *10-0) 

1 + fjw, 


( 8 ) 


(Compare with Lq. (3) of Derivation Summary 18-10.) 


If ‘'(O-O) = °* E< l* < 7 ) becomes the nondimension.il frequency relating function of the (1;0,1) equation; i.e.. 


(l:0.w 


a v 


(l-D • 1 


/ • ^ 

noj. 


i * • * 

1 + T\( l} 


(9) 


(Compare with Lq. (3) of Derivation Summary 18-11.) 

d) Steady-state nondimensio nal frequency relating functions 

Derivofion Summary 18-20. Steady-state nondimensional frequency relating functions obtained 

by the nondimensional Laplace transform method. 
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The general technique for obtaining the normal solution by the weighting function convolution integral 
method is discussed in Chapter 17. The weighting function is the running variable form of the relating 
function obtained from the normal impulse function solution. For the (0;0,1) equation, the weighting func¬ 
tion is obtained from Derivation Summary 18-13. 

The dimensional running variable form is 




l)(t) 


= ere 


-t/r 


The nondimensional running variable form is 




-'t/f 


The normal solution of the (0;0,1) equation for any other input is obtained from the weighting function con¬ 
volution integral expression 


'« -'t/f 


where 


Z'O - / D*F] B:0il)rt ,«('* - u('t - -gdeg 

0 c 0 r 

convolution integral running variable (see Information Summary 17-1) 


Derivation Summary 18-21. Formal solution of the (0;0,1) equation by the weighting function 

convolution integral method. 


Let u("t) be an increasing step function (isf) (see Derivation Summary 18-2); i.e., 

B 0 = 0 ; 't <0 u('t) = 0 ; 't <0 ) 

B q = constant ; 't £ 0 u('t) = B Q ; 't £ 0 ) 

Uhcn the running variable is ('! - 't c ), then 

u('t - 't c ) =0 ; - 't c ) <o ) (2 ) 

u('t - ^tj = B 0 ; ('t - 't c ) * 0 ) 

This means that 

u('t - '» c ) = 0 for 't c > 't ) 

u('t - 't c ) = 'B 0 for 't c * 't ) (3> 

Substituting these relationships in the (0;0,1) weighting function convolution integral (Eq. (3) of Deri¬ 
vation Summary 18-21) gives 

*('» = s' [WF], 0;0 .,„. u('t - %)<«%> . - 'B 0 d('g «>. ( 5 ) 

A ^ . 


'R ‘ 

- - «■ B o < 


- <T 


bji - «* v n 


The corresponding dimensional running variable form is 


Choose 


Then 


v(t) = o-B 0 [i - <•'"] 


Vn - **0 


[ 7 ^—l - (DVR) (o ; 0 . D (1 • *) (0) “ 1 “ * 

L (r.l)J(o;0, l)(ln 1)(o) 


-t/r 


(Compare with Derivation Summaries 18-2 and 18-14.) 

Derivation Summary 18-22. Normal solution of the (0;0,1) equation for an increasing step 
function input by the weighting function convolution integral method. 
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Lee u('t) be an increasing ramp function (irf) (see Derivation Summary 18-4); i.e., 


B 0 = 0 , B, = 0 ; 't<0 u('t) = 0 ; 't <0 | ^ 

B Q = 0 , Bj = constant ; 0^'t u( t) = "Bj ('») ; 0^'t f 

When the running variable is ('t - 't ) f then 

u('t - 't c ) = 0 ; ('t - \) < 0 I (2) 

U('t - t c ) = B,('t - t c ) ; ('t-'t c )^0 I 

This means that 

u('t - 't ) = o for 't >'t ) 

> (3) 

u('t - \) = B,('t - \) for \ 

Substituting these relationships in the (0;0,1) weighting function convolution integral (hq. (3) of Derivation 
Summary 18-21) gives 

* * * * 
vfr) = / [WF] O;0 ,u('t -'t c ) d('t c ) = f^l B,('t - '. c )dCi c ) ,4) 

r, ^ /» T 


for 't e > 't 


f 

" B, t" ,/ f + 4 - - i] 


The corresponding dimensional running variable form is 

V(t) B, r[c- /r +-t- 


Choose 


Then 


r-| 

(rel) J (o;0. 


V (re() = r 


(DVR) (0;0 Ddrixo) _ c * T + ~ “ 1 


iKlrlHo) 


(Compare with Derivation Summaries 18-4 and 18-16.) 

Derivation Summary 18-23. Normal solution of the (0;0,1) equation for an increasing ramp 
function input by the weighting function convolution integral method. 


18.132. Derivation Summary 18-23 obtains the normal solution when the in¬ 
dependent variable is an increasing ramp function as specified in Eq. (1) of the 
summary. The pattern of the solution is similar to the treatment in the previous 
summary, except that the convolution integral is a little more complicated. The 
normal increasing ramp function solution shown in Eq. (6) results when the weight¬ 
ing function convolution integral of Eq. (5) is evaluated. 

18.133. The casein which two simple functions are combined to form the input 
function is presented in Derivation Summary 18-24. The input function is the sum 
of a step function and a ramp function, as defined by Eq. (1) of the summary. The 
process of solution is shown stepwise by Eqs. (2) through (8). Various forms of 
the normal solution are given in Eqs. (6), (7) and (8). 

18.134. The piecewise-defined function given in Eq. (1) of Derivation Sum¬ 
mary 18-25 is an increasing ramp function for the interval of the running variable 
between zero and and is a constant for the values of the running variable greater 
than 't,. The form of the definition of the independent variable suitable for the 
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(1) 


( 2 ) 


Let u('t) be an increasing step-and-ramp function (isf + irf) (see Derivation Summary 18-6); i.e., 

B 0 = 0 , Bj = 0 ; 't < 0 u('t) = 0 ; 't < 0 

B 0 = constant , B, = constant ; 't = 0 u('t) = B Q + 'B, ('t) ; 't ^ 0 

Uhcn the running variable is ('t — 't c ) f then 

u('t - 't c ) =0 ; ('t - 't c ) < o 

u('t - \) = B & + 'B,('t - %) s ('t-'t c )^o 

This means that 

u('t - 't c ) = o for 't c > 't 

U('t - 't c ) = B Q + B, ('t - '» c ) for 't c * 't 

Substituting these relationships in thc(0;0,l) weighting function convolution integral (Eq. (3) of Derivation 
Summary 18-21) gives 

V('|) » /[WF] (0:0 _ 1)( , u('t-’t c )d(-g =f'elXL[' B 0 * B,('t - -t e )]<K't c ) 

A ^ A • 


(3) 




= tr B 0 (1 - j + a ' B> -r [ ( -Vf + ± _ , ] 

The corresponding dimensional running variable form is 

v(t) - «rB 0 U - e- ,/r l + <rB,r [e*"' +-L - l] 


(4) 


(5) 


( 6 ) 


(7) 


Choose 

Then 


V (rcl) = 


[y V 1 = (BVR)(o;o.„(i s f + trf)( 0 ) 

L (ref)J (0;0# l)(lsf * 4 - irf )(o) 

(Compare with Derivation Summaries 18-6 and 18-18.) 


B„ 

- 1 

*’ t/f + 

B , . , 

Lb, . 

C T 

B,, 


+ — ( 8 ) 
r 


Derivation Summary 18-24. Normal solution of the (0;0,1) equation for an increasing 
step-and-ramp function input by the weighting function convolution integral method. 


weighting function convolution integral is given by Eq. (2) when the running vari¬ 
able is less than 't, and by Eq. (3) when the running variable is greater than't,. The 
normal solution corresponding to the first interval is shown by Eq. (6). The nor¬ 
mal solution for the second interval requires two integrals as shown in Eq. (9). 
The first integral has integration limits from 0 to ('t -'t,), corresponding to the 
constant part of the forcing function, while the second has integration limits from 
('♦-'*,) to't, corresponding to the "memory" of the increasing ramp function, which 
terminates at '♦ equal to 
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Let u('t) be an increasing ramp function followed by a constant (irf cnst) (see Derivation Sum¬ 
mary 18-7); i.c., 

B 0 = 0 , B, = 0 ; 't < 0 u( 't) = 0 ; 't < 0 

B = 0 , B. = constant ; 0 - 't ^ 't ] u('t) = B ('t) ; U = 't £ 't 

B, = constant , Bj = 0 ; <'t u('t) = B ; 'fj < 't 

tthen the running variable is ('t - 't ) and 't < 't ( , then 

u('t - 't c ) =0 ; ('t - '») <0 ; t 


(1) 


't 


«('t - r) = B,('t - 't c ) ; ('t - T) £ o ; 't c S 't 

Uhen the running variable is ('t - 't ) and 't > 't,, then 


( 2 ) 


u('t - \) = 0 

u('t - t ) = B ('t - 't ) 

u('t - 't c ) = B 


('♦ - » c ) < o . l c > t 
o - ('t - 't c ) $ 't, , ('t - '»,) £ 't c ^ 't 

<('» - 't c ) ; \< ('t - r) 


> 

I 


(3) 


IS 


\Uun t < 't |t the (0;0,1) weighting function convolution integral (see hq. (3)of Derivation Summary 18-21) 


't < 't 


''CO - / ' u(; --. c )d('t«) 

ft ’ 


(4) 


'i <'t 


-/ ^ 


' B t ('f - t c )d('t c ) 


•r B ’r 


<■'" * 4 - - i 

r 


(3) 


(6) 


Uhen 't > 't , the (0;0,1) weighting function convolution integral is 


't >'t 


/ / / , / 
t- tj - t./ r 


't -'t / r 


('')- / “C'-'Odci)-/ ; 'Bdcg, / ■£i_ ; .._'B i (-i--t,)d(-i i ) 

r 't- V r 

1 (7), (8) 


- ,'B 0 [l-«- ,V 'i ,/V 


+ (7 


B r 


-('t- 't >/ V . 


I 


r , / 


1 


(9) 


or 


, - /-V'-' 


] ♦ « B; 


v('t) = (T B 

The corresponding dimensional running variable form is 

v(t) = <rB 0 [ i - t * ,, *’* )/r ] + „B 

C hoose 


, *('»*'«.)/r I t 

Tt 


. ~ 1 + f 

r 


-V/r 


( 10 ) 


Tt 


-(«-«, )/r 


t, -t. /T 

~ 1 + < 1 
r 


(ID 


B, r 


Then 


r (rei) 


(0;0, l)(irf-*cnot)(0) 


(ref) " ° 

(DVR) (0;0 i)(j r f-*cnst)(o) 


(DVR)(o.o. I) (trf-*cnot)( 0 )( 0 -t^t. ) 


(DVR), 


; 0 . ))(lrf-»cnst)(o)(t£t|) 


,/r - [ 


b » 


C* ,/r ♦ 1 - 1 

r 


u -««-« 

B r ' * 


-(t-t )/r 

1 + —i. 


B 




( 12 ) 


(13) 


(Compare with Derivation Summaries 18-7 and 18-19.) 


Derivation Summary 18-25. Normal solution of the (0,0,1) equation for on increasing 
ramp-followed-by-constant function input by the weighting function 

convolution integral method. 


183 



CHAPTER 19 


SOLUTIONS ASSOCIATED WITH 
SECOND-ORDER DIFFERENTIAL EQUATION FORMS 

INTRODUCTION 

19.1. Solutions for second-order differential equation forms are developed in 
this chapter by a procedure that follows the pattern used in Chapter 18 for first- 
order differential equation forms. This pattern starts with a transformation of the 
typical second-order differential equation into the standard nondimensional form of 
Definition Summary 14-1 by a procedure similar to that of Definition Summary 18-1. 
The pattern continues with a development of the transient solution to match the 
procedure of Derivation Summary 18-1, follows with derivations for power series 
terms and impulse forcing function solutions like those of Derivation Summaries 
18-2 through 18-8, and is completed by determinations of sinusoidal response char¬ 
acteristics that correspond to the developments of Derivation Summaries 18-9 
through 18-11. 

19.2. The second-order solution derivations outlined in this chapter are worth 
while only because a number of features appear that are not present in the first- 
order solutions of Chapter 18. These features are associated with the fact that 
second-order solutions may show oscillatory characteristics not present in first- 
order solutions. The effective description of these characteristics and the rela¬ 
tionships among the differential equation coefficients by which they are determined 
requires the definition of concepts and symbols that are not suggested in any way 
by first-order solutions. These concepts are closely associated with certain pa¬ 
rameters that are defined in terms of the differential equation coefficients. 

19.3. In selecting parameter definitions, the principles discussed in Chapter 8 
are applied to insure that all the terms appearing in second-order solutions are 
dimensionless. This means that parameters for the generalized second-order form 
of Eq. (1) of Definition Summary 19-1 are made up of coefficient combinations bas¬ 
ically similar to those developed for the special second-order equation associated 
with the engine indicator of Fig. 8-1. Certain special features of the generalized 
second-order parameter definitions are introduced for reasons of convenience in 
applications of solution equations, but the fundamental principle of reasoning in 
dimensionless ratio terms is preserved in all cases. These reasons are mentioned 
as they appear in the procedure of finding second-order solutions. 
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19.4. The generalized classical and operational approaches to the problem of 
finding solutions for differential equations are described in Chapters 15 and 16. 
The methods described in these chapters are applied in Chapter 18 to derivations 
of solutions for first-order differential equation forms. These derivations provide 
the framework for the development of several concepts and notation that maybe 
applied in discussions of solutions for differential equations of any arbitrary order. 

19.5. In this chapter, solutions associated with second-order differential 
equation forms are written in terms of the concepts developed in Chapter 18 on 
the assumption that the derivations of that chapter are familiar to the reader. 

STANDARD NONDIMEN SI ONAL FORMS FOR THE SECOND-ORDER DIFFERENTIAL EQUATION 

19.6. Equation (1) of Definition Summary 19-1 is the generalized working vari¬ 
able form of the (2,1,0; 0,1,2) differential equation. The second, first, and zero 
orders of the independent variable are included in order that solutions for the com¬ 
plete form may be used as the basis for writing solutions with fewer terms by the 
simple process of reducing certain coefficients to zero. 

19.7. Section b of Definition Summary 19-1 illustrates the formation of the 
dimensional similarity factor , a, and the running-variable-dimensioned coefficients . 
These coefficients for the dependent variable terms are the ratios of the equation 
coefficients to the zero-order coefficient. The corresponding independent vari ¬ 
able running-variable-dimensioned coefficients are formed by using an arbitrarily 
selected zero-order reference coefficient as the divisor for the equation coeffi¬ 
cients. This reference coefficient has the dimensions of the zero-order indepen¬ 
dent variable coefficient and is never zero. The dimensional similarity factor is 
the ratio of the zero-order reference coefficient to the dependent variable zero- 
order coefficient. 

19.8. Section c of Definition Summary 19-1 shows the reduction of equation 
coefficients to dimensionless terms by dividing each of the running-variable- 
dimensioned coefficients by the proper power of an arbitrarily chosen reference 
period that always has the dimensions of the running variable. The reference per¬ 
iod power for a term of any given order is always equal to the order of the term. 
This means that the over-all term is unchanged and the running variable, t, is 
reduced to a dimensionless ratio when each term is multiplied by a power of the 
reference period equal to the order of the term. 

19.9. Section d of Definition Summary 19-1 shows the reduction of the dimen¬ 
sionless coefficient differential equation form to the standard form of Definition 
Summary 14-1. In this reduction, each of the dependent variable term coefficients 
is divided by the coefficient of the highest order dependent variable term. In a simi¬ 
lar fashion, each of the independent variable coefficients is divided by an arbitrarily 
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From Eq. (1) of Definition Summary 14-1, the generalized second-order differential equation has the 
form •• • i * 

* V + - M ♦ b,u + b 2 u (1) 

where the coefficients arc .ill positive. 

Generalized (2,1,0 ;0,1,2) differential equation 


In accordance with the procedure of Definition Summary 14-1, define b (l)(re() as a quantity that is never 
zero and has the dimensions of b,. If b Q is different from zero, then b (1)(ro() is taken as h with the 

dimensions of b Q . If b, is zero and b, is not zero, then ^ i)(ref) is taken as b^ |)(fef)t with the dimensions of 

,, etc. To illustrate the use of b( 1)(ref) , the identified-order independent variable reference coefficient , 
assume that b is not equal to zero, and let 


a; = 1 


b' = A_ 

0 h 

D ( 0 )(ref) 

b'., A 


cr = 


_ ^0) (ref) 




oMrcf) 


lO) (r e f) 


Substituting these relationships in Eq. (1) gives 

a^v + a v + a'v 


[b,u 


+ b u + b, u] 


^ Generalized (2, 1,0,0, 1,2) differential equation with running-voriable-dimensioned coefficients 


Let 


% - - I 


be - b; 


(rc*n 




^(ref) 


(rc-i) 


( )' - JU 

d('t) 


where 


"-f- 

Mrof) 


(rof) 


"t#r e f j = —-— = reference period (arbitrarily chosen) 

"(ref) 


Then 


°2 v " + ' a i y ' ♦ \ y - cr 


[bu + b. u' + b u"] 


c) Generalized (2,1,0;0,1,2) differential equation with nondimcnsional coefficients 


Let 


y ° h 




^2)(rc() 


J n i 


• 'o - *°<2-2) 


■ • 

^2)(r*n 


°( 2 - 2 ) 


'a, b 

y 2 1 * ^ T- 

* n2)(rol) 

where b fi j( ro f) * s an arbitrarily chosen dimensionless number never equal to zero. 


Definition Summary 19-1. Standard and special forms for the (2,1,0;0,1,2) second-order 

differential equation with constant coefficients. (Page 1 of 4) 
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Then 


V" + y,V' + y 0 V = (T s [ifcU + I7,u' + »> 2 u"] 


d) Standard (2,1,0;0,1,2) differential equation form 


Let 


’Jo . 


( 0 - 0 ) 


* *11-1) 


h . 


_ 'fe _ 


’ * 12 - 2 ) 


= ^ 


Then 




" + y. v ' + y 0 v = ^ [ 


^(o-o) yo 


u + v 


(l-l) y i 


U + u 


( 2-2 ) '2 


«"] 


Define 


cl Modified standard (2,1,0,0,1,2) differential equation form 




roi) 


Tit) 


( 10 ) 


2 < \]~Yo = 2 t' u n 


2 _ 


T 

'(ret) — 

a 


T 


(red 


(ID 


L_ 2l 

V% 2 


damping racio 


Q Q 


( 12 ) 


v^r 


1 --(t 

>b\ 2 


1 - 


(ref) 


nondimensional angular frequency 


= angular natural frequency’ 


(ref) 




, "‘ i \f 


(red 




nondimensional undamped angular natural frequency 


(ref) 


undamped angular natural frequency 


undamped natural period 


n = —— = undamped natural frequency 
n « - « natural frequency 


°i V 


o a 


(13) 


(14) 


i-ii- l(± 

y. b. V a . 


C °l V°1 / T (fe() 

(Cl)„ dr , = non dime nsional low damping ratio characteristic time 


US) 


Definition Summory 19-1. Standard and special forms for the (2,1,0,0,1,2) second-order 
differential equation with constant coefficients. (Page 2 of 4) 


187 


0 

r l = 


[+- 


r ] 


(16) 


0 

_ r i 


t 2 " - 5 _ = _ 1 _ = _±_ 

r { » (CO(hdr)darqer) = nondimcnsional larger high damping ratio characteristic time 
r 2 e (CT)(hdr)(8mallor) = nondimcnsional smaller high damping ratio characteristic time 


(17) 


'(sum) 


0 0 \ 
r, + r = —L 

2 °0 


(d")(hdr)(sum) ~ ^^^(hdr)(larqer) + tCT), 


(hdr)(smaller) 


nondimcnsional high damping ratio characteristic time sum 
'T, rel , ■» (CT) (ldf) = low damping ratio characteristic time 


(18) 


(19) 


‘2 _ 


*(re»f) a (CO(hdr)dorqer) = ,ar « er h *8 h damping ratio characteristic time 


( 20 ) 


( 21 ) 


- A 


( 22 ) 


f 2 T (ref) 


(CT)(hdr)(s m odor) = smaller high damping ratio characteristic time 


(23) 


'(sum) 


2 °2 + a] 

= r (Bum)^(re[) “ T \ ^"(re<) + ? 2^"(ref) “ r l + r 2 “ ~- 

” (^^(hdr)(»um) = ^ \hdr)(larqor) + (^'^(hdr)(amaller) 

a high damping ratio characteristic time sum 


1,-1.. C ± - 1 

r 2 f 2 < - y] c - 1 

[(CT) R] (hdr , = high damping ratio characteristic time ratio 


A,- -[jr- i*>] = 


-JL _ 


■*" -[4 + \o>] - - ^ ♦ j w 


- -L (lL\ 2 

Yo A 2/ 


1 - i ar 


(24) 


(25) 


(26) 


(27) 


(28) 


A, - first root of nondimcnsional characteristic equation 
A 2 ■ second root of nondimensional characteristic equation 

f-1) Relationships among second-order differential equation coefficients and parameters 

Definition Summary 19-1. Standard and special forms for the (2,1,0;0,1,2) second-order 
differential equation with constant coefficients. (Page 3 of 4) 
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In terms of (he definitions summarized in the preceding subsection, the (2,1,0;0,1,2) equation may be 
written in the following forms: 


^2 •• • 

— V + —- V 4- V = 


b ( 0 )(r*f) 


b. . 


2— u +-i— u + — 2 


a 2 'v + a'v + v = a[b 0 


<*2 „ a, 

—— v +-i— v + v = a 


T2 

‘(ref) 


(rel) 


b. u 


(29) 


^ 0 )(ref) 

^ 0 )(ref) J 


bj u + 

b' 2 ii] 

(30) 

b ' u- 

♦ . * u"l 

(in 

r,_ i \ 

T 2 





a 2 v + a t v + v 


<r [ b 0 u + b, u' + b 2 u"J 


(32) 


v" + 


b , b 

—- v' + —i- V = <r _ ( 2 )( ro 


u + 


-— u' + 


v" + V. v' + V. V 


2 L ™ re,) b ( 2 )(ref, tb)(r.f, 

y 2 v" + y,v' + y 0 V = ^ U 0 U + t/jU' + t^U"] 

[Equation (34) is the standard form of the (2,1,0;0,1,2) equaiion.] 

y 2 v " + Vi v ' + Xo v = (lo-ojXo 0 + + I2-2»y 2 u i 

[liquation (35) is the modified standard form of the (2,1,0;0,1,2) equation.] 

v " + 2 <^ n v' + = a 9 [i / (0 . 0) <u 2 u + ^|. n 2<w n u' + ^ (2 . 2) u1 


v" + 4- v ' + 
f 


«r) 


— v = ff 8 I Mo-o) —-— u + — u + v.~ ,.u 

ii 2 8 | 0) ( £ ')2 r « 2 - 2 » 


1 - 1 ) 




v' + 


r . r 2 


1 ( 0 - 0 ) 


/ / 
r i r 2 


U + v. 


(i-n 


(33) 


(34) 


(35) 


(36) 


(37) 


u + ■*!-*>« 


(38) 


v" + * + 1 v' + 


HL" U + + 


l (2-2) U 


(39) 


y" + (^ + l ) 2 y 

^ r ( s u m) 


+ <* + l) 2 y = or Vo» (>;M)2 

^ r (oum) ^ r (sum) 


n,. n (^ +1) 2 , 
u * -li-u - u- + „ (2 . 2) 

^ r (s um) 


u" (40) 


f-2) Summery of equivolent (2,1,0,0,1,2) equotio n forms 

Note: The forme of Eqs. (36) through (40) remain unchanged when the dimensionless coefficients (terms with 
preceding primes) arc replaced by the corresponding dimensional terms. The dimensionless forms appear 
when preceding primes are removed from the coefficients, i.e., r-*r, and the prime differentiation sym¬ 
bols are replaced by dot differentiation symbols, i.e., v ”-*V. 


f) Special definitions and notation lor the (2,1,0,0,1,2) differential equation 


Definition Summary 19-1. Standard and special forms for the (2,1,0,0,1,2) second-order 
differential equation with constant coefficients. (Page 4 of 4) 
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chosen reference coefficient* associated with the highest order independent vari¬ 
able term. The ratio of this independent variable reference coefficient to the high¬ 
est order dependent variable coefficient is the reference coefficient ratio . In sec¬ 
tion d of Definition Summary 19-1, the highest independent variable term and the 
highest dependent variable term are second order. This means that the reference 
coefficient ratio of Eq. (6) in Definition Summary 19-1 is the second-order - 
se cond-order reference co efficient ratio, whose symbol is the lower-case .Greek 
letter sigma (a) with (2-2) as its subscript. The product of this reference coef¬ 
ficient ratio and the dimensional similarity factor is the standard-form dimensional 
similarity factor with the main symbol a and the letter s as the subscript. 

19.10. Section e of Definition Summary 19-1 shows the modified standard form 
of the (2,1,0; 0,1,2) differential equation that is formed by writing the coefficient of 
each independent variable term as the product of the coefficient of the correspond¬ 
ing dependent variable term and a coefficient ratio . For example, the first-order 
independent variable term of Eq. (9) of Definition Summary 19-1 contains the zero- 
zero coefficient ratio , whose symbol is the lower-case Greek letter nu (v) with 

the subscript (0-0). The one-one coefficient ratio and the two-two coefficient ratio 
are each formed by the same conventions. 

19.11. The coefficient ratios of Eq. (9) of Definition Summary 19-1 provide 
dimensionless parameters that are useful for specifying particular differential 
equations and for reducing the (2,1,0; 0,1,2) equation to other forms with fewer in¬ 
dependent variable terms. Several examples that take advantage of this property 
of the coefficient ratios are discussed in this chapter. 

19.12. Second-order differential equation forms are very useful for describing 

physical situations and in addition are one of the basic forms from which higher 
order equations may be built. For these reasons, it is worth while to establish an 
especially complete system of concepts and symbols to describe in convenient and 
specific terms all phases of second-order differential equation behavior. The 
basic elements of a system of special definitions and symbols to fulfill the second- 
order equation requirements are given in section f-1 of Definition Summary 19-1. 
Equation (10) of that summary shows the relationships of the zero-order standard- 
L orm dependent variable coefficient (symbol y 0 ) to the other differential equation 
coefficients, the reference period, and the nondimensional undamped angular natural 
frequency , which is a parameter associated with oscillatory behavior of second- 
order solutions. Equation (11) of Definition Summary 19-1 relates the first-order 
standard-form dependent variable coefficient (symbol y ,) to the other differential 
equation coefficients, the reference period, the nondimensional undamped angular 
natural frequency, and the damping ratio . Equation (12) shows that the damping 
ratio is defined as one-half of the nondimensional variable 77 5 of Table 8-2, Chap- 
ter 8, whe n the m, c, and k of the engine indicator performance equation (which is 

• The value of the reference coefficient is never taken as zero. 
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a (0; 0,1,2) equation) of Derivation Summary 8-1 are taken as corresponding to the 
a 2 , a , t and a 0 coefficients of the generalized second-order equation. This obser¬ 
vation indicates that a nondimensional parameter suggested by purely dimensional 
analysis considerations appears naturally in the mathematical solution of a differ¬ 
ential equation form. It is shown later that the factor of one-half is dictated by the 
form of a term that occurs in second-order solutions. 

19.13. Equation (13) of Definition Summary 19-1 gives the defining relation¬ 
ships for the nondimensional angular natural frequency , which is a parameter ex¬ 
pressible in terms of the quantities already defined. Equation (14) shows the rela¬ 
tionship between the nondimensional undamped angular natural frequency and other 
second-order parameters and coefficients. The equations and definitions placed 
between Eqs. (13) and (15) of Definition Summary 19-1 summarize defining names 
for the parameters of Eqs. (10) through (14) and show that the dimensional param¬ 
eter forms for angular natural frequencies appear when the nondimensional forms 
are divided by the reference period. 

19.14. Equation (15) of Definition Summary 19-1 defines the nondimensional 
low damping ratio characteristic time (symbol prime tau (>)), which is a basic pa¬ 
rameter associated with second-order differential equation forms. The derivations 
of second-order solutions that follow show that the low damping ratio characteristic 
time appears as the divisor for the running variable in the exponent of certain real expo¬ 
nential terms. This means that the low damping ratio characteristic time is a 
parameter generally analogous to the first-order characteristic time that appears 
as the essential parameter for the first-order differential equation. Equations (16) 
and (17)define two additional second-order equation parameters that are generally 
similar to the low damping ratio characteristic time. These parameters are the 
nondimensional larger high d amping ratio characteristic time and the nondimen¬ 
sional smaller high damping ratio characteristic time . The definitions that appear 
after Eq. (17) in Definition Summary 19-1 show that the working variable main 
symbol for characteristic time is r and that the corresponding self-defining sym¬ 
bol is CT. The identifying subscripts for these symbols are 1 and 2, respectively, 
for the larger and smaller high damping ratio characteristic times in working 
variable symbols and (hdr)(larger) and (hdr)(smaller), respectively, in self-de¬ 
fining symbols. All subscripts are omitted from the working variable symbol r , 
for low damping ratio characteristic time, and (ldr), for low damping ratio, is 
used as the subscript for CT, the corresponding symbol in self-defining terms. 

19.15. Equation (18) of Definition Summary 19-1 is the defining equation for 
the nondimensional high damping ratio characteristic time sum, which is equal to 
the sum of the two nondimensional high damping ratio characteristic times. The 
working variable symbol for the characteristic time sum is r with (sum) as its 
subscript. The corresponding self-defining symbol is CT with (hdr)(sum) as its 
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subscript. It is shown later that the high damping ratio characteristic time sum 
becomes identical with the first-order characteristic time when the second-order 
coefficients change so that the second-order form effectively approaches the 
first-order form. 

19.16. Equations (19) through (25) of Definition Summary 19-1 show that the 
nondimensional characteristic time parameters ofEqs. (15) through (18) are trans¬ 
formed into corresponding parameters with the dimensions of the running variable 
when each is multiplied by the reference period. Specific definitions of the dimen¬ 
sional characteristic time parameters in terms of the differential equation coeffi¬ 
cients are given by Eqs. (20), (22), (24) and (25). 

19.17. The high damping ratio characteristic time ratio defined by Eq. (26) 
of Definition Summary 19-1 is a dimensionless parameter for the second-order 
equation that is basically a function of the damping ratio. It appears later that the 
magnitude of this characteristic time ratio is an indication of the divergence of a 
given second-order solution from the corresponding typical first-order solution. 

19.18. Equations (27)and (28) are expressions for the first and second roots 
of the nondimensional second-order characteristic equation (working variable 
symbols lower-case Greek letter lambda (a) with subscripts 1 and 2, respectively), 
which are defined in section d of Derivation Summary 15-2. In these equations, 
the roots are related to the dimensionless second-order parameters and the di¬ 
mensionless second-order standard-form coefficients. 

19.19. Equations (29) through (40) of Definition Summary 19-1 give various 
ways of writing the (2,1,0; 0,1,2) equation. The sequence of equations starts with 
running-variable-dimensioned coefficients for the terms of the equation and con¬ 
tinues with these coefficients replaced by different combinations of the second- 
order dimensionless coefficients and parameters that are defined in Eqs. (4) through 
(28). The summary of equations is essentially a listing of relationships among 
second-order coefficients and parameters that is made easier to remember than 
a formal tabulation of equations without the second-order form as a framework to 
hold them together in terms of a generalized pattern. 

19.20. All of the equations of section f-2, Definition Summary 19-1, from Eq. (32) 
on are written with preceding primes on all symbols that might be associated with 
dimensions. As noted at the end of section f, the second-order equation forms 
based entirely on dimensionless variables are not changed when dimensioned vari¬ 
ables are formally introduced by removing the preceding primes and replacing 
prime indications of differentiation by superscript dots to show that derivatives 
are to be taken with respect to the running variable in dimensioned terms. 

19.21. The special notation definitions and equations of section f of Definition 
Summary 19-1 are used as the source of basic information on second-order forms 
for the derivation summaries that follow. 
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TRANSIENT SOLUTION FORMS FOR SECOND-ORDER DIFFERENTIAL EQUATIONS 

19.22. The discussion of Chapter 15 shows that transient solutions for any 
differential equation are based on the homogeneous equation, which is the com¬ 
plete equation with the right-hand side placed equal to zero. This means that tran¬ 
sient solutions for the (2,1,0; 0,1,2) equation of section d of Derivation Summary 19-1 
are solutions of the (-; 0,1,2) equation of section b of that summary. 

19.23. The procedure of section c of Derivation Summary 19-1 follows the 
outline of section d of Derivation Summary 15-2 in finding roots for the (-; 0,1,2) 
equation. Equation (3) of Derivation Summary 19-1 gives the transient character¬ 
istic function as an exponential with the product of the nondimensional running vari¬ 
able and an undetermined coefficient as its exponent. Carrying out the required 
differentiations and substituting the results in Eq. (2) gives the expression of Eq. (6) 
for the homogeneous equation as the product of the transient characteristic function 
and a parenthesis containing the sum of three terms involving the second, first, 
and zero powers of a . In order for Eq. (6) to always remain true, the expression 
inside the parenthesis must be equal to zero. As given in Eq. (7), this expression 
is just the second-order characteristic equation. This equation has the form of a 
conventional second-order algebraic form, and the two values of a that are the 
roots by which it is satisfied are given by the well-known quadratic equation.* 

19.24. Equation (8) of Derivation Summary 19-1 gives the expression for the 
characteristic equation roots as a real term plus or minus the square root of the 
difference between two other terms. This equation shows that the second-order 
characteristic equation has two roots in accordance with the general principle that 
an n th -orderalgebraic equation has exactly n roots. The root in which the sign of 
the second-term radical is different from the sign of the first term is arbitrarily 
called the first root and is identified in Eq. (9) of Derivation Summary 19-1 by the 
subscript 1 on its symbol. The second-root symbol is shown in Eq. (10) with the 
subscript 2 to identify the root in which the first term and the radical term have 
like signs. It is important to note that under the definitions of Eqs. (9) and (10) 
both roots have negative signs. 

19.25. The discussion of section d of Derivation Summary 19-1 identifies 
transient solutions of three types for the second-order differential equation. 
These types depend on the two-term expression that appears under the radical of 
Eqs. (9) and (10). When this expression is positive, the square root term is a real 
number and the roots are unequal real numbers. When the expression under the 
radical is negative, the square root of its magnitude must be multiplied by the 
square root of minus one, which is identical with the imaginary unit whose prop¬ 
erties are discussed in paragraphs 12.8 through 12.24 of Chapter 12. This means 

• The solutions for the second-order algebraic equation are discussed in any text on elementary algebra. 

Sec, for example, A College Algebra by Fine (27); College Algebra by Albert (2), p. 136. 
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Corresponding co the standard form of Eq. (7) of Definition Summary 18-1, the standard (2,1,0;0,1,2) 
differential equation is 

v " + yi v ' + y 0 v = k u + v^' + >7 2 ui (i) 

oj Standard (2,1 t 0;0,l ,2) form 

The ( — ;0,1,2) equation is 

v " + >'i v ' + y 0 v = 0 (2) 

This equation is the homogeneous equation corresponding to all second-, first-, and zero-order dependent 
variable differential equations. 

b) Homogeneous (—;0,1,2) equation form 


The transient characteristic function for the ( —;0,1,2) equation corresponding to the form of Eq. (3) of 
Derivation Summary 15-2 is 

V) = (3) 

Differentiating Eq. (3) gives 

v (tr) = A< A( ' l) (4) 

v (7r) = (5) 

Substitution of these expressions for V, tr j, V^ tr) and v^ t ' r ) in Eq. (2) gives 

(A 2 + y, A + y 0 )* M ' l) = 0 (6) 

l or Eq. (6) always to be true with all values of 't, A must be chosen so that the expression within 
the parenthesis is zero. Equating the expression in the parenthesis to zero gives the ( — ;Q, 1, 2) char¬ 


acteristic equation as 


a2 + Xi A + Yo = 0 

This equation corresponds to the characteristic equation of section c, Derivation Summary 15-2. 
Liquation (7) is fulfilled if A is given by the standard quadratic equation solution®, i.c., if 


-A ± J_ 
2 “ 2 


2 - 4 


The relationship of Eq. (8) means that the two roots of the characteristic equation may be written as 


and 


c) Roots of the (—,-0,1,2) characteristic equation 


( 10 ) 


Transient solutions for all (—;0,1,2) differential equations arc formed by two terms, each of which is 
the product of a fitting constant and the transient characteristic function with one of the two character¬ 
istic equation roots in its exponent. 

The form of the transient characteristic function depends on the expression under the radicals of 
Eqs. (9) and (10). 

• Any text on alqebra shown that the quadratic equation OX 2 + bx + C « 0 la satisfied if 

w _ - b ± V b ? - 4ac 

iz - 

Derivation Summary 19-1. Transient solution for the (— ;0,1,2) linear second-order differential 
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Case 1: 


<&i 


< i 


(FQj 


-[cy,/2)-jV% \1 -<y,/2 ) 2 (i/y 0 ,]('«) ^ , - [<y,/2) + J Vi - (y,/2 ) 2 d/y c .)](' 


( 11 ) 


Case 2: 


(f)■ t ■' 

IFQ,• iFQ.M,-'"'* 1 "’ 

r.'ot«? that when (yy 2) 2 (1 y; ) = 1, the two characteristic equation roots are equal. This means that the 
equal-root situation discussed lr. section e of Derivation Summary IS-2 exists. It Is shown lr. that sec¬ 
tion that one ol the transient functions is formed as the product of the running variable and the exponen¬ 
tial function with a fitting constant, while the other function Is the product of a second fitting constant 
and the exponential. 


( 12 ) 


Case 3: 


m-t 


> l 


(fc), r 


<y, 2) 2 (i >, - - i ]('*) 

+ (Fey < 


- ((y,/2) + < 1 / v 0 , “ 


(13) 


dI Transien t solutions of the (-,0,1,2) equation 


en (^yj — 1 and the special concepts and symbols of Definition Summary 19-1 are used, then if 

C ^ DR < 1 and v = [(CI)Rj (h < jr) is complex 


the transient solution becomes 


v (lr) = «<WtfFQ, + '(FQ 2 €’ , “ ( ' t) ] 
(FQ, - '(FQ, ♦ (FC) 


By definition, let 


(FQ, = i [(FQ, - (FQJ 

Placing these fitting constant forms* in 1 q. (l i) gives 


v,„| - £- | ' ,)/f ['(FQ J cos £,('») + '(FQ, sin 


By definition 


'(fq. = v (fc); ♦ (fq; 

tyfc)(sln) = ,Jn ‘‘ 

'(FQ S 

(FQ S € ftl * sin | oj["t) + ^* (fc)( » in) l 


(FC) ♦ 


so that 


tyfc)(sln) = tJn ‘‘ 


(FQ lf -('«)/? sln 


1 - C 


2 


t 

JT + ^(fc)(sln) 


(14) 


(15) 


(16) 


(17) 


(1H) 


(19) 


( 20 ) 


( 21 ) 


• The relationships among exponential (unctions and trigonometric junctions that are applied here are given In 
Definition Summary 12-3. 
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v (tr) " lFQ 5< ^ n(,) sin [ yj l - C 2 ioj' t)+ £ (fc)(aln) ] (22) 

V, = [2C yf^C jj- + Wn>] (23) 

(sum) 

Uhen cosine is substituted for sine in Eqs. (19) to (23) 

V>(fc)(8ln) -► ^(Ic)Icob) “ ,an ‘‘ f ~- F ^ 1 (24) 


^(1C)(C08) “ ,an 


? 


(FQ 4 

'(fq 3 


©-1) Tronsient forms when the damping ratio is less than uni 


(24) 


When 


then 

and 


DR = 1 ; v 


- DR - i ; * - l(CDR] {hdr) = i 

v (tr) = tFq,^Vf + tFQ, (!)«-(Vf 


(FQ, t""" 10 


'(FQ 7 ('t)/"" ( '° 


v (tr) - '(FQ„ t - J, ' t|/f <—) + '(FQ 7 ('t) f - !, ' ,,/f <—> 

o-2) Tronsient forms when the damping ratio is equal to unity 


(25) 


(26) 


(27) 


When 


Wi 


> 1 


then 


< « 

DR > i 

; 1/ - [(CT)R] hdr > 1 


and 

V (tr) - 

'(FQ, 

-('<)/ f, 

€ ‘ + 

'(FQ 2 « ( ' ,,/f ’ 

(28) 


V (tr> " 

'(FQ, 

-('«)/ f, 

€ 1 + 

'(FQ 2e ^' ,,/f ' 

(29) 


V) - 

'(FQ, 

-k n ('t)/fI7 

€ 

\ \FQ 3 < 

(30) 


V («r) " 

'(FQ, 

c .(2/(|/+l))('t)/> + '(PQ 2< -(21//(|/+ DK'D/^r 

(31) 


V («r) “ 

'(FQ, 

C -I( V+ n/irti/v,..., + ' (F Q a 

(32) 


e-3) Transient forms when the damping ratio is greater than uni 


Defining relationships for the special notation of Eqs. (14) through (32) are summarized in section f of 
Definition Summary 19-1- 

The dimensionless running variable 't of Eqs. (14) through (32) may be replaced by the dimensional 
variable t by application of the relationship t - ('t)T( r#( j. 

The dimensionless parameters f, Zo, eo n ... may be replaced by r - rT (re() ; oj - Zo/ T (r0 „; a> n - *» n /T (r>f) 
When these changes are made, Eqs. (14) through (32) become the (—;0,1,2) equation transient solutions 
in terms of dimensional parameters and the dimensional running variable t. 

e) Special notation for transient solutions of the (- ;0,7,2) equation 
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that second-order roots can be complex. The dividing point between real and com¬ 
plex roots occurs when the expression under the radical is zero. In this case, the 
two roots reduce to the same real number. 

19.26. Case 1 of section d of Derivation Summary 19-1 exists when the ratio 
of the square of half the standard-form first-order coefficient to the zero-order 
standard-form coefficient is less than unity. This situation means that in accord¬ 
ance with the definitions given in Definition Summary 12-3 and Fig. 12-1, the 
second-order roots are complex conjugate numbers. In Eq. (11) of Derivation 
Summary 19-1, the second-order transient solution is written in the pattern of 
Eq. (3) of that summary as two exponential terms each with its own fitting constant. 
One of these terms has the complex expression for the first root as the coefficient 
of the running variable in its exponent and the other has the second complex root 
in its exponent. Because each of the transient solution terms of Eq. (11) includes 
an exponential with a real term and an imaginary term in its exponent, the solution 
must always be a product of a real exponential and two terms that have imaginary 
exponential factors. The fitting constants associated with the two imaginary expo¬ 
nential terms are identified with subscripts corresponding to those of the roots in 
the terms with which they are associated. The real exponential factor of the tran¬ 
sient solution has the behavior described in Definition Summary 12-2. The imag¬ 
inary exponential terms may be associated with sinusoidal variations by the rela¬ 
tionships described in Definition Summary 12-3 and illustrated in the diagrams 
of Figs. 12-1, 12-2, 12-3, and 12-4. 

19.27. Case 2 for the second-order transient form occurs when the two terms 
under the radical associated with the roots are equal. The roots themselves then 
become equal and the situation discussed in section e of Derivation Summary 15-2 
exists. Application of the principles developed in that section shows that the equal- 
root situation solution has the form of Eq. (12) of Derivation Summary 19-1. 
This solution has the required two fitting constants associated with terms that each 
contain the same exponential term with the twice-repeated root in the exponent. 
One of the two terms of the solution contains the running variable as a factor, while 
the other is a straight product of the fitting constant and the exponential. 

19.28. Case 3 of the second-order transient solution occurs when the expres¬ 
sion under the radical of the roots is positive so that both roots are real. The 
corresponding solution is made up of two terms, each with its own fitting constant 
multiplied by an exponential that includes one of the roots in the exponent. This 
solution form is given in Eq. (13) of Derivation Summary 19-1. 

19.29. Examination of the condition for case 1 of section d of Derivation Sum¬ 
mary 19-1 shows that this case occurs when the damping ratio (symbol lower-case 
Greek letter zeta «) or DR ) defined in section f-1 of Definition Summary 19-1 is 
less than unity and the high damping ratio characteristic time ratio (symbol „) is 
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complex. When this condition exists, the definitions and defining equations of Def¬ 
inition Summary 19-1 may be used to write the transient solution of Eq. (11) of 
Derivation Summary 19-1 in the form of Eq. (14) of that summary. In this form, 
the direct expressions for the roots in terms of standard-form equation coefficients 
are simplified by the use of the nondimensional low damping ratio characteristic 
time (symbol V, with no subscripts) and the nondimensional angular natural fre¬ 
quency (symbol OJ ). 

19.30. For many purposes, it is more convenient to express the transient 
solution of Eq. (14), Derivation Summary 19-1, in terms of trigonometric functions 
instead of imaginary exponentials. This transformation may be carried out by 
defining two new fitting constants related to the fitting constants of Eq. (14) by 
Eqs. (15) and (16). When the exponential-trigonometric function relationships of 
Definition Summary 12-3 are applied, the transient form of Eq. (14) becomes the 
form of Eq. (17). The two fitting constants of Eq. (17) are identified with subscripts 
3 and4 instead of the subscripts 1 and 2 used for the fitting constant subscripts in 
Eq. (14). This use of different fitting constant subscripts for the two equations 
does not imply any essential differences in the nature of the fitting constants for 
the two cases. The change in subscripts is arbitrary and is merely a means for 
identification of the terms involved in the transformation of the constants. 

19.31. The transient form of Eq. (17) of Derivation Summary 19-1 contains 
a sine-term and a cosine term. For some purposes, it is convenient to replace 
these two trigonometric function terms having two fitting constant coefficients by 
a single sine-term with one fitting constant coefficient and one fitting constant phase 
angle. Equations (18) and (19) are the required fitting constant transformations, 
and Eq. (20) gives the resultingtransient solution form. The fitting constant coef¬ 
ficient of the single sine-term transient equation is identified with 5 for a sub¬ 
script, and the phase angle fitting constant has a subscript (fc)(sin) to show that it 
is a fitting constant associated with a sine-term form. 

19.32. The nondimensional low damping ratio characteristic time and the non- 
dimensional angular natural frequency that appear as parameters in Eq. (20) may 
be replaced by other second-order parameters to produce the transient solution 
forms of Eqs. (21), (22) and (23). The relationships involved in the transformations 
of parameters required to justify these forms are summarized in section f-1 of 
Definition Summary 19-1. When a cosine function is substituted for the sine function 
in Eqs. (20), (21), (22) and (23), it is only necessary to substitute Eq. (24) for Eq. (19) 
in determining fitting constants in terms of the constants appearing in Eq. (17). 

19.33. Case 2 of section d of Derivation Summary 19-1, in which the radical 
terms of the root equations are zero, corresponds to values of the damping ratio 
and the high damping ratio characteristic time ratio that are equal to unity. Equa¬ 
tions (25), (26)and (27) give three forms of the second-order transient equation in 
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terms of the various parameters of section f-1 of Definition Summary 19-1. The 
subscripts 6 and 7 on the fitting constants identify these constants with the unity 
damping ratio transient. 

19.34. Case 3 of section d of Derivation Summary 19-1, in which the radical 
term appearing in the roots is real, corresponds to values of the damping ratio and 
the high damping ratio characteristic time ratio that are greater than unity. Sev¬ 
eral second-order transient equation forms for this condition are listed in Eqs.(28) 
through (32). These equations are all identical with the transient characteristic 
function of Eq. (13) except for the replacement of characteristic equation roots in 
the exponent by various second-order parameters. 

19.35. The dimensionless parameters and running variable of Eqs. (14), (17), 
and (20) through (32) are changed to their corresponding dimensional forms (denoted 
by identical symbols except for the removal of preceding primes) by multiplying 
or dividing by the proper powers of the reference time as required by Eqs. (13) 
through (25 ) of Definition Summary 19-1. 

INCREASING STEP FUNCTION SOLUTIONS FOR THE (0;0,1,2) EQUATION 

19.36. Derivation Summary 19-2 outlines the procedure for finding the com¬ 
plete solution of the (0; 0,1,2) equation with an increasing step forcing function, and 
the dependent variable equal to zero with zero rate of change at the initial instant. 
The steps for working out this solution follow the generalized pattern described in 
Derivation Summary 15-5, which has been applied in Derivation Summary 18-2 
to find the increasing step function solution for the first-order differential equation. 
This pattern begins with descriptions of the forcing function and the differential 
equation involved, and ends with a determination of the complete solutions for the 
given forcing function and initial conditions. All steps in the procedure are sim¬ 
ilar to those applied in finding the step function solution for the first-order equation, 
except that two initial conditions are required to determine the two fitting constants 
that must appear in every second-order transient solution. 

19.37. Section a of Derivation Summary 19-2 gives a description of the in¬ 
creasing step function in the general form of section bof Definition Summary 12-1. 
Equations (2), (3), (4) and (5) give four forms for the second-order differential 
equation with damping ratio ranges less than, equal to, and greater than zero. 
These equations are based on the forms of Eqs. (36), (37), (39) and (40) of Definition 
Summary 19-1 in which the two-two and one-one coefficient ratios have been taken 
as zero and the standard-form dimensional similarity factor has been reduced to 
the product of the dimensional similarity factor and the zero-order dependent vari¬ 
able coefficient. The term coefficients in Eqs. (2), (3), (4) and (5) ofDerivation 

Summary 19-2 are formed from parameters that are convenient for expressing 
solutions for various ranges of the damping ratio. 
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B a = o 


n) * o 


f 

B = constant ; ('t) ^ 0 


«('t) 

u('t) 


= 0 


= B. 


('») ^ o 
('0 * o 


(i) 


('0 = 0 


a) Increasing step function (isf) 


From Eqs. (36), (37), (39) and (40) of Definition Summary 19-1 with i/ (Q Q) 
Uhen £ < 1 


1 ’ fl-l) _ 0 5 *'(2-2) “ 0 


v " + 2 <^ n v'+ w 2 V = cr B 0 = a'rol B o 


( 2 ) 


Uhen £ = 1 


V" + 4-v' + -L V = or \ = cr-L 'B, 


f 2 


a —0 


f 2 


(3) 


Vlhen £ > 1 


v" + 


v' + v = <r_ 




I 


', 2 


3 B o = ^77 “o 
r i 


(4) 




+ (V + l) 2 y' 4 + l) 2 


(u + 1) 'b 


V f. 


(sum) 


V = ^a B o = *— -o 

|/f (Bum) 17 r (sum) 


(5) 


b) Complete differential equations 


(0(i«n 


= cr 


a 


( 6 ) 


(obtained by the method of undetermined coefficients; see Derivation Summary 15-3). 


c) Forced solution 


^hen £ < 1, a possible form of the transient solution is given by Eq. (22) of Derivation Summary 1<M. 
This transient form combined with the forced solution of Eq. ( 6 ) gives the complete solution form as 


*(FQ 5 1 '’"" 1 "' 1 sin [ VTTfT M ,) + ' Wl „, ] ♦ 7 B C 


(7) 


and 


- <«„ '(FQ S ». [ v i - c 


>ln) ] 

+ k Vl - ’(FOj«^“" l ” l, cos [ Vl ('•) - ( 8 ) 

Take as initial conditions: 

V - 0 ; v' = 0 when 't - 0 (9) 

Substituting V = 0 when 't « 0 in Eq. (7) gives 

0 - (FQ 5 sin V’jfcHoin) + ^ B o < 10 > 

Solving for (he fitting constant gives 

cr R 

— (11) 


(FQ S -^ 


s,n V>(| c )(8ln) 


Substituting v' « 0 when 't * 0 in Eq. ( 8 ) gives 

0 - “ (FQjSin V>(fc)(.ln) + *> n V 1 “ ^ 2 '(FQs cos v»(fc)(*ln) 


( 12 ) 


or 


sin '0(ic)(sln) _ fan U _ S l - C 2 

- - " ,an 0(fc)(«ln) -— 21 — 

COS P(fc)(ain) S 


(13) 
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'0 


(fcXeln) 


tan 


-l 


>n77 


S,n 0((c)(sln) 


Vl 7 ! 


cos 0(fc)(sln) 


Si " 2 '0(fc)(5ln) + cos2 0(fc)(sln) - 1 = sin ' '0(fc)(aln) - + 1 

L i - < 2 


S ‘ n '0(fc)(sln) " V * " C 


From Eqs. (17) and (11) 


'(FQ. 


B 


iL 


\i -< 


Also 


COS '0(fc)(sln) 


Vi - c 


► 

==?■ 5,n '0(lc)( 8 ln) - < 


Take the reference value of v as 


(ref) 


f 

B 


Define 


(DVR),o;o.,. 2)<£< 1)(10f)(0;0) = [- V 1 

L T (ref) J (0,0.1.2)( 


£< I )(lsf )( 0;0 ) <r B 


Then, from Eqs. (7), (11) and (17) 


(DVR), 0;0l li2)( ^ < 1 )(lsf)(0;0) 


-<V«> 


Vi -< 


sin 


\1 <*<u n (t) + '0(f c )(sln)] + 1 


I 0 (fc)(Bln))(O;O, 1 . 2 )(£< l)(lsf)(o; 0 ) = ,an ‘ 
Check the results of Eqs. (22) and (23) at 't =0. 


(DVRVt-o, 




sin ' 0 ( , c) + 1=0 


(DVR) 


[>h * V (lc , 

\i - 


[V^-co * wJ 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


(23) 


(24) 


(DVR) ( U) 




(25) 


Vi^T 


S,n 0(fc)(sln) ~ "n COS '0(fc)(sln) 


(26) 


Substitution of the expressions of Eqs. (17) and (19) into Eq. (26) shows that 

(DVR) = £<o n - <tu n = 0 (27) 

Equations (24) and (27) show that Eqs. (22) and (23) give the step function solution for the (0;0,1,2) 
equation when the damping ratio is less than unity. 

The step function solution of Eqs. (14) and (27) may be written in other forms by use of the definitions 
and fitting constant transformations listed in section c of Derivation Summary 19-1. 

d-1) Increosing stop function solutions for domping rotios less thon unity 
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Uhen <= 1» a possible solution is given by the combination of Eq. (6) and Eq. (25) of Derivation Sum¬ 
mary 19-1; i.e., 

V = '(FQ 6 «IV » + (FO,('*) ' + <r'B 0 (28) 

Differentiating Eq. (28) gives 


v - 4- (FC), «-('<)/ f + '(FQ 7 f - X '(FC) 7 ('t) F 


Take as initial conditions: 


From Eq. (28), 


v = 0 ; v' = 0 when 't 


(FC) fi + <r'& 


From Eq. (29), 


so that 


(FQ C * 


(FQ 7 


(FQ 6 - - cr'B 0 


<T B 


(FQ 7 = ~ 


Take 


so that 


(ref) 


(DVR) ( 0 ; 0 tI . 2 ) ( ^= n ( i 8 f) (0;0 ) = I “ v 1 

L (rof) J( 0 ; 0 , 1 , 2 )(C= 1 


and 


L V (rof) J(0;0, i,2)(£« i)(isf)(o;0) cr B ( 
= l)(isf)(0;0) ” £ ( %)/ r —7- € ( l)/ r + 1 


(29) 


(30) 


(31) 


(32) 


(33) 


(34) 


(35) 


^hen the characteristic time r is replaced by the undamped natural frequency or the characteristic time 
sum, the exponent appearing in the transient terms of Eq. (35) cakes the form of Eq. (26) or Eq. (27) of 
Derivation Summary 19-1. 

d-2) Increasing step function solutions for damping ratio equal to unity 


When £ > 1, a possible form of the transient solution is given by Eq. (29) of Derivation Summary 19-1. 
This transient solution combined with the forced solution of Eq. (6) gives the complete solution as 


and 


v = '(FQ i ; (1,/f > + (FC ) 2 € ~ ui ' t)/r i + ^ 

' „ _ jFC)| ^(1)/*r, _ '^pQ -i4\)/r x 


(36) 


(37) 


Take as initial conditions: 

V - 0 ; V' - 0 when 't 

Substituting in Eqs. (36) and (37) gives 


0 - '(FQ, + '(FC ) 2 + <r'B 0 
0 - - - + '(FC ) 2 

r i r i 2 


(38) 


(39) 


(40) 
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Solving Eqs. (39) and (40) gives 


(FQj 

(FO, 


7^T- B o 


1 a B 


i/ - 1 


Take 


Define 


'(ref) 


(DVR ) (0;0 , 2 )(£> l)(lsf)(0; 


'(ref) 


] (0;0.1. 


2 )<£> I )(lsf)(0;0) 


Then 


. . . - - yfy -jr r,,/ '>] + 1 


(41) 


(42) 


(43) 


(44) 


(45) 


The exponents of Eq. (45) may be replaced by other forms by reference to Eqs. (28) to (32) of Derivation 
Summary 19-1. 

d-3) Increosing step function solution for dumping ratios greater than unity 

d) Increosmq step function solutions 


tthen the undamped natural period is used as the parameter, the step function solutions become 


(DVR) (0;0i 1 )(isi)(0;0) 


J_ ^<(«,/'T ns . 


1 


sin [2 n yjl - < 2 _L + '0 (fc) ] + 1 (46) 


V*(fc 


(DVR ) (0;0 , 2)( ^ = i )(l8f)(0; , 


Lr< 2 

< 


-[ 1 + 2 ”y] 


-2rr('t)/'T. 


n + 1 


(DVR) 


„ f -C2!7/fi7)('t)/'T n , -2»r VmI)/ Yj 

(0;0.l,2)(<> l)(lof)(0;0) = ~ ~ _ 1 l* ~ v* j 

c-1) Solutions in terms of undamped natural period 


+ 1 


(47) 


(48) 


(49) 


When the low damping ratio characteristic time is used as the parameter, the step function solutions 
become 


(DVR) ( 0 ; 0 ,1. 2 j< i)(iof)( 0 ; 0 ) 


= L = e*<' l > / 'sin [VI 

l - C 2 L 


C f 


r + V] 


+ 1 (50) 


'*,fc 


1 - 


(DVR) { 0; 0 . 1 . 2 )(^«= D(iaf)(0;0) “ " + — 7- J «‘ (t)/ T 


+ 1 


(51) 


(DVR)(o; 0> 1, 2)(£> l)(lef )(0;0) = - ■»<'»* - ±. € *tv/to+ «)('«)/>] + , (52) 

e-2) Solutions in terms of low domping rotio chorocteristic time 

Derivation Summary 19-2. Increasing step function response for the (0,0,1,2) linear second-order 
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Uhen the characteristic time sum is used as the parameter, the step function solutions become 

(DVR)j0;0, 1.2 )(£< 1) (is f) (0; 0) = “ — J € 2 ^ ' ' ^^’sin [2 < \jl - < 2 __ + " 0 (fc) ] + 1 

— C 2 r (sum) 

(53) 


«W> - 


tan 


-> yj 1 - c 


(DVR) (0;0( . .(ds.Hojo) - - f 1 ♦ 2 —2—1 > + . 

^ ’(sum) -* 


(54) 


(55) 


(DVR) , v f/ (( » /+ > , /i/)(t)/^ , . . (l/+ ix'tj/f I 

V / (0;0.l.2)(^> l>(lsf)( 0 ; 0 ) ~ “ - 7 | < € (sum) + j 

V “ I J/ J 

®*3) Solutions in terms of charocteriStic time sum 
Summary of increasing step function solutions with various coefficient forms 


Derivation Summary 19-2. Increasing step function response for the (0;0,1,2) linear second-order 

differential equation with constant coefficients. (Page 5 of 5) 


19.38. Equation (6) of Derivation Summary 19-2 shows a forced solution de¬ 
termined under the principles described in Derivation Summary 15-3 that haveal 


ready been applied to the first-order increasing step function equation in Deriva¬ 
tion Summary 18-2. Because of the choice of the zero-order dependent variable 
coefficient as a factor in the coefficient for the independent variable term, the 
forced solution, which is any solution of the complete differential equation, reduces 
to the product of the dimensional similarity factor and the constant that specifies 
the "height" of the step function. In Eq. (6) of Derivation Summary 19-2, the sub¬ 
script (f) on the dependent variable symbol shows that a forced solution is repre¬ 
sented, and the subscript letters (isf) for increasing step function specify the forc¬ 
ing function considered. 

19.39. The procedure for finding the complete solution for the second-order 
equation with a step function forcing function and given initial conditions is out¬ 
lined in section d of Derivation Summary 19-2. This procedure is identical with 
that applied to the same problem for the first-order equation in Derivation Sum¬ 
mary 18-2 except that the appearance of two constants in the general transient form 
requires specification of two initial conditions. One of these initial conditions is 
the level of the dependent variable at the initial instant. The other initial condition 
is the rate of change of the dependent variable level at the initial instant. 

19.40. The general problem is to combine one of the generalized transient 
forms of Derivation Summary 19-1 with the forced solution of Eq. (6) of Derivation 
Summary 19-2, and then to determine values for the two fitting constants in the 
transient form that force the complete solution equation to be true at the initial in¬ 
stant. In order that a solution may be available for any possible value of the damp¬ 
ing ratio, the procedure just outlined must be repeated for each of the transient 



forms developed in section d and listed in section e of Derivation Summary 19-1. 

19.41. Section d-1 of Derivation Summary 19-2 outlines the essential steps 
required to find the increasing step function solution for the (0; 0.1,2) equation when 
the dependent variable has zero rate of change and zero level at the initial instant 
and the damping ratio is less than unity. The solution is nondimensionalized by 
using the product of the dimensional similarity factor and the "height," , of the 
step function as the reference dependent variable. The corresponding (0; 0,1,2) 
equation increasing step function transient dependent variable ratio is given the 
main symbol DVR and subscripts to identify the particular situation being described. 
The subscript parenthesis (0; 0,1,2) identifies the differential equation form; the 
following parenthesis shows that the damping ratio is restricted to values less than 
unity; the third parenthesis (isf) indicates that the forcing function is an increasing 
step function, and the final parenthesis specifies the initial conditions as (0; 0) to 
show that the value of v is zero at the initial instant and the value of v' is zero at 
the initial instant. 

19.42. Section d-1 of Derivation Summary 19-2 illustrates a checking proce¬ 
dure that should always be applied to the result from any method for solving a dif¬ 
ferential equation. This check is carried out for the (0; 0,1,2) equation solution by 
placing the running variable equal to zero in the solution and in the first derivative 
of the solution to make sure that the initial conditions are fulfilled. Equations (24) 
and (27) of Derivation Summary 19-2 show that the expressions of Eqs. (22) and 
(23) are correct in the sense that they actually do fulfill the assumed initial condi¬ 
tions by making the dependent variable ratio and the first derivative of the depen¬ 
dent variable ratio both equal to zero when the running variable is zero. 

19.43. The check given in d-1 of Derivation Summary 19-2 illustrates a pro¬ 
cedure that should be applied to the solutions for differential equations of any order. 
It is true that a check of this kind may require considerable algebraic work, but 
the amount of this work is generally small compared to the effort that may be lost 
when numerical results are based on incorrect equations. 

19.44. The development of section d-1 of Derivation Summary 19-2 is carried 
out with the transient described by means of a sine function. The solution can be 
just as easily carried out in terms of a cosine function, without changing the form 
of the transient solution, by replacing "sin" by "cos" in Eq. (7) of Derivation Sum¬ 
mary 19-2. The only difference between solutions for the two types of functions 
is in the expression for the phase angle fitting constant. 

19.45. Sections d-2 and d-3 of Derivation Summary 19-2 give developments 
of the increasing step function solutions for the (0; 0,1,2) equation with damping 
ratios equal to and greater than unity when the dependent variable is zero and has 
zero rate of change at the initial instant. Except for the different transient forms 
that are taken from sections e-2 and e-3 instead of section e-1 of Derivation 
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Summary 19-1, the dependent variable ratios for damping ratios equal to and greater 
than unity are formed and assigned self-defining symbols by the conventions used 

for the damping-ratio-less-than-unity transient solution given by Eqs. (22) and (23) 

of Derivation Summary 19-2. 

19.46. Sections e-1, e-2 and e-3 of Derivation Summary 19-2 list a number 
of forms of increasing step function solutions for the (0; 0,1,2) equation with the 
dependent variable and its first derivative both zero at the initial instant. The es¬ 
sential differences among the forms of section e are associated with the use of 

various second-order parameters and their interrelationships as these are given 
in Definition Summary 19-1. 

19.47. The equations of section e of Derivation Summary 19-2 are given with 
the running variable and the parameters in their dimensionless forms. These 
dimensionless forms may be replaced by the corresponding dimensional running 
variable form with corresponding parameters by using the reference period in the 
relationships summarized in section e of Derivation Summary 19-1. The only for¬ 
mal change required in the expressions for the solutions to change from dimen¬ 
sionless to dimensional terms is the removal of preceding superscript primes. 

19.48. The general characteristics and component terms of increasing step 
function solutions for the (0; 0,1,2) equation are not discussed here. This discussion 
is postponed until (0; 0,1,2) equation solutions for a number of forcing functions 
are available. With this group of solutions available, their essential features may 
be developed in a consistent pattern by means of graphical representations incurve 
families. In each of these families, the individual curves are identified with a par¬ 
ticular value of damping ratio or some other nondimensional parameter associated 
with second-order differential equations. The variables for these plots are chosen 
to fit in with the principles of nondimensional representation discussed in Chapter 8. 
By using proper care in computing dependent variable ratios from solution equa¬ 
tions and in making plots from the computed data, it is possible not only to show 
solution behavior patterns, but also to provide immediately available quantitative 
information on the functional effects of typical differential equations. 

DECREASING STEP FUNCTION SOLUTIONS FOR THE (0;0,1,2) EQUATION 

19.49. Decreasing step function solutions for the (0; 0,1,2) equation with the 
dependent variable and its first derivative equal to zero at the initial instant are 
developed in Derivation Summary 19-3. The procedure followed in this summary 
is identical with that used in Derivation Summary 19-2 to generate increasing step 
function solutions for the (0; 0,1,2) equation. Section d of Derivation Summary 19-3 
lists various forms for the decreasing step function solutions. The important fea¬ 
tures of these solutions are considered later as a part of the discussion of solu¬ 
tion patterns for the (0; 0,1,2) equation. 
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B c = constant ; 't < 0 u('t) = B ; 't < 0 


B„ = 0 ; 'Uo 


u('t) = 0 ; 't*0 


't = 0 


a) Decreasing step function (dsf) 


(1) 


From Eqs. (36), (37), (39) and (40) of Derivation Summary 19-1 with 


When £ < 1: 


When £ = 1 : 


( 0 - 0 ) 


^ l -1) = 0 


• V. 


)lhcn £ > 1 : 


(2-2) 

v" + 2 £ eu n V' + io 2 W = 0 


0 and u('t) = 0 


## y * 1 

+ _v + _± 


v = 0 


r 2 


* * 

V -f 


V + 1 


v' 4 Jiv = 0 




/ / 


+ (l' + 1)^ y' + (l' * 1) 


0 


V T. 


(sum) 


is r 2 

v r (sum) 


b) Complete differential equations 


v (i)(d B n = ° 


c) Forced solution 


( 2 ) 


(3) 


(4) 


( 5 ) 


( 6 ) 


Uhcn £ < 1, a possible form of the transient solution is given by Fq. (22) of Derivation Summary 19-1. 
This transient form combined with the forced solution of Kq. ( 6 ) gives the complete solution for 't > 0 as 


'(FC1 ( 




Sill 


V 1 - < 2 “n('0 ♦ % e 


)(s in) 


Differentiation gives 


(7) 


'(FO,*in [ ♦ - W „,J 


Take as initial condicions: 


Ws [yfrrpw) ♦ 


v = °- B (0)<'»<0, “ 


Substituting these initial conditions gives 

<r'a 


* v' = 0 when 't = 0 
{FQjSin '0 (fc)(3ln) 


( 8 ) 


(9) 


0 ■ - « (FQ s sin V(lc)(.l») + V 1 - OK (FC) S cos V>(lc)(„„) 

Solving for (FQ S and V(fc)(«ln) « ,vcs 


( 10 ) 


( 11 ) 


'(FQ S 


<T 


'B. 


s,n V> (lc „ aln) 


( 12 ) 


Derivation Summary 19-3. Decreasing step function response for the (0;0,1,2) linear second-order 

differential equation with constant coefficients. (Page 1 of 3) 
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- ^(fcHsln, 


(1 


sin ^(fc,(«ln) " V 1 " < 


(I 


'(FQ. 


cr a 


yfi- < 


(i: 


a B n :C<o . 


Let 

Define 


Vw 


- € 


sin 


[V» - <=■ -„('♦> - w,j 


(16 


= cr B,„ 


(ref) 


( 0 )('t< 0 ) = ^ B c 


(17 


Then 


(DVR)(0;o. 1.2)<£< |)(dsf)(fe 0) “ - 1 

L V (r®f) J(0,0.1. 


2)(<< l)(d 8 f,,'B 0 ; 0 ) a 'Q 


(18 


(DVR),o; 0 .1.2)(<<l,(dsf,('B rt ;0> 


From Eq. (13) 




1 ’£*» B (1) . 

1 - e sin 


yfl - < 2 'coJ't) + '* (fc)( . ln) ] ( 19 ! 


^(fc)(sln)^(0;0.1,2)(^< |)(d«f)('B 0 ; 0 ) " tan *‘ — 1 • 

^ Dccreosing step function for domping rotios less thon unity 


( 20 ) 


«hen <« I, a possible form for the solution is given by Eq. (25) of Derivation Summary 19-2; i.e., 


V = (FQ '' 


e to " n * ♦ '(FQ 7 ('f)/^ r,) 


( 21 ) 


-'co n Ct) 


/ ./ 


Differentiation gives 

V'. - i. r ,'(FQ sf -^ r " + '(FQ ;t -"»‘'” - ^'(FC^Cf) 

Take as initial conditions: 

v “ a B| 0 )(',<0> “ B o » v ' “ 0 when 't = 0 

Substituting initial conditions gives 

- B 0 - (FC) 6 
0 - - K (FQ 6 ♦ (FQ, 


( 22 ) 


(23) 


so that 


(24) 

(25) 


'(FQ, - trij n B 0 

Placing the expressions of Eqs. (24) and (26) in Eq. (21) gives 


(26) 


Let 


(27) 


■ <r B, 


(rof) 


(28) 


Derivation Summary 19-3. Decreasing step function response for the (0;0,1,2) linear second-order 
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Define 


(DVR)(o;o. 1.2)<£- l)(dsf)('B o ;0) = \ 

L "(ref) J (0.0.1. 


2 )(<- l)(dsf,('B 0 .0) o-'B 


Then 




(29) 


(30) 


d-2) Decreasing step function solution for domping ratio equal to unity 


When (> 1, a possible form for the solution is 


Differentiation gives 


y - '(FO./^’^y '(FQ ,/ 1 '* 7 ""' 11 


^'(FQ,t "» (1,/V!7 - (FQ 2 
VT 


fake as initial conditions: 


Substituting initial conditions gives 


9 

B- : v' = 0 when 't = 0 


> 0 = (FQ, + (FC) 2 


(31) 


(32) 


(33) 


(34) 


0 = '(FQ, - V^ n (FQ 

VT 


Solving Eqs. (34) and (35) shows char 


(FQ 


i/ - l 


(35) 


(36) 


and 


Let 


Define 


Then 


(FQ 


i/ - l 


r, [ • 


)/VT i *VTct) n (5) 


- —c 


'(ref) 


= (T 


(DVR) (0;0ili 2M<> , ) (d 8 f)('b ;0 ) 

L (rof) J (0;0.1.2)(<C> 


( DVR )(0.0.1.2>(<> i)(dsf)('B o ;0) 


c " 


;0,1,2)(£> 1 )(dsf)(fe 0 ;0) a 'g 

-o> ("tj/VT , -VTco (5) 

— _I_ £ n 


- 1 


V - 1 


(37) 


(38) 


(39) 


(40) 


(41) 


d-3) Decreosing step function solution for damping ra tios greater than unity 

d) Decreasing step function soluti ons 

Derivation Summary 19-3. Decreasing step function response for the (0;0,1,2) linear second-order 
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INCREASING RAMP FUNCTION SOLUTIONS FOR THE (0;0,1,2) EQUATION 


19.50. Increasing ramp function solutions for the (0; 0,1,2) equation with the 
dependent variable and its first derivative equal to zero at the initial instant are 
generated in Derivation Summary 19-4 by a procedure similar to that used inDer- 
ivation Summary 19-3 for the decreasing step function. 


209 


'♦ < 0 ; u('t) = 0 


1 < 0 


const 't ^ 0 ; u('t) = B, ('t) 't £ 0 

a) Increasing ramp function (irf) 


When £ < 1: 


Uhen C, «= 1: 


When £ > 1: 


v-' + * iijv = CT B, Ct) = a w* B, ("t) 


v" +-lv' + —Lv = a 

f 2 


B, ('♦) 


B, ('t) 


v" + v' + _±_v 


Bj ('t) = a-JL B. ('t) 


fcj Complete differential equation 


For £ < 1, assume 


v ( = A o + 


'A.('t) 


A 


v/'« o 


Substituting these relationships in Eq. (1) gives 


2<* n \ * ^ A, ('0 - <r* n 2 'B,('t) 


('♦)°: 


2 C co n A, + k 2 'A 


From Eq. (10) 


From Eq. (9) 


Therefore, for £ < 1: 




<ral B, 


l£«r'B. 


^O- D, 


2<cr'B, 


+ <r 


B, ('t) 


( 10 ) 


(in 


( 12 ) 


(13) 


By a similar procedure for £ = 1 


and for £ > 1 


V f - 


- 2 fo- Bj + CT Bj ('t) 


v f - 


-JLlJ.f.trB, + rrB^'t) 


(14) 


(15) 


c) Forced solutions 


Derivation Summary 19-4. Increasing ramp function response for the (0;0,1,2) linear second-order 
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Uhcn C, < 1: 


'(FO 5 ^“« , ' ,, si„[V7T77i, n (-0 + -4 ] + „ ' B ('») - ii?-®. 


(16) 


'--<K '(FQ 5 /^ r,, sin[V77^^rt) + '* (I J 


V 1 C ‘ £> n (FQ 5 e ^ n cos ^ 1 - < 2 cu n ('t) + V»(fc) ] + <r B, 


(17) 


Initial conditions : 


v = 0 ; v '=0 ; 't = 0 

0 - '(FQ S sin - ii^A 


(18) 


(19) 


n 


0 = “ Cw n (FQ S sin "0 ((c) + \/ 1 - < 2 (FQ s cos '0 (fc) + (T B ( 


( 20 ) 


From Eq. (19) 


(FC), 


2 £<x B 


Sln tyfc) 


( 21 ) 


From Eqs. (19) and (20) 
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tan 


-1 
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( 22 ) 
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(23) 


(24) 


r 

B 
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CJ 


r» 
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B 


(ref) 


/ 

OJ 


(26) 


n 
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[ 


(ref) 
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(27) 
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d-1) Increosing romp functio n solutions (or damping r atios less than unity 


(28) 
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a 
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(30) 
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Initial conditions: 


From Eq. (32) 

From Eqs. (33) and (34) 


Then 


Take 


Define 


v = 0 ; v' = 0 ; 't = 0 

0 = ?FQ 6 - 2 fcr B, 

0 ^ + '(FO, + .,'lB, 
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'(FQ, = <r B, 
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Increasing romp function solution for damping ratio equal to unity 


When £ > Is 
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B, ('t) 


(40) 
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+ <r B. 


(43) 


Solving Eqs. (42) and (43) for (FQ, and (FQ 2 gives 


'(FQ, - 
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B, f 
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Substituting these fitting constant expressions in Eq. (40) gives 
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d-3) Increosing romp function solution for dom ping rotios greater than unity 

d) Increasing ramp function solutions 
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e-1) Solutions in terms of undamped natural period 
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e-3) Solutions in terms of characteristic time sum 
e) Summary of increasing ramp function solutions for various coefficient forms 
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INCREASING PARABOLIC FUNCTION SOLUTIONS FOR THE (0;0,1,2) EQUATION 

19.51. Solutions of the (0; 0,1,2) equation for the increasing parabolic function 
when the dependent variable and its first derivative are equal to zero are developed 
in Derivation Summary 19-5. 


INCREASING STEP-AND-RAMP FUNCTION SOLUTIONS FOR THE (0;0,1,2) EQUATION 

19.52. Derivation Summaries 19-2 through 19-5 all deal with procedures for 
finding (0; 0,1,2) equation solutions when the forcing function has the form of a single 
power-series term. When the forcing function has any arbitrary degree of com¬ 
plexity in terms of power-series term combinations, the method for finding solu¬ 
tions is identical with that already described for single power-series terms. As 
an example of the development of solutions for the (0; 0,1,2) equation when the forcing 
function is made up of more than one power-series term, Derivation Summary 19-6 
outlines the procedure for finding the solutions associated with the combination of 
an increasing step function and an increasing ramp function. These solutions for 
the (0; 0,1,2) equation correspond to the solution for the (0; 0,1) equation that is de¬ 
scribed in Derivation Summary 18-6. 

INCREASING RAMP-FOLLOWED-BY-CONSTANT FUNCTION SOLUTIONS FOR THE (0;0,1,2) 
EQUATION 

19.53. Solutions that correspond to situations in which the forcing function 
changes at arbitrary instants are found by a method that involves repeated appli¬ 
cations of the principles used in finding solutions for any single forcing function 
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a) Increasing parabolic function (ipf) 
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b) Complete differentia l equations 


I* or ^ < 1, assume 


Then 

- ’ A o + A ,('») + ’A 2 ('») 2 

(5) 


V,'. 'A, + 2 V) 

(6) 


V,"- 2 'A, 

(7) 

Substituting these relationships in Eq. (2) gives 


2 \ 4 2^/A, 

+ 2 <"n2 V('t) + ^ 'A o + ^ A , ('t) + ft A 2 ('t) 2 = 0-0,2 B 2 ( t) 2 

(8) 

('0°: 

2 A 2 + 2 £ co n A j + ^2 A o = 0 

(9) 

('O': 

2 <o, n 2 A 2 + o> 2 A, - o 

(10) 

(0 2 : 

From Eq. (11) 

"n A 2 = B 2 

(ID 

From Eq. ( 10) 

A 2 - <T B 2 

(12) 


'A 4 ^ B 2 

1 = 

(13) 

From Eq. (9) 

A n = — ^ [4 <2 - l) 

“n 

(14) 

Therefore, for £ < 1: 

¥( - 1) + ^ B (-,)a 

^ w n 2 

(15) 
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Similarly, for £ = 1: 


6<r B, f 2 


- 4(r B, ? 2 _L + 


■b, , m 


(16) 


And for £ > 1: 


o- B 2 f 2 2 + tL± 1 

i/ 2 


cr B, r 2 2(^ + 1) _1 




(17) 


c) Forced solutions 


When C, < 1: 

- '(FQ,sin [ 


- < 2 - n ('t) + '* ((c) l + 


2<r B. 


v ” * - (FQ s r^" n( "' , sin [V> - < 2 -„('•) + 


(4< 2 - 1] - C . B M '0 + <r B ('t) a 

w n 

( 18 ) 


+ "n\/l - < ! '(Fq s e <! “" , ' ,, COS [Vl - C -„('<) + V>,,c) ] * + 2 (T B, ('*) 


Initial conditions: 


v «= 0 ; v' *= 0 ; 't = 0 

0 = '(FO s sin '<* (fc) + ifJk[4<r 2 - 


(19) 


( 20 ) 


( 21 ) 


'(FQs Sin V*(£c) + "n V 1 - < 2 '(FC) S COS '0 ((c) - 


From Eq. (21) 


(FQ S - - 


2o- B 2 [4C 2 ~ 1] 

*°n s,n V»(fc) 


From Eqs. (23) and (22) 


^(fc) • 


.. vt^tt 4< 2 -1 


4< 2 - 3 


,6,10 - sin*‘ yjl - C [U 2 - lj 

V»(f C ) " cos*»c[4< 2 - 3 ] 


Substituting in the solution gives 


( 22 ) 


(23) 


(24) 


(25) 


(26) 


v - - 


c sin 


- o 


[V 1 - C -n('0 + 


2 cr 




+ -^ [a.„(-»)] 2 


(27) 
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Take 


(ref) 


(28) 


[v. , (DVR), o ; 0. 1 . 2 > (<^ < l)(ipf)(0;0) “-- 

L (ref)J(o.0.1.2)(^< l)(lpf)(0;0) _ I 


(29) 


( D VR), 0;0i 1,2 )( ^C 1 )(lpf )( 0 ; 0 ) = 


6 sin 


1 - 


[V> * %o] 


+ 2[4< 2 - 1] - 4<o, n ('t) + [o. ('t)J 


(30) 


Increasing p orobolic function s oluti on for damping ratios less than unity 


When £ = 1: 


V = (FQ ft e ( ' l)/ ' + (FQ 7 ('t) € ' (,,/ ' + 6</B /r 2 - 4 cr r( / t) + <r'B. (l) 2 ( 3 1) 

tFCU'Vf- ]^2(-t) £ -C'i/f . 4<r 'B,f + 2<r'B ! ('») (32) 


Initial conditions: 


0 ; V' = 0 : 't 


0 = (FQ + 6tr B 1 r 2 


From Eq. (34) 


From Eq. (35) 


^ + (FQ, - 4 <r B f 

r ' 2 


(FQ. = - 6 cr B, f 2 


(FQ 7 e - 2cr B f 


Then 


V * cr 


'B 2 f* - - 2 ♦ 6 - 4 '» + / #t Y 


Take 


Define 


(ref) 


B, f 2 


f—1 

L V (ref)J (0.0.1. 


2)(£ = 1) f lpf) (0; 0) 


(DVR),o;o. 1,2 )(£= l )(ipf no; 


cr B 2 r 2 


(33) 


(34) 


(35) 


(36) 


(37) 


(38) 


(39) 


(40) 


(DVR),- - 62 JL £ -(Vf + 6 _ „ 




d * 2) Increosing porobolic function solution for domping rotio equol to unity 


(41) 
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fchen £ > 1: 

- + 


(FQ 2 c 




' + <r B, f 2 2 + * + * j 

- <r\ f 2 JLy 1) _L + cr'B 2 ? 2 p_] 


(FQ, -('«)/f 

—r— 1 € 


(FQ 2 JL e l/( ' t)/ ' r ' 


( 42 ) 


- cr \ f 2 Jj u + 1) _L 4- 2cr Vr, 2 f -t 


p-ra 


(43) 


Initial conditions: 


V = 0 ; V' = 0 ; 't 


0 = '(FQ, + '(FQ 2 + <r B 2 r 2 2^i^_±_LjL±J 


0 = - 


'(FQ, '(FQ 


- tr B 2 ff 2{u ± 1) _L 


Solving Eqs. (44) and (45) shows that 


Take 


Define 


'(FQ, = - <r'l B 2 f 2 -^ 

(I- - 1) 

(FQ 2 - ct'B 2 r 2 —2- 

u 2 (i' - l 


'(ret) 


b 2 V 


\-3-\ 

L V (ref)J (0:0.1, 


2)(<> 1 )(lpf 1(0:0) 


(DVR) (0;0 1<2)( ^ > , )(lp()(0; 


- B 2 f 2 


(DVR) (0;0 , 2)( ^ >lJ(Ipf)(0;0) - _ 2 v e 1 + 


-id t)/ r 


v - 1 


2 (p - 


+ 2(i/ 2 p + 1) _ 2(p 


^ JL + fJLl 

* *, l \\ 


d-3) Increosing p orobolic function solution for do m ping rotio greater thon unit- 

d) Increasing parabolic function solutions 


(44) 


(45) 


(46) 


(47) 


(48) 


(49) 


(50) 


(DVR) (0;0> , <2)( ^ < I)(ip<)(o:o) ” “ 


1 ~ <T 2 


i 2TT<: ") / Tn sin [2 n \jl " C 2 _l_ + '0 ( f c) ] 


♦ 8<* - 2 -8„<JL ♦ 4 n 2 

X LX J 

(DVR) (0l0f |, 2)( ^« D(ipfHOiO) - - [« ♦ 4-J.] + 6 - 8. + 4* 2 P_l’ 

X X L X J 


(51) 


( 52 ) 
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/ n wp\ 2 v 2 f -(itt/\JvH'\)/\ , - 2 Ti\Jv{\)/*T n 1 

(UVK)( 0;0j 1# 2),^> , )(lpf)(0;G) --I « I 

v — 1 ^ 


4 2 — - * * + 1 - 4 IX Jit 1 -1- + *1 77 2 

" VTT T 


n 


't 


t- T» j 


(53) 




v (rei) = * B 2 T n /4 - 72 

e-1) Solutions in terms of undomped natural period 


(54) 


(DVR) 


(0,0.1,2)(£< 1) (lrf) (0; 0) 


«-<V*«in 


V i - 


► ■ 

4. : 




+ 8<< - 2< 2 - 4< 


2 't 


't 


(DVR), 


3;0, I.2)i4= l)(irf)(0;0) 


= -[ 6 + 2 


+ 6 — 4 


't 




(55) 


(56) 


(DVR) ►. = _ V (»' + 1)- f ,-(2/ll'+ !»('«)/? _ 1 „-(2|r/(|/ + I))('»)/ f 1 

v T / (0;0,I i 2)(4> 1 )(lrl )(0;0) ~ 

2 1/ “ 1 L/ 3 J 


+ 1 2 + v + 1 (v + l) 2 


(>■■ + l) 2 J_ + 

V ' 


't 


Vf) = ^ B 2 ^ 


(57) 


(58) 


e-2) Solutions in terms of low domping ratio characteristic time 


(DVR)( 0; o . 1.2 )(<< 1 )(ipf )(0 ;0 > = 


-2 < 2 ('«)/?, 


(sum) 


2< 2 \TT -< 


-n[2<V7T7T_1_ + - 01(e) ] 

r* _.._\ 


(sum) 


+ 2 


_ 1 


- 2 


't 


2< 


I ^ 

r (cum) L r (sum) 


't 


(59) 


(DVR) (0;0#i# 2)( 4 = 1) (lpf) (0; 


0) 




J_ + _2_l € * 2 < ,)/r ( S um) + _J_ _ 

^ r (sum) 2 


't 


(sum) 


't 


* 

\ s u m) 


(60) 


DVR . - - It V 2 l)/t ') (t)/r (B U mi I -(•'+ "Cl/ SU(n) 

v '( 0 ;0.1.2 > I)(ipf)(0;0) ' ■ —- * 

+ 1 (^ + l) 2 „ 3 J 


+ 2 


v l + p + 1 
(t' + l) 2 


- 2 


't 


(cum) 


't 


(sum) 


(ret) 


*■ B 2 '(Lm) 


(61) 


(62) 


e-3) Solutions in terms of characteristic tim e sum 
c) Summory of increasing parabolic function solutions for various coefficient forms 
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B o = 0 


0 : B, = o ; u('t) = 0 

constant ; Bj = constant ; u('t) = B 


; ^ < o ) 

+ '6,(1) ; 't £ 0 / 


't =o 


Uhen £ < 1: 


Uhcn £ = 1: 


Mhcn £ > 1: 


Sfep and increasing ramp function (isf + irf) 


* 2 <!o n »- * i‘v - <r.['B 0 + B, ('»)] - a [ 'B 0 + 'B,('f)] 

v " + f v ' + -Z - -r, [' B o ♦ B , ('*)] 


' r 2 '2 


y" + ±.+ 1 v ' + _E. 


= -Z*- ['B„ + 'B, ('»)] 


b) Complete differential equations 


For C, < 1, assume 


y t = K + *,(**) 

v'= \ 


v," « 0 


Substituting these relationships in Eq. (2) gives 

^ \ CO - <r^['B„ ♦ B, (I)] 

('*)“ *ck\ + kK- 

CO 1 : 


From Eq. (8) 


From Eq. (7) 


Therefore, for £ < 1: 


Similarly, for £ = 1: 


And for £ > 1: 


'n K m * B i 


K - 


0 = o- B 0 - 

W n 


v f - ^'B 0 - -^tr'B, + <r\('\) 

v f - <r'B 0 - 2<r'B, f + <r'B,('») 
v f » ^ B o -Ji^LUtr'B, f, + «r'B.('») 


( 10 ) 


(ID 


( 12 ) 


(13) 


c) Forced solutions 


From the transient solution form of Eq. (22) of Derivation Summary 19-1 and the forced solution of 
Eq. (11), when £ < 1: 


V = ^"^'(FCVin [ 


** M'O + ^(fc)J + <r B 0 - -r-^tr Bj + a B ( 


('*) (14) 
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V'= - (i>„ "(F0 S sin [VT^T* w„('t) ♦ $> (lc) ] 


Initial conditions 


VT^7H,„^ , ' ,, -(FQ 5 cos [Vi - ♦ <r B, 


v = 0 


v = 0 


'» - 0 


0 = (FQ S sin #> ((c ) + <r B - _?£ a B ] 


u> 


n 


0 = ” ^ 0} n (FQ S Sln ^ (fc) ♦ V 1 - C 2 (FQ S cos 
From Eqs. (14), (17) and (18) with 


((c) + B 1 


B 


V (re() = ^ 


* 

CJ. 


rv^-i 

L T (rel) J ( 0 ;o. 1 , 


,, , . (DVR) (0; o 1 2)(^< l)(is( +irf)(0;0) “—7“ 

2) (£< 1 )(lsf + Irf )(0;0) 'o 


(DVR), ;0i I Mist + lrf)( 0 ; 0 ) 


OJ 


n 


1 - 


B 


n 


B 


(±AY 
V B i / ;4 


VTT7 


sin 


(\'| - "„('•) * «t,c,) 


w n ► ✓ //.\ 

• - 2 c, ^ (i) n \ t) 


B 


uhcrc 


^(fc) 


tan 


-1 






r 

B 


2C--L - 


w. B. 




r 

B. 


s.n fc (|e) 


V 1 ~ < 2 ^2<--^Aj 


1 - 2< 


/ 


B 


n 0 


B, 


cos 


hie) - 


(“ - 7 - 




»n B 

B. 


B V 


1 - 2C 


* 

CJ 


B. 


n 0 


B. 


( «n X 

v 'B, 


(15) 


(16) 


(17) 


(18) 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


(23) 


(24) 


d-1) Solutions for damping ratio less than unity 
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*' SO,Uti °" f °™ ° f E 1- <«> ° f Derivation Summa* 19-1 and ,h. forced solution of Eq. (12). 


Initial conditions: 


v = (FC) 6 r-Cl/r + '(FC),('0e-l'»/ f - 2<r'B, f + 

e -,Wf + '(FQ £■■('•)/ f _ Jf^z (-,) £ -(t./'r + 0,'B 

' r i 

v=0 ; v' = 0 ; 't = 0 

0 = tFQ 6 + <r B 0 - 2 a- Bj f 

° ?FQ« + '(FQ, f + o- B, f] 


From Eq. (28) 


From Eqs. (29) and (30) 


Take 


Define 


i™. ■ ^ - J-] 


(ref) 


B. f 


[ V (ref) ] (0.0. I. 2 )(£- 1 )(lsf + lrf)(0;0) ^ \o; 0 , 1 ,2)(£ = 1 )(isf + 


frf)(0;0) 


l-Tfr] 


(25) 


(26) 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 


( D VR)(0;o.l. 2) (<= lxisf + irf)( 0 ;0) “ 2 - ---£-L' (,)/r + L _ ^?o_l 

B,fJ L B.fJ^ 


2- - 2 + _1 


b,f 


(34) 


d*2) Solution for domping rotio equol to unity 


From the transient solution form of Eq. (28) of Derivation Summary 19-1 and the forced solution of Eq. (13), 
when C, > 1: 

V - '(FQ, e - (,,/ f * + '(FQ, f . + n -B 0 - iilii) , -B, f, + „ 'B, (',) (}5 , 


-('t)/f, "(FQ v ' n 

1 e 1 - 7-^— € 1 + a B. 


^ 1 c 
r x 


- - € 

r l 


Initial conditions: 


V = 0 ; V' = 0 ; ('t) - 0 

0 « (FQ, + (FQ 2 ♦ a'B 0 - ilL±Jl <r'l B, ?, 

x, 1 * 

o “ 4- [- '(FQ, - '(FQ 2 „ + a 'b, g 


(36) 


(37) 


(38) 


(39) 
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with arbitrary initial conditions. The solutions for the period corresponding to the 
first forcing function in a given sequence are found for any given initial conditions 
by a procedure identical with that described in Derivation Summary 19-6. The 
solutions for the second period, during which the second forcing function in a se¬ 
quence exists, are developed by a similar procedure in which the terminal condi¬ 
tions for the period of the first forcing function are taken as the initial conditions 
for the second period. The stepwise "tying together" of solutions for a series of 
forcing function periods is continued until all the functions in the sequence have 
been taken into account. 

19.54. The essential steps in finding solutions for a sequence of forcing func¬ 
tions applied to the (0; 0,1,2) equation are illustrated in Derivation Summary 19-7 
for the combination of a ramp forcing function followed by a constant forcing func¬ 
tion. The procedure of this derivation summary is similar to that discussed in 
Derivation Summary 18-7 for the (0; 0,1) equation. 

IMPULSE FUNCTION SOLUTIONS FOR THE ( 0 ; 0 , 1 , 2 ) EQUATION 

19.55. Solutions for an impulse function, made up of an increasing step func¬ 
tion followed after a short interval by a decreasing step function, may be developed 
by the procedure described in Derivation Summary 19-7. The details of finding 
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first 
Interval 


I second 
• Interval 



B 0 = o , B t = 0 ; 't<0 u('») = 0 ; 't < 0 

B. =» 0 , B, = constant ; 0 ^'t £'t, u('t) = Bj ('t) ; 

constant , B t = 0 ; '», < 't u('t) = B 


'0 


B, = 


't) ; 0^'t^'t, 
; 0<'t<'t, 


(1) 


Uhcn C, < 1: 


/ / 


a) Increasing ramp function followed by a constant (irf -* enst) 


+ 2C^nV' + = <r 3 Bj ('t) = <T'col 'B.('t) ; 0 * 't £ 't, 


( 2 ) 


Uhen £ = 1: 


Uhen £ > 1: 


v " + 2(w n v'+ = o-'oj 2 B 0 ; 

't, <'t 

(3) 

v" + -2-v'+ J_V = <r± "B, ('t) ; 

r >2 ' r 2 1 

0 £ 't £ 't, 

(4) 

v" + -2-v' + _L v = cr-L B 

r > r 2 y 2 0 * 

't, <'t 

(5) 

v " + 21^_L v' + _±_ V = <r -±. 'B, ('t) 

r, 2 '2 1 

i r i r, 

; 0 £ 't £ 't, 

(6) 

V" + H_+_L V' + u V = <r Ji 'B, ; 

r l r 2 r 2 

fc) Complete differential equations 

'»! < 

(7) 


From section d of Derivation Summary 19-4, the solutions for the first period are for £ < 1; 
(DVR)(o .o , 1,2)(£< 1)(lrf)(0;0) 1 

and 

(DVR)(o;o.,, 2„£< „(lrl)(0;0) = “ c ^ " sin [V 1 “ O k n ('t) + V(| c )] 


,-^^^“’sin [VTT7T toj't) + '0 (fc) ] - 2C + *„('») 

Vl -< 2 (8) 


, <‘<o „('«) 


where 




(ref) 


cos 


[Vl - < 2 ^ n ('t) + ^ (fc) ] + 


B. 


* 

OJ. 


(9) 


( 10 ) 


c-1) First-period solutions for damping ratios less than unity 


For £ = 1: 


and 


(DVR)(o;o.i # 2 )(^- i)(lrf)(o;o) " 2*- ,/r + — W T - 2 + 4- 

dWt, 0 ...# ( C-iKu« )( . ; * = ^ [-«" VV - V VV + >] 


where 


(ref) 


B. 'r 


(ID 


( 12 ) 


(13) 


c-2) First-period solutions for domping rotio equol to unity 
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For £> 1: 


(DVR) ( ; :0 .,. a(< > 0(lrIHO!0) . i + ^i 


J_ + .I 


here 


(ref) 


<r V, 


(14) 


(15) 


(16) 


c-3) First-period solutions for domping ratios greater than unity 
c) Increasing ramp function solutions for the first period 

At 't |f the terminal instant of the first period, the final values of (DVR) # and (DVR) from section c are: 
U h en { < 1: 


(DVR) 


C< !)('»= '«,) 


i_;^ ( V sin 


(DVR), 


<< IH't-'t.) 


VI - < 2 


i - <r 2 


“JV * Vi] - «„('»,) 


i - O 


l -< 2 -„('»,) ♦ 


(17) 


+ (u f C ‘COS 


U h en £ = 1: 


V > - C 2 «„('»,) * ] ♦ £. 


(18) 


(DVR) (<=l)(Wt 


/ / ' 'A / / / 

f . .-'i /r 


* ^- £ 1 - 2 ♦ 

r r 


When 4 > 1: 


< dvr >«>.h'.- V - 7 fr[ ;V ' r ' ^ + t 


(19) 


( 20 ) 


(DVR); <>nr , =v ^ ril [-c-v>. + _L < 




- 1 

V 


( 21 ) 


( 22 ) 


Note: The first period terminal conditions are the initial conditions for the second period. 

d) Terminal conditions for the first period 

From section d of Derivation Summary 19-2, the complete solutions for the (0;0,1,2) equation for u('t) = B 


with 't = 't -'t. 


Uhen £ < 1: 


are: 


- ( FC) st -^ , ' , -'V 5m [vrTTim, - + „ 'B 0 


(23) 


v'» -<i> n (FC) s ^^ r “' V sin [Vl -C'<oS' - V * %c) 


1 - 4 2 


When £ ■ 1: 


(FC )j ( ^ <1 ' n ‘‘’sin yjl - C 2 ^ n ('» - '»,) + si (lc) (24) 


v = (FC), r 1 


+ (FQ 7 ('t - 't)e 




+ a 


v'= -4-['(FC), - '(FC),', ♦ (FC),('t - 't 1 )]/‘'-'‘> l/ ' r 


(25) 


(26) 


• Because no misunderstanding is possible In thl3 situation, the notation may be simplified by omlttinq sub¬ 
scripts from the (DVR) symbol. 
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Uhen £ > 1: 


v = (FC) i ; ( ‘-'V' r i + '(FC) 2 r r, ''* ,/ ' r » + <r'B 0 

v' = - c ' ( v 7 r i _ '(FC) 2 € I,(t " l,)/ r * 

nsfonf function solutions for the second period with undetermined fittin 


+ (T 


(27) 


(28) 


constants 


During the second period, 't - 't, is taken as the running variable. This means that the instant *'♦ = 't 
is the initial instant ('t - 't, = 0) for the second period. 1 

From tqs. (10), (13), (16) and (17) through (22), the initial conditions for the second period are: 

Uhen £ < 1: 

V (0)(£< 1) = ( D VR)('t ,(£<l) V (ref, = (DVR)(- ) ( ^< 1 , fl? 1 (29) 

1 w n 

v (o)(£< l) " ( DV RV« l ,(£<i,Vf) = ( DVR Vt,)(£<l)-5— L (30; 

n 

To simplify the symbol, the subscript ('t,) is used to represent the subscript (1-1,). 

^hen £ = 1: 

v ( 0 )(£= 1) = ( DVR V*,)(£= 1 )°- B, r (31) 

V (o)(£= 1 ) " (°VRU <r B, r ( 32 ) 


(30) 


(31) 


(32) 


It is taken as obvious from the form of the relationship that V 


(ref) 


B, r,. 


l 'I 


Uhen £ > l: 


v (o)(£> i) = (DVR) ( ^ i )(£>>, j < 7 - B, \ 

V (0)(£> 1) " (DVR)(^ i j ( £> j ) cr B, \ 
f) Initial conditions for the second period 

The initial conditions of Eqs. (29) to (34) can be introduced in the solutions of fc^qs. (23) to (28). 
From Eqs. (23), (24), (29) and (30), for £ < 1: 

v (o)(£< i) = (DVR) ( - t , ( £< 1) _£_Jl 'j 

^,(£<D-(DVR)r ti)(<<1) ^L l 

-^0 " J 

(DVRV, i)( £ < j) - . 1 - ?FC) s sin '0 {fc) + o- B 0 


(33) 


(34) 


(35) 


(36) 


( DVR )<V(£<»> '(FC) s <^" ( V sin * 


(fc) 


I -C 1 ^'(FO^-^-’co,-^, 


(37) 
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From Eq. (36) 


B 


(FC), 


where, from Eqs. (37) and (38), 


'«W> - 


s,n % C ) 


(DVR),- , (<<I) - 


B 


(DVR),* O'. (DVR),v )(f< „ - ^ 


Take 


(ref) 


Then, from Eqs. (23), (38) and (39), 


(38) 


(39) 


(40) 


ref,J,0 i 0. 1 . 2 ),«l„ 1 r«-.cns„l(DVB^ ) ;(DVR^ ) ] »•*<< 1 + cn.«,l,DVR^ (D VR ,] 


a B 


(41) 


(DVR)( 0 . 0> 1 > 2 )(<< 1 )(lr» er»Kt)|(DVn,;(DVR^ t ,1 




♦ (l -<«> (DVR) ( , illC<1) -iA ' 




X < ( 


V i - < ! 

in [ VI - £,„(*» - '(,) + V, (c) ]| 


o„ B 

n 0 


g-l) Second-period solutions for damping ratios less than unity 


(42) 


From Eqs. (25), (26), (31) and (32), for £ 

V (0) (< = 1) 


From Eq. (44) 


(DVR),', )(£_ ,)CT B, 'r 


f (0)(<= l) = ( DVR ).'t. )<<=!>* B ! > 


't - 't. = 0 


(DVRVt,)«=!,- V = (FC) 6 ♦ a\ 
( DVR )(' V «= 1)* V =^-(FC) 6 ♦ (FC) 7 


(FC) 6 = <rB,r (DVR) (1 ^ 


From Eqs. (45) and (46) 


(FC) 7 


B,V 


(DVR); V(<=n+ (DVR) (V(<=n ._^ 

- B, r - - -®L-Li 


(43) 


(44) 


(45) 


(46) 


(47) 
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Take 


Define 


V (ref) = ^ B, V 


(48) 


J'-l 

r (ro()J (0;0,1, 


2 )( 4 = 1 ) (If f-*cnst )((DVR)j'| ^ (DVR^ 


^ ^ (DVR) (0;0 jj (irf^ cnst ,[( DV R^ ) ; (DVR^ j] 


<r B ( r 


(49) 


(DVR). 


;0.1,2)(<= 1) Or(-»cnst)((DVR^ t ,;(DVR^ } ] 


V < DVR )<V,<»n - (DVR),, , 1<=1) - 


(DVR),-, 


('t,)«= i) 


B,* 


B,'r 


t-'t.l )/V, 


B,' 


(50) 


9-2) Second-period solutions for damping ratio equal t o unity 
From Eqs. (27), (28), (33) and (34), for £ > 1: 

( DVR k)«>.)<- B, 'r, = (FC) 1 + '(FC) 2 + <r B 


( DVR V*,)(<>n <r B . \ 


3 - * '(FC) 2 


(51) 


(52) 


0 0 

Determining (FC), and (FC) 2 from Eqs. (51) and (52) gives 


< FC >. - -' B . ^if (DVR V.,.«>.» ♦ ^ ( D VR)i’'t )«>i) - 3- 

B, 'r 

'< FC >* - - -' B . ^ [(DVR),- V, (DVR),', (<>1) - 3 

B, r J 


(53) 


(54) 


Substituting in Eq. (27) with 


so that 


(ro f) 


B. V 


i 


(55) 


t^( r ®f,] (0;0,1,2)(£> 1) drl-*cnst) [(DVR (DVR j] " * 2 >«> »> ) [(DVR ^ (DVR ,] 


o- B, V, 


(56) 


gives 


(DVR)( 0;0 ,1,2)(^ > n (lrf -^.nat ) (( DVR ^ t jjIDVR^, ,] 

" [ (DVR Vv«> n + ^( DVR )r V «>n- 


B3 


-r«-'«,)/>, 


- [(DVR).,.,,^,, * V, (DVR),', iH<>n - ,3] i 


-* 1 - 1 , 1 /*, 


B, V, 


(57) 


9-3) Second-period solutions for domping rotio greoter tho n unity 
g) Constant-function solutions for the second period 
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impulse function solutions for the (0; 0,1,2) equation are given in Derivation Sum¬ 
mary 19-8, which corresponds to Derivation Summary 18-8 for the (0; 0,1) equation. 

SINUSOIDAL RESPONSE CHARACTERISTICS ASSOCIATED WITH THE ( 2 , 1 , 0 ; 0 , 1 , 2 ) EQUATION 

19.56. Differential equation solutions for forcing functions expressed in terms 
of power series are easily found by the methods discussed in the previous sections, 
but, except for certain elementary cases, these solutions tend to be lengthy and 
cumbersome. The truth of this statement is demonstrated by the complicated forms 
required to express solutions for the relatively simple forcing function situations 
described in Derivation Summaries 19-5, 19-6 and 19-7. Two causes are primarily 
responsible for this complexity. First, the solutions are complete, in the sense 
that they include all the necessary transient terms; and second, the form of the 
forced component of the solution is different for each combination of power series 
terms. The first source of complication may be eliminated by restricting attention 
to situations in which transient terms are not required. The second source of dif¬ 
ficulty disappears if all forcing functions are expressed by the Fourier series forms 
described in paragraphs 12.19 through 12.38 of Chapter 12. The basic Fourier 
series term is the imaginary exponential function that is discussed in paragraphs 12.8 
through 12.18. When steady-state solutions for terms of this type are known for 
any differential equation, it is a simple matter to write down the steady-state 
solution corresponding to any forcing function that is described by a Fourier series. 

19.57. Because of the relationships between imaginary exponentials and sinus¬ 
oidal expressions that are described in Figs. 12-1 through 12-4, steady-state 
solutions for terms of either of these two types may be used interchangeably. The 
definitions of Chapter 13 give various methods for expressing the sinusoidal steady- 
state relating function that gives the effect of a given differential equation in deter¬ 
mining the steady-state solution for a sinusoidal forcing function. The discussion 
of Chapter 13 primarily deals with the sinusoidal performance of operating com¬ 
ponents expressed by performance functions. However, as shown in Definition 
Summary 13-6, all the ideas associated with the performance function may be 
directly applied to its counterpart, the sinusoidal relating function, which describes 
the steady-state sinusoidal solution for any given differential equation. 

19.58. The definitions of Chapter 13are given in terms of generalized concepts 
and symbols that do not give the specific forms associated with any particular 
differential equation. It is the purpose of Derivation Summaries 19-9 through 
19-14 to develop sinusoidal relating functions for various forms of the second-order 
differential equation in terms of the generalized concepts given in Definition Sum¬ 
mary 13-6. These relating functions are expressed in terms of the parameters 
listed in Definition Summary 19-1 and the fre quency ratio, which is a new dimen¬ 
sionless parameter that appears in second-order relating functions. 
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't = 0 


'♦ = 


B 0 = 0 ; 't < 0 

u('t) 

= o ; 

't<0 

B 0 = constant ; 0 <'t <'t, 

u('t) 

= B • 

o • 

o < 't <'t 

B 0 = 0 ; 't<'tj 

u('t) 

= o ; 

't > 't, 


For the impulse function, 't j 


0 and B o i is always finite. 
a) Impulse function (if) 


v " + 2<w n V' + ^2 V = trk* B o . 0 < 'f < 

V" + 2<cj n v'+ ^2 V = o . 't >'t, 
b) Complete differential equation 


Noting that oj n 27r/Y n , the complete solution when £< 1 for an increasing step function with V = 0 
at t = 0 can be obtained from Eq. (46) of Derivation Summary 19-2 as 




i - < 


l - < 2 




t<<Un(,, [sin Vl - < 2 tu n ('t)cos '<f> {lc) + sin'0 ((c) cos £> n ('t)] 


where 


(fc) - tan ' 1 — - ^ ; sin '0 (fc) = 


1 - < 2 ; c °s '0 (fC ) = C 


Equation (5) can be expanded into a power series as follows: From Eq. (2) of Definition Summary 12-2, 
Chapter 12, 

♦ . . . 

From Eq. (3) of Definition Summary 12-3, 

c, vrrjr - n( -,) - , . + <i_ - c* fe.cwr . (8) 

2. 4! 

From Eq. (4) of Definition Summary 12-3, 


1 - < 2 '» n (V 


3 • 


Substituting hqs. (6), (7), (8) and (9) into Eq. (5) and omitting ail terms of higher than the second power of 
't for small values of chis variable shows chat 


7 = 7 ? 


k «„('»)] 


.] [< yfrrji i, n ci) 


-<■(*- 


(i - C) [£>„('»)] 

21 


2 


( 10 ) 


For 't - 't,-0. 




(«=V°><£<i) 


_ iKivi 

2 


Mil 


0)(<<1) 


- WV 


(ID,(12) 
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Again noting chat - 2 n/ T n , the complete solution when £ = 1 for an increasing step function with 
V = 0 at t = 0 can be obtained from Eq. (48) of Derivation Summary 19-2 as 

- -[> ♦ *„('»)]-T""' 1 ’ + i 


V 

— 


B 


(13) 


Expanding Eq. (13) into a power series with the aid of Eq. (7) and omitting all terms of higher than the 
second power of 't show s that 


cr 


B 


- [l + %(1)1 [l - !»„('•) 


2 ! 


] 


+ 1 = 




(14) 


in Kqs. ( 11 ) and (1 2 ), 



V 1 

>r . 

V' 

^ -M t='tj-*o)(4« 1 ) 

2 

U'bJ 


= 6>*('t,) (15),(16) 


/. / 


I lie complete solution when 4 > 1 for .in increasing step function with v = U at 't = 0 can he obtained 
from l q. (49) of Derivation Summary 19-2 as 
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■ - U 

(O n !\)/\V _ | 




- 'B,;, 

‘ - 1 1 

V 

Expanding this eq 

juation 

into a pow er 
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was done for E 
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u n ('t)] 2 





* B 

2 

so chat 







V 
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[-n ('»,)] 2 

• r v ' 1 


(T B 

• u « 

)('i='t l -o)(<>n 

2 

U'bJ 

It is therefore appareni 

t that no matter what th 

c value of the c 

of 't 








V 



. r v ' 1 



VbJ 

Tt= t,-0) 

2 

L-'b 0 J 


+ 1 


(17) 


(18) 


(19),(20) 


>« 




( 21 ),( 22 ) 


<t= t,-0) 


Define (IFS) as the strength of the impulse, where 

(IFS) = B 0 ('t) 


and (IFS) al ways remains finite. 
Then 


(23) 


cro, (IFS) 2 


(24) 


<2S) 


cr^(IFS) 

Note that an impulse function imparts an apparently discontinuous slope, but no change in value, to the 
response of a second-order system. Note also that the slope response is independent of the damping ratio. 

c) Impulse function solution lor th e first period 

Uhen << 1, Eq. (7) of Derivation Summary 19-3 shows that for a decreasing step function the solution of 
the ( 0 ; 0 , 1 , 2 ) equation has the form 

\ \f] 77' f'*\ 

> 1 ~ w n( f ) + 0(fc) (26) 


(FC), e sin 
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-^'(FC) s / < “" , '”sio [VT^i^c ,) + * (fc) ] 


+ VT^ tFC) s cos [ VTT^ »„('*) + * (Ie J ,27, 

Using the values given by Eqs. (24) and (25) in Eqs. (26) and (27), respectively, when 't = 0 shows that 

?FP\ _ 

(|-^j s - - ■ (28) 

Vi - < 2 

^(fc) = 0 (29) 

Substituting Eqs. (28) and (29) into Eq. (26) gives 

— y -— = _ ■ . sin r vnr^ j, (-,)] (30 , 

(IF^) /2 L v ^ 'J ( 30 ) 


(29) 


Choose 


Then 


<r^ n (IFS) VT 
V (ref) = <r6J n (IFS) 


1 - c 


(30) 


(31) 


[ V (ref) j (o;0.1. 


and 


" (DVR) ‘-°. 


(32) 


(DVR)( 0 ;o.«.2)(<<l)(.f) ■ y=== €^ <Un<1, *in [Vl - C <o n ('»)] 

d*l) Impulse function solution for domping rotios less than unity 


When £*= 1, Eq. (21) of Derivation Summary 19*3 shows that for a decreasing step function the sol 
of the (0;0,1,2) equation has the form 

v - [(FC) e + (FC) 7 ('»)] £ "‘ , " 1 " 0 

w' _ r ' 'icr\ * 'tcr"\ /~\1 - k_('t) 


(33) 


ution 


(34) 


V' - [- iv '(FC), - '(FC), (1)] '(FC), c‘ 0 (35, 

Using the values given by Eqs. (24) and (25) in Eqs. (34) and (35). respectively,when 't - 0 shows that 

'(FC) 6 = 0 (36) 

'(FC) 7 = a- (IFS) (37) 

Substituting Eqs. (36) and (37) into Eq. (34) gives 




Choose 


Then 


[-2-1 

L V (ref)J (0.0.1, 


and 


-^- = ^ n ('0e 

<rw n (IFS) 

V (r.f) " °-^ n ( ,FS ) 


’ (DVR ^'»-- TI^iFS) 




(38) 


(39) 


(40) 


(DVR) {0;0 , a( ^_ 1)(lf) - co n (l)e 

d-2) Impulse function solution for domping ratio equal to uni 


(41) 


Uhen £> l f Eq. (31) of Derivation Summary 19*3 shows chat for a decreasing step function the solution 
of the (0;0,l t 2) equation has the form 

y - '(FC), £ "" ,,,/ ' rtr + '(FC) J ;^ : '‘“" , '" («, 
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V' 


(•13) 


- - (fc), /- vr'( fc) 2 ;^ 

Using (he values given by tqs. (24) and (25) in Eqs. (42) and (43), respecuvely. when 't 

'(FC), = -YLcr^.dFS) 

V - 1 


cr^(IFS) 


(FC) 2 =--¥L<r* n (IFS) 

Substituting Eqs. (44) and (45) into Eq. (42) gives 

V = V7 k n ('0_ -yjvw n ( '*)j 


0 shows (hat 
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(45) 


Choose 


Then 


and 


<rw n (IFS) 
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^3) Impulse function solution for dompmg rotios greofer th on unit' 

d) Impulse function solutions 
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*•1) Solutions in terms of undomped noturol period 
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e-2) Solutions in terms of low domping rotio chorocteristic time 
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v - <r (IFS) 

V (r.f) - -A — 1 


( 60 ) 


(61) 


(sum ) 


e-3) Solutions in terms of characteristic time s 


urn 


c ) Summary of impulse function solutions for various coefficient form s 
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19.59. The general plan followed in developing second-order sinusoidal relat¬ 


ing functions is to first derive the relating function for the (2,1,0; 0,1,2) equation 
in a form from which the relating functions for the (0; 0,1,2), the (1; 0,1,2), the 
(2; 0,1,2), and the (1,0; 0,1,2) equations may be written down immediately by simple 
changes of nondimensional coefficients. 


19.60. Section a of Derivation Summary 19-9 gives the imaginary exponential 
equation representation for a sinusoidal forcing function, and illustrates the rela¬ 
tionships of this representation to a sinusoidal variation. The information of this 
section is given in greater detail in paragraphs 12.8 through 12.18 of Chapter 12. 
Equation (6) of Derivation Summary 19-9 is the standard form of the (2,1,0; 0,1,2) 
equation with an arbitrary dimensionless coefficient ratio as a factor of each in¬ 
dependent variable term. When the imaginary exponential form of Eq. (1) is used 
to represent a sinusoidal variation of the forcing function, the form of Eq. (6) 
changes to that of Eq. (9). It is important to note that differentiation with respect 
to the dimensionless running variable is equivalent to multiplication by the product 
of j and the nondimensional angular forcing frequency, w, . 

19.61. The sinusoidal relating function for the (2,1,0; 0,1,2) equation is identical 
with the steady-state solution forEq. (9) of Derivation Summary 19-9. As shown in 
Eq. (10) of Derivation Summary 19-9, this solution is assumed to have the form of 
the relating function multiplied by the forcing function as an imaginary exponential. 

19.62. When the assumed expression for the dependent variable is differenti¬ 
ated and placed in Eq. (9), the result is Eq. (13). The basic expression for the 
relating function is formed by equating the coefficient of the independent variable 
on the left-hand side of Eq. (13) to the coefficient of the independent variable on 
the right-hand side. When Eq. (13) is solved for the relating function, the result 
isEq.(14). In this equation, one of the primary variables that determines the relat¬ 
ing function is the nondimensional angular forcing frequency (symbol <->,). It is con¬ 
venient to combine this forcing frequency with the nondimensional undamped angular 
natural frequency (symbol <o n ) to form the nondimensional frequency ratio which is 
the ratio of the nondimensional angular forcing frequency to the nondimensional 
undamped angular natural frequency. The defining relationships associated with 
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the frequency ratio are summarized inEq. (15)of Derivation Summary 19-9, which 
gives ft as the working variable symbol and (FR) as the corresponding self-defining 
symbol. Equation (16) of Derivation Summary 19-9 is the complex variable ex¬ 
pression for the relating function with the angular frequencies of Eq. (14) replaced 
by the nondimensional frequency ratio. 

19.63. The relating function of Eq. (16) of Derivation Summary 19-9 may be 
transformed to the corresponding imaginary exponential form by use of the relation¬ 
ships defined and discussed in paragraphs 12.8 through 12.18 of Chapter 12. The 
procedure required for this transformation is given in section d of Derivation Sum¬ 
mary 19-9. The first step is to plot the real and imaginary parts of the numerator 
of the complex relating function form of Eq. (16) on the complex plane, and to write 
Eq. (20) of Derivation Summary 19-9, which gives the imaginary exponential ex¬ 
pression for the numerator. A similar procedure yields the imaginary exponen¬ 
tial expression for the reciprocal of the denominator of the complex relating func¬ 
tion as given by Eq. (22). The imaginary exponential forms of Eqs. (20) and (22) 
are combined in Eq. (24) to give the imaginary exponential form for the relating 
function. Equation (26) is the defining equation for the dynamic response angle 
that appears in Eq. (24). 

19.64. The relating function expressions of Eqs. (16), (24) and (26) of Deri¬ 
vation Summary 19-9 are specific examples of the generalized sinusoidal response 
characteristics that are defined and discussed in Chapter 13. In particular, Eqs. (18) 
and (21) of Definition Summary 13-6 are repeated as Eq. (27) of Derivation Sum¬ 
mary 19-9, and show that the relating function in its imaginary exponential form 
may be written as the product of the d ynamic amplitude ratio (symbol ,,orDAR)and 
an exponential with i multiplied by the dynamic response angle (symbol o or DRA) 
as its exponent. In addition, the dynamic amplitude ratio may be divided by an 
arbitrarily selected reference amplitud e ratio (symbol or RAR), which must have 
the dimensions of the dynamic amplitude ratio. The resulting ratio defines the 
dynamic amplitude ratio - reference amplitude ratio ratio (symbol p or (DAR)(RAR)R). 
It is also called the nondimensional amplitude ratio in situations where no mis¬ 
understanding of the name is possible. 

19.65. When the reference amplitude ratio is taken as equal to the standard¬ 
formdimensional similarity factor (symbol oj, Eq. (24) of Derivation Summary 19-9 
shows that the nondimensional amplitude ratio has the form given by Eq. (29). In 
order to completely identify the nondimensional amplitude ratio of Eq. (29) with its 
associated differential equation, it is given its full self-defining symbol (DAR)(RAR)R). 

with the (2,1,0; 0,1,2) equation symbol as its subscript. A similar subscript notation 
is used in Eq. (30) for the dynamic response angle. 

19.66. The nondimensional relating function is defined in Eq. (31) of Deri¬ 
vation Summary 19-9 as the relating function divided by the reference relating 
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where 


u('t) - 


cof = = non dimensional angular forcing frequency 


cu f 


2 rrfl 


«u ( T f 


2 77 

T, 


n, = forcing frequency 

T, = — = forcing period 
n. 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


See Figs. 12-1, 12-2, 12*3 and 12-4 of Chapter 12 for relationships among representations of sinusoidal functions. 

a) Steady-state sinusoidal forcing function (sin) 


From Eq. (36) of Definition Summary 19-1, 

V " + 2 <*>n V ' + “n V = <ttyo-0)"n U + ‘ / (l-l) 2 ^n U ' + u { 2-2) U "^ 

Using the expression for u('t) from Eq. (1) 

Jco,('t) 


( 6 ) 


u 


) “f U a € 


• / 


u 


p p 


— to* U a £ 


I C0 f ('t) 


) CO f U 


= — tofo 


(7) 


( 8 ) 


Substituting the expressions of Eqs. (7) and (8) in Eq. (6) 

V " + 2 <^n V ' + ^n V * ^ho-Ol^n + 1-1) 2 C I *>f “ ^(2-2) 

b) Complete differential equation 

Assume a forced solution of the form 


(9) 


gU = T]U t 


Jco,('t) 


( 10 ) 


where 

TJ „ [RF] = steady-state sinusoidal relating function; sinusoidal relating function; or relating function 


, , . , I (^) 

V = r/U = gjcu,U a € =»7Jcu,U 

v" = Tjlt" = - T] to* M a € 1 = - >7 CU| 2 U 

Substituting the expressions of Eqs. (10), (11) and (12) in Eq. (9) gives 

rj(- <oj + 2 £ a> n j (Of + cu 2 ]u = <r m [i/ (0 . 0 , "n + M1-1 > 2 < “n 2 I “f ” ^*2-2) ^>|l u 
Equating coefficients of U on both sides of Eq. (13) gives 

„ + tl-H 2 £k n ) ^1 ~ *(2-2) 

^ » 1 . i > ' • ' 2 

~ to{ + 2 C to n ) 0 J t + <o n 

Dividing numerator and denominator of Eq. (14) by cj* and defining 


(ID 

( 12 ) 


(13) 


(14) 


v 


to. 


shows that 


^ - '(FR) - nondimensional* frequency ratio 

h n 


X 

_ ^ttto-0) ~ v {2-2)'& 2 * i Hi-n 2 ^ & 

1 - 73 2 + ) 203 

c) Forced solution in complex variable form 
• Note that using the definitions of section f-1 of Definition Summary 1^-1 and defining 

/3 = (&j f /cu n ) - ( W,/T, r# „KT (fB ,j /ixj « '/9 - (FR) = frequency ratto 

It follow, that the nondlmenolonal frequency ratio (FR) Is Identical with (FR), the frequency ratio. 
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fhe numerator of Eq. (16), r/ r f . Jt may be changed to the imaginary exponential form of section a of 
Fig. 12-1 by noting that 

(Re) i| (nU m) = ^[*',,. 0 , - ^, 2 - 2 ) £ 2 ) (17) 

= real part of relating funcuon numerator 

and 

(In) *)(num) = <5 ^ 1 - 1) 2 C 7^ U8) 

= imaginary part of relating function numerator 

so that 

'/(num) = + ^Inum) 09> 

Equations (1"), (18) and (19) may be represented graphically by a complex plane diagram like that of 
section a of Fig. 12-1. 

|'?(num)| = num) ) 2 + 



* V ( So-o, - l2-2)'/3 2 ^ 2 + W,.,, 2 <'/3) 2 


i( / " , M(num) = 


A *151 cl f«?al 3 


(Re) Tj { 


num) 


= sho-oi - 


l 


( 2 - 2 ) 




^(num) = ,an 


•I K (l-D 


2<r/3 


(0-0 J 


* , (2-2) ft 


By definition 

^(num) r (DR )(2.1.0.0.l.2)(num) 


nondimensional parameter dynamic response angle of 
( 2 , 1 , 0 ; 0 , 1 , 2 ) equation numerator component 


Hie relationships of the preceding figure show that the numerator of F.q. (16) may be expressed in the 
form / 'j 

'/(num) * °k \ ( V<» “ ^ 2-2) 'fi 2)2 + i-i, * <£> 2 * ( 20 ) 

Hie reciprocal of the denominator of Eq. (16), (• * 7 M ,. r orT »), may be changed to die imaginary exponen¬ 
tial form of section a in Fig. 12-1 through multiplying and dividing by its complex conjugate (defined in 
section c of Fig. 12-1) to obtain 

1 - [(1 - V 2 ) - j 2<fl) _ 


'/(denom) 


'Zf l/denom) 


(1 - j0 2 + |2<7J)(1 - 'p 2 - }2 Cft) 


[i - 73 2 ) 


- i 


HIM 


(1 - £ 2 ) 2 ♦ (2<'/3 ) 2 (1 - 7 ^ 2)2 + ( 2 <y*) 


( 21 ) 


( 22 ) 


In graphical form 


1 /denom) 


| '/(l/denom) | = ^(d^nom) ^ '/(denom)) 


V (1 - p 2 ) 2 + (2<7^)2 

= amplitude of denominator reciprocal 



ii_ - fl 2 ) - 


(i - y* 2 ) 2 + (203) 2 


Ails ol reala —• 
l/donom) 

* (jin' 1 ~ Z <3 ft 


1 - p 2 


)(lm) rj ( ,/ denom) = | 


~2Cp 


(\-'p 2 ) 2 + [2CPV 


Derivation Summary 19-9. Steady-state sinusoidal relating function for the (2,1,0;0,1,2) linear 
second-order differential equation with constant coefficients. (Page 2 of 4) 
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Uhen in Eq. (9) of Derivation Summary 19-9 


1o-o> > 0 : U l2-2) = 0 ; ^(J-1) =0 ; <T S > 0 

the result is the (0;0,1,2) differential equation for the steady-state sinusoidal forcing function; i.e., 


And when 


then 


V" + 2<cu n v' + 


^ ■'co- 


<£ |/ C0-0) "n u 


( 0 - 0 ) 


v "+ + w 2 V = (T^U (3) 

°) The (0,'Q, equation for the steady-state sinusoidal forcing function 

The sinusoidal relating function forms for the (0;0,1,2) equation may be written as the special forms of 
Eqs. (35), (38) and (39) of Derivation Summary 19-9 that appear when 


( 2 - 2 ) 


and 


( 1 - 1 ) 


0 ; ^(o-o) > 0 s > o 


Then 


= Pr " *.^0-0) - * 

53 RAR = reference amplitude ratio 

v - -2- - [RF] = -1- 

* 1 “ /3 2 + j 2£/3 

- zero; zero, one, two nondimensional relating function 


and 


[(DAR)(RAR)R] (0;0#l> 


(1 - ft 2 ) 2 + (2 </3> 2 


zero; zero, one, two dynamic amplitude ratio - reference 
amplitude ratio ratio (nondimensional amplitude ratio) 


* - ■< DRA ><,o.,. n 


can" 1 

1 - fi 2 


= zero; zero, one, two dynamic response angle 

Note that Eqs. (6), (7) and (8) give specific forms for generalized Eqs. (3), (20) and (21) of Derivation 
Summary 13-6. 

b) Relating function forms for the (0;0 t l,2) equation 

Derivation Summary 19-10. Steady-state sinusoidal relating function for the (0;0,1,2) linear 

second-order differential equation with constant coefficients. 


is identical with the frequency ratio, which is by definition equal to the ratio of the 
forcing frequency to the undamped natural frequency. This means that Eqs. (16), 
(24), (26), (29), (30) and (33) are unchanged when the nondimensional frequency 
ratio used in the derivation is replaced by the frequency ratio. So far as the equa¬ 
tions are concerned, it is only necessary to remove the preceding primes from 
the frequency ratio symbols to change from nondimensional to dimensional fre¬ 
quencies. 

19.68. Equations (35) through (39) of Derivation Summary 19-9 summarize 
the relating function equations for the (2,1,0; 0,1,2) equation in terms of the fre¬ 
quency ratio. These equations include all the essential information on the sinus¬ 
oidal characteristics associated with the (2,1,0; 0,1,2) equation, and for this reason 
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are generally sufficient for reference purposes when the background of the sinus¬ 
oidal relating function derivation is understood. 


SINUSOIDAL RESPONSE CHARACTERISTICS ASSOCIATED WITH THE (0;0,1,2) EQUATION 

19.69. With relating function expressions for the (2,1,0; 0,1,2) equation available 
in section e of Derivation Summary 19-9, relating function forms for any other 
second-order form with its highest independent variable order no greater than the 
second may be written down immediately when proper values of the coefficient ratios 
are chosen. In order to associate these relating functions directly with the corre¬ 
sponding differential equation form, it is useful to set up these forms by introducing 
specific coefficient ratio assumptions into Eq. (6) of Derivation Summary 19-9. 

19.70. Equation (1) of Derivation Summary 19-10 is the (0; 0,1,2) equation 
reduced from Eq. (6) of Derivation Summary 19-9 by making the two-two and 
one-one coefficient ratios equal to zero, while giving the zero-zero coefficient 
ratio and the standard-form dimensional similarity factor values greater than 
zero. When the dimensional similarity factor (symbol <r) is taken as the product 
of the standard-form dimensional similarity factor and the zero-zero coefficient 
ratio as indicated by Eq. (2) of Derivation Summary 19-10, Eq. (1) becomes Eq. (3), 
the form in which the (0; 0,1,2) equation appears in practice. 

19.71. Equations (6), (7) and (8) of Derivation Summary 19-10give the forms 
for the (0; 0,1,2) equation sinusoidal relating function that appear when the special 
conditions of Eqs. (4) and (5) are substituted in Eqs. (35), (38) and (39) of Deriva¬ 
tion Summary 19-9. 

SINUSOIDAL RESPONSE CHARACTERISTICS ASSOCIATED WITH THE (1;0,1,2) EQUATION 

19.72. Derivation Summary 19-11 gives the essential relating function infor¬ 
mation for the (1; 0,1,2) equation. This information is presented with the same 
pattern as that used in Derivation Summary 19-10 for the (0; 0,1,2) equation. 

SINUSOIDAL RESPONSE CHARACTERISTICS ASSOCIATED WITH THE (2;0,1,2) EQUATION 

19.73. Relating function forms for the (2; 0,1,2) equation are developed in 
Derivation Summary 19-12 from the (2,1,0; 0,1,2) equation relating functions by the 
procedure described in the discussion of Derivation Summary 19-10. 

SINUSOIDAL RESPONSE CHARACTERISTICS ASSOCIATED WITH THE (1,0;0,1,2) EQUATION 

19.74. Derivation Summary 19-13 summarizes the essential information on 
the (1,0; 0,1,2) sinusoidal relating function. 
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\Xhcn in Eq. (9) of Derivation Summary 19-9 


(0 


- 0 ) ^ » ^( 2 - 2 ) ® ; > ® ^ > 0 


the result is die (1;0,1,2) differential equation for the steady-state sinusoidal forcing function; i.c., 

v" + 2<?u n v'+ = <* 8 2< w n i aijU 


And when 
then 


* ==<r s* / U-l) 


v + 2C^ n v '+ 6u)n V = W,U 

°) The (1;0,1,2) equation for the steady-state sinusoidal forcing function 


(1) 

( 2 ) 

(3) 


The sinusoidal relating function forms for the (1;0,1,2) equation may be written as the special forms of 
Eqs. (35), (38) and (39) of Derivation Summary 19-9 that appear when 


12-2) = 0 


» 14 « ' i > 0 


( 1 - 1 ) 


( 0 - 0 ) 


0 ; <r s > 0 


and 


Then 


V t = P r = ^Ho-0) “ ^ 

= RAR = reference amplitude ratio 

j 2 CP 


(4) 


(5) 


n = " t RF 3( 1 ; 0 , I , _, , 

^ 1 - ft 2 + |2<0 


2 ) 


( 6 ) 


= one; zero, one, two nondimcnsional relating function 


and 


p - [(DAR)(RAR)R] (1;0 


2 ) 


IAJL 


\< 1 - p 2 ) 2 + ( 2 Gp) 2 


(7) 


= one; zero, one, two dynamic amplitude ratio — reference 
amplitude ratio ratio (nondimcnsional amplitude ratio) 

0 « (DRA) = tan* 1 e*> -f tan’ 1 ~ ^ 

' ' # ' 1 « p2 


+ tan 


-1 


zlAtL 


( 8 ) 


2 1 - ft 2 

= one; zero, one, two dynamic response angle 

Note that Eqs. (6), (7) and (8) give specific forms for generalized Eqs. (3)» (20) and (21) of Derivation 
Summary 13-6. 

b) Relating function forms for the (1 ; 0, 1,2) equation 

Derivation Summary 19-11. Steady-state sinusoidal relating function for the (1;0,1,2) linear 

second-order differential equation with constant coefficients. 

GENERAL PROCEDURE FOR WRITING SINUSOIDAL RELATING FUNCTIONS ASSOCIATED 
WITH DIFFERENTIAL EQUATIONS OF ARBITRARY ORDER 


19.75. The sinusoidal relating function developed in Derivation Summary 19-9 is 
obtained by the formal process of finding the steady-state sinusoidal solution for the 
differential equation involved. The same result may be written down from a general¬ 
ized expression for the relating function. This generalized expression results from 
an application of the principles developed in Chapter 15 to the basic form for the differ¬ 
ential equation of arbitrary order that appears as Eq. (1) of Derivation Summary 15-1. 


242 


Uhen in liq. (9) of Derivation Summary 19-9 

^(O-O) * 0 ; = ® • ^(2-2) > 0 » °s > 0 

(he result is the (2;0 f l f 2) differential equation for the steady-state sinusoidal forcing function; i.e., 

v "+ 2 £ u> n v' + = 


And when 


- *512.2) 


then 


v" + 2<a. n v' + a)** = — <r "aif U (3) 

o) The (2;Q,1,2) e quati on for the steady-stale sinusoidal forcing function 

The sinusoidal relating function forms for the (2;0,1,2) equation may be written as the special forms of 
tqs. (35), (38) and (39) of Derivation Summary 19-9 that appear when 


and 


( 2 - 2 ) 


> 0 ; 1,. n - o ; 


( 0 - 0 ) 


0 ; or > 0 


Then 


= Pr = <^( 2 - 2 ) = * 

= RAR = reference amplitude ratio 


and 


q = « [ RF ],2;0.1.2) = -^- 

i - ft 2 + j 2</3 


two; zero, one, two nondimensional relating function 


[(DAR)(RAR)R1. 


(2;0.1.2) 


(1 - ft 2 ) 2 + (2 </ 3 ) 


= two; zero, one, two dynamic amplitude ratio - reference 
amplitude ratio ratio (nondimensional amplitude ratio) 


* - < DRA >< ....... 


-1 - 


+ n 


i - p 2 

*= two; zero, one, two dynamic response angle 

Note that liqs. (6), (7) and (8) give specific forms for generalized Eqs. (3), (20) and (21) of Derivation 
Summary 13-6. 

b) Relating function forms for the (2;0,1,2) equation 


Derivation Summary 19-12. Steady-state sinusoidal relating function for the (2;0,1,2) I 

second-order differential equation with constant coefficients. 


inear 


19.76. Equation (1) of Derivation Summary 19-14 is the basic differential 
equation considered; it has an arbitrary number of independent variable terms and 
also an arbitrary number of dependent variable terms. When the coefficient of the 
lowest order dependent variable term is taken out as a common factor of all the 
dependent variable terms, the resulting coefficients must all have the dimensions 
of some power of the running variable. A similar procedure for the independent 
variable terms reduces all coefficients of these terms to running variable dimen¬ 
sions. The ratio of the coefficient of the lowest order independent variable term 
to the coefficient of the lowest order dependent variable term -adjusts" the dimensions 
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When in Eq. (9) of Derivation Summary 19-9 

*'(o-o) > 0 • *1 i-i, > o ; ^ { 2-2) - 0 ; <£ > o 

the result is the (1,0;0,1,2) differential equation for the steady-state sinusoidal forcing function; i.e., 

V " + 2 <“n V ' + ^>n V = *[»to-0)"n + *11-1) 2 < *> n I «f]« d) 

( 2 ) 


And when 
then 


^ s °k ‘10-0) 


0 0 


+ + Sfiv 


[« ^2^ n jJu 

1 o- 0 ) J 


(3) 


°i The (1,0;0,1,2) equation for the steady-state sinusoidal forcing function 


The sinusoidal relating function forms for the (1,0;0,1,2) equation may be written as the special forms 
of Eqs. (35), (38) and (39) of Derivation Summary 19*9 that appear when 


12 - 2 ) - 0 


and 


i i-n > 0 


lo-O) > 0 


<r a > 0 


9r = Pt - <£10-0) - r 

= RAR = reference amplitude ratio 


(4) 

(5) 


Th 


en 


" J- - 'W%.o,o.,. 


1 + j Jlllil 2 C/3 


2 ) 


1°~? ) 


* . 1 - 0 2 + j 2 C/3 

one, zero; zero, one, two nondimensionai relating function 


( 6 ) 


and 


p - KDAR)(RAR)R] (l(0;0<I>2) . 




(2 </3> 


\/U - P 2 ) 2 + (2C/3) 2 


(7) 


“ one, zero; zero, one, two dynamic amplitude ratio — reference 
amplitude ratio ratio (nondimensionai amplitude ratio) 

0 - (DRA) ( , 0;Q , 2) - tan* 1 -iLlii 2</9 + tan' 1 ~ 2 (8) 

lo-o) 1 - /3 2 

= one, zero; zero, one, two dynamic response angle 

Note that Eqs. (6), (7) and (8) give specific forms for generalized Eqs. (3), (20) and (21) of Derivation 
Summary 13-6. 

b) Relating function forms for the (1,0;0,1,2) equation 

Derivation Summary 19-13. Steady-state sinusoidal relating function for the (1,0;0,1,2) linear 

second-order differential equation with constant coefficients. 


of the independent variable to the dimensions of the dependent variable. This ratio 
is the dimensional similarity factor (symbol^), given by Eq. (4) of Derivation 
Summary 19-14. The defining relationships for the running-variable-dimensioned 
coefficients are given in Eq. (3). 

19.77. When the independent variable change is a sinusoidal variation that 
may be represented as an imaginary exponential by Eq. (5) of Derivation Sum¬ 
mary 19-14, differentiation with respect to the running variable is equivalent to 
multiplication by the product of j and the angular forcing frequency. As indicated 
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The developments of sinusoidal relating functions carried our in Derivation Summaries 18-9 through 18-11 
for first-order differential equations and in Derivation Summaries 19-9 through 19-13 for second-order differ¬ 
ential equations are all applications of the principles outlined in Chapter 14 for special cases. 

The generalized form of fcq. (1) of Definition Summary 14-1 is 

E d‘v d’u 


where the independent variable u, the dependent variable V, and the coefficients 0 and b may leave any con¬ 
sistent dimensions. liquation (1) is a generalization of the unprocessed first- and second-order differential 
equation forms that supply the basic subject matter of Chapters 18 and 19. 

Uhen each of the a 's of fcq. (1) iire divided by (\ , the coefficient of the zero-order dependent variable 
term,* and each of the b's are divided by b., the coefficient of the zero-order independent variable term,* 
Eq. (1) becomes <Ji v ^ , d>U 

Z.°>'ift - - 2. b ) “sr < 2 > 


where 


°o' = ' 


Because each of the Q's must "cancel out" the dimensions of t l and each of the b ( ’s muse "cancel out" the 
dimensions of t 1 , it follows that each of these coefficients must have the dimensions of some power of the 
running variable. 

Uhen u has the form of an imaginary exponential to represent a sinusoidal variation in accordance with 
the relationships of Figs. 12-1 and 12-3 of Chapter 12, i.c., when 

ibJi * 

U E U a* (5) 

differentiation is identical with multiplication of U by j^; i.e., 

du , V 

JP" ( »CUf>U Q € = (|oj j) U (6) 

If a reference angular frequency cu (ref) is arbitrarily chosen, then by definition 

du 

J t = ^^(ref)^ )u (7) 


where 


Itrefl 


'(ref) 


(ref) 


- (FHU • reference frequency ratio 

Under steady-state conditions (i.c,, when transient effects are absent), the dependent variable is gi 
by an equation of the form 


ven 


v . nU 


»? U a« 


JtJjt 


where the relating function ,, depends upon the forcing frequency Vf and the differential equation coefficients. 

• When the zero-order term coefficient*, are zero, the a'-n and the fcj •« may be formed by using the lowest order a 
and the lowest ordor Q coefficients, respectively. 1 

Derivation Summary 19-14. Steady-state sinusoidal relating function for the generalized linear 
second-order differential equation with constant coefficients. (Page 1 of 3) 
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From Eqs. (7) and (9) 


(jojflqU = (j6> (ref) ^)7/U 


( 10 ) 


Using rhc relationships of Eqs. (5) through 10) in Eq. (2) gives 


Solving Eq. (11) for V gives 


= <r ]Xl b r 


^(ref)0/3) J |w 


(ID 


V = 


Comparison of Eq. (12) with Eq. (9) shows that the relating function may be written in the form 

tr {2] b J^(ref)< j ^ )J } 

V -- 

ZX^Iref )^) 1 


( 12 ) 


(13) 


\Uien an arbitrarily chosen reference relating function, rj r , is defined,the dimensionless relating function, 
'r/, is given by the expression 


i = - 2 . = 

9r 7 r 


E^lr.nW 

E f 4.0 


(14) 


a) Sinusoidal relating function for the generalized differential equation 


Consider ihc (2,1,0;0,1,2) differential equation 


V + 2<£ <u n v + = <r[*/ (0 . 0) «*i» + ^.„2<w n u + 

as a special case of the generalized form of Eq. (1) where 


^2 = U (2-2) 


1 ; °l “ 2 C“n ' °0 = w n 
1 b l ° 1l-l) 2 < w n i b 0 " * 


1 o- 0 ) w n 


(15) 


(16) 


(17) 


Using the definitions of Eq. (3), the running-variable-dimensioned coefficients for Eqs. (16) and (17) are 


; a,' - ; o' - 1 


(18) 


^2-2) 
*'(0-0) w n 


; U - Mllil . bl - ! 


(19) 


'(0-0) "n 


Taking 


and substituting the expressions of Eqs. (18), (19) and (20) in the relating function definition of Eq. (13) 
shows that 


( 20 ) 


9 - 


()/3) 2 ♦ ii « n (i fi) + 1 1 

L*'(C-01 w n ^O-O) "" J 


( 21 ) 


1 .2 


o^(i/3) 2 + (j/3) + 1 


Derivation Summary 19-14. Steady-state sinusoidal relating function for the generalized linear 
second-order differential equation with constant coefficients. (Page 2 of 3) 
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Dividing out the powers of cj n and taking out 1/ 1 / (0 . 0) as a common factor of the terms in the numerator gives 


(o/ Vo)>ho-o, - » / (2.2)^ 2 + 


l - P 2 + i2</3 

Taking the reference relating function as oA )t i.e., 


( 22 ) 


v r = 


( 0 - 0 ) 


(23) 


and combining Eqs. (22) and (23) shows that 


n = 


r /r 


^(0-0) ~ |/ (2-2)^ 2 4 j^l. 
i - P 2 + i 2</y 


(24) 


( omparison of hq. (23) with Eq. (32) of Derivation Summary 19-9 and hq. (24) with Eq. (35) of Derivation 
Summary 19-9 shows that the simple procedure of substituting in the form of hq. ( 13 ) immediately yields the 
result of Derivation Summary 19-9 without retracing the steps of finding a solution for the differential equa- 


non. 


b) Illustrative a pplication of the ge n eralize d si nusoidal rel ati ng functio n form to the (2,1,0,0, 1,2) 


equation 


Derivation Summary 19-14. Steady-state sinusoidal relating function for the generalized linear 
second-order differential equation with constant coefficients. (Page 3 of 3) 


by the relationships of Eqs. (6), (7) and (8), the angular forcing frequency maybe 

replaced by the product of an arbitrarily selected reference angular frequency and 

the reference frequermy ratio. 

19.78. If sinusoidal steady-state conditions exist, the dependent variable and 
its derivative with respect to the running variable may be represented by the ex¬ 
pressions of Eqs. (9) and (10) of Derivation Summary 19-14. When the relation¬ 
ships of Eqs. (5) through (10) are substituted in Eq. (2), the result is Eq. (11). This 
equationmaybe solved for the dependent variable to obtain Eq. (12). When Eq. (12) 
is compared with Eq. (9), which is essentially a definition of the sinusoidal relating 
function, Eq. (13) may be written to show the generalized form of the expression 
for the relating function in terms of the dimensional similarity factor, the refer¬ 
ence frequency ratio, the reference angular frequency and the running-variable- 
dimensioned coefficients for the differential equation. When an arbitrarily chosen 

reference relating function, ,,, is defined, the dimensionless relating function, 
5), is given by Eq. (14). 

19.79. Section b of Derivation Summary 19-14 gives the development of the 
(2,1,0; 0,1,2) sinusoidal relating function as an illustrative example of the use of 
Eqs. (13) and (14) in finding sinusoidal relating functions for a given differential 
equation. The results of this substitution procedure are idential with the results 
already found in Derivation Summary 19-9 from the differential equation solution 

19.80. The relating function equations, (13) and (14), of Derivation Sum¬ 
mary 19-14 are applied as a routine procedure in many of the problems discussed in 
later chapters of this book. 
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REPRESENTATION OF TYPICAL SOLUTIONS FOR SECOND-ORDER DIFFERENTIAL 
EQUATIONS 


19.81. Solutions for various forms of the second-order differential equation 
with typical forcing functions and initial conditions are developed in Derivation 
Summaries 19-1 through 19-14. In order to segregate the mathematical steps re¬ 
quired to find solutions from discussions of the solutions themselves, all the der¬ 
ivations have been carried through to completion as a whole before interpretations 
of specific results are considered. These interpretations are based on curves that 
represent the nondimensional expressions for the second-order solutions that are 
the essential results of the derivation summaries of this chapter. To make these 
curves generally useful, not only for illustrating the essential features of these 
solutions but also for providing quantitative information that may be directly ap¬ 
plied to a wide range of specific situations, they are plotted from checked data on 
scales that are sufficiently open to permit readings of reasonable accuracy. Ref¬ 
erences to the derivation summaries that are required in order to understand the 
patterns of the solutions associated with the curves are reduced to a minimum by 
including the pertinent nondimensional equations on the plots, as well as brief sum¬ 
maries of symbol definitions. 

19.82. Columns I, II and III of Table 19-1 give a quick reference summary 
of names for the parameters associated with second-order differential equations, 
the corresponding English letter self-defining symbols and Greek and English letter 
working symbols. The defining equations for each of the parameters in terms of 
the differential equation coefficients are given in column IV. Interrelationships 
among the second-order parameters in terms of self-defining notation are given 
in column V. A similar list of interrelationships in working variable notation ap¬ 
pears in column VI. In effect, Table 19-1 gives in a compact form the definitions 
and symbol conventions that are presented in Definition Summary 19-1 and the fol¬ 
lowing derivation summaries. The duplication that occurs among the equations 
listed in Table 19-1 results from designing the table as a source from which sub¬ 
stantially all the essential information on second-order parameters may be taken 
directly without the necessity of using auxiliary algebraic operations to derive 
desired relationships. 

DECREASING STEP FUNCTION RESPONSE CHARACTERISTICS FOR THE (0;0,1,2) 

EQUATION 

19.83. Figure 19-1 illustrates the pattern that is generally used for represent¬ 
ing the response of the dependent variable in a second-order equation to a given 
forcing function when specified initial conditions exist. The information presented 
by Fig. 19-1 is a selection from the information given by Definition Summary 19-1 
and Derivation Summary 19-3. At the upper right-hand corner of the illustration. 
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the parenthesis (0; 0,1,2) followed by the parenthesis (dsf) shows that the derivation 
summary deals with the response of the (0; 0,1,2) differential equation for the case 
when the forcing function is a decreasing step function. At the upper left-hand 
corner of the illustration, the special notation working variable forms of the (0; 0,1,2) 
differential equation are listed for damping ratios less than unity, equal to unity 
and greater than unity. The initial conditions are specified and the independent 
variable is described to the right of the equation forms. Below the equation forms 
is a list that gives the defining names for the symbols that appear in the figure. 
The curve representing the second-order equation step function response occupies 
the central part of the figure. The resultant response curve is shown as a medium- 
weight full line with component curves represented by light-weight dashed lines. 
Both coordinates are dimensionless with the dependent variable ratio (symbol DVR) 
used for ordinates and the time - undamped natural period ratio (symbol t/T )used 
for abscissae. Definitions for these coordinate ratios are given on the figure. 

19.84. The solutions for the equations and conditions listed at the topof Fig. 19-1 
are summarized below the plotted curves. These solutions are taken directly from 
Derivation Summary 19-3 for the three cases of damping ratio less than unity, 
equal to unity, and greater than unity when the running variable is represented by 
the time - undamped natural period ratio. For reference purposes, the dependent 
variable ratio in each form is given a full complement of identifying subscripts. 
The subscript closest to the main symbol is the parenthesis (0; 0,1,2) to show that 
the dependent variable ratio is associated with the (0; 0,1,2) differential equation. 
The second subscript to the right of the main symbol is a parenthesis showing 
the damping ratio values to which the solution applies. The following subscript is 
(dsf)to show that the forcing function is a decreasing step function. The last sub¬ 
script is a parenthesis enclosing two symbols. The first of these symbols gives 
the level of the dependent variable at the initial instant. The second symbol is 
separated from the first by a comma and shows the level of the rate of change of 
the dependent variable with respect to the running variable at the initial instant. 

19.85. The single resultant curve of Fig. 19-1 is drawn for the specified dif¬ 
ferential equation, initial conditions and dependent variable reference when the 
damping ratio is 0.7. Under these circumstances, the solution is the product of an 
exponential term, shown by the downward-sloping dashed line in Fig. 19-1, and a 
sinusoidal term whose argument includes a phase angle. The dashed-line curve 
corresponding to the sinusoidal term starts below unity on the plot and slopes 
upward due to the effect of the phase angle. As the resultant curve shows, the up¬ 
ward slope and level of the sinusoidal term are just sufficient to compensate for the 
downward slope of the exponential to give zero slope for the product at the initial 
instant. This means that the two component curves act as mutual "slope-adjust¬ 
ing” terms. After the initial instant, the exponential factor reduces the sinusoidal 
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component so rapidly that only a single cycle appears, with a greatly reduced 

second peak, before the steady-state condition of the dependent variable ratio at 
zero is reached. 

19.86. The decreasing step function response curve of Fig. 19-1 is a typical 
example of a purely transient response as the dependent variable ratio changes be¬ 
tween two constant levels. Because of the choice of the dependent variable refer¬ 
ence quantity, the asymptotic levels appear as unity and zero in Fig. 19-1. The 
ordinate scale may be dimensionalized to give values of the dependent variable by 
the simple process of writing the reference dependent variable at the unity point 
of the nondimensional scale. The abscissa scale may be dimensionalized to the 
running variable by multiplying each value of the time - undamped natural peri¬ 
od ratio by the undamped natural period. It is thus possible to use the plots of 
Fig. 19-1 to describe any specific case of the (0; 0,1,2) step function response with 
0.7 damping ratio in dependent variable and running variable terms by a simple 
change in the numbers appearing on the coordinate scales. This method for apply¬ 
ing a dimensionless plot to a specific situation illustrates a principle that maybe 
used with all the response curve plots that appear later in this book. 

19.87. Figure 19-2 gives a series of eight (0; 0,1,2) step function response 
curves plotted from the equations given at the bottom of Fig. 19-1. Each curve is 
plotted for a different damping ratio within the range of 0.1 to 2.0. The coordinates 
for all the curves of Fig. 19-2 are identical with those of Fig. 19-1. All the re¬ 
sponse curves for damping ratios less than unity are based on the product of a 
decreasing exponential function and a sinusoid. As the damping ratio increases, 
the period of the sinusoid becomes larger than the undamped natural period (as 
shown by the distance between peaks becoming greater than unity on the abscissa 
scale) and the exponential decreases more sharply. The slope-adjusting effects 
of the upward-sloping sinusoid and the downward-sloping exponential at the initial 
instant are clearly shown by the plots in the left-hand column of Fig. 19-2. 

19.88. The upper right-hand plot of Fig. 19-2 shows that when the damping ratio 
is unity an exponential component similar to that appearing in all the damping-ratio- 

less-than-unity cases is present, but that the sinusoidal component has changed to 
a nonoscillatory curve with an initial slope-adjusting upward trend. The curve 
increases to a maximum and then decreases toward zero as its asymptote. Refer¬ 
ence to the response equations of Fig. 19-1 shows that this second component rep¬ 
resents the product of the time — undamped natural period ratio and an exponential 
factor identical with that appearing in the expression for the other curve component. 

19.89. When the damping ratio is greater than unity, the corresponding re¬ 
sponse equation in Fig. 19-1 shows that two real exponential terms with negative 
exponents are present. The larger of these two terms is positive and the magnitude 
of the coefficient of time in its exponent is less than the magnitude of the coefficient 
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equation forms. 


g step function response associated with the 
equation with constant coefficients. 










Of time in the exponent of the smaller term. The coefficient of the smaller term is 
negative and has a magnitude that is equal to the magnitude of the coefficient of the 
arger term divided by the high damping ratio characteristic time ratio. The three 

, C h„7“ L 1 "' 2 "* P ““ d Show 

the larger of the two exponential terms determines the general nature of the result- 

*" Tolo W Th 6 ^ Smal ‘ er eXP ° nential actS P r * mar ily as a slope-adjusting term. 
19.90. The general pattern of second-order differential equation transients is 

revealed by the decreasing step function response curves of Fig. 19-2 For low 
dampmg ratios, the curves are sinusoidal with a relatively slow decrease in am¬ 
plitude due to the damping action of the exponential term. As the damping ratio is 
increased, the sinusoidal component is more strongly damped so that for damping 
ratios somewhat greater than 0.6 the oscillatory nature of the response has almost 
completely disappeared. Although the terms of the response equations are not alike 

so far as casual inspection is concerned, the resultant response curve shape is very ’ 

nearly the same for damping ratios within a range that includes values near unity. 

•91. The plots of Fig. 19-2 for damping ratios of 1.5 and 2.0 show a trend 

in which the decreasing step function response approaches a pure exponential identi- 

ca with the first term of the response equation as the damping ratio becomes large 

with respect to unity. Within this damping ratio region, the smaller exponential 

assumes the role of a minor slope-adjusting term. In fact, the response equation 

of Fig. 19-1 for dampmg ratios greater than unity shows that for high damping ratio 

characteristic time ratios large compared with unity the smaller exponential term 
becomes completely negligible. 

19.92. The relative magnitudes of the first and second terms of the high 
damping ratio response equation may be estimated quickly as a function of damping 
by reference to the curve of Fig. 19-3. This figure gives the high damping ratio 
characteristic time ratio as a function of the damping ratio. 

STEP R FUNrT.nl l!r METERS AND EQUAT,0N COEFFICIENTS FROM DECREASING 
STEP FUNCTION RESPONSE CURVES FOR THE (-,0,1,2) EQUATION 


19.93. A commonly occurring practical problem is that of finding certain of 
the second-order differential equation parameters listed in Table 19-1 from given 
decreasing step function response curves. Simple procedures for solving problems 

of this kind are summarized in Table 19-2. These procedures are divided into 
three groups, applicable as follows: 

1) In situations where the response is obviously oscillatory. 

2) In situations where the response is obviously close to a simple exponential. 

3) In situations where the response is not obviously oscillatory and appears 
to deviate somewhat from the simple exponential. 

19.94. When the given response curve is obviously oscillatory, the procedure 
of the top row of Table 19-2 may be used. The curve is considered as being plotted 
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Damping ratio dr 



Fig. 19-3. Chorocteristic lime ratio as a function of damping ratio for the (0,0,1,2) linear second- 
order differential equation with constant coefficients when the decreasing step function solution is 

nonoscillotory. 


with a nondimensional ordinate scale by assigning the value of unity to the initial 
ordinate point which can be at any peak. Ratios of the magnitudes of succeeding 
peak points to the initial ordinate point are measured. Additional ratios between 
peak points after the initial point and following peak points may also be measured 
for check purposes. When measured peak ratios are available for any given de¬ 
creasing step function response plot, the corresponding damping ratio may be read 
directly from either the curve family of Fig. 19-4aor the curve family of Fig. 19-4b. 
These two curve families are identical as far as meaning is concerned ; they differ 
only in that the curves of Fig. 19-4a are easier to read in the low damping ratio 
region than the curves of Fig. 19-4b. This characteristic is reversed between the 
two curve families for the high damping ratio region. Each one of the different 
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Transient peak ratio <tpr> 



a) Logarithmic sc ole obscisso - linear scale ordinate plot 




Fig. 19-4. Trans.enr peok ratio as a function of damping ratio for the 
(-,0,1,2) lineor second-order differential equation with constant coefficients 
when the decreasing step function solution is oscillatory. 
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curves in the families of Fig. 19-4 is drawn for, and labeled with, the number of 
succesive peaks (positive and negative) after the peak from which the reference 
ordinate is taken up to, and including, the peak from which the compared ordinate 
is taken. For example, if the transient peak ratio for two successive peaks (one 
positive and one negative) is equal to 0.2, the curve labeled unity is used to find 
that the corresponding damping ratio is 0.45. The families of Fig. 19-4 make it 

possible to read damping ratios for peak ratios taken from adjacent peaks or peaks 
separated by numbers of peaks up to 19. 

19.95. The natural period (symbol T) of a given oscillatory response curve 
may be read directly from the curve as the separation between points when the plot 
crosses the axis of abscissae with slopes in the same sense (see Table 19-2). 

19.96. For some purposes, it is desirable to describe step function response 
characteristics in terms of the logarithmic decrement, which is defined as the ratio 
of the natural period to the low damping ratio characteristic time (working symbol r, 
self-defining symbol CT with (ldr) as its subscript). Figure 19-5 outlines the mathe¬ 
matical relationships that determine the logarithmic decrement and gives a plot of 
this quantity as a function of the damping ratio. One of the defining equations in 
Fig. 19-5 shows that the logarithmic decrement is equal to the logarithm of the 

ratio of the response curve ordinate at any instant to the ordinate that occurred 
one full period earlier. 

19.97. The two columns at the right-hand side of the first row of Table 19-2 
give equations from Table 19-1 that make it possible to find the first-order and 
second-order differential equation coefficients when the zero-order coefficient and 
the natural period and damping ratio are known. 

19.98. The bottom row of Table 19-2 describes a method for finding second- 
order differential equation parameters from a given decreasing step function re¬ 
sponse curve. In this procedure, a semilogarithmic plot is made of the curve with 
a logarithmic ordinate scale. If the curve is a pure exponential, the semilogarith¬ 
mic plot is a straight line with its slope proportional to the reciprocal of the larger 
high damping ratio characteristic time. This condition will always appear in tran¬ 
sients for damping ratios greater than unity at a sufficiently great distance from 
the initial instant. When near the initial instant the slope-adjusting term is not 
negligibly small, the semilogarithmic plot will deviate from an extension of its 
straight-line portion. By noting the points at which the extended straight line and 
the actual curve cut the axis of ordinates, the high damping ratio characteristic 
time ratio may be calculated by means of the formula given in the bottom row of 
Table 19-2. With measured values of the larger high damping ratio characteristic 
time and the high damping ratio characteristic time ratio, and with a knowledge of 
the zero-order term coefficient of the differential equation available, the first- and 
second-order differential equation term coefficients may be found from the equa¬ 
tions at the right-hand side of Table 19-2. 
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Fig. 19-5. Logarithmic decrement as a function of damping ratio for the (0;0,1,2) linear second-order differential 
equation with constant coefficients when the decreasing step function solution is oscillatory. 








19.99. The middle row of Table 19-2 describes a procedure for finding the 
second-order equation parameters when the step function response curve is neither 

1 1 • | , , , ^ exponential shape. When 

this situation exists, the initial ordinate point is taken as unity and three lower 

ordinates are marked off at 0.736, 0.406 and 0.199. These points are chosen be¬ 
cause, as the lower part of the middle row of Table 19-2 shows, they correspond 
to equally spaced points along the axis of abscissae if the damping ratio is equal to 
unity. The running variable instants t„ t 2 and t 3 , corresponding to the three chosen 
ordinates indicated in the middle row plot of Table 19-2, are combined in ratios 
according to the given equations. These ratios are used to give points on the curve sys¬ 
tem of Fig. 19-6. * With a set of time ratios measured for a given step function response 
curve available, the curve system is entered from the right-hand ordinate scale. 

19.100. By projecting to the left from the value for any given time ratios until 
the curve identified with this time ratio is reached, the corresponding damping 
ratio may be read directly by projecting downward onto the abscissa scale. By 
repeating this procedure for all three of the time ratios, the accuracy of the damp¬ 
ing ratio may be improved through averaging. Once the damping ratio is known, 
the undamped natural angular frequency may be found by entering Fig. 19-6 with 
the damping ratio value and projecting up to one of the curves identified by a prod¬ 
uct of this angular frequency and one of the three times taken from the response 
curve plot. The reading on the left-hand ordinate scale associated with the given 
damping ratio by the selected angular frequency - time product curve is the cor¬ 
responding value of this product. With this product known and the time itself avail¬ 
able, the undamped natural frequency itself may be calculated by a simple division. 

19.101. The various methods given inTable 19-2for finding equation param¬ 
eters and coefficients from given step function response curves all include proce¬ 
dures that have redundant steps in the sense that only one of several steps that are 
described is necessary to find the required result. This deliberate duplication 
provides a means for determining whether or not a given curve that has the general 
pattern of a second-order step function transient is actually described accurately 
by a second-order step function response. If the parameter values from the dupli¬ 
cate determinations of Table 19-2 are not substantially identical, it follows that the 
given curve cannot be truly represented as a second-order differential equation re¬ 
sponse. In practice, it is often useful to determine equivalent second-order param¬ 
eters by the procedures of Table 19-2 for parts or all of given curves. When this 
is done, the mathematical equation pattern associated with the second-order dif¬ 
ferential equation may be used for theoretical work connected with the given curve. 

It is obvious that inaccuracies will accompany any such treatment of a situation 
that is actually not produced by the action associated with a second-order differ- 
ential equ ation. However, it is often good practice to accept inaccuracies of this 

The curve system of Fig. 19-6 was first plotted by Prof. John D. Trimmer of the University of Tennessee. 
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Fig. 19-6. Chart for determining the damping ratio and the undamped angular natural frequency from the decreasing 
step function response for the (-,0,1,2) linear second-order differential equation with constant coefficients when the 

damping ratio is between 0.5 and 2.0. 


kind in return for the flexibility and effectiveness in theoretical treatments that 
are easily possible when the second-order differential equation form may be applied. 

19.102. It is often useful to have immediately available information on the 
interrelationships among the components and parameters associated with second- 
order step functions. Figure 19-7 is a curve family that supplies inforii ation of this 
kind. This figure gives the ratio between the magnitude of the slope-adjusting term 

and the primary term of the second-order step function response for damping ratios 

larger than unity. This ratio of magnitudes for a series of damping ratios is plotted 
as a function of the time - high damping ratio larger characteristic time ratio. 
Inspection of Fig. 19-7 shows that for damping ratios larger than 2 the slope¬ 
adjusting term is always relatively small and quickly disappears as the running 
variable increases. 

19.103. Figure 19-8 is a plot showing variations in the ratios of the second- 
order characteristic times to the undamped natural period as functions of the 
damping ratio. On the logarithmic coordinates used for the plot, the ratio of the 
low damping ratio characteristic time to the undamped natural period decreases 
as a straight line until the damping ratio reaches unity. For damping ratios greater 
than unity the high damping ratio larger characteristic time increases with damp¬ 
ing ratio. The high damping ratio smaller characteristic time, on the other hand, 
decreases over the high range of damping ratio values. 

Response time is defined as the time required for a step function 
response curve to complete 95 percent of the change between the constant levels 
of the forcing step. This fraction of the total change is chosen because it corre¬ 
sponds to a remaining variation of 0.05, which is very nearly equal to the reciprocal 
of the exponential raised to the third power, so that response time corresponds to 
an elapsed time of about three characteristic times for any simple exponential 
term. The definition of response time implies that the response curve not only 
reaches the line corresponding to a remaining change of 0.05, but also thereafter 
remains closer than this 0.05 tolerance limit to its asymptotic level. Figure 19-9 
gives the response time - undamped natural period ratio as a function of damping 
ratio for the second-order differential equation form. This ratio has a minimum 
value slightly under 0.5 when the damping ratio is about 0.7. On the logarithmic 
coordinate plot of Fig. 19-9, the increases in the response time — undamped 
natural period ratio are approximately linear on either side of the minimum point. 
The irregular character of the curve for damping ratios less than unity is ex¬ 
plained by the illustrative plot of Fig. 19-10, in which an oscillatory curve that 
passes within the 0.05 limit on the "high" side and is just tangent on the "low" side 
is shown as having a much shorter response time than a curve that actually passes 
outside the "low" side limit and must return before the response time condition 
is fulfilled. 


262 



Nonoscillacory transient component ratio = (TCR) ( ^ >1) 



Time-high damping ratio larger characteristic time ratio - i _ - J_ 

(CT) (hdr)(larqer) T \ 


u = Independent variable 

V — Dependent variable 

a = Dimensional similarity factor 

u ~ (C I R) hdr = High damping ratio characteristic time ratio = r /T 

r i = * CT) (hdr)(larqer) = Larger high damping ratio characteristic time 

= (CT) (hdrj( 3 ma)ler) = Smaller high damping ratio characteristic time 
C ~ (DR) = Damping ratio 

Superscript dots denote time derivatives. 

Greek letters represent working variables. 


Fig. 19-7. 


Decreosin 9 step function tronsient component rotio for nonoscillotory response of the 
(U;UJ,7) l.neor second-order differentiol equofion with consfont coefficients. 
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Fig. 19-8. Relationship of characteristic time - undamped natural period ratio to damping rotio for 
the decreasing step function response associated with the (0;0,1,2) linear second-order differential 

equation with constant coefficients. 


INCREASING STEP FUNCTION RESPONSE CHARACTERISTICS FOR THE (0;0,1,2) EQUATION 

19.105. Figure 19-11 gives a summary of the increasing step function second- 
order solutions developed in Derivation Summary 19-2 and a family of curves 
plotted from these solutions for various values of the damping ratio. Linear scales 
are used for these plots with the dependent variable ratio used for the ordinates 
and the time - undamped natural period ratio for the abscissae. Except for the 
fact that the change is "upward" instead of "downward," the pattern of the curves 
in Fig. 9-11 is like that formed by the plots of Figs. 19-1 and 19-2. The response 
is oscillatory for low damping ratios and exponential for high damping ratios with 
a smooth transition in character as the damping ratio increases in magnitude. 
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Ratio of transient component of non-dimensional 
response to initial value of transient component 



Fig. 19-9. Relationship of response time - undamped natural period rotio to damping rotio 
for the decreasing step function response associated with the (0,0,1,2) linear second-order 

differential equation with constonf coefficients. 



Fig. 19-10. Graphical explanation of the discontinuities in the relationship of response 
time-undamped natural period ratio to damping ratio for the decreasing step function 
response associated with the (0;0,1.2) linear second-order differential equation with constant 

coefficients. 
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Because the undamped natural period is taken as the nondimensionalizing factor 
for the running variable, one cycle of the strongly oscillatory curve is completely 
within a spread of approximately unity on the abscissa scale. 

19.106. Figure 19-12 presents the same information that is given by Fig. 19-11. 
The essential difference between the two figures is that in Fig. 19-12 the time - low 
damping ratio characteristic time ratio is used for the abscissae instead of the 
time - undamped natural period ratio. This change in the abscissa quantity means 
that the increasing spread of single cycles of oscillatory curves with increasing 
damping ratio is more predominant in Fig. 19-12. In addition, the higher damping 
ratio curves depart from the zero level very much less rapidly than the correspond¬ 
ing curves of Fig. 19-11. 

19.107. The curve family of Fig. 19-13 is similar to the curve families of 
Figs. 19-11 and 19-12 except that the choice of the ratio to represent the running 
variable is the time - high damping ratio characteristic time sum ratio . The 
choice of the high damping ratio characteristic time sum to nondimensionalize 
the running variable causes the increasing step function second-order response 
curves to be asymptotic to an exponential curve as the damping ratio increases. 
This limiting curve is identical with the increasing step function first-order re¬ 
sponse curve plotted in Fig. 18-1 from equations developed in Derivation Sum¬ 
mary 18-2. 

19.108. The curve family of Fig. 19-14 is derived from the curves of Fig. 19-13 
and represents the deviations of the second-order step function curves from the 
first-order step function response curve. Because the definition of the second- 
order characteristic time sum in terms of differential equation coefficients is iden¬ 
tical with the definition of the first-order characteristic time in terms of these 
coefficients, the curves of Figs. 19-13 and 19-14 may be considered as plotted to 
an abscissa scale identical with that used for first-order response plots. It is ap¬ 
parent from the curves of Figs. 19-13 and 19-14 that second-order step function 
response is substantially identical with first-order step function response for damp¬ 
ing ratios greater than about 2. The two types of step function responses are ef¬ 
fectively identical for all damping ratios greater than 10. 

INCREASING RAMP FUNCTION RESPONSE CHARACTERISTICS FOR THE (0;0,1,2) EQUATION 

19.109. The plots of Fig. 19-15, which are based on the time - low damping 
ratio characteristic time ratio as abscissae, illustrate the response determined 
by the (0; 0,1,2) differential equation, with damping ratio equal to unity, when the in¬ 
dependent variable increases linearly from zero (i.e., undergoes a ramp function 
change) after the initial instant, and the dependent variable is constant at its zero 

level at the initial instant. The equation for the plot of Fig. 19-15 is developed in 
Derivation Summary 19-4. 
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Fig. 19-13. Increasing step function response ossociofed with the (0,0,1,2) linear second- 
order differential equation with constant coefficients when the running variable is the t.me- 

high damping ratio characteristic time sum ratio. 
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Fig. 19-14, Deviation of the increasing step function response associated with the (0;0,1,2) linear second- 
order differential equation with constant coefficients from the increasing step function response associated 

with the (0;0,1) linear first-order differential equation with constant coefficients. 
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9 11° When the dependent variable reference istakenas the product of the di¬ 
mensional similarity factor (symbol <r), the slope of the ramp function (symbol B.) and 

, * 7Z mg rat '° character ^tic time (symbol ,), then the dependent variable ratio 

(symbol DVR with proper identifying subscripts) for the increasing ramp function 

second-order response equation is a combination of the four terms listed below 
a) A real exponential with a coefficient of 2 and a negative exponent ex¬ 
pressible as the ratio of the running variable to the low damping-ratio 
characteristic time (the time - characteristic time ratio) 

The exponential of a) with the time - characteristic time ratio as its 
coefficient. 


b) 


c) The time - characteristic time ratio. 

d) - 2. 

19.111. Terms a)andb) form the transient component of the increasing ramp 
unction response. The dashed-line component curves of Fig. 19-15 that are identi¬ 
fied by expressions for the a) and b) terms show that the ramp function transient is 

generally similar to the step function transient illustrated by the damping ratio equal 
to unity plot of Fig. 19-2. 

19.112. Term c) of the increasing ramp function transient is just the time - low 
damping ratio characteristic time ratio, which is represented in Fig. 19-15 by a heavy 
dashed line starting at zero and sloping upward at a 45-degree angle. This line is a 
direct representation of the forcing function as the indepe ndent variable ratio with the 
reference independent variable taken as the product of the foT^I^Tunction slope 

(symbol B.) and the low damping ratio characteristic time. In the absence of dynamic 

effects, the response curve would be identical with the independent variable ratio, 
which for this reason acts as the nondimensional forcing function. 

19.113. Term d) is a negative constant that is represented by a light-weight 
dashed line at -2 below the axis of abscissae. When the transient terms have de¬ 
creased to negligible magnitudes, the resultant response represented by the heavy 
full-line curve of Fig. 19-15 is below the independent variable ratio by the constant 
term, which thus determines the forced dynamic error . This error is identified by 
a heavy arrow drawn from the forcing function line to the response function curve. 
The forced dynamic error of Fig. 19-15 is a special case of the definition given 
and discussed in Chapter 6 and illustrated by the curves of Figs. 6-1 and 6-2. 

19.114. Figures 6-1 and 6-2 illustrate also the concept of dynamic response 

delay and its relationship to dynamic error. The arrow drawn parallel to the axis 

of abscissae from the forcing function line to the point on the response line at which 

the dynamic error line ends is the forced response delay for the given point. In 

effect, this delay is the time period required for the response to reach some given 

dependent variable ratio level after the forcing function has reached the given 
level. 


272 



19.115. In terms of the dimensionless coordinates of Fig. 19-15, the forced 
dynamic error of the unity damping ratio second-order response to an increasing 
ramp function is constant at -2. The corresponding forced response delay is +2. 
The positive sign on this delay means that the response reaches a given level after 
the forcing function has reached this level. The negative sign on the forced dy¬ 
namic error means that at any given instant the response curve is below the forc¬ 
ing function curve. 

19.116. Figure 19-16 summarizes the ramp function second-order response 
equations developed in Derivation Summary 19-4 and gives a family of curves that 
are individually similar to the resultant curve of Fig. 19-15 for a range of damping 
from 0.1 to 1.74. This curve family provides, at a glance, information of reason¬ 
able accuracy on second-order response to ramp forcing functions. 

19.117. The information given in Fig. 19-16 is presented in Fig. 19-17 in terms 
of the second-order ramp function response ratio . This ratio is better adap¬ 
ted for extension to large abscissa values than the response curves themselves, 
and in many practical situations it is the quantity of primary interest. The second- 
order ramp function response ratio is defined as the ratio of the dependent variable 
ratio to a reference dependent variable ratio that is taken as equal to the indepen¬ 
dent variable ratio. In effect, this means that for the curves of Figs. 19-15 and 
19-16, the ordinate of the full-line curve is divided by the ordinate of the heavy¬ 
weight dashed line at each abscissa point. 

19.118. The response ratio curves of Fig. 19-17 are all asymptotic to the 
unity ordinate level as the time - low damping ratio characteristic time ratio be¬ 
comes larger. This characteristic depends on the constant magnitude of the forced 
dynamic error, coupled with the linear increase of the independent variable ratio 
as the abscissa becomes greater. 

19.119. The curve family of Fig. 19-18 is similar to that of Fig. 19-16, except 
that the high damping ratio characteristic time sum, instead of the low damping 
ratio characteristic time, is used to nondimensionalize the running variable for 
the abscissa quantity. The choice of this variable for the abscissa causes the 
ramp function second-order response curves to be asymptotic to the first-order 
ramp function response curve of Fig. 18-2 as the damping ratio increases to¬ 
ward infinity. Figure 19-19 gives a family of curves showing deviations of the 
second-order ramp function response curves from the first-order ramp function 
response curve. 

19.120. The discussion of step function second-order response character¬ 
istics for Figs. 19-13 and 19-14 applies equally well to the ramp function second- 
order response curve families of Figs. 19-18 and 19-19. In general, it appears 
that for high damping ratios the second-order ramp function response becomes iden¬ 
tical with the first-order ramp function response. 
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Fig. 19-17. Ramp function response,olio for the (0;0,1,2) lineor second-order differential equation with constant coefficients. 
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INCREASING PARABOLIC FUNCTION RESPONSE 
EQUATION 


CHARACTERISTICS FOR THE (0;0,1,2) 


19.121. The curves of Fig. 19-20 show the response associated with an in¬ 
creasing parabolic forcing function applied to a second-order differential equation 
with damping ratio equal to unity when the dependent variable and rate of change 
of the dependent variable are both zero at the initial instant. These curves are 
based on the solution developed in Derivation Summary 19-5. The pattern of com¬ 
ponents that make up the increasing parabolic function response of Fig 19-20 is 
generally similar to the pattern that appears in the increasing ramp function re¬ 
sponse of Fig. 19-15. The forcing function is represented by the independent vari¬ 
able ratio as a parabola sloping upward from the origin. The transient component 

is an upward-sloping exponential starting at -6, with a coefficient equal to - (6+ 2 »/r) 

and with its exponent equal to the time - low damping ratio characteristic time 
ratio, which is used as the abscissa quantity for the plot. The forced dynamic error 
is made up of a constant at * 6 and a straight line with a slope of- 41 /,. This means 
that the second-order parabolic forcing function has a forced dynamic error that 
becomes larger as the time - low damping ratio characteristic time ratio increases. 
The corresponding forced response delay varies toward greater magnitudes as the 
forced dynamic error increases. 

19.122. Examination of the forced dynamic error pattern established by the 
step function response, the ramp function response, and the parabolic function re¬ 
sponse for the second-order differential equation with damping ratio equal to unity, 
as these responses are illustrated in Figs. 19-2, 19-15 and 19-20, shows that the ’ 
zero power of the running variable, the first power of the running variable, and the 
second power of the running variable correspond to a forced dynamic error that is 
zero, constant, and increasing linearly with the running variable, respectively. It 
may be seen from a review of the developments of second-order response equations 
in Derivation Summaries 19-2 through 19-5 that powers of the running variable 
higher than the second in the forcing function always produce forced dynamic errors 
that increase as some function of the running variable that contains a power of the 

running variable one less than the highest power of the variable that appears in 
the forcing function. 

19.123. Figure 19-21 gives a family of increasing parabolic forcing function 
solutions for the second-order differential equation for a range of damping ratios 
from 0.3 to 2.35. The curves of this family are plotted from the solutions developed 
in Derivation Summary 19-5 and listed at the bottom of the illustration. 

INCREASING STEP-AND-RAMP FUNCTION RESPONSE CHARACTERISTICS FOR THE (0;0,1,2) 
EQUATION 


19. 124. The step, ramp, and parabolic forcing function solutions for the sec¬ 
ond-order differential equation, which are discussed in the preceding sections, are 
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Fig. 19-21. Parobolic function response associated with the (0;0,1,2) linear second-order 

differential equation with constant coefficients. 
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illustrative only in the sense that they represent an infinitesimal fraction of the pos¬ 
sible situations that may be associated with simple powers of the running variable. 
The three examples that have been carried through serve to demonstrate practical 
applications of the theory developed in Chapter 15 and to establish a pattern of pro¬ 
cedure that may be applied to the solution of differential equations of any order 
when the forcing function is any single power of the running variable. 

19.125. Forcing functions are not generally limited to single powers of the 
running variable; they may include any arbitrary number of terms which themselves 
contain arbitrary powers of the running variable. When the very large number of 

possible forcing function forms is considered in combination with an also very great 

number of initial conditions, it is obviously not practical to develop complete 
curve families like those of Figs. 19-11, 19-12, 19-13, 19-16, 19-18 and 19-21 to 
describe all possible second-order solutions. It is, however, desirable to consider 
the method for finding differential equation solutions when the forcing function consists 
of a number of terms that contain powers of the running variable. The simplest pos¬ 
sible forcing function that may be based on a combination of terms - a forcing function 
made up of a step function and a ramp function - is chosen to illustrate the pro¬ 
cedure for finding a solution for a situation of this type. 

19.126. The second-order differential equation solutions for a forcing function 

made up of a step function and a ramp function are developed in Derivation Sum¬ 
mary 19-6. 1 he solution equations are summarized and plotted for three values 
of the damping ratio in Fig. 19-22. These three curves show the effect of thedepen- 
dent variable starting from a level that is not the same as the starting level for 
the independent variable ramp function change. The response curves show tran¬ 
sients that depend on whether the magnitude of the step function is greater than 
or less than the forced dynamic error. In the first situation, the response curve 
approaches the forcing function as the running variable increases. In the second 
situation, the response curve moves away from the forcing function as the run¬ 
ning variable increases. Behavior of both types is illustrated in Fig. 19-22. The 
two lower-value damping ratio curves of this figure show the final attainment of a 
constant forced dynamic error. The third curve, which is for a considerably higher 

damping ratio, does not reach parallelism with the forcing function because of the 
restricted range of abscissae shown on the figure. 

19.127. The very simple forcing function used for the plots of Fig. 19-22 de- 
monstrates the principles available for describing responses to any forcing func¬ 
tion made up of a combination of terms. The mathematical counterpart of this plot 
is the development of Derivation Summary 19-6. which illustrates a procedure that 
may be applied to any case of a combination forcing function. 
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See Derivation Summary 19*6 for the derivation of these solutions. 


Fig. 19-22. Step-and-romp function response associated with the (0;0,1,2) linear socond-order dif¬ 
ferential equation with constant coefficients. 
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INCREASING R AMP-FOLLOWED-BY-CONST ANT FUNCTION RESPONSE CHARACTERISTICS 
FOR THE (0;0,1,2) EQUATION 

19.128. Forcing functions may not only be formed by a number of simulta¬ 
neously existing terms each containing some simple power of the running variable, 
but also may be made up of a sequence of mathematical forms that change from 
one to another at arbitrary instants. The derivation of solutions for forcing function 
sequences involves only repeated applications of the procedure already developed 
in Derivation Summaries 19-2 through 19-6. Even with the method completely defined, 
the prohibitively great number of individual forcing functions and sequences makes 
it impossible to plot comprehensive curve families to describe all the situations 
that might be of interest. For this reason, the illustrative development of the 
response equations for a forcing function sequence given in Derivation Sum¬ 
mary 19-7, and plotted in the curve family of Fig. 19-23, is restricted to the com¬ 
bination of a ramp function followed by a constant function when the dependent vari¬ 
able and rate of change of the dependent variable are zero at the initial instant. 

19.129. The procedure described in Derivation Summary 19-7 starts with a pro¬ 
cess identical with that described in Derivation Summary 19-4 for the increasing ramp 

function. The response equations that result from this development are used to find 

the dependent variable level and the rate of change of this level at the terminal instant 
for the ramp function period. These level and rate values for the dependent variable 
are used as the initial conditions for the constant level period in a development 
similar tothat described in Derivation Summary 19-2 for the increasing step function. 
The response equations for the ramp-followed-by constant function found in Deri¬ 
vation Summary 19-7 are represented by the curve family of Fig. 19-23. 

19.130. The curves of Fig. 19-23 show that for low damping ratios the re¬ 
sponse curves follow the forcing function sequence fairly well, but for high damping 
ratios the response is very slow during the ramp function period. This means that 
when high damping ratios exist, a ramp function that does not extend over more 
than one or two units on the time - low damping ratio characteristic time ratio 
scale will produce a response very similar to the response for a step function with 
a magnitude equal to the difference between the initial and final levels of the ramp 
function during the ramp function period. 

19.131. The procedure for finding responses to any sequence of forcing func¬ 
tions is clearly demonstrated in Derivation Summary 19-7. With the exception of 
the simple illustrative case plotted in Fig. 19-23, all forcing function sequence 
examples that occur in this book are treated as special cases. 

IMPULSE FUNCTION SOLUTIONS FOR THE (0.0.1,2) EQUATION 

19.132. Responses to impulse forcing functions may be found by a special 
application of the procedure described in Derivation Summary 19-7 for a sequence 
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Fig. 19-23. Romp-followed-by-consfonf function response associated with the (0;0,1,2) linear second- 

order differential equation with constant coefficients. (Poge 2 of 2) 
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of forcing functions. The i mpulse is defined as a function that is zero everywhere 
except at the instant of its occurrence. Starting at this instant, it has an infini¬ 
tesimally small extent on the running variable scale and a height such that the pro¬ 
duct of the height and the running variable period during which it exists has a finite 
value. For the purpose of finding response equations, it is possible to approximate 
the impulse function by an upward step in the independent variable followed by a 
short period of constant level and then a downward step equal to the upward step 
The st rength of the impulse is proportional to the product of the height of the up¬ 
ward step and the running variable interval between the upward and downward steps. 

19.133. Impulse function solutions for the second-order equation are developed 
in Derivation Summary 19-8bythe procedure described in Derivation Summary 19-7 
for a sequence of forcing functions. A special simplification is possible in the 
impulse function solution because the period over which the independent variable is 
different from zero is so short that exponentials in the transient components of the 
solutions may be represented by the first two terms of their series expansions 

19.134. The curve family of Fig. 19-24 gives second-order impulse function 
responses for a range of damping ratios . The general pattern of these responses is 
very similar to that illustrated for the decreasing step function in Figs. 19-1 and 19-2, 
exceptfor the increases that appear immediately after the instantat which the im-’ 
pulse occurs. The curves of Fig. 19-24 are plotted with the time - undamped nat¬ 
ural period ratio as the abscissa quantity. Figure 19-25 shows the curve family 
of Fig. 19-24 replotted with the time - high damping ratio characteristic time sum 
ratio as the abscissa quantity. The choice of this quantity for the abscissa scale 
causes the impulse response curve to be asymptotic to a simple real exponential 
curve for high damping ratios. This means that for this damping ratio range the 

second-order impulse response becomes asymptotic to the first-order exponential 
impulse function response shown in Fig. 18-1. 

19.135. Figure 19-26 is a family of curves plotted with the time - high damp¬ 
ing ratio characteristic time sum ratios as abscissae and deviations of the second- 
order impulse function from the first-order impulse function as ordinates. This 
family of deviation curves shows in quantitative terms the trend of second-order 

impulse function solutions toward the first-order impulse function solution as the 
damping ratio approaches large values. 

STEADY-STATE SINUSOIDAL CHARACTERISTIC CURVES FOR THE <0;0,1,2) EQUATION 

19.136. Complete solutions of differential equations with forcing functions of the 
power series type with many terms are generally impractical because of complexity. 
This difficulty stems from both forced and transient components of the complete solu¬ 
tion. The forced solution component is troublesome because it must be changed for each 
forcing function. The transient solution is complicated by the fact that it must be 
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Fig. 19-24. Impulse function response ossocioted with the (0;0,1,2) linear second-order differential equa¬ 
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Fig. 19-25. Impulse function response associated with the (0;0,1,2) linear second-order differential 
equation with constant coefficients when the running variable is the time-high damping ratio char¬ 
acteristic time sum ratio. 
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specifically fitted to each given combination of initial conditions and forcing function. 
Forced solutions may be simplified by using one or more of the Fourier series or 
Fourier integral forms discussed in Chapter 12 to represent forcing functions. 

19.137. When representations of this type are used, forced solutions may be 
based on steady-state solutions that have one standard form for all sinusoidal terms. 
Complexities due to transient components may be avoided by restricting attention 
to steady-state conditions, which, by definition, correspond to solutions that are 
free from transient components. The steady-state solution associated with a given 
differential equation for a given sinusoidal forcing function is the product of the 
relating function for the given equation and the forcing function. 

19.138. Because of their wide usefulness in solving practical problems, and in 
order to illustrate the patterns of steady-state solutions that may be associated with 
given differential equations, plots giving information on relating functions for second- 
order equations of various types are presented in Figs. 19-27 through 19-53. The 
equations used for making these plots are taken from the developments of Deriva¬ 
tion Summaries 19-9 through 19-14. 

19.139. A basic pattern adapted to the description of sinusoidal relating functions 
for any differential equation is illustrated by the curve family of Figs. 19-27 through 
19-37. All of these plots are based on the developments of Derivation Summaries 19-9 
and 19-10. For convenience in using the curves, each figure includes the differential 
equation form considered, its identification, and a brief resume in working variable 
symbols of the relationships associated with the plots. In addition to this infor¬ 
mation, Fig. 19-28 gives a summary of conventions and definitions used in ex¬ 
pressing steady-state sinusoidal solutions. In the interests of saving space, this 
summary is not repeated on other figures of the group. 

19.140. Figure 19-27 gives a family of sinusoidal response loci for the 
(0; 0,1,2) differential equation. These response loci are complex plane polar plots 
of the nondimensional relating function given as Eq. (6) of Derivation Summary 19-10 
for various values of the damping ratio. Each of the response locus curves starts 
from +1 for zero frequency ratio and ends at zero for infinite frequency ratio, 
after moving over a distorted half circle located entirely below the axis of reals. 
The loci for low damping ratios are badly distorted and "pulled" well below the 
axis. The loci for high damping ratios approach the half-circle shape given in 
Fig. 18-6 for the sinusoidal response locus of the first-order differential equation. 

In Fig. 19-27, constant frequency ratios are represented by dashed-line half circles, 
with the axis of reals as a diameter and all starting from zero. The half circle 
for unity frequency ratio has an infinite radius and is identical with the negative 
axis of imaginaries in Fig. 19-27. The half circles for frequency ratios less than 
unity are all below the positive axis of reals while the half circles for frequency 
ratios greater than unity are all below the negative axis of reals. 
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19.141. The loci of Fig. 19-27 represent the sinusoidal relating function for 
the (0; 0,1,2) equation in accordance with the conventions described in Definition 
Summary 13-2 and illustrated in section a of Fig. 13-1. A vector drawn from the 
origin to any point on one of the loci has a length that represents the magnitude of 
the nondimensional amplitude ratio (the dynamic amplitude ratio - reference am¬ 
plitude ratio ratio , (self-defining symbol (DAR)(RAR)R ; working symbol \i )) for the 
damping ratio identifying the full-line curve and a frequency ratio corresponding 
to the dashed-line half circle that crosses the locus curve at the given point. The 
dynamic response angle (self-defining symbol DRA; working symbol <f >) correspond¬ 
ing to the given locus point is the angle measured from the axis of reals to the 
vector drawn from the origin to the given point. 

19.142. Figure 19-28 gives two families of curves plotted to linear scale in 
which the individual curves are related to the loci of Fig. 19-27 as the plots of 
section b of Fig. 13-1 are related to the plot of section a of Fig. 13-1. The full¬ 
line curves give the nondimensional amplitude ratio as a function of the frequency 
ratio for various damping ratios. The dashed-line curves give the dynamic response 
angle as a function of the frequency ratio for different damping ratios. Figure 19-28 
also includes the working variable form of the differential equation considered, its 
identification as the (0; 0,1,2) equation, the working variable forms of the sinusoidal 
relating function, and a limited number of symbol definitions. These symbol defi¬ 
nitions fit into the generalized scheme given in Definition Summaries 13-4, 13-5 
and 13-6 of Chapter 13. Equations for the nondimensional amplitude ratio and the 
dynamic response angle, taken from Eqs. (7) and (8) of Derivation Summary 19-10, 
are identified with the proper curve families in Fig. 19-28 in terms of working 
variable symbols and self-defining variable symbols. The self-defining symbols 
for these quantities carry the subscript (0; 0,1,2) to show that they are associated 
with the (0; 0,1,2) differential equation. 

19.143. The curve family of Fig. 19-29 is identical with the linear scale 
dynamic response angle curve family of Fig. 19-28 except for an expansion of the 
ordinate scale. Figure 19-30 is a magnification of Fig. 19-28 for frequency ratios 
less than unity and dynamic response angles between 0 and -90degrees. Figures 19-28, 
19-29 and 19-30 show that all of the nondimensional amplitude ratio curves start 
with unity magnitude and zero slope at zero on the frequency ratio scale, and are 
asymptotic to zero for high damping ratios. It is important to note that the curves 
for various damping ratios never cross each other. The dynamic response angle 
curves all start at zero, are asymptotic to -180 degrees for high damping ratios, and 
pass through -90 degrees when the frequency ratio is unity. The transition from zero 
angle to -180degrees angle occurs abruptly at unity on the frequency ratio scale for 
zero damping ratio, makes the transition more gradually for the intermediate range 
of damping ratios, and tends to go rapidly to -90 degrees for low frequency ratios as 
the damping ratio becomes larger. 
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Fig. 19-30. Linear scale plot of steady-state sinusoidal response characteristics associated with 
the (0;0,1,2) linear second-order differential equation with constant coefficients for the low-value 

range of frequency ratio. 
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19.144. Figure 19-28 shows that for the low range of damping ratios the 
dimensionless amplitude ratio has a sharp peak near unity on the frequency ratio 
scale. This peak becomes lower and moves toward lower frequency ratios as the 
damping ratio becomes larger until it finally disappears completely when the damp¬ 
ing ratio is equal to one-half the square root of two. Figure 19-31 gives a curve of 
the frequency ratio at which the maximum point of the dimensionless amplitude ratio 
occurs as a function of the damping ratio. Figure 19-32 gives two curves for the 
maximum value of the dimensionless amplitude ratio as a function of damping ratio. 
Ordinates on the left-hand scale, extending to a top value of 6, correspond to the 
full-line curve. Values for the dashed-line curve are taken from the right-hand 
ordinate scale. 

19.145. It is very often desirable to have information available on the connec¬ 
tion between step function transient response behavior and steady-state sinusoidal 
response characteristics. Figure 19-33 supplies concise information of this kind by 
means of a curve family that shows relationships among the maximum dimension¬ 
less amplitude ratio, the damping ratio, and the transient peak ratio. For the 
purposes of Fig. 19-33, the definition of Fig. 19-4 for transient peak ratio is used. 
That is, the m th -to-reference peak ratio is the ratio of the height of the m th peak 
to the height of the reference peak. In Fig. 19-33, curves are given for various 
numbers of peaks between the m th peak and the reference peak that range from 1 
to 9. Damping ratio and maximum nondimensional amplitude ratio are plotted as 
ordinates, and the transient peak ratio is used for the abscissa scale. If, as an 
example of using Fig. 19-33, a damping ratio of 0.15 is considered, the maximum 
amplitude ratio is about 3.4 and the transient peak ratio for successive peaks is 
about 0.61. 

19.146. Figure 19-34 is a logarithmic scale plot of the nondimensional ampli¬ 
tude ratio curve family of Fig. 19-28. The scales of Fig. 19-34 are marked in the 
three systems of logarithmic coordinates that are defined in paragraph 5.24 and 
illustrated in Fig. 5-4 of Chapter 5. Both coordinate scales are marked in lorus 
(logarithmic ratio units with logs taken to the base of ten). The ordinates are also 
shown in decibels and in natural numbers, and the abscissae in octaves and natural 
numbers. The scales are chosen to have a length of one and one quarter inches 
per decile , which is equivalent to one loru. Lines parallel to the axis of ordinates 
are spaced to give a logarithmically divided scale for natural numbers. Lines 
parallel to the abscissa axis are uniformly spaced to give ten lines per loru. This 
means that there is a difference of two decibels between each pair of these lines. 
Logarithmically divided lines placed outside the field of coordinates give the natural 
numbers corresponding to the loru and decibel scales. Except that the octave scale 
is usually omitted, the scheme of coordinates used in Fig. 19-34 is taken as the 
standard system for logarithmic plots in this book. 
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Fig. 19-31. Linear scale plot of frequency ratio for maximum steady-state sinusoidal dynamic am¬ 
plitude ratio-reference amplitude ratio ratio as a function of damping ratio for the (0;0,1,2) linear 

second-order differential equation with constant coefficients. 
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19.147. The logarithmic scale curves like those of Fig. 19-34 are generally 
more useful in practice than linear scale plots such as those of Fig. 19-28. One 
advantage is that while the range of frequency ratio values in the linear scale plots 
of Fig. 19-28 is only 4, it is 70 in the logarithmic scale plots of Fig. 19-34. The 
logarithmic scale plot ordinates also have a corresponding advantage in range over 
the linear scale ordinates. In addition to the coordinate range advantage, logarith¬ 
mic coordinates are generally superior to linear coordinates because of the simpler 
shapes that nondimensional amplitude ratio curves have in the logarithmic coord¬ 
inate system. For example, in Fig. 19-34 all curves of the family are asymptotic 
to a line with a downward slope of -2 as the frequency ratio approaches infinity. 
This straight-line shape for the plots is simpler than the curved form that occurs 
for high frequency ratios when linear scales are used. The straight-line asymptotes 
for very low and very high frequency ratios also permit the use of extensions that 
intersect in a break point like that of Fig. 18-9 for first-order steady-state sinus¬ 
oidal amplitude ratio curves. Break points are not identified in logarithmic plots 
of second-order steady-state sinusoidal response curves, in order to avoid compli¬ 
cation of the plots. 

19.148. Figure 19-35 shows the family of dynamic response angle curves of 
Fig. 19-29 plotted on semilogarithmic coordinates. Angles are plotted on the uni¬ 
formly divided ordinate scale. Frequency ratio is plotted on an abscissa scale 
identical with that used for frequency ratio in Fig. 19-34. The curve family of 
Fig. 19-35 shows the characteristics already noted in the discussion of Fig. 19-29. 

In addition, it has the feature that the angle curve shapes for frequency ratios greater 
than unity are similar to the shapes for frequency ratios less than unity. The 
patterns for these two frequency ratio ranges differ in their orientation, so that 
the one is asymptotic to zero degrees while the other is asymptotic to -180degrees. 

19.149. In practice, it is often desirable to have immediately available in¬ 
formation on differences of the nondimensional amplitude ratio and the dynamic 
response angle from selected reference values. These differences may be described 
by the concept of deviation , as this term is defined in paragraph 9.20 and illustrated 
in Fig. 9-8 of Chapter 9. For the low damping ratio range of the (0; 0,1,2) equation 
relating function, it is convenient to take the nondimensional amplitude ratio refer¬ 
ence as unity and the dynamic response angle reference as zero. 

19.150. Figure 19-36 summarizes the defining equations for the dimensionless 
amplitude ratio deviation associated with the relating function of the (0; 0,1,2) 
equation, and gives two curve families for this deviation. The abscissae for these 
families are identical with the standard logarithmic scales of Fig. 19-35. The 
ordinate scales are uniformly divided, with the upper plot ranging from -0.14 to 
+ 0.14 and the lower plot ranging from -0.014 to+0.014. The deviation plots of 
Fig. 19-36 "put magnifying glasses" on the low frequency ratio range ordinates of 
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Fig. 19-36. Dimensionless amplitude ratio deviation associated with the (0/0,1,2) linear second-order differential 

equation with constant coefficients. 













the amplitude ratio without affecting the abscissa scale. Because of the choice of 
ordinate scales, the '‘magnifier" used for the lower family of Fig. 19-36 is ten times 
more powerful than the "magnifier" used for the upper scales of that figure. 

19.151. Figure 19-37 summarizes the defining equations for the dynamic re¬ 
sponse angle deviation for the low frequency ratio range of the (0; 0,1,2) equation 
relating function. This deviation curve is a magnification of the low frequency ratio 
range of Fig. 19-35. 

STEADY-STATE SINUSOIDAL CHARACTERISTIC CURVES FOR THE (1;0,1,2) EQUATION 

19.152. Various methods for representing the steady-state sinusoidal response 
characteristics of the(0; 0,1,2) equation are discussed with some detail in the pre¬ 
vious section. This discussion not only provides information on the characteristics 
of the (0; 0,1,2) equation form, but also establishes a pattern for presenting the 
sinusoidal response of other equation forms. With the pattern established, a choice 
of the curve families to be used in describing the characteristics of any equation 
may be varied to suit the requirements of any given situation. With this possibility 
understood, typical plots that are included in the sequence of Figs. 19-27 through 
19-37 may be omitted without affecting the completeness of the information presented, 
if amplitude ratio and dynamic response angle data of some kind are provided. The 
sinusoidal characteristic description of this section takes advantage of this fact to 
reduce the eleven plots used for the previous section to four in this section. 

19.153. Figure 19-38 gives a summary of the relating function equations de¬ 
veloped in Derivation Summary 19-11, and a logarithmic plot of the nondimensional 
amplitude ratio for the (1; 0,1,2) equation. This curve family shows that, for all 
damping ratios, the amplitude ratio has a maximum at the zero-loru level (unity in 
amplitude ratio value) for zero on the frequency ratio loru scale (unity on the fre¬ 
quency ratio scale). The curves are asymptotic to downward slopes of unity for 
frequency ratios very much higher or very much lower than the zero loru level. 
Curves for different damping ratios never cross each other, and they occur higher 
on the ordinate scale as the damping ratio increases. The width of the peak centered 
about the zero-loru point on the frequency ratio scale increases as the damping 
ratio increases. 

19.154. Figure 19-39 summarizes information on the dynamic response angle 
associated with the (1; 0,1,2) equation to match the amplitude ratio information 
given in Fig. 19-38. 

19.155. Figure 19-40 gives two curve families to different ordinate scales of 
the nondimensional amplitude ratio deviation corresponding to the curve family of 
Fig. 19-38. The reference value for this deviation curve family is taken as unity. 

19.156. Figure 19-41 is a curve family giving the dynamic response angle 
deviation for the curves of Fig. 19-39 when the reference angle is taken as zero. 
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Fig. 19-38. Logarithmic scale plot of dynamic amplitude ratio-reference amplitude ratio ratio steady- 
state sinusoidal response characteristics associated with the (1;0,1,2) linear second-order differential 

equation with constant coefficients. 
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19-41. Dynamic response angle deviation associated with the (1,0,1,2) linear second-order differential equation 

with constant coefficients. 















This deviation is zero at the zero-loru point on the frequency ratio scale for all 
damping ratios, and remains at a low level over a reasonable extent of the frequency 
ratio scale only for very high damping ratios. 

STEADY-STATE SINUSOIDAL CHARACTERISTIC CURVES FOR THE (2;0,1,2) EQUATION 

19.157. Figure 19-42 gives the nondimensional amplitude ratio curve family 
plotted with linear scales from the (2; 0,1,2) sinusoidal response equation developed 
in Derivation Summary 19-12. This curve family starts at zero, has zero slope at 
zero frequency ratio, and is asymptotic to the unity ordinate level as the frequency 
ratio approaches infinity. For frequency ratios in the vicinity of unity, the low 
damping ratio curves show peaks that are reduced in height as the damping ratio 
increases in magnitude. The peak ceases to exist when the damping ratio is equal 
to the reciprocal of the square root of two; for all damping ratios higher than this 
value, the amplitude ratios change smoothly from zero to unity. 

19.158. The dynamic response angle expression for the (2; 0,1,2) equation is 
identical with the dynamic response angle expression for the (0; 0,1,2) equation ex¬ 
cept for the addition of n. This means that the response angle curves given in 
Figs. 19-29 and 19-35 may be applied directly to the (2; 0,1,2) equation if the ordi¬ 
nate scale is made to run from n to zero instead of zero to -r, as the frequency ratio 
changes from zero to infinity. 

19.159. Figure 19-43 gives the frequency ratio at which the maximum level 

of the nondimensional amplitude ratio occurs, plotted as a function of damping ratio. 

The height of the maximum amplitude ratio for the (2; 0,1,2) equation is given by 

an expression identical with that for the corresponding quantity for the (0; 0,1,2) equa- 

tiongivenin Fig. 19-32. For convenience, the plots of this figure are repeated as 
Fig. 19-44. 

19.160. Figure 19-45 gives the curve family of Fig. 19-42 plotted on the stand¬ 
ard logarithmic coordinates. Figure 19-46 gives deviation plots for the (2; 0,1,2) 
equation nondimensional amplitude ratio based on a reference value of unity. Fig¬ 
ure 19-47 gives the family of dynamic response angle deviation curves for the 
(2; 0,1,2) equation with the reference angle taken as zero. 


STEADY-STATE SINUSOIDAL CHARACTERISTIC CURVES FOR THE (1,0.0,1,21 EQUATION 

19.161. Figure 19-48 gives a family of nondimensional sinusoidal relating 
function loci for the (1,0; 0,1,2) equation, based on the expression developed inDer- 
ivation Summary 19-13. The (1,0; 0,1,2) equation locus family is generally similar 
to the corresponding locus familyforthe (0; 0,1,2) equation (see Fig. 19-27) except 
that the individual curves for low damping ratios are distorted downward to the 
right from the circular shape, instead of downward to the left. 

19.162. Figure 19-49 is a linear scale plot of the family of nondimensional 


309 




ca 

n 


c 

c |c 
ll 



II 


cc 

u- 

o 

4-* 

u. 

>N 

u 

c 

a; 

3 

cr 

a; 

u. 

U< 


310 


Fig. 19-42. Linear scale plot of dynamic amplitude ratio steady-state sinusoidal response characteristics associated 

with the (2;0,1,2) linear second-order differential equation with constant coefficients. 
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Fig. 19-49. Linear scale plot of dynamic amplitude ratio steady-state sinusoidal response characteristics associated 

with the (1,0;0,1,2) linear second-order differential equation with constant coefficients. 



























amplitude ratio curves corresponding to the locus family of Fig. 19-48. The curves 
of this family start at unity on the ordinate scale with zero slope at zero frequency 
ratio. They then go through a maximum at some frequency ratio less than unity, 
and then all pass through unity at a frequency ratio equal to the square root of two. 
On the low frequency ratio side of this point, the higher curves are associated with 
the lower damping ratios. This situation is reversed on the high frequency ratio 
side of the common point, with the high damping ratio curves being located above 
the low damping ratio curves. As the damping ratio increases toward infinity, the 
amplitude ratio curves approach the zero level as the reciprocal of the frequency 
ratio. 

19.163. Figure 19-50 gives a linear scale plot of the dynamic response angle 
curves corresponding to the amplitude ratio curve family of Fig. 19-49. Fig¬ 
ure 19-51 is a linear scale plot of the frequency ratio at which the peak values of the 
amplitude ratio curve of Fig. 19-49 occur as a function of damping ratio. Fig¬ 
ure 19-52 is a semilogarithmic plot showing the variation in the height of the 
amplitude ratio peak as a function of damping ratio for the amplitude ratio curves 
of Fig. 19-49. Figure 19-53 is a logarithmic scale plot of the curve family of 
Fig. 19-49. It is of interest to note that for high frequency ratios the curves of 
the family are separated for different damping ratios, but they all finally reach a 
slope of -1. 

SOLUTIONS FOR THE SECOND-ORDER DIFFERENTIAL EQUATION BY THE LAPLACE 
TRANSFORM METHOD 

19.164. The various solutions of the second-order differential equations that 
have been obtained by the classical method in the first part of this chapter are 
derived by the use of the Laplace transform operational method in Derivation Sum¬ 
maries 19-15 through 19-26. Formal solutions are obtained in Derivation Sum¬ 
maries 19-15, 19-16, 19-17 and 19-18 in order to show the Laplace transform 
forms for various second-order equation forms. The remainder of the derivation 
summaries in the series illustrate the application of the Laplace transform meth¬ 
od in various circumstances. The examples are similar to the first-order solutions 

of Chapter 18 but are more complicated because of the higher order. 

19.165. A typical second-order differential equation is given by Eq. (1) of 
Derivation Summary 19-15. The symbols used are the working variable forms of 
Definition Summary 19-1. This equation has the second derivative, the first 
derivative and the undifferentiated dependent variable terms as well as the undif¬ 
ferentiated, first derivative and second derivative independent variable terms. 
The Laplace transform of this equation is obtained by the technique outlined in 
Derivation Summary 16-2. The transforms of the various terms of Eq. (1) are given 
by Eq. (2). The Laplace transform of the dependent variable is indicated by Eq. (2a). 
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Fig. 19-50. Linear scale plot of dynamic response angle steady-state sinusoidal response characteristics associated 

with the (1,0;0,1,2) second-order differential equation with constant coefficients. 

























1.0 


, * °- 9 

o "7 

d 

E i 0.8 

v 

2 ' - 

0 


Cu B 

S ^ 

O » 

i 3 

S ^ 


w u. 

E “ 

1.2 

• — *■* 

5 2 

e o 

Lm 

o 2 

.2 o 

cl 

frU 
F e 

3 " 

cr O 

t g 

U. O 


0.7 


0.6 


0.5 


0.4 


0.3 


0.2 


0.1 


'u 


0.1 


0.2 


0.3 




■—■ 

-- 

._^ 




















~~- 






















■> 


— 




















: 








— 








/ 

/— 






— 

—_ 

_ 










\ 

/ 










■—. 

r 

L "" 



—j - 

Frequency ratio for maximum dynamic amplitude r t 

ti B IV u t = 

itio — reference amplitt 

xfe ratio ratio 






f— 



. .i'll * •<’ - ■ 











V ^ 




— 







T 



'- 







1 " ~ | 





- 


































■ — 









v ♦ + (o*v ■ o[(o*u ♦ iC 

r __i __ if 


iOJj 

U = UJ 









" l '(0-0l 






— ■ ■ 



Dicaay-siace conditions 

V . nM m Oi'^U - o = o • k|1 ' n « 1 • n - „ „ 

n P ’ h * * / (0-0, ’ • 

















tj *> (RF) « Sinusoidal relating function 

. j 









rj m (RF) * Non dimensional a 

linusoidal relating function « ]< P 










■ ■ 

■ - J 
































■n 

■n 




0.7 


0.8 


0.9 


0.5 0.6 

Damping ratio dr ■ £ 

Fig. 19-51. Linear scale plot of frequency ratio for maximum dynamic amplitude ratio - reference amplitude 
ratio ratio as a function of damping ratio for the (1,0;0,1,2) linear second-order differential equation with 

constant coefficients. 


1.0 



Fig. 19-52. Linear scale abscissa - logarithmic scale ordinate plot of maximum dynamic amplitude ratio- 
reference amplitude ratio ratio as a function of domping ratio for the (1,0,0,1,2) linear secund-ordor dif¬ 
ferential equation with constant coefficients. 
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Fig. 19-53. Logarithmic scale plot of dynamic amplitude ratio steady-state sinusoidal response 
characteristics associated with the (1 f 0;0,1,2) lincor second-order differential equation with constant 

coefficients. 



The operational method applied to the solution of the (2,1,0;0, l v 2) differential equation follows (he out¬ 
line of the nondimensional Laplace transformation technique of Derivation Summaries 16-2 and 16-3. The 
standard form of the (2,1,0;0,1,2) equation is given by Eq. (7) of Definition Summary 19-1 as 

v"+ y,V' + y 0 V = O a [rf 0 U + lj,u'+ T) 2 \}"\ ( 1 ) 

The definitions of the coefficients used here may be found in Definition Summary 19-1. 

a) Nondimensional coelf cient form of the (2,1,0,0, 1, 2) equation 

The first step of the operational method is to find the nondimensional Laplace transformation of Eq. (1) 
by obtaining the transform of each term separately. Uith the aid of Derivation Summary 16-1, the following 
nondimensional Laplace transforms can be written: 


Quantity 

a) Dependent variable 

b) First derivative of the dependent variable 

c) Second derivative of the dependent variable 

d) Independent variable 

e) First derivative of the independent variable 

f) Second derivative of the independent variable 


Loplace Transform 

[LT] v('t) = v(A) 

[LT]v'('t) = A v(A) - v(0) 

[LT]v"('t) = A 2 v(A) - A v(0) - v'(0) 
[LTJu('t) = u(A) 

0-TM't) = A u(A) - U( 0 ) 

[LT]u"('t) = A 2 u(A) - A u(0) - u'( 0 ) 


The nondimensional Laplace transform of Eq. (1), using the expressions of Eq. (2), is 

(A 2 + y, A + y 0 )v(A) * (r/ 0 + rj, A + r/ 2 A‘)y(A) - <r s ((?/ 2 A + f/j)u(0) + 77 2 u'(0)] 

+ 1 <A + y t ) v( 0) + v'(0)] 

b) Nondimensional Lop/occ transform of the (2,1,0,0,1,2) equation 
Solving for v(A) gives 

wm <^0 + T l\ x + n 2 W <&Kg 2 A + + »?2 U '< 0 >1 ■ l (A + y.) v ( 0 ) + v'(0)) 

() * + UW -I* ♦ * a ♦ A 2 )- 

c) Nondimensional Laplace transform of the dependent variable of the (2,1,0:0,1,2) equation 


In accordance with the pattern of Derivation Summary 16-2 

1[RF](A)j G x o; 0 , 1.23 = - = non dimcnsional Laplace transform form 

y 0 + Y\ + of the (2,1,0;0,1,2) equation relating 

function 

= UTF](A)j c 10;0 , 2) = transfer function of the (2,l,0;0,1,2) equation (5) 

jnrpl ml _ « r .W^2 A + ’h )u <°> + r, 2 U'( 0)1 - [(A + y,)v(0) + v'(0)] 

UIU-J {u .v,WI C . l .o;0.«. a (yT - + y iA + A S)- 

<= nondimensional Laplace transform of the (2,1,0;0,1,2) equation 
initial condition function (6) 

Substituting Eqs. (5) and (6) in Eq. (4) gives the general form of v(A) as 

vu> - l[RF](«l 1! .,. 0i0 . 1 . ! ,. U U) - i[ICF] (U Y) (A)t CiIit;0iI 2) ,7, 

d) Nondimensional Laplace transform of the (2,1,0;Q,1,2) equation dependent v ariable 
expressed in the relating function - initial condition funct ion form 

Derivation Summary 19-15. Formal solution of the (2.1.0;0,1,2) equation by the nondimensional 

Laplace transform method. (Page 1 of 2) 
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The normal solution is defined in Derivation Summary 16-2 as the one for which the Laplace transform 
of the initial condition function is zero. Therefore, for the normal solution, 

= |[RF](a)! b li0!0>1>a uU) (8 ) 

e) Normal solution of the (2,1,0,0,1,2) equation 


The complete solution of Eq. (1) requires that the independent variable and the initial values of the 
dependent and independent variables be known. The formal solution may be written in terms of the non- 
dimensional inverse Laplace transform. 

v('t) - [LT]’ 1 { l[RF](A)} R , 0;0 , 2) U(A» } - j[ICF]('t)j B I 0l0 12) <9) 

r> I II* V * 


For the normal solution, 


[v('t)], n5 , = [LT]’ 1 ji[RF](A)| B 10;0 , a u(A)) 

f) Formal solution of the (2,1,0;0,1,2) equation 


( 10 ) 


Derivation Summary 19-15. Formal solution of the (2,1,0;0,1,2) equation by the nondimensional 

Laplace transform method. (Page 2 of 2) 


The transform of its first derivative is a times the transform of the dependent 
variable minus the initial value of the dependent variable as in Eq. (2b). Equa¬ 
tion (2c) shows that the transform of the second derivative has three terms, of which 
the second and third are initial values of the dependent variable and its first deriva¬ 


tive, respectively. A similar treatment is presented for the independent variable. 
The complete transformation of Eq. (1) is given by Eq. (3), which shows the trans¬ 
form of each term variable of Eq. (1) multiplied by the term coefficient. 

19.166. WhenEq. (3) is rearranged to have the Laplace transform of the de¬ 
pendent variable on the left-hand side and everything else on the right, Eq. (4) is the 
result and it is said thatEq. (3) is solved for the dependent variable. Equation (4) 
has two terms on the right-hand side, the first a ratio of polynomials in a multi¬ 
plied by the transform of the independent variable, and the second a ratio of poly¬ 
nomials whose coefficients depend on the initial conditions of the dependent and in¬ 
dependent variables. The procedure established in Derivation Summary 16-2 de¬ 
fines the first polynomial ratio as the relating function of the (2,1,0; 0,1,2) equation 
and defines the second term as the Laplace transform of the initial condition func¬ 
tion (see Eqs. (5) and (6)). Equation (7) is the general form that results when 
Eqs. (5) and (6) are substituted into Eq. (4). The Laplace transform of the normal 
solution,which exists when the Laplace transform of the initial condition function is 
zero, is given by Eq. (8). The solution cannot be completed until the variation of the 
independent quantity as well as the initial conditions are known, but a formal solu¬ 
tion may be written as shown by Eq. (9) for the complete solution, and by Eq. (10) 
for the normal solution. 

19.167. Derivation Summary 19-16 shows the formal procedure for applying 
the Laplace transform method to the (0; 0,1,2) equation, an equation form in which 
only the coefficient of the undifferentiated independent variable is not zero on the 
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The solution of the (0;0,1,2) equation by the operational method is derived from the solution of the 
(2,1,0;0,1,2) equation given in Derivation Summary 19-15. Uhen r) { and rj in Eq. (1), Derivation Sum¬ 
mary 19-15, are equal to zero, the standard (0;0,1,2) equation is obtained; i.e., 

v " + Vi v ' + X 0 V * 

o) Nondimensional coefficient form of the (0,0,1,2) equation 

From Eq. (3), Derivation Summary 19-15, with r) { and tj 2 equal to zero: 

(A‘ + y,A + y 0 )v(A) - <£i? 0 u(A) + [(A + y,)V(0) + v'(0)] 

b) Nondimensional Laplace transform of the (0,0,1,2) equation 


Solving Eq. (2) for v(A) gives 

V(A) 


__ U(A) + (A + y,)v(Q) ♦ v;(Q) 

y 0 + y,A + A Yo + Y\ A + * 


c) Nondimensional Laplace transform of the (0,0,1,2) equation dependent variable 


In accordance with the procedure of section d, Derivation Summary 19-15, 


|[RF](A)j p , -- 

y 0 + y, A + A 2 




(A + y t )v(0) - v(0) 
y 0 + y,A + A 2 

(4,5) 


vut - I1RF](< 10>M1 «(« - I[icf] (u , v ,wi B;0 

d) Nondimensional Laplace transform of the (0;0,l t 2) equation dependent variable expressed 

in the relating function - initial condition function form 

The complete formal solution of the (0;0,1,2) equation is 

v<-.) - tt-T]- , {l[RF](Ml B 11 >liljU U)}- l[ICF](-t )! e:0 , i2J 


For the normal solution 


- [LT]" { KRF](*)! B . 0 , a u(A) } 

e) Formal solution of the (0;0,1,2) equotion 


Derivation Summary 19-16. Formal solution of the (0;0,1,2) equation by the nondimensional 

Laplace transform method. 


right-hand side, and in which all dependent variable terms up to the second order 
are present. The solution method is identical with that of Derivation Summary 19-15. 
The formal solution of the (1; 0,1,2) equation is outlined in Derivation Summary 19-17 
and that of the (2; 0,1,2) in Derivation Summary 19-18. 


19.168. When the independent variable is an impulse function, it is especially 
simple to obtain the solution of the second-order differential equation by the Laplace 
transform method. Derivation Summary 19-19 is an illustration of the method 
when a normal solution is required for the (0; 0,1,2) equation to an impulse function 
variation of the independent quantity. The impulse function is defined in Eq. (1) of 
the summary and its transform, as given in Eq. (2) from row 1 of Table 16-1, is 
just the strength of the impulse function. The expression for the Laplace transform 
of the dependent variable of the (0; 0,1,2) equation, obtained from Derivation Sum¬ 
mary 19-16, is shown as Eq. (3). When the Laplace transform of the independent 
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^hcn % ^2 ' n (D» Derivation Summary 19-15, are equal to zero, the standard (1;0,1,2) equation 

is obtained; i.e., 

v + y, v ' + y 0 v = °' s '?i u ' (i) 

a) Nondimcnsional coefficient form of the (1;0,1,2) equation 

From Eq. (3), Derivation Summary 19*15, with rj Q and q 2 equal to zero: 

(A 2 + y, A + y 0 )v(A) = «r s 77, AU(A) - cr s i,, U(0) + [(A + y,)v(0) + v'(0)] (2) 

b) Nondimensional Loploce transform of the (1;0,1,2) equation 


Solving Eq. (2) for v(A) gives 

v(a) = u(x) _ °s *?i u(0) - [(A + y,) v(0) + v^(0)] 

y 0 + yj A + A 2 y 0 + y, A + A 2 

c) Nondimensional Laplace transform of the (1;0,1,2) equation dependent variable 


In accordance with the procedure of section d. Derivation Summary 19-15, 

![RF](«I„. 0 , , - -(4) 

U.o. I.fl y 0 + yj A + A 2 

inrci ,>m «lh u <°) - K> + y,> v (0) + v '«») 

ILIU-J ( „,„tMf n;0ll .a- Xo+ nA + A *- (5) 

v(A) - l[RF]U)l, 1;0 . li21 u(A) - i[ICF](A)!„ i0>li21 (6) 

d) Nondimensional Laplace transform of the (1;0,1,2) equation dependent variable expressed in 

the relating function — initial condition function form 

The complete formal solution of the (1;0,1,2) equation is 

v('t) = [LT]' 1 {i[RF](A)|, 1:0il , !1 uU)} - t[ICF]('»)i„, 0il<2) (7) 

For the normal solution, 

W'0] (n8) = [LT]' 1 {|[RF](A)i (l:0>li2) u(A)| (8) 

e) Formal solution of the (1;0,1,2) equation 

Derivation Summary 19-17. Formal solution of the (1;0,1,2) equation by the nondimensional 

Laplace transform method. 


variable is introduced into Eq. (3), Eq. (4) is obtained which is also written with 
the denominator factored into two first-order forms. The quantity under the square 
root sign in each first-order denominator factor is expressed as the difference 
between the square of half the first-order coefficient and the zero-order coefficient. 
The possible relative magnitudes of these two quantities give rise to three cases 
as shown in Eq. (5). If the square root quantity is nonzero, Eq. (6) shows the 
form of the partial fraction expansion ofEq. (4). If the square root quantity is zero, 
there is only one fraction, given in Eq. (7). Equations (8), (9) and(10) show the 
procedure for obtaining the partial fraction coefficients corresponding to Eq. (6). 
The characteristic equation associated with Eq. (6) is obtained by setting the de¬ 
nominator of Eq. (4) equal to zero and is given by Eq. (8a). The roots of the char¬ 
acteristic equation are given by Eq. (8b). 
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Uhen and in Eq. (1), Derivation Summary 19-15, are equal to zero, the standard (2;0,1,2) equation 
is obtained; i.e., 

v " + * v ' + Yo w “ W"" (1) 

a) Nondimensional coefficient form of the (2;0,1,2) equation 

From Eq. (3), Derivation Summary 19-15, with t] q and rjj equal to zero. 

(A 2 + y, A + y 0 )v(A) = o^i^A 2 u(A) - <£i^[Au(0) + u'(0)l + [(A + y,)v(0) + v'(0)l (2) 

h) Nondimensional Laplace transform of the (2;0 ,1,2) equation 

Solving Eq. (2) for v(A) gives 

v(a) = *2 a2 u(a) _ <r,^[A»( 0 ) + u*( 0 )) ~ l(A ♦ y,)v(0) + v'(0)] 

>b + Y\ * + * 2 y 0 + Y\ A + A 2 ^ 

c) Nondimensional Laplace transform of the (2;0,1,2) equation dependent variable 


In accordance with the procedure of section d, Derivation Summary 19-15, 


|[RF](A)| C2 . 0 , 2) =- 5*2* 

t2 ' 0 • , ' 2, Yo + y, A + A 2 

IfirFltiW **2 [A u (0) + u'(0)] - [(A + y.)v(O) + v'(0)] 

JUU-jWM Bl0<1(a) = -- 

v(A) - I[RF]U)! B;0 , a iiU) - JBCFKMl,,,.,., 

dI Nondimensional Laplace transform of the (2;0 I 1,2) equation dependent variable in the 

relating function - initial condition funct ion form 

The complete formal solution of the (2;0,1,2) equation is 

v<-,) . [LT]" {|£RF](A)| B;1 , a u,A)l - f[ICF]('t)| Bll) , a 


For the normal solution 


v(-.) - [LT]- 1 {[[RF](A)| (2;0>lia „(»)} 

e) Formal solution of the (2;0,1,2) equation 


Derivation Summary 19-18. Formal solution of the (2;0,1,2) equation by the nondimensional 

Laplace transform method. 


19.169. For the case of distinct characteristic equation roots, the partial 
fraction coefficients of Eq. (6 ) are given in Eqs. (9) and (10). The first coefficient 
is associated with the fraction whose denominator is (a-a,). As in Eq. (9), the 
expression for the dependent variable transform is multiplied by the denominator 
first-order factor, and a is set equal to the corresponding root. The resulting 
expression is a constant which is the desired coefficient. In Eq. (10), the same 
process is repeated for the second fraction with a set equal to the second root. The 
partial fraction expansion when the roots are distinct is given by Eq. (11). When 
the roots are identical, the expression for the dependent variable transform is 
given by Eq. (12). 
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Let the independent variable be an impulse function (see Definition Summary 12-7 and Derivation Sum¬ 
mary 19-8); i.e., 

u('l) - 'B, 1() [UIF]('t) (!) 

where 

[UIF]('t) = nondimensional running variable unit impulse function 

Bjjjj = nondimensional impulse function strength 
The nondimensional Laplace transform of this function,as obtained from row 1 of Table 16-1, is 

- [LT] \\ t) [UIF]('t)} = 'E\ lf) (2) 

Impulse function (if) and its nondimensional Laplace transform 

The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1,2) 
equation is given by Eq. (3) of Derivation Summary 19-16 as 


V(A) 




Y 0 + Yi A + A 4 


U(A) 


(3) 


Introducing the relationship of Eq. (2) into Eq. (3) gives 


V(A) 


<5*16 


Yo + y, A + ^ 




If) 




If) 


(4) 


b) Nondimensional Loplace transform of the dependent va riable 

In accordance with the procedure of Derivation Summary 16-3, the next step in the operational method 
is to express Eq. (4) as a sum of partial fractions. There arc three possible cases: 

■ imaginary number 


Case 1: < Yo 




Case 2 


: -7 “ Yo • \/-J ~ Yo” 

V 4 ‘ *> " 


Case 3 • -£ > Yo 


0 


real number 



(5) 


For the first and third cases, the roots of the denominator of Eq. (4) (and therefore the factors) are dis' 
tinct. Hence, 


v(A) ■= <3,% B ( 


if) 



. 

t. 

A ♦ 1L 
2 

1 

i 

el 

..a. J4-,. J 


( 6 ) 


For the second case, the roots of the denominator of Eq. (4) ( and therefore the factors) are identical. 
Hence, 

v(A) - or arh B (1() r C 


22 


L ( x 


(7) 


The coefficients of the partial fractions of Eq. (6), Cj and C 2 , are found by the method given in Deri' 
vation Summary 16-4 for distinct roots. The characteristic equation associated with Eq. (6) is found by 
setting the denominator of Eq. (4) equal to zero; i.e., 

A 2 + y,A + yo - (A - A,)(A - A 2 ) - 0 (8a) 

Derivation Summary 19-19. Normal solutions of the (0;0,1,2) equation for an impulse function 

input by the Laplace transform method. (Page 1 of 3) 
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r s% § 


X=\ 




x = l-r,/2 + v/(Y, 2 /4)-r 0 l 


' r (A - A 2 )v(A) ! 

2 = = - - - ■ ^- ? L - _ - ■ _ I — 

a ° Th ^n) x-\ 2 ( A + ~t "\/(7")" y °) x=l-r,/2- N /(r, 2 /4)-r ( 


I 2 ^-+-Yo 


Uhen the roots arc distinct the partial fraction expansion for v(A) is 


V(A) = 


r *'h ®lu) f 

TTTIa.a- 


A + A + 
2 


When the roots are identical, the expansion is simply 


V( A) " ^U) 7- - TT 

c) Partial fraction expansion 


( 10 ) 


(ID 


( 12 ) 


The nondimensional running variable functions corresponding to Eqs. (11) and (12) are found with the 
aid of Table 16-1 to be 


vf'rt = <^0 B (in [ ~(Y,/2-0r, a /4)-r o )(i) _ -(7 x /2^7^/A)-r Q u\) 

rV} L 


(corresponding to Eq. (11)) and 

n*) - B uon)^ ‘ 

(corresponding to Eq. (12)). 

d) Nondimensional coefficient solutions of impulse function response 


(13) 


(14) 


The solutions given by Eqs. (13) and (14) are identical with those of Derivation Summary 19-8 when the 
parameters are expressed by the symbols of Definition Summary 19-1. The solutions corresponding to the 
three cases of section c are: 

Y 2 

Case 1: -J- < y 0 ; £ < 1 ; damping ratio less than unity 

For this case, 


y t - 2(co n ; - y 0 = j L n v/T - < 2 ; %lo « trtu 2 


(15) 


Derivation Summary 19-19. Normal solutions of the (0;0,1,2) equation for an impulse functi 

input by the Laplace transform method. (Page 2 of 3) 


327 


Therefore, 


v('t) 


<rco n B (lf) e 


r^" n(1) n y/\-c 2 v'*>_ -j yr^^rt) 


i - < 2 


(16) 


v(l) 


' 'o n ('t) 

0(10 g 

Vi - c 2 


sin [Vl ~ < 2 * n ('t)] 


(17) 


Case 2: ZL 

4 

For this case. 


= y 0 ; £ = 1 ; damping ratio equal to unity 


Therefore, 


2* n ; 


*') = --n ^lf) ^ n ('t) f 


" Xo = 0 ^ ^s'lb “ a K 


'R ' 


(18) 


(19) 


Case 3: > y Q ; £ > 1 ; damping ratio greater than unity 


For this case, 


Therefore, 


r('t) 


Since 


= 2 1 ; y - y 0 = V ^ 2 - 1 ; ? 0 - * * 

™ n ^ lf) r -«-y^T)^ n r») -(c+v^T) ^ n r*)l 

L ' £ J 


T ‘ % - - V< 2 - i) -n 


w 


( 20 ) 


( 21 ) 


( 22 ) 


and from Table 19-1 


then 


Choose 


Then 


Zl + 

2 


T - % - « + V^T) -n - «„ 


2 


v - 1 


; 


- <:+ V< 2 - i 

<r- V^r 


>0) - «rS, n ^ |f) jffi r [/ ,/ ^ 74, n*^ . 


r ( r ® f) 


<r a* 


61 B 


n Hit) 


B (1 „ 


= DVR = dependent variable ratio 


(DVR) (0;0f i.a»(^ < i)(if)(o,o) " 


1 - <: 2 


1 -C ! !»„(-»)] 




(DVR) (0;0<1i2)( ^_ i) ( | f)(0;0) - 


(DVR) „ _ V T r/ ( 1 / ^- n r«) 1 

V WVK ^;o.i.a)(C> i)fif)(o ; o) " ~ _ j [ e " « J 

(Compare with Derivation Summary 19-8.) 

e) Nondimcnsional form of the normal impulse function solutions 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 


Derivation Summary 19-19. Normal solutions of the (0;0,1,2) equation for an impulse function 

input by the Laplace transform method. (Page 3 of 3) 
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19.170. The next step in the Laplace transform is to find the running variable 
forms from Table 16-1 that correspond to the terms of the partial fraction expan¬ 
sions. Both terms of Eq. (11) correspond to exponential functions whose exponent 
coefficients are the roots of the characteristic equation, as shown by Eq. (13). The 
fraction of Eq. (12) corresponds to the running variable multiplied by an exponential 
function, as shown by Eq. (14). These two equations complete the solution of the 
given equation by the Laplace transform method. The remainder of Derivation 
Summary 19-19 is devoted to reducing the solutions to more usable forms com¬ 
parable with the solutions for the impulse function input given in Derivation Sum¬ 
mary 19-8 by the classical method. The nondimensional forms are given by 
Eqs. (27), (28) and (29). 

19.171. The normal solution of the (0; 0,1,2) equation by the Laplace transform 
method when the independent variable is an increasing step function is given in 
Derivation Summary 19-20. The definition of an increasing step function is shown 
by Eq. (1) and its Laplace transform as obtained from Table 16-1 is shown by Eq. (2). 
The procedure for deriving a solution is very similar to that of Derivation Sum¬ 
mary 19-19, except that there are three factors in the denominator of the expres¬ 
sion for the dependent variable transform as given in Eq. (4). There are three 
possible cases for the solution depending on the relative magnitudes of the coeffi¬ 
cients of the characteristic equation, as shown by (5). Equations (6) and (7) are the 
partial fraction expansions for the various cases. The partial fraction coefficients 
of Eqs. (6) and (7) can be evaluated by the method of Derivation Summary 16-4, which 
is illustrated in Derivation Summary 19-19. Each equation has three terms on the 
right-hand side, corresponding to the three factors of the denominator of Eq. (4). 
The running variable functions corresponding to the terms of Eqs. (6) and (7) are 
obtained from Table 16-1. The running variable function for the dependent variable 
when the roots are distinct is shown in Eq. (8), and in Eq. (9) when two roots are 
identical. The remainder of the summary shows the reduction of these equations 
to more common usable forms. The nondimensional forms are given by Eqs. (24), 
(26) and (27). 

19.172. The solution of the (0;0,1,2) equation when the independent variable is 
a decreasing step function is developed in Derivation Summary 19-21. It is an il¬ 
lustration of the necessary procedure when the initial condition function is not zero. 
The decreasing step function is defined by Eq. (1), which shows that the Laplace 
transform is zero. The details of the procedure are identical with those of the pre¬ 
ceding summaries. The nondimensional solutions are givenby Eqs. (25), (27) and (28). 

19.173. The situation in which the independent variable is an increasing ramp 
function is taken up in Derivation Summary 19-22. This function is defined by 
Eq. (1) and its Laplace transform is given by Eq. (2), which shows that thetrans- 
form has the second power of a as its denominator. When the relationship of Eq. (2) 


329 



Let the independent variable be an increasing step function (isf) (see Definition Summary 12-1 and Deri¬ 
vation Summary 19-2); i.e., 

B 0 = o ; '♦<() u('t) = 0 ; 't<0 ) 

B 0 = constant ; 't =0 u('t) = ; 't^O j ^ 

The nondimensional Laplace transform of this function,as obtained from row 2 of Table 16-1, is 

U(A) = A (2) 

Increasing step (unction (isf) and its nondimensional Laplace transform 


The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1,2) 
equation is given by Eq. (3) of Derivation Summary 19-16 as 

V (A) = ---- u(A) (3) 

y 0 + y, A + A 2 

Introducing the relationship oi Eq. (2) into Eq. (3) gives 


U(A) 


v(A) 


y 0 + y t A + A 2 A 


_ ^aTh B 0 _ 


b) Nondimensional Laplace transform of the dependent variable 



In accordance with the procedure of Derivation Summary 16-3, the next step in the operational method i< 
to express Eq. (4) as a sum of partial fractions. There are three possible cases (see Derivation Summary 19-19): 


Case 1: < y 0 


For cases 1 and 3: 


v(A) 


’fe D o 


Case 2: 


; Case 3: -^L. > 

4 


’VWW 4 -» 


A + -LL - JIL _ 


For case 2: 


* 


V(A) - <r 


“ Xr 


A + ZL + 
2 


X» _ 


i-!-1 

♦ AY x 0 fA + 4)J 


The coefficients of the partial fractions are obtained by the method of Derivation Summary 16-4. 

c) Partial fraction expansion 


The nondimensional running variable function corresponding to Eq. (6) is: 


*('») - 


* ' B ° [T 


-{(y 1 /2)-v'(r, 2 /4)-r 0 ]('i) 


'll - JH - 


2l . v . 



- [(7J/2) +V<yi a/2 )-Xol (1) 


Derivation Summary 19-20. Normal solutions of the (0;0,1,2) equation for an increasing step 

function input by the Laplace transform method. (Page 1 of 3) 
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The nondimensional running variable function corresponding to Eq. (7) is 

WD - - -L - ± 


These functions arc obtained with the use of Table 16-1, Chapter 16. 

d) Nondimensional coefficient solutions of the increasing step functio n response 

The solutions for the three cases of section d can be rewritten with the aid of Definition Summary 19-1 
to make them identical with those of Derivation Summary 19-2. 

y* 

Case 1: -J- < y 0 ; £< 1; damping ratio less than unity 


For this case, 


>o " • Y\ * 2 £ (i) n ; 


y. 2 _ 


Therefore, 


v(l) - <r'u>l 'Bu[ -rz - ; - 1 - — € 


4" " *0 = V 1 - < 2 ; = o-n 


- <r 


a 1 - 


where 


c ase 2: -J- - y 0 


_ 1 _ f -(C+Jv/i-C 2 )^ n (t) 

2 “ni Vi -C 2 (< + i y/~\ - < 2 ) 

-£L n <'t) _ , 

-- Sin ( V 1 - M'») + V>„c))l 

fyfc) - - tan* 1 ^ ~^ 2 -j 
'Vo * C * * 5 damping ratio equal to unity 


For this case, 


Therefore 


CaSC 3: 4 > y o 


y 0 ” w n : -y- " i •= <r Zd* 

v(l) = tr'Bjl - * n ('t)<'" n(1> - £ ‘^ r,) ] 

C > 1 5 damping ratio greater than unity 


For this case, 


Therefore, 


Y\ m 2 <“n i 




- 1 ; 




v('t) - <r B 0 1 - 


Since 


^ -U+yfU^\Vo> n (\) 

2 ^ -1 (< - V ? 2 - 1 ) 2 V < 2 - 1 (<T + V^ 7 ^) 

T~ " >/t " y ° " ( C " V? 2 “ 1 )K - 


Zl + 

2 


T - >i ■ (< + V< J - 1 yr 


( 10 ) 


( 11 ) 


( 12 ) 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


Derivation Summary 19-20. Normal solutions of the (0;0,1,2) equation for an increasing step 

function input by the Laplace transform method (Page 2 of 3) 
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and from Table 19-1 


1 


2 y/C 2 ^ 


yr c + y/C 2 - i 

; v = 


i/- l 


then 


C- 


1 


v('t) 


tr 


B 0 [. - 


ve 


- 'co n \fv ("t) 


i/- 1 


< *) j 


Choose 


Then 


V (ref) = tr B 


'(ref) 


^— = DVR = dependent variable ratio 


and 


C<Jn( t) r . . -i 

(DVR)( 0 ; 0# 1.2)(<< 1 )(ls()(0;0) = “ y = = =y slfl [V 1 ” "n^ t ) + fyfc)J + 1 


where 


^(fc) - - tan '“[- ^ ^ ] 






(DVR)( 0 ;o. 1 . 2 )(<= l)('lsf)(o;o) “ ~ [l + 


+ 1 


(DVR) , * r -w n (i)/yr j -cu n >/r<i>'| 

' UVK V-0.1.2)(<>l)(isO(0;0) ~ _ t [ € — € J 


+ 1 


( 20 ) 


( 21 ) 


( 22 ) 


(23) 


(24) 


(25) 


(26) 


(27) 


(Compare with Derivation Summary 19*2.) 

e) Nondimensional form of the normal increasing step function solutions 

Derivation Summary 19-20. Normal solutions of the (0;0,1,2) equation for an increasing step 

function input by the Laplace transform method. (Page 3 of 3) 


is introduced into the dependent variable transform of Eq. (3), the resulting ex¬ 
pression of Eq. (4) shows that the denominator has a second power of a multiplied 
by two first-order forms. Again there are three possible cases. When the roots 
of the first-order factors are distinct, there is one double root for a equal to zero. 
When the first-order factors have the same root, the associated denominator 
equation has two double roots. The appropriate partial fraction expansions are given 
by Eqs. (5) and (6), whose coefficients are evaluated by the method of Derivation 
Summary 16-4. The corresponding running variable functions are obtained from 
the transform pairs listed in Table 16-1, and are shown in Eqs. (7) and (8). The 
nondimensional forms of the solution are given by Eqs. (23), (25) and (26). 

19.174. The normal increasing parabolic function solution for the (0; 0,1,2) 
equation is found in Derivation Summary 19-23. The Laplace transform of the 
increasing parabolic function defined by Eq. (1) is obtained from row 4 of Table 16-1. 
As shown by Eq. (2), it is characterized by a third-order power of a in the denom¬ 
inator. The substitution of this expression into the dependent variable transform 
of Eq. (3) gives Eq. (4). This relationship has a denominator with a third power of a 
multiplied by two first-order forms, corresponding to a triple root of the associated 
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B„ ; 'l<0 

0 ; 't^O 


( 1 ) 


Let the independent variable be a decreasing step function (dsf) (sec Definition Summary 12-1 and Deri 
vation Summary 19*3); i.e., 

B 0 = constant ; 't<0 u('t) « 

B 0 = 0 ; 't^O u('t) , 

The nondimensional Laplace transform of this function is 

U(A) = 0 (2) 

°) Decreasing step function (dsf) and its nondimensional Laplac e transform 

The nondimensional Laplace transform of the dependent variable for the (0;0,1,2) equation with initial 
conditions is given by Eq. (3) of Derivation Summary 19-16 as 


v(A) 




a_ 0(A ) + (A * r»> v <°> * V '<°> 

Yo * Y 1 A + A 2 y 0 + y, A + A 2 


The initial value of the dependent variable in this case is 

. ^3% B 0 


V(0) 


Y 0 


The initial value of the first derivative of the dependent variable is zero; i.e., 

V'(0) = 0 

Introducing the relationships of Eqs. (2), (4) and (5) into Eq. (3) gives 


(A + y,) 


B 


v(a) = _ y . • p q 

y 0 ( y 0 + Y \ A + *> 

b) Nondimensional Laplace transform of the dependent variable 


There arc three cases (see Derivation Summary 19-19): 


Case 1: < y 0 


Case 2: A 
4 


Yo 


Case 3 ; A > yo 


Eor cases 1 and 3: 


v(A) 


To 


B 


Yo 








Yo 


A + 




Yo 


For case 2: 


v(A) 


Wo B o f 1 + Yx _l 

y ° U + 4 2 (».i 


(3) 


(4) 


(5) 


( 6 ) 


(7) 


( 8 ) 


The coefficients of the partial fractions are obtained by the method of Derivation Summary 16-4. 

c) Partial fraction expansion 

Derivation Summary 19-21. Normal solutions of the (0;0,1,2) equation for a decreasing step 
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The nondimensional running variable function corresponding to Eq. (7) is 


v('t) 


B. -T- + 


D o ~2 


T ~ y ° -lnr,/ 2 )-v/tY, 2 / 4)-Y 0 ]('t) 






-tcy l / 2 ) 4 V(y, 2 /-«)-y 0 ]('t) 


The nondimensional running variable function corresponding to Eq. (8) is 


v('t) = ^ B ° [i + h (1) ] 


( 10 ) 


These functions are obtained from Table 16-1. 

d) Nondimensional coefficient solutions of decreasing step function response 


The solutions for the three cases of section d can be rewritten with the aid of Definition Summary 19-1 
to make them identical with those of Derivation Summary 19-3. 

y 2 

Case 1: —< y Q ; £< 1 ; damping ratio less than unity 


For this case. 


>b - K ; 


2 < i V X “ Yo “ I “n V 1 * < 2 5 <^0 " *** 


(ID 


Therefore, 


y('t) - 


, r< + j Vi -*< 2 j y i ~ 


L 2j yi - <2 


2j y/l - C 


<r\ « n fVi - <r 2 *„('») + '0 (fc) l 

\/i - < 2 L J 


where 


V»(£ C ) « - tan -1 _ lV ^ ~ £ 1 


Case 2: —— m y 0 ; C m 1 • damping ratio equal to unity 


For this case, 


Therefore, 


Yo “ : -y- " “n ; Tb - ^ 

vCt) - „ \ [i ♦ 


( 12 ) 


(13) 


(14) 


(15) 


(16) 


Case 3: —> y Q ; £ > 1 ; damping ratio greater than unity 


For this case. 


* - 2C'oj n ; 


- y 0 - VC 2 - i ; 


°iTb “ 


(17) 
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Therefore, 


v('t) 


Since 


<* V< 2 -1 -«-v< 2 - i)<» n ('t) _ <- V< 2 -1 -u+\/c :r i)'o> n i't) 


2 -1 


2 VC^l 




(18) 


(19) 


and from Table 19-1 


then 


Choose 


Then 


and 


+ V"T " y ° “ (* + V < 2 ‘ 1 K " 


where 




; v 


2 - 1 


- 1 


v ~ l c - V< 2 - 1 


« ■ • I*. [* ••^ ] 


Vo = a B o 


v <= _ = DVR «= dependent variable ratio 

Vi) a B 0 


(DVR), 0< .. n< - ™ [ V 1 - ^C*) + '0(lc,l 

a/\ - C 2 1 J 


-f- vw 


'♦do - - 


(DVR) (0;0 ,i.ac^_ixdaiioso ■ ti ♦ -„(t)] £ ' 


(DVR)( 0; o. I. 2 )(<> l)(dsf)(»; 0 ) 


UyJlT 

' 1/ - 1 


( 20 ) 


( 21 ) 


( 22 ) 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(Compare with Derivation Summary 19-30 

e) Nond imensional form of the normal decreasing step function solutions 

Derivation Summary 19-21. Normal solutions of the (0;0,1,2) equation for a decreasing step 
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denominator equation for x equal to zero. The partial fraction expansions associ- 
atedwith the several possible cases are given by Eqs. (5) and (6). Corresponding 
to Eq. (5) is the running variable function of Eq. (7), and to Eq. (6) is the running 
variable function of Eq. (8). The nondimensional forms of the solution are given 
by Eqs. (23), (24) and (25). 

19.175. Derivation Summary 19-24 gives the solution for the (0; 0,1,2) equation 
when the independent variable is the sum of two simple functions. In this case, the 
normal solution is obtained for a step function plus an increasing ramp function as 
defined in Eq. (1). The Laplace transform of this function is the sum of the first 
and second inverse powers of x with appropriate constants, as shown in Eq.(2). 
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Lc> the independent variable be an increasing tamp /unction (itf) (see Deflnition Summary 12-1 and Deri 
vatton Summary 19*4); i.c., 

B, = 0 ; 't <0 u('t) = 0 ; 't < 0 ) 

B l = constant ; 't^O u('t) = 'B, ('») ; 't£ 0 ) 0) 

The non dimensional Laplace transform of this function, as obtained from row 3 of Table 16-1, is 

U(A) = A^ (2) 

a) Increasing romp fun ction (irf) and its nondimensional Laplace transform 

The nondimensional Laplace transform of the dependent variable for the normal solution of the (0 0 1 2) 
equation is given by Eq. (3) of Derivation Summary 19-16 as 

v(A) - -5J>2- u(A ) 

Yq + Y\ A + A 2 v3) 

Introducing the relationship of Eq. (2) into Eq. (3) gives 


v(a) = - b 

Y 0 + y, A + A 2 A 2 


Vo 


[ A + T ■ V-f ■ y o ] [ A + T + 


r y, 2 

T “ * 


b ) Nondimensional Laplace transform of the dependent variabl e 
There are three possible cases (sec Derivation Summary 19-19): 


Case 1: -li. 

4 

For cases 1 and 3: 


y 2 

< y 0 ; Case 2: -J- = y Q ; Case 3: > Y 0 


V(A) 


h/bJ-L -L - 2i _L + 
\yo A 2 y 0 2 A 







rL . y + 

4 * It 


V 


+ 2l + 
2 


y, 2 . 


For case 2: 


v(A) 


’i'fc D i 


'B ri-l - 1 + 

‘ ^ A 




The coefficients of the partial fractions are obtained by the method of Derivation Summary 16-4. 

c) Partial fraction expansion 

fhe nondimensional running variable function corresponding to Eq. (5) is 


v('t) . r^'B, + 


< -[(r,/2) - y/(7*/4)-7 0 ](\) 





21 - y 

4 Y ° 


i-*) 


-[(T./ 2 ) +Jvr?/4)-7 n U 1) 


(5) 


( 6 ) 
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The solutions as given by Eqs. (5a), (b) and (c) and Eqs. (6a), (b) and (c) are ob¬ 
tained from the solutions of Derivation Summaries 19-20 and 19-22, respectively. 
The complete nondimensional forms of the solution given by Eqs. (9), (11) and (12) 
are obtained by taking the sum of the appropriate expressions of Eqs. (5) and (6). 

19.176. When the independent variable is represented by a piecewise-defined 
function, the procedure used in Derivation Summary 19-25 is useful. In this sum¬ 
mary, the independent variable is defined as an increasing ramp function for the 
interval from Oto 'f t and as constant for't greater than't,. As shown by Eq. (2), this 
function is equivalent to an increasing ramp function beginning at't equal to zero 
in combination with a step-and-decreasing ramp function beginning at't equal to't,. 
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Lee the independent variable be an increasing parabolic function (ipf) (sec Definition Summary 12-1 and 
Derivation Summary 19-5); i.e., 


B, = 0 ; 't<0 


u('t) 


0 : 't < 0 


B = constant ; 't^O u('t) = B,('t) 2 ; 't^O 


(1) 


2 F ’ ~ ' ~2 

The nondimensional Laplace transform of this function, as obtained from row 4 of Table 16-1, is 

u(A) = 2 B * 


A 3 

a) Increasing parabolic function (ipf) and its nondimensional Laplace transform 


( 2 ) 


The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1,2) 
equation is given by Eq. (3) of Derivation Summary 19-16 as 


v(A) 


% 


y 0 + y, A + A 2 
Introducing the relationship of Eq. (2) into Eq. (3) gives 

vU> - _ 


u(A) 




y i 


A + A 2 ) 


2<r s% B 2 


4 ^ #~) 

b) Nondimensional Laplace transform of the dependent variable 


There are three possible cases (see Derivation Summary 19-19): 


ease 1: ^j- < y 0 ; Case 2: 21 - y 0 ; 

For cases 1 and 3: 

2y, 


Case 3: -- > y 0 


v(A) - or 


- [i 


± - JL 

A 3 A 2 




y 0 


I 


1 


(**-5 


(3) 


(4) 


(**^*/?^) 


For case 2: 


16 


n, 








The coefficients of the partial fractions are obtained by the method of Derivation Summary 16-4. 

cj Partial fraction expansion 


The nondimensional running variable function corresponding to Eq. (5) is 


(5) 


( 6 ) 


v ('») = °k% B ; 


i tW 2 Vi . 2 <y. 2 - 1 


('t) + 

Yo Yo 


i— 5 'Q' _ 


-<y I /2-v'>f/4-y 0 )c't) 


- VR)' 


* VFS • # 77 )' 


< -(y,/2+ > /y | z /4-v' 0 )('t) 


(7) 
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The nondimensional running variable function corresponding to Eq. (6) is 

v(-0 . <,,0 X [± - £ CO * 2 -^ - 2$<fl ♦ ] 


y Q 


y 0 y 0 ‘ 

These functions are obtained from Table 16-1. 

d) Nondimensional coefficient solutions of increasing ramp function response 


( 8 ) 


The solutions of section d can be rewritten with the aid of Definition Summary 19-1 to make them iden¬ 
tical with those of Derivation Summary 19-4. 

y 2 

Case 1: —i- < y Q ; £ < 1 ; damping ratio less than unity 
For this case, 

y 0 - s Y\ = 2 c o> n ; y]^- - y 0 = i oj n yj 1 - C 2 ; 

l 


°b To = "K 


v('») « ^ k('0 2 - 4 < ^ n ('») 


+ 2(4 C 2 " 1) - 


i (c-iyfT^y 

i -(C+jv^OVt) 


(9) 


or 


v('t) 


j VT^T* (< + i yfr^Z 7 ) 3 

-CKCt) 


( 10 ) 


k 2 ('0 2 - 4<6> n ('t) + 2(4£ 2 ~ 1) - 2 < - ton — sin(Vl - + 3 V* ( £ C) ) 

- n To 


v» - < 


where 


'*dc: 


— tan 


■( 


- Vi - c 


] 


( 11 ) 

( 12 ) 


Case 2: ~ y Q ; £ = 1 ; damping ratio equal to unity 

For this case. 


Yo 


v('t) 


= ?l 2 • Yx 

"" ’ 2 

- 

"n i °a% = a 

(13) 


('») 

♦ 6 - 2 [£,„(-!) + 3]- 

(14) 


Case 3: > y Q ; £ > 1 ; damping ratio greater than unity 

For this case, _ 

Yo - *» 2 s y 0 = 2 c "n 5 \]~ Y ° = "" 

l 


'. 2 


Tb " 


(15) 


f») - ^ ^ 2 ('t) 2 - 4<£, n ('t) 


+ 2(4 < 2 - 1) - 


-«- v /< 2 -l)m n (1) 


V< 2 -1 (< - Vc 2 - O 3 


Since 


V<^(< * V< ! - 0 1 


r 


* 

2 


-V 


>T 

4 


y 0 


- (c- V< ! - O'*.■ 




n 




(16) 


(17) 
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The Laplace transtorm of the increasing ramp function is obtained directly from 
row 3 of Table 16-1. The transform of the step-and-decreasing ramp function is 
found with the use of the Real Translation Theorem because this function does not 

begin until't equals't,. The resulting Laplace transform of the independent vari¬ 
able is shown in Eq. (3). 

19.177. When Eq. (3) is substituted in Eq. (4), the expression for the La¬ 
place transform of the (0;0,1,2) equation dependent variable, the result is Eq. (5) 
or Eq. (6). The Laplace transform consists of two terms. The running variable 
function corresponding to the first term is given in Derivation Summary 19-22, 
and defines the solution for the interval 0 to't,. The second term of Eq. (6) re¬ 
quires the use of the Real Translation Theorem, together with Table 16-1, and 
corresponds to the running variable function given by Eq. (8). These functions are 

the solution for't greater thanThe complete solution must be defined piecewise 
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Let the independent variable be an increasing step-and-ramp function (isf + irf) (see Derivation Sum- 


't) = 0 ; 't<0 ) 

'») - B 0 + B t ('t) ; 't ^0 j 


mary 19-6); i.e., 

B 0 = 0 , B, = 0 ; 't<0 u('t) = 0 ; 't < 0 ) 

B 0 = constant , B ( = constant ; 't^O u('t) = B Q + Bj (l) ; 't^O j 
The nondimensional Laplace transform of this function is 

u(A) -A ♦ > 

a) Increasing step-and-ramp function (isf + irf) and its nondimensional Laplace transform 


The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1,2) 


equation is given by Eq. (3) of Derivation Summary 19-16 as 

v(A) = -^2- 

y 0 + y, A + A 2 

Introducing the relationship of Eq. (2) into Eq. (3) gives 


U(A) 


V(A) 


°k*k [ p o + D i I Vo °o + °q 9o D , 

y 0 + y, A + A 2 L A IT J A(y 0 + y, A + A 2 ) A* (y Q + y, A + A s 

b) Nondimensional Laplace transform of the dependent variable 


a y 


1 . B 0 
J A(y„ + y, A + 


or ru B, 


From Derivation Summary 19-20, the nondimensional running variable function corresponding to the 
first term on the right-hand side of Eq. (4) is 

V ( ^( 0 ; 0 .l. 2 )(<<l)(lsf)( 0 ; 0 ) * a ^0 | - C ._. — sin ^ 1 - < 2 k n (*t) + V»(fc) J + 


(5a) 


'*(lc> 


— tan 




y ('*\o; 0 . 1) (i S f) (o; 0 ) = ^ B 0 [ - [l + 0 J n (*t)] € n + *] (5b) 

v('t) , . 'b i - * _ x -tu n v^('t) 1 ) 

V ' T J(0;0.1.2)(<> l)(lsf)(0;0) " * D 0 \ " x ~ [ V J + 1 / 

From Derivation Summary 19-22, the nondimensional running variable function corresponding to the 
second term on the right-hand side of Eq. (4) is 

V (' f )( 0 ; 0 . 1 . 2 )(<< l)(irf)(o; 0 ) " ^ sin 1 - < 2 £* n ('0 + 2 V* ( ( c )] + " 2 ^| 

(6a) 

<*>,„,.... a ,<-.)(.,<),„;o, {[2 - ♦ -„('•) - 2 } «<» 

V * T '( 0 ; 0 .l. 2 )(£>l)(lrf)( 0 ; 0 ) “ ~^ < „ _ f [* 7? e J + ) 


+ 1 


(5b) 


+ 1 


(5c) 


c] Inverse Laplace transforms of component terms 

The nondimensional running variable function for a particular value of the damping ratio corresponding 
to Eq. (4) is the sum of the appropriate expressions of Eqs. (5) and (6). 

Choose / 

V ( ,.„ - ^ 

Derivation Summary 19-24. Normal solutions of the (0;0,1,2) equation for an increasing 
step-and-ramp function input by the Laplace transform method. (Page 1 of 2) 
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Then 


W> 


—*— ■ DVR «= dependent variable ratio 
<r Bj 


(8) 


7 

OJ 


and 

(DVR), 


n 


'(o;o.l.2)(<<l)(l»f+lrf)(o;o) = |[sin - < 2 L n ('t) + 2 '<£ ((c) ] 


D * _ I R ' 

si " [ %('*) * f^= ♦ -„<■*> - 


where 


V (( 


C) 


• I 

- tan 1 


VT-T 
- Vi - < 2 


(9) 


B, 


( 10 ) 


(DVR^ojo.i.aX^-lKUf + lr«)(0;0) " 


2 - 


B Cu 
0 n 4 . 


B 


(DVR)(o;o.i,2)(£>l„lal + irl)(o;o) ■ 


> (* - *£)] 



+ L n (7) - 

'B, (o 

2 + ° n 

B, 

(ID 

-£, n ('t)/v77 _ ± 

/I “n > 

->/r« n (1i) 

V 

w* 7 b, , 

1 

(i) - • 

B o K 

(12) 

yTT 

B, 



(Compare with Derivation Summary 19-6.) 

d) Nondimensional form of the normal increasing step^and-ramp function solution 

Derivation Summary 19-24. Normal solutions of the (0;0,1,2) equation for an increasing 
step-and-ramp function input by the Laplace transform method. (Page 2 of 2) 


similarly to the independent variable, and is given by the expressions of Eqs. (11), 
(12) and (13) in nondimensional form. 

19.178. Steady-state sinusoidal frequency response functions for second-order 
equations are obtained by the Laplace transform method in Derivation Summary 19-26. 
The forcing function is defined by Eq. (1) as an imaginary exponential function, 
whose Laplace transform is given by Eq. (2). The Laplace transform of the normal 
solution of the (2,1,0; 0,1,2) equation for this forcing function is given by Eq. (4) 
when Eq. (2) is substituted in Eq. (3). Equation (4) includes the transform of both the 
transient and steady-state solutions but from section d of Derivation Summary 17-3 
the steady-state sinusoidal response can be identified with the partial fraction 
associated with the root a equal to jL, . Equation (5) gives this partial fraction as a 
coefficient, in which j L, is substituted for a , multiplied by the transform of the 
forcing function. The corresponding function of the running variable, the inverse 
Laplace transform, is given by Eq. (6) and is the required steady-state sinusoidal 
frequency response of the (2,1,0; 0,1,2) equation. The relating function in nondi¬ 
mensional frequency form is given in Eq. (7). 
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Let the independent variable be an increasing ramp function followed by a constant (irf -* enst) (see 
Derivation Summary 19-7); i.e., 

B 0 = 0 , B, = 0 ; 't <0 u('t) = 0 ; 't<0 x 

B q = ° , = constant ; 0 ^ 't £ 't ( u('t) = 'B,('t) ; > ( 1 ) 

B 0 = constant , Bj = 0 ; 'tj £ 't u('t) = B Q ; 't ( £ / 

I his function may be considered as an increasing ramp function beginning at 't =0, in combination 
with a step-and-decreasing-ramp function beginning at 't = 't ( . 

B q = 0 , B, = 0 ; '♦<<) u('t) = 0 ; 't < 0 x 

B 0 = ° , B, = constant ; 0 * 't £ 't, u('t) = 'B, ('t) ; 0 ^ 't £ 't, ((2) 

B. = constant , B, = constant ; 't,£'t u('t) = 'B, ('t) + ('B q - 'B, ('t,)) - B, ('t -'t,) ; 't^'tj 

Note that the step function beginning at 't = 't, is increasing if B Q > B, ('t,) and decreasing if 'B q < 'B, ('!,). 

The nondimensional Laplace transform of the piecewise-defined function may be found by the use of 
Table 16-1 and the Real Translation Theorem of Theorem Summary 16*1 to be 

. ' B , r ' B »- 'b,(-»,) 'b.i.m-,, 


u(A) = 


+ 


B il -\('» 

A 2 J C 


a) Increasing ramp-fol lowed-by-constant function (irf - ensf) and its nondimensional Laplace transform 

The nondimensional Laplace transform of the dependent variable for the normal solution of the (0;0,1,2) 
equation is given by Eq. (3) of Derivation Summary 19-16 as 

vU) . -5^--r u(A) ( 4) 

Yo + y, A + A 2 

Introducing the relationship of Eq. (3) into Eq. (4) gives 

vui —. (A - _ A).-*vi (5) 

y 0 + yi A -f A 2 L A 2 ^ A A 2 / J (5) 

or 

v(A) = -^2- h + __ [ B o ~ B i<V _ Al/ xr, > ) (6) 

Y 0 + Y\ A + A 2 A 2 yo + Y x A + A 2 A A 2 J (6) 

b) Nondimensional Laplace transform of the dependent variable 


The first term on the right-hand side of Eq. (6) is the same as Eq. (4), Derivation Summary 19-22, which 
is the nondimensional Laplace transform of the (0;0,1,2) form for a ramp function input. The corresponding 
function of the nondimensional running variable, given by Eqs. (11), (14), and (20) of Derivation Sum- 
mary 19-22, is as follows: 

(r ' B ( -C<o n C t) _ \ 

f )( 0 ; 0 ,i.J)(<<l)(lrf)( 0 ; 0 ) " ^ 1 | /--■ sin [V 1 - C 2 + 2 V»(fc) ] + "„('*) “ 


where 


%C) - -tan ml [z^L 


(7a) 


_ /2 


^^(ojo.i.af^-udrfjtoio) ■ "^ 1 jt 2 + k n ('t)]e Wn( * + *> n ('t) “ 2 | 


( 7 b) 


V ^ t \o;0.l.2)(<>l)(lrf)(0;0) " -JJ - 1 { [ 


3 r - co n (D/yfu 




- cu n v^('«) 




Derivation Summary 19-25. Normal solutions of the (0;0,1,2) equation for an increasing 
ramp-fol lowed-by-constant function input by the Laplace transform method. (Page 1 of 3) 
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The second term on the right-hand side of Eq. (6) is interpreted with the aid of the Real Translation 
Theorem. The nondimensional running variable function corresponds to the solution of a (0;0 f l,2) equa¬ 
tion for a step function plus a decreasing ramp function beginning at 't ■= The solution is similar to 
Eqs. (9), (11) and (12) of Derivation Summary 19-24 when ( B - B^'tj)) is the constant and - B j is 
the coefficent of the ramp function; i.e., 

V ^0(o;o,>.2)(<<l)(lsl+drf)('t,)(O;O) 

0 for 't £'t. 


. 


B 


(U 


n 


( r 



~y 

l iin l ^ 

/> - C KC 

»- V 

1 + 2 V*(fo) J 


(A^-- -„('»,))-» [V> -< ! -n ('*-'*,) * 




B. 7 


for 't £ 't, 


(8a) 


where 


'<t> 


«C) 


- can* 1 


- VT^T 


^^(orO.I.aMC-lMUI + drfM'tjjtejo) 

C 0 for 't^'t, 

) _'R r / 'a , . 

I 2 + "ir 1 ' + i 




+ -v - 2 - + *„('*,) 


B 


for 't£'t. 


(8b) 


v ^ t \oro.l.2)(<>l)(isf +drf)('t,)(o.o) 
0 for 't £'t. 


J 




^ lv ) 

- M* + ■ * JV ) e ' i ’ n, '" ,,,vr 

+ i.J-1 - V - ^ ♦ -„('»,)] for -ti't, 


(8c) 


c) Component solutions 


The complete solution must be written in two parts, the first for 't less than the second for 1 

greater than 'tj. The first part corresponds to Eq. (7), the second part to the sum of Eqs. (7) and (8). 

Choose 0 

<r B. 


V (rol) 


6 J 


(9) 


n 


Derivation Summary 19-25. Normal solutions of the (0,0,1,2) equation for an increasing 
ramp-followed-by-constant function input by the Laploce transform method. (Page 2 of 3) 


345 



19.179. Steady-state sinusoidal relating functions for other second-order equa¬ 
tions can be obtained from the most general form of Eq. (7) by allowing various 
constant coefficients to be zero. For example, when the highest order independent 
variable coefficients, 17, and 77 2 are zero, Eq. (7) becomes the (0; 0,1,2) relating 
function of Eq. (8). When t ; 0 and ri 2 are zero, Eq. (7) becomes the (1; 0,1,2) relating 
function of Eq. (9) and when rj 0 and ij x are zero, the (2; 0,1,2) relating function given 
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Let the independent variable be a steady-state sinusoidal forcing function represented by an imaginary 
exponential function (see Derivation Summary 19-9); i.c. f 

"W « U Q € (1) 

The nondimensional Laplace transform of this function as obtained from row 6 of Table 16-1 is 


u ( A) = - 

A - ! co, 

o) Steady-state sinusoidal forcing function and its nondimensional Laplace transform 


( 2 ) 


(3) 


The nondimensional Laplace transform of the dependent variable for the (2,1,0;0,1,2) equation for normal 
solutions is obtained from Eq. (4) of Derivation Summary 19-15 when the Laplace transform of the initial 
condition function is zero; i.e., 

v(A) . ^ * ’>. A + 'fc A * ) u(A) 

(y 0 + y, * + a 2 ) 

Following the procedure outlined in Derivation Summary 17-3* substitute Eq. (2) in Eq. (3) to obtain the 
expression 

v(A) = ^ (l »> + 1< X * 1^ 2) u ° 

(y ’o + y, A + A 2 ) A - j to, 


(4) 


Among the partial fractions of the expansion of the first terra on the right-hand side of Eq. (4) is 

<sb 0 + 9, Oca,) + tfeOw,) 2 ] u 


(5) 


y 0 + y, (j to,) + (j to,) 2 A - j to, 

This is the nondimensional Laplace transform of the steady-state sinusoidal frequency response part of 
the solution of the <2,1,0;0,1.2) equation. The corresponding function of the running variable is 

„ _ °ii% + 9, Oca,) + 92 (j to,)*] jW't) 

tss)(sln) --- 1 - U Q fe ‘ (6) 

y 0 + y, (j to,) + (j to,) 

(Compare with Eq. (16) of Derivation Summary 17-3.) 

b) Steady-state sinusoidal freq uency response 

The nondimensional frequency relating function is 

_ _ O'J'h + 9,0 co,) + ijj (j to,) 2 J 

7(2. l.o.o, 1 . 2 )-;- (7) 

y 0 + y, <)*,)+ (j*,) 

9i " 9 2 = °> E<b (7 > bccomcs thc nondimensional frequency relating function of the (0;0,1,2) equation; 

i.e., 

^ % 

’fajo.l.a) — -—T (8) 

Y 0 + Yi 0 co,) + 0 co,) 

,f 9 0 = 92 “ °» E< 1- < 7 > becomes the nondimensional frequency relating function of the (1;0,1,2) equation; 


i.e.. 


9h ; o , 1,2 ) 


<r a 9 , (j to,) 


(9) 


y 0 + Y\ 0 co,) + (j co,)‘ 

11 9o - 9, - °» E< 1- (7) becomes the nondimensional frequency relating function of the (2;0,1,2) equation; 
i.e., 


9|2;0.1.2) - 


°a 9j 0 co,) 


y 0 + y, (j to,) + (j to,V 


( 10 ) 


By definition, 

Yo - '< ; Yl m 2 <"n ; % - *1p-0, ; 9, - »fa.„2<« n ; 9 2 - U Q . 2) ; p - h 


to. 
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( 11 ) 


Uith these definitions, Hqs. (7), (8), (9) and (10) become 

+ ''n.plCti P)+ ^ c -2) 


*7(2. 1.0.-0.1.2) 


(Compare with Eq. (16), Derivation Summary 19*9.) 

^(0:0.1.2) = 


1 + 2 <(j p) + (j p)‘ 


°s *1o-0) 


1 + 2 <(j /3) + (j/3)‘ 

(Compare with Eq. (6), Derivation Summary 19*10.) 


* 7 ( 1 . 0 . 1 . 2 ) 


°s *'(1 -1, 2 C(j 


1 + 2 <(j /3) + (j /3) 2 

(Compare with Eq. (6), Derivation Summary 19-11.) 

7 


T 7(2;0,1.2) ~ 


12 


-2,0^) 


1 + 2 <(j fi) + (j /3)‘ 


( 12 ) 


(13) 


(14) 


(Compare with Eq. (6), Derivation Summary 19-12.) 

c) Relating functio n forms 

Derivation Summary 19-26. Steady-state sinusoidal frequency response for the (2,1,0;0,1,2) 

equation by the Laplace transform method. (Page 2 of 2) 


by Eq. (10) results. Other expressions for these relating functions are given in the 
remainder of Derivation Summary 19-26. 

SOLUTIONS FOR THE SECOND-ORDER DIFFERENTIAL EQUATION BY THE WEIGHTING 
FUNCTION CONVOLUTION INTEGRAL METHOD 

19.180. The classical and Laplace transform methods for obtaining solutions 
of second-order forms have been presented in the previous sections of this chapter. 
A third method for obtaining normal solutions is the weighting function convolution 
integral method discussed in Derivation Summary 17-2 of Chapter 17. The formal 
application of the weighting function convolution integral to the (0; 0,1,2) equation 
is outlined in Derivation Summary 19-27. The weighting function has been defined 
in Derivation Summary 17-2 as the running variable form of the relating function 
obtained from the normal impulse function solution. For the (0; 0,1,2) equation, 
the weighting function obtained from Derivation Summary 19-8 (as derived by the 
classical method) or from Derivation Summary 19-19 (as derived from the Laplace 
transform method) is given by Eq. (1) of Derivation Summary 19-27. It is shown 
as taking on any one of three forms depending upon the value of the damping ratio, 
Equation (la) represents the (0; 0,1,2) weighting function for values of the damping 
ratio less than unity, Eq. (lb) for values of the damping ratio equal to unity, and 
Eq. (lc) for values of the damping ratio greater than unity. The formal solution 
for the (0; 0,1,2) equation consists of substituting the appropriate expression of 
Eq. (1) in the weighting function convolution integral form given by Eq. (2) of Deri¬ 
vation Summary 19-27. The process of solution is completed when a definite ex¬ 
pression for the independent variable is given and the indicated integration with 
respect to the convolution integral running variable, %, is carried out. 
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The general procedure (or obtaining the normal solution by the weighting function convolution integral 
method is discussed in Chapter 17. As noted in that chapter, the weighting function is the running vari-. 
able form of the relating function obtained from the normal impulse function solution. 

For the (0;0,1,2) equation, the weighting function may be obtained from Derivation Summary 19-19, 

Eqs. (27), (28) and (29). 

Hie nondimensional running variable form is as follows: 


[ W F],o,o... a( ->,«C<n - [v> - < 2 -„('»> 

(la) 

Uhen<= 1: (WF] (0;0#1>2)(1)( ^ B ,, = <r^('t)< 

(lb) 

/si. rWPl . . _ °'"n V* 

wnen 4 > L” r J (0 ,o, |, 2 )( t)(^> 1) f J 

(Ic) 

The normal solution for any other input is obtained from the weighting function convolution integral 

expression / 

v('t) - / Df»F] (0i0 , - -t c )d X 

0 c 

where 

(2) 

t r = convolution integral running variable 


(See Derivation Summary 17-2.) 


Derivation Summary 19-27. Formal solution of the (0;0,1,2) equation by the weighting function 

convolution integral method. 


19.181. A very simple situation for the use of the weighting function convolu¬ 
tion integral exists when the independent variable is an increasing step function, 
as in Derivation Summary 19-28. The original definition of the step function in 
Eq. (1) must be modified by a change of the running variable from '» to ('t - 'tj as 
inEq. (2). When this change is substituted in the (0; 0,1,2) weighting function con¬ 
volution integral, the corresponding solutions are given by Eqs. (3), (4) and (5)for 
the three possible values of the damping ratio. The steps required to obtain a 
solution as outlined are merely the process of taking integrals. The nondimensional 
forms of the solution are given by Eqs. (8), (9) and (10). 


Let u('t) be an increasing step function as described in Definition Summary 12-1; i.e 

B 0 = 0 ; 't < 0 u('t) = 0 ; 't < 0 

B 0 = constant ; 't >0 u('t) = B Q ; 't^O 

Uhen chc running variable is 't - 't c , then 

u('t - \) =0 ; Ct - %)<0 or \ > 't 

u('t - %) = 'B q ; ('» - %)*0 or 

Derivation Summary 19-28. Normal solutions of the (0;0,1,2) equation for an increasing step 
function input by the weighting function convolution integral method. (Page 1 of 2) 
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Substituting these relationships in the (0;0,1,2) weighting function convolution integral (Eq. (2), Deri¬ 
vation Summary 19-27) shows that: 

When £ < 1: 


v('t) - / [WF] (0: o. l .^ <1)(V u(-f- % )d'. c 

0 c 

- / sin (V 1 %) 'B 0 d \ 

. B 0 (Vl - <3 % ) - VT^T 1 

.VTT7T , 2 


cos 


(3a) 


(3b) 


i-C 2 


iiar 

- 0 


-B, -OvV, 


sin 


1 - 


o- B. fi - I-= 


where 


Uhen £ = 1: 


When £ > 1: 


( V> - < 2 % + V. ( ,c) 

I [ V' - < 2 J 


'1 - 


^(fc, 


tan 


i - < 2 


V (t) = / WR(o;o...®(r-l„V U ( 1 “' l c) d % 

- A- 2 B 0 d % 

o 

- --'B„ [i>„ + « "" V £ 

- o- B 0 [l -<^’[1 + i, B (-»)]] 

»(-*) - / 0...»,<> 1 , ( 't)u('» - %)d % 


(3C) 

(3d) 


(3C) 


(30 


(4a) 


(4b) 


(4c) 


(4d) 


(5a) 


y’ °KV^ -V^u n \ j 'g d ^ 


(5b) 


Choose 


Then 


and 


* / “ 1 *■ { 

B 0 [1 - * ^-(i/\^)w n ('i)_ Xc -^ n ( ^j 


W> 


« cr 


W) 


■ —T— => DVR - dependent variable ratio 


('t) 

( D VR)( 0;0< | # j) ( £ < , )(laf)( 0 ; 4 ) " ^ sin [ V 1 “ £ 2 + fyfc)J 

( D VR) ( 0 ; 0 .,. 2 )(< -i,( lif) ( 0s0) - - [1 + w n ('t)]« n + 1 

(DVR) . _ V \J W n 1 -^>1 . 


+ 1 


(5c) 


(5d) 


( 10 ) 


(Compare with Derivation Summaries 19-2 and 19-20.) 

• See any standard table of Integrals. 

Derivation Summary 19-28. Normal solutions of the (0;0,1,2) equation for an increasing step 
function input by the weighting function convolution integral method. (Page 2 of 2) 
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19.182. When the independent variable is an increasing ramp function, the pat¬ 
tern for obtaining the solution is identical with that for the step function. The ramp 
function defined by Eq. (1) of Derivation Summary 19-29 is shown as a function of 
the running variable ('t - 't c ) in Eq. (2). The weighting function convolution integral 
expressions of Eqs. (3b), (4b) and (5b) are slightly more complicated than in the 
previous case of the step function. The solutions are shown in Eqs. (3g), (4g) and 
(5f). The nondimensional forms are given by Eqs. (8), (9) and (10). 


Lee u('t) be an increasing ramp function as described in Definition Summary 12-1; i.e., 


B c = 0 , B, = 0 ; 't<0 


u('t) = 0 ; 't < 0 


(1) 


B Q = 0 , Bj = constant ; 0 ^ 't u('t) = B f ('t) ; 0 £ 't 

Vlhen the running variable is ('t - %), then 

u('t - \) = 0 ; ('t - \) <0 or % > 't 

u('t - %) = B, ('t - 't c ) ; ('t - \)Zo or % £ 't 

Substituting these relationships in the (0;0,1,2) weighting function convolution integral (Lq. (2) Deriva¬ 
tion Summary 19-27) shows that: 

Uhen ^ < 1: 


( 2 ) 


v('t) - / KV*’ -%)<*'»■ 


. f-zS- 5i „ (yfrrp io„ %) b, (-»- %) 6 x 


(3a) 


(3b) 


Vl - < 


B l 


) < K \ [- <-^si. (^, -Q - y v.„cs (vn?-,J]i '• 

n c ,2 

OJI 


B 




<K X 


= <r'B,('t) - 


sin (^T^T 2 io n %)* y/T^T 2 cos (VT^T 1 » n %) 


d % (3c) 


B. 


/ • CUn ‘ C % + V-(fc)) d % 


V1 - c 


(3d) 


'B t ('0 - { 


B. < K \ 


V 1 - < 


“ < " n Sin ( \A - C X + V>(fc) ) 


0 2 
oji 


V1 -<r 2 *„c°s (yfi^CKX 


K 


iJhtsi) jf 


(3e) 


cr B, ('») 

• . GJ 


+ 


B, 


K Vi - < 


sin [Vl -C*^(1) ♦ 2 V* (lc ) ] 


(30 


^ j^CO - 2< + sin [VTTfT^d) + 2 - 0(fci ]| 


(3g) 


Derivation Summary 19-29. Normal solutions of the (0;0,1,2) equation for an increasing ramp 
function input by the weighting function convolution integral method. (Page 1 of 3) 


351 



352 




Then 


(ro () 


B, 


= dependent variable ratio 


(7) 


and 


<jj 


n 




(DVR)(o; 0 . x. 2 )(<< l)(lrl)( 0 ; 0 ) = ^ Sl ° 


in jVT- < 2 "n('0 + 2 V(, C) ] + M'») " 2< 


( 8 ) 


(DVR) (0;0>Ii2)(C=1 )( lrf)(0;0) = [2 + w n (t)]e 

mvo\ I 

' UVK >( 0 ; 0 . !.«(<> l)(lr!)(9;0) = -^Tf [ € " „ 

(Compare with Derivation Summaries 19-4 and 19-22.) 




n 


+ '*)„('♦) - 2 


:v A7 


V'>1 . . 
+ 


('t) - 


v + 1 


(9) 


( 10 ) 


Derivation Summary 19-29. Normal solutions of the (0;0,1,2) equation for an increasing ramp 
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19.183. In Derivation Summary 19-30, the normal solutions for the (0; 0,1,2) 
equations are obtained for a piecewise-defined input. The independent variable 
as defined by Eq.(l) is an increasing ramp function for the interval zero to't,, and 
a constant thereafter. For the purposes of the weighting function convolution inte¬ 
gral, the definition of the function must be broken up into two parts, as given by 
Eqs. (2) and (3), corresponding to the situations when't is less than't, and when it 
is greater. The solutions for the first situation are taken from Derivation Sum¬ 
mary 19-29, which treats the increasing ramp function case. The solutions for the 


Let u('t) be an increasing ramp-followed-by-constant function as defined in Derivation Summary 19-7; i.e.. 


= 0 , 'B 


0 


't< 0 


u('t) 


r 

B 


= 0 ; 't<0 

0 , Bj = constant ; OS u('t) = 'B,('t) ; 0 - "t ^ 't ( 

B 0 - 0 , 'B, - 0 ; V't u('t) = B 0 ; 

Vlhen the running variable is ('t — 't c ) and 't is less than 't ( , then 

u('t - \) =0 ; ('t - %) <0 or %> 't 

u('t - %) = 'B, ('t - %) ; ('t - 't c ) * 0 or X- '» 

When the running variable is ('t - 't c ) and 't is greater than 't ( , then 


u('t - %) = 0 

u('t - X) = - %) 

u('t - X) - \ 


('t - %) <0 or X * 't 

o ^('t - X) £ 't, or ('I - t,) S X $ ' f 

'»><('»-%) or %<('t-'t,) 


( 1 ) 


( 2 ) 


( 3 ) 
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Uhen t is less than 't ( , the solution is obtained from Derivation Summary 19-29, which shows that: 
When C< 1. '» < 

v(,,) ‘ * 2 < + J== sin [V> - c 2 -„('») - 2 *„„,]} 


where 


Uhen 1, 't < 'tji 


*hen £> 1, 't < '»• 


(fc) 


tan 


i - < 


' /'»\1 _"k n (1) 


v('0 = L|^ n ('t) - 2 + [2 + 'coj '»)]« 


v('t) = L ('») - *+1 + V^ ~ - (i /yj7)^,rt)_ i .v^w n rt)l 

"n n l/ ' 1 ypiv-l) J (6 

»hen 't is greater than 't,, substituting the relationships of Eq. (3) in the (0;0,1,2) weighting function 
convolution integral (Eq. (2) of Derivation Summary 19*27) shows that- 
When £< 1: ' t >' t 

v( 0 ® f ^f = ](0;0.1.2)(<<l)('t e ) U (' t _ % 


-V^ 


f ' ‘ l -C 

1 \TTTF2 f 


°‘ n ' csi ” (V> - < ! K \ ) B 0 d -t c 


(7a) 


+ A vft-. ;< " n ' 5in (V‘-< 2 - %> d % 

^ ” ( V> - < 2 fc. % ♦ ) | "' 


(7b) 


- < 2 

■T.gl- 
1 - < 


('« - V‘ C “" ' c ’ in (v> - < 2 % 


+ V(,c > / . V 


v('t) 


M 1 - [V' - £■ i'.C -1,1 • ( 

+ -nC - '»,) - } 


(7c) 


K y/T^T 2 


|e <0Jn(,) sin [ V I - C 2 ioj'*) + 2 <& (fc) ] 


" ^ Wn(t " ‘ ,)sin [V 1 - < 2 ^n('» " \) + 2 '0 (fc) ] | 


(7d) 


<r B. ( -Ctu n ('») r ,- , 

' ^ ( ' ,) + 2 '**>] 

- [‘ in [ V 1 -^ 2 “ n ('* - V + 2 >,lc)] + (3^ - )»i" [VW 7 + '*„=)] j 


'Bo 1 

■X" 


(7e) 
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tthcn £ = 1: 




v( t) = f [WF](o ; o. 1 , 2 )(<= l)('t c ) U ( /t “ % 


't-'t 


/ < 


t 

t - I 


/ 


f 1 tr'otn \e "» '= B 0 d % + / *K X c“- '' '8,(1 - %)d % 


(8a) 


(8b) 


1 




-<r'B c , ’« + /^' c ] 


B i -«A r ;! , h „ 


, * 

CU„ 


fa %('• - %) + - %) - S.„ \ - 2 ] 


(8c) 




B. 


+ P 1 c *^n (t ~ > 1 ) '* ' /'♦ 


cu. 


[^('t - 1 .) tl ♦ 0 , n 't,- ^('t-'t,) - 2 ] 


B 


+ fr) + 2 ] 

6J_ 


(8d) 


B . t. 


* 

U). 


« nl,, u n ro ♦ 2 ] 


(8c) 


- € 




2 + 


B. 


0 n 


B. 




\lhen £> 1: 

v('t) = f tW^3(o, 0 . ». 2 M<> 1 )<'t c )°(' 1 “ \ 


't >'t, 


(9a) 


. f ‘ *» r-dV^) W n '«c_ £ - '*c 1 'B d 't 

0 ^ - 1 L Joe 

* / t - B (1 . %)d % 


(9b) 


<*• B o j’ l/ / U/ V' l/)eJ n % c_ -\/v W n 't c j 


< * 


<r B, 


* 

CU 


n 


■o/^)kU, „ 


v- 1 


N’ - V - W] • ^ [<,.(, - V . £.]]; 


= (T 


'B 0 [1 - _L_ („; (,/v ^ ,£, " ( '-V. 


(9c) 


f U^L : (1 V")^('')_ 1 *VTft» n ('t)i 

„ U-i 1 ) J 


+ 


2a n (l/- 1) 




(9d) 
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,(' t ). z*l I jVZ 

CJ n \ v - l L i/ 2 J 

-_^ + . n . ti ) f -^V.-V 


i_(_I 

-1 Vvi 


B 0 * 


Choose 


yr 




Then 


and 


'(re f ) -T 


(ref) 


= DVR = dependent variable ratio 


(9e) 


( 10 ) 


( 11 ) 


(DVR) (0;0 . l . 2)(<<1)(lr( . cnst)(0;0)( ' t < 'tp 


1 - < 


sin [V. - '*„('») + 2'tf ((c) ] + - 2< 


where 


'*(fc 


tan 


1 - c 


(12a) 


(12b) 


(DVR) (0 . 0< l ,2 ) (4^ < l)(lrf-*cnst)( 0 ; 0 )('t = 't ( ) 




sin [V 1 - C 2 K ('0 + 2'* (fc) 


_ € 




i - 


|.in [\R1 i,„ ('!-'»,) + 2 '* ((c , J 




’o 


(12c) 


(dvr) ( o ;0<1 . 2 )(£- l)(lrf-»cnat)(o; 0 )('t< \) “ € t 2 + &> n ('t)] + - 2 ( 

(DVR) (0;0 ., # 2) ( <= 1)(lr f- C nGt)(b;0 )( 't^'t l) “ € tVn(^) + 2 ^ 

. .-V-V [(,. K ^,,)] . 


(DVR\ 0i0 _ 

l #*)(£> 1)(lrf-^ cnot )( 0 ; 0 )('t<'tj 


_yfs -n/yF)'<o n l'i) £ -V^ n ('t> , 

) = TTT c -yp7iv-i) + "n (f) " 


(13b) 


(14a) 


♦ _l_ rx * + i,„,i.-w-v ♦ v* 

«'-» LV^ B, n ‘J B, 

(Compare with Derivation Summaries 19-7 and 19-25.) 
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second situation are shown in Eqs. (7), (8) and (9) of Derivation Summary 19-30. 
The weighting function convolution integral in each case must be given in two parts. 
The first part is an integral whose limits are from zero to('t - corresponding 
to the constant part of the forcing function, while the second is an integral with 
limits from ('t -to't, which is the contribution of the "memory" of the increas¬ 
ing ramp function after the termination at't equal to't,. The remainder of Deri¬ 
vation Summary 19-30 shows the nondimensional forms of the solutions. 
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CHAPTER 20 


TRANSIENT STABILITY OF 
MATHEMATICAL SOLUTIONS * 


INTRODUCTION 

20.1. Stability as a concept associated with the functioning of an operating 
system is illustrated in general terms by the curves of Figs. 6-4, 6-5 and 6-6of 
Chapter 6. When, after a transient-exciting change in the forcing function, the 
output settles into identity with the forced response, transient stability exists. 
On the other hand transient instability exists when the output continues to diverge 
from the forced response as time goes on. In addition to transient stability, the 
output from an operating component may have hunting stability , which appears in 
the form of output deviations that oscillate about the forced response without either 
going to zero or taking on increasingly large values. 

20.2. The concepts of stability defined for operating components may be di¬ 
rectly applied to solutions for integro-differentia) equations. The input to an 
operating component corresponds to the forcing function for an equation, and the 
output from the component corresponds to the complete solution for the equation. 
The forced response of the operating component is analogous to the forced solu¬ 
tion for the equation. From the standpoint of integro-differential equations, tran¬ 
sient stability is usually more important than hunting stability. For this reason, 
the present chapter is limited to a discussion of transient stability of integro- 
differential solutions, with no attention devoted to hunting stability. 

20.3. Transient stability of integro-differential equation solutions has taken 
on added importance in recent years because many of the operating systems whose 
performance must be represented in mathematical terms have characteristics not 
generally treated in classical works on dynamic analysis. Some years ago, the 
operating systems to be described were for the most part either conservative 

• Stability of physical systems is a subject with a long history, which at present is of major importance 
for the reasons given in the first section of this chapter. The classical references, from the standpoint of 
instrument engineering, are Routh (63) and (64), Hurwitz (38), and Nyquist (56). The topic is treated in many 
texts and treatises, such as Ahrendt and Taplin(l), Bode(4), Brown and Campbell (6), Chestnut and Mayer (11), 
Deh Hartog (19), Gardner and Barnes (30), Greenwood, Holdam and Macrae (32), Guillemin (33), James, Nichols 
and Phillips (42), MacColl (50), Macmillan (51), Oldenbourg and Sartorius (57), and Smith (69). 
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or dissipative.* In either a conservative or a dissipative system, all the energy 
required to operate the system, and leaving with the system output, is supplied by 
the system input. Under these circumstances, the principle of energy conserva¬ 
tion guarantees that solutions of integro-differential equations that truly repre¬ 
sent the physical situations involved will have transient stability. This follows 
because no source is present that is able to supply the energy required to cause 
the output to increase indefinitely. Balls rolling on curved surfaces under the 
action of gravity and oscillating about positions of equilibrium are classical ex¬ 
amples of stability. Instability could occur only if there were no position of equi¬ 
librium. A ball rolling on a surface that had no position of equilibrium would 
continuously depart from an initial position, and so be in a condition of instability. 

20.4. Nonconservative operating systems with externally supplied energy dif¬ 
fer from conservative and dissipative systems in that the input does not supply all 
the energy involved, but acts by controlling the flow of energy into the output from 
sources associated with the operating components involved. In many situations, 
the energy associated with outputs from nonconservative systems that have exter¬ 
nal energy supplies may be greater than the energy associated with the inputs. 
When this condition exists, the principle of energy conservation can no longer 
supply definite information on the stability of output variations. 

20.5. Integro-differential equations that describe the behavior of conserva¬ 
tive and dissipative operating systems must have term coefficients that are all 

positive.** As a consequence of the energy considerations, a mathematical analysis 

is not needed to show that all solutions for such equations have transient stability. 
This method for determining transient stability is not available when nonconserva¬ 
tive systems with external energy supplies are considered. Because of this condi¬ 
tion, the classical methods of dynamic analysis must be supplemented by procedures 
capable of determining the transient stability of integro-differential equation solu¬ 
tions without limitations on the equation forms considered or reliance on energy 
relationships that depend on physical characteristics of the systems represented 
by the equations. The classical texts on mathematics and mechanics are almost 
exclusively concerned with conservative and dissipative systems. This means 
that the recent rapid development of electronic feedbackdevices, servomechanisms, 
and control equipment, which incorporate features that carry them into the class 
of nonconservative systems with auxiliary power sources, has required a corre¬ 
sponding extension of applicable mathematical theory, methods, and techniques to 
find solutions for the equations that describe their behavior. 


• A conservative system is one that, by definition, does not exchange energy with the environment outside 
of the system. A dissipative system, as referred to here, is one that does not receive energy from, but gives 
some of its own energy to, the environment; e.g., a mechanical system that loses energy in the form of heat. 

•• Sec Routh (64). 
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20.6. The present chapter is devoted to a discussion of concepts, definitions, 
equations, and basic methods of graphical representation to describe the stability 
of solutions for integro-differential equations associated with both conservative 
and nonconservative systems. The fundamental concepts of stability may be ap¬ 
plied to solutions without regard to the equations from which they are derived, but 
the formal relationships developed in this chapter apply particularly to solutions 
for linear integro-differential equations with constant coefficients. 

TRANSIENT STABILITY 

20.7. When solutions for differential equations are considered from the 
standpoint of stability, the solution components defined in Derivation Summary 15-1 
of Chapter 15 and the transient error defined in Fig. 6-3 of Chapter 6 are the im¬ 
portant concepts. These concepts are illustrated in the first figure of section a, Def¬ 
inition Summary 20-1, as the complete solution , which represents the actual change 
in the dependent variable for the given forcing function ; the forced solution , which 
gives the behavior the dependent variable would have if no transient component 
were present; and the transient error , which is the difference between the com¬ 
plete solution and the forced solution. It is generally useful to define the concepts 
associated with the complete solution transient stability in terms of transient error. 

20.8. For practical purposes, two types of complete solution transient sta¬ 
bility exist: 

1) Absolute transient stability depends upon whether the complete solution 
finally becomes identical with the forced solution as the running variable 
increases or has a divergence from the forced solution that increases with¬ 
out limit as the running variable increases. When the first situation exists , 
absolute transient stability is positive . When the second situation exists , 
absolute transient stability is negative . Positive absolute transient stabil¬ 
ity is usually called absolute transient stability . Negative absolute tran¬ 
sient stability is usually called absolute transient instability . 

2) Relative transient stability deals with the stability of a compared complete 
solution with respect to an arbitrarily selected reference complete solution . 
The basis of comparison is the magnitude of the transient error. 

20.9. Any complete solution with a transient error magnitude smaller than 
the transient error magnitude associated with the reference complete solution 
has a relative transient stability greater than zero. Any complete solution with 
a transient error magnitude greater than the transient error magnitude associated 
with the reference complete solution has a relative transient stability less than zero. 

20.10. In addition to the absolute and relative stability concepts, neutral abso¬ 
lute stability is defined as a condition in which the transient error magnitude does 
not become either zero or infinitely large as the running variable goes to large values. 
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Absolute transient stability is a concept describing one phase of the behavior of complete solutions for 
differential equations. It is particularly associated with forcing function changes that produce transient 
response components of the complete solution (refer to Chapter 6 for basic concepts associated with sta¬ 
bility, and to Chapters 14 and 15 for definitions associated with integro-differential equation solutions). 
Absolute transient stability exists when, after a transient solution component is set up, the complete so¬ 
lution becomes identical with the forced solution as the running variable increases. 

Neutral absolute transient stability exists when, after a transient solution component is set up, the 
complete solution neither diverges indefinitely from the forced solution nor becomes identical with the 
forced solution as the running variable increases. 

Absolute transient instability exists when,after a transient solution component is set up, the complete 
solution diverges indefinitely from the forced solution as the running variable increases. 

The concepts associated with absolute transient stability are conveniently described in terms of dynamic 
error components that are analogous to the error components defined in Fig. 6-3 of Chapter 6. These con¬ 
cepts are illustrated in the accompanying figure. 


(FF) 

Forcing (unction 


(FS) 

Forced solution 
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Forced dynamic error 

(FDE) - (FS) - (FF) 


(^(stable) 

Stable complete solution 


^unstable) 

Unstable complete solution 


' (DE) = (CS)-(FF) 

Dynamic error 


(TE) = (CS) - (FS) 

Transient error 


Diagram illustrating absolute transient stability and absolute transient instability 


Definition Summary 20-1. Concepts and definitions associated with absolute transient 

stability and relative transient stability. (Page 1 of 4) 
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By definition, absolute transient stability (symbol (ATS)) is a number equal to unity minus the ratio of 
the magnitude of the transient error (symbol (TE)) for very large values of the running variable to a ref¬ 
erence value of the transient error; i.e., 

(ATS) - i - 1 (TE)( ''' 1 


From Eq. ( 1): 


Uhcn | (TE) (ref) | 4 0 'j 
IO‘E) ( ' t _ oc) | * «V(2) 

then (ATS) — - oo ) 


For this situation, negative ab ¬ 
solute transient stability exists, 
which is the condition for ab- 
solute transient instability. 


I (TEW, 


\Uien |(TE) (ref) | 4 0 


- d l(TE) rt _ 

then (ATS) = 1 


I Uhen | (TE) (ref) | 4 0 
(3) and | (TE) ( - t _ x) | / 0 or 
then (ATS) 4 — oo or 1 


For this situation, positive ab¬ 
solute transient stability exists, 
which is the condition for ab¬ 
solute transient stability. 


For this situation, neutral ab¬ 
solute transient stability exists. 
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Diagram illustrating absolute transient stability and absolute transient instability with 

oscillatory complete solution curves. 

Definition Summary 20-1. Concepts and definitions associated with absolute transient 

stability and relative transient stability. (Page 2 of 4) 
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Uhen complete solution curves arc oscillatory rather than smooth, absolute transient stability depends 
on the behavior of the curves that form the envelope of the complete solution. 

As illustrated in the preceding figure, absolute transient instability exists when the envelope curves 
diverge from the forced solution. Absolute transient stability exists when the envelope curves become iden¬ 
tical with the forced solution as the running variable increases indefinitely. 

Uhen complete solution curves are rough, rather than smooth or oscillatory, with respect to the forced 
solution, the criterion for absolute transient stability may be based on whether some suitably defined 
average of the transient error converges toward zero or increases indefinitely. 

o) Definitions associ ated with absolute transient stability 

Relative transient stabil ity (symbol (RTS)) is associated with a comparison of the transient stability of 
a compared complete solution with the transient stability of a reference complete solution. This comparison 
is made in terms of the transient error, (TE), associated with the compared complete solution and the ref¬ 
erence transient error , (RTE), associated with the reference complete solution. It is assumed that (TE) 
and (RTE) are taken for properly selected conditions. By definition 

(RTS)( '° ■ 1 - 


1 - 


where 


(TE)('t) 


absolute magnitude of the compared transient error, the absolute magnitude of the 
envelope of the transient error, or the magnitude of a suitable average of the tran¬ 


sient error 


!(RTE)('t)| = absolute magnitude of an arbitrarily selected reference transient error, the absolute 

magnitude of the envelope of the reference transient error, or the magnitude of a 
suitable average of the reference transient error 

The definition of tq. (5) makes relative transient stability a function of the running variable. For cer¬ 
tain applications, the sign of (RTS) is sufficient information on a given stability situation. For other ap¬ 
plications, a specific value of (RTS) for some selected value of the running variable is required. 

If only the sign of (RTS) is considered, fcq. (5) shows that: 

(RTS) ('t) >o j (6) (RTS) ('t) < o \ (RTS)('t) =o * 

when KTEM'OI < |(RTE)('t)|/ ’ when |(TE)('»)| > | (RTE) ('t)|J when |(TE)('t)| = |(RTE)('t)| / (8) 

That is, relative transient sta- That is, relative transient sta- That is, relative transient sta¬ 
bility is posiuve when the com- bility is negative when the com- bility is zero when the compared 

pared transient error is less than pared transient error is greater transient error is equal to the 

the reference transient error. than the reference transient error. reference transient error. 

The accompanying diagram illustrates two typical cases of relative transient stability. 
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Diagram illustrating positive and negative relative transient stability. 


Definition Summary 20-1. Concepts and definitions associated with absolute transient 

stability and relative transient stability. (Page 3 of 4) 
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The two typical transient error variations "a” and M b, M shown as full-line curves, are compared with 
the reference transient error variation, shown by the heavy dashed-line curve. For the purposes of these 
examples, all three of the transient error curves are assumed to start at the same initial value. 

From the figure, the relative transient stability at 'tj for curve "a” is positive; i.e. f 

[(RTS) ('♦,)] = 1 - 1 (TE)(#t|)l ; > 0 
1 “ KRTEH't,)! 

Similarly, the relative transient stability at 'tj for curve "b” is negative; i.e., 

|(TE)('t.)| 


(9) 


[(RTS) ('»,)], 


l - 


| (RTE)('t,) | 


lilk < o 


( 10 ) 


b) Definitions associated with relative transient stability 


Definition Summary 20*1. Concepts and definitions associated with absolute transient 

stability and relative transient stability. (Page 4 of 4) 


20.11. Section a of Definition Summary 20-1 gives the definitions associated 
with absolute transient stability. Absolute transient stability is defined for the 
situation in which the complete solution includes a nonoscillatory transient error, 
and also when the complete solution is oscillatory. In numerical terms, absolute 
transient stability is defined by Eq. (1) of Definition Summary 20-1 as unity minus 
the ratio of the absolute value of the transient error that would exist if the running 
variable increased without limit to some reference transient error that is arbitrarily 
chosen but is never zero or infinitely large. The defining equation for absolute 
transient stability gives a negatively infinite value when the transient error becomes 
infinitely large, and a value of plus unity when the transient error becomes zero, 
for large values of the running variable. As noted in section a of Definition Sum¬ 
mary 20-1, the transient error magnitude used to determine absolute transient 
stability may be associated with the envelope of oscillatory transient errors or it 
may be represented by a properly selected average of a varying transient error. 

20.12. The defining equation for relative transient stability is given as Eq. (5), 
and the meaning of this concept is illustrated in the figure of section b of Defini¬ 
tion Summary 20-1. The numerical measure of relative transient stability is equal 
to unity minus the ratio of the magnitude of the compared tr ansient error to the 
magnitude of an arbitrarily chosen reference transient error , which is never zero. 
The reference transient error may be a constant, a function of the same type as 
the compared transient error, or any other suitable function. 

20.13. Under the defining equation, relative transient stability is a function 
of the running variable. This means that in practice it will not have a single nu¬ 
merical value unless some value of the running variable is selected for specifi¬ 
cation of the stability measure. On the other hand, the relative transient stability 
will be zero if the compared transient error is identical with the reference 
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transient error; it will be positive when the compared transient error is always less 
than the reference transient error; and it will be negative when the compared tran¬ 
sient error is always greater than the reference transient error. Curve "a" in 
the figure of section b of Definition Summary 20-1 illustrates a situation in which 
the relative transient stability is greater than zero with respect to a reference 
represented by the dashed-line curve. Curve "b" of the figure shows the situation 
associated with a relative transient stability less than zero. 

20.14. The concepts of absolute transient stability and relative transient sta¬ 
bility are particularly applicable to complete solutions for integro-differential 
equations. Definitions are discussed in terms of transient error curves because 
of their simple relationships to transient stability, not because they are the curves 
actually representing complete solutions. 

ABSOLUTE TRANSIENT STABILITY OF COMPLETE SOLUTIONS REPRESENTED BY 
EXPONENTIAL FORMS 

20.15. The integro-differential equation solutions developed in Chapters 15, 
16, 18 and 19 show that transient solution terms generally include exponential func¬ 
tion factors. The exponents of these exponentials contain roots of the characteristic 
equation similar to those developed in Derivation Summaries 15-2,16-3,18-1 and 19-1. 
For linear integro-differential equations with constant coefficients, these character¬ 
istic equation roots may be real, imaginary, or complex, and the same root may occur 
more than once. The developments of Derivation Summaries 15-2 and 16-3 show that 
the basic transient error form is the exponential function with an exponent that 
may be a complex number. Distinct characteristic equation roots give expo¬ 
nential transient error terms, while multiple roots correspond to products of 
two functions: one a power of the running variable and the other an exponential. 

20.16. Because of the occurrence of exponentials in transient error forms, it 
is important to establish general relationships between transient stability and the 
exponents that appear in transient error terms. These relationships are developed 
in Derivation Summary 20-1. 

20.17. Equation (1) of Derivation Summary 20-1 is a typical real exponential 
form for transient error. The coefficient (TE) 0 is the value of the transient error 
that occurs at the initial value't = 0 of the running variable. The coefficient a of 
't in the exponent is shown in a footnote in section a of the derivation summary to 
be equal to the rate of change of the variable represented by the exponential di¬ 
vided by the variable itself. This means that a is the rate of the represented vari- 

f 

able per unit of the represented variable, and for this reason it is called the spe¬ 
cific exponential rate. 

20.18. When the exponential transient error expression of Eq. (1) of Deriva¬ 
tion Summary 20-1 is placed in the defining equation for absolute transient stability, 
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which is Eq. (1) of Definition Summary 20-1, with the magnitude of the transient 
error at =0 chosen as the reference transient error, the result is given by 
Eq. (2) of Derivation Summary 20-1. This equation shows that when a is positive 
the negative term approaches infinity as't approaches infinity, so that the abso¬ 
lute transient stability is "minus infinity." This condition is that of absolute tran¬ 
sient instability, which exists when a is positive. The complete solutions that con¬ 
tain real exponential terms with a positive specific exponential rate diverge by an 

infinite amount from the corresponding forced solution as the running variable 
becomes infinitely large. 

20.19. When the specific exponential rate in Eq. (2) of Derivation Summary 20-1 
is negative, the negative term goes to zero as 't approaches infinity. The value of 
absolute transient stability for the corresponding complete solution is plus unity. 
This condition has such great practical importance that methods for determining 
the absolute transient stability of solutions usually begin with a study of the signs 
of the real parts of the characteristic equation roots. Other criteria are derived 
later, but a basic rule in stability studies is that 

values of a must be negative for absolute transient stability to exist when the transient 
error is represented by a simple exponential. 

20.20. For generalizeddiscussions, it is desirable to define a numerical quan¬ 
tity that may be introduced as a factor in the exponents of real exponentials to spec¬ 
ify relationships between the exponents and various types of transient stability. To 
be satisfactory, this quantity should be positive for positive absolute transient 
stability, and negative for negative absolute transient stability; in addition, it 
should be suitable for representing relative transient stability among exponential 
transient error terms. The stability number defined by Eq. (4) of Derivation Sum¬ 
mary 20-1 fulfills these suggested requirements. This quantity is the ratio of a 
compared value of the specific exponential rate, a , to the magnitude of some ar¬ 
bitrarily selected reference specific exponential rate, a (rM) , which is always 
associated with a negative sign. 

20.21. In terms of the stability number and the reference specific exponential 
rate, the expression for real exponential transient error has the form of Eq. (3) of 
Derivation Summary 20-1. In this equation, the coefficient of the running variable 
in the real exponent is the negative of the product of the stability number and the 
magnitude of the reference specific exponential rate. 

20.22. The absolute transient stability associated with the exponential form 
of Eq. (3) of Derivation Summary 20-1 is given by Eq. (5). This equation 
shows that for all values of a (ref) not equal to zero, absolute transient stability 
is positive when the stability number is positive ; and absolute transient stability is 
negative, (i.e., absolute transient instability exists) when the stability number 
is negative. 
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The transient solution developed in Chapter 15 lor the generalized linear integro-differential equation 
with constant coefficients is made up of exponential terms and products of powers of the running variable 
with exponential terms. The exponentials may be either real, imaginary or complex depending on the na¬ 
ture of the roots of the characteristic equation (Eq. (6) of Derivation Summary 15-2). The real exponential 
is especially important as a transient form because it may either give the transient dynamic error directly 
or it may describe the envelope of oscillatory transients. The first-order transient of Fig. 18-1 and the 
second-order aperiodic transients of Fig. 19-2 (for £ ^ 1) illustrate transients made up of real exponentials 
The second-order oscillatory transients of Fig. 19-2 are typical of transients in which real exponentials 
form envelopes for sinusoidal oscillations. 

Uhen the transient error is given by a real exponential, the typical form is 

(TE)('t) . (TE) 0 *»<'•> (i) 

where 

(TE), *= initial value of transient error 
a m specific exponential rate* 

Uhen the expression of Eq. (1) is placed in Eq. (l)of Definition Summary' 20-1, which defines absolute 
transient stability, and the reference value of the transient error is taken as the magnitude of the exponen¬ 
tial that occurs at t = 0, the result is 


(ATS) = i - 


I (TE) 


a( t -♦ oc) 


I (TE) 


1 - | € af't-~)| 


( 2 ) 


a(0) 


Uhen a has any positive value , e (I ^^ -+ <* and (ATS) Uhen a has any negative value -♦O and 

(ATS) ■= 1. These facts mean that absolute transient stability will exist only if the specific exponential 
rate, a, is negative . Definition Summary 12-2 of Chapter 12 reviews generalized properties of real expo¬ 
nential functions that are important from the standpoint of stability. 

The expression for the real exponential transient error may be written 

(TE)('t) = (te) ; (SN)|a («o |( ' ,) 


(3) 


where 

SN . 


stability number, so that a = - (SN) |a (roJ) | 


(4) 


~l a (rof) 

l a (rel)l = magnitude of the reference specific exponential rate (arbitrarily chosen). (Note 
that ct (re f) itself must always be negative.) 

a = compared specific exponential rate. (Note that a itself must always be negative 
for absolute transient stability to exist.) 

Placing the form of Eq. (3) in the equation for absolute transient stability (Eq. (1) of Definition Sum¬ 
mary 20-1) shows that 

| (TE) 1 L* (SN) l a (r°f)|('‘-*~> 


(ATS) - l - 


| (TE). | | € * (SN) l a (ref)l * 31 


1 - 


*(SN)| 


(ret) 


t “• «©) 


(5) 


• The term opeclflc exponential rate (or the coefficient a la based on the behavior of the real exponential form as 
'\ Increases; i.o., when 


v o« 


ad) 


then 


dv 

d(7) 


aV o <( *’ - 


av 


do that 


a C J_ cs rate of V with respect to 't per unit of V = specific exponential rate 

V d( T) 

Derivation Summary 20-1. Absolute transient stability and relative transient stability of 
complete solutions associated with exponential transient error forms. (Page 1 of 6) 
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Inasmuch as |a (rc£) | is always positive, and the sign of the complete exponent must be negative for 
absolute transient stability to exist, it follows that the stability number must be positive for this situa¬ 
tion when transient errors are represented by real exponential forms. 

a ) Conditions on real exponential representations of transient errors for absolute transient stability 


Uhen the form of Eq. (3) is used to represent exponential variations of transient error in the expressi 
of Eq. (5) of Definition Summary 20-1 for relative transient stability, the result is 


ssion 


(RTS) ('t) 


I (TE)„«' 


:< SN >|a (ref) |('t) 


|(RTE) n ; |a < ref > |rt) 


where 


(RTE)('t) s (RTE) 0 <~ Q(re 


flirt* 


reference transient error 


( 6 ) 


If the compared and reference exponential initial conditions are assumed to be identical; i.e., 

(TE ) 0 = (RTE ) 0 (7) 


then Eq. (6) becomes 

(RTS) ('t) 

In terms of the stability number: 


1 - 


-<SN-l)|« (r#f) 


('*) 


(RTS) ('t) = o 

when SN - 1 


(9) 


(RTS)('t) > o 

when SN > 1 


i.e., the relative transient sta¬ 
bility is zero when the stability 
number is equal to unity. 


i.e., the relative transient sta¬ 
bility is greater than zero (is 
positive) when the stability num¬ 
ber is greater than unity . 


( 8 ) 


do) (RTS)('t)<o ^ (ii) 

when SN < 1 * 


i.e., the relative transient sta¬ 
bility is less than zero (is nega¬ 
tive) when the stability number 
is less than unity. 


b) Relationship between relative transient stability and stability number for re al exponential 

variations of transient error 


In addition to real exponential variations, transient error expressions occur in forms that may be rep¬ 
resented by power series in the running variable multiplied by a real exponential. A typical term is 


(TE) = (FC) (TE) ('0Vrt> 


( 12 ) 


where 


(FC) (TE , * transient error fitting constant (determined by initial conditions in any particular 

situation) 

The transient error, given by Eq. (12) for constant values of n and a, becomes infinitely large when a 
is positive, or zero when a is negative, when 1 becomes infinitely large no matter what the value of n. ## 
Following the pattern of Eqs. (3) and (4) of section a, a reference value of a can be chosen and the fol¬ 
lowing defining equation written: 


SN - 


SL 


- la 


(ref) 


( a (ref) * s always a negative number) (jj) 


• Note that SN must remain greater than zero for absolute transient stability to exist. 

• • See footnote on following page. 

Derivation Summary 20*1. Absolute transient stability and relative transient stability of 
complete solutions associated with exponential transient error forms. (Page 2 of 6) 
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When the transient error is represented by the complex exponent exponential form, with a similar form hav¬ 
ing the same constant coefficient as the reference transient error, the relative transient stability equation is 


(RTS) = 1 - 


|(TE) 0 | | C t -(SN '! a (ref)l + J/^ «( re f ) ]{t , | 
(TE) | |e ( -Kref)l + jP 


(23) 


Cancelling out the common constant coefficient and carrying out the indicated division gives 


(RTS) = 1 - 


-< s N-l)|a (ref) |('t) 


f 24) 


F quation (24) is identical with Eq. (8), which gives the relative transient stability for a real exponential 
transient error form. 

It follows that the relative transient stability of a complete solution associated with the complex expo¬ 
nent exponential transient error form is positive when the stability number is greater than unity, is nega¬ 
tive when the stability number is less than unity , and is zero when the stability number is equal to unity. 

f) Re lative transient stability of complete solutions associated w ith complex exponent exponential 

transient error forms 


An extension of the methods of sections e and f can be used to show that the absolute transient stability 
and the relative transient stability for transient error terms represented by products of powers of the run¬ 
ning variable and complex exponent exponentials have the same dependence on the specific exponential 
rate and the stability number as .already described for the simpler situations. The following statements 
summarize the requirements for stability of exponential form transient errors. 

For all cases, the requirement for absolute transient stability is that the specific exponential rate, a, 
be negative. When the specific exponential rate is expressed as a product of a stability number, SN. and 
a reference specific exponentlal rate (always chosen as negative), the condition for absolute transient 
stability is that the stability number shall be positive. 

For all cases, the requirement for positive relative transient stability is that the stability number be 
greater than unity . When negative relative transient stability exists, the stability number is less than unity, 
but still positive for absolute transient stability. The compared transient error is equal to the reference 
transient error when the stability number is unity. 

g) Summary of requirements for absolute transient stability and relative transient stability 


Derivotion Summary 20-1. Absolufe transient stability and relative transient stability of 
complete solutions associated with exponential transient error forms. (Page 6 of 6) 


RELATIVE TRANSIENT STABILITY FOR TRANSIENT ERRORS WITH REAL EXPONENTIAL 
FORMS 


20.23. The relative transient stability of complete solutions associated with 
real exponential transient error forms is conveniently expressed in terms of ref¬ 
erence real exponential transient errors that have the negative of the magnitude of 
the reference specific exponential rate as the coefficient of the running variable in the 
exponent. This selection for the reference transient error is equivalent to using the 
real exponential form of Eq. (3) of Derivation Summary 20-1 with a stability number 
of unity as the reference quantity. Equation (6) of Derivation Summary 20-1 is the 
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expression for relative transient stability in terms of real exponential transient 
error forms. When it is assumed that the initial value of the reference transient 
error is equal to the initial value of the compared transient error, and the division 
of magnitudes indicated by the second term of Eq. (6) is carried out, the result is 
Eq. (8). This equation shows that: 

1) When the stability number is unity , the relative transient stability is zero . 
This means that the compared transient error and the reference transient 
error correspond to the same degree of transient stability. 

2) When the stability number is po sitive and less than unity , the relative tran¬ 
sient stability is negative . This means that when the stability number is 
positive (as required for absolute transient stability) and less than unity, 
the complete solution associated with the compared transient error is less 
stable than the complete solution associated with the reference transient 
error. 

3) When the stability number is positive and grea ter than unity, the relative 
transient stability is p ositiv e. This means that when the stability number 
is positive and greater than unity, the complete solution associated with 
the compared transient error is more stable than the complete solution as¬ 
sociated with the reference transient error. 

20.24. Relative transient stability for the three situations described is based 
on the magnitudes of the compared transient error and the reference transient er¬ 
ror in the way illustrated by the figure of section b of Definition Summary 20-1. 
The curve with given transient error magnitudes is defined as more stable than 
any similar curve with larger transient error magnitudes. 

ABSOLUTE TRANSIENT STABILITY AND RELATIVE TRANSIENT STABILITY FOR 
TRANSIENT ERRORS EXPRESSED AS PRODUCTS OF POWERS OF THE RUNNING 
VARIABLE AND REAL EXPONENTIALS 

20.25. Transient error terms that consist of products of powers of the run¬ 
ning variable and real exponentials are considered in sections c and d of Deriva¬ 
tion Summary 20-1. The transient stability characteristics associated with tran¬ 
sient error terms of this type are generally similar to the corresponding charac¬ 
teristics for simple exponential transient error terms. It is shown in section c of 
Derivation Summary 20-1 that, with negative-sign exponents, as the running variable 
increases, the exponential term always overpowers the running variable factor, so 
that the complete transient error term is reduced to zero as the running variable 
approaches infinity. 

20.26. Because of the characteristic of the running variable power - expo¬ 
nential term product that causes terms of this type to have zero initial values 
with maximum values for some nonzero finite value of the running variable, and 
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negative-sign exponentials, it is generally desirable to use a simple exponential for 
the reference transient error rather than a term with the form of the compared 
transient error. When a reference transient error of this type is used, the relation¬ 
ships between values of the stability number and various types of transient stability 
are generally similar to those that exist for simple exponential transient error forms. 
These relationships are summarized in section d of Derivation Summary 20-1. 

ABSOLUTE TRANSIENT STABILITY FOR TRANSIENT ERRORS REPRESENTED BY 
EXPONENTIALS WITH COMPLEX EXPONENTS 

20.27. The discussion of Chapter 12 shows that exponentials with imaginary ex¬ 
ponents may be associated with sinusoidal oscillations. The sinusoid - imaginary 
exponential combination of Fig. 12-3 shows the representation of undamped sinus¬ 
oids by terms of this type. The curves of Figs. 19-1 and 19-2 (for £< 1)illustrate 
the damped sinusoids corresponding to products of real exponentials and sinusoidal 
terms. The product of a real and an imaginary exponential function corresponds 
to a rotating vector of varying length and to a damped sinusoid, as in the rotating vec¬ 
tor diagram of section e of Derivation Summary 20-1. 

20.28. For the purposes of transient stability discussions, it is convenient to 
express the compared transient error by means of an exponential in which the coef¬ 
ficient of the running variable in the exponent is a complex number. The real part 
of this complex number is the stability number multiplied by the magnitude of the 
reterence specific exponential rate. The imaginary part of the complex number is 
the frequency ratio , ft , multiplied by the reference nondimensional angular fre¬ 
quency , 'co (rof) . 

20.29. The expression for absolute transient stability when the transient 
error term is an exponential with a complex exponent is given by Eq. (20) of 
Derivation Summary 20-1. A complex exponential may be expressed as the prod¬ 
uct of a real exponential, whose exponent is the real part of the complex expo¬ 
nent, and an imaginary exponential, whose exponent is the imaginary part. The 
absolute magnitude of this complex exponential is equal to the product of the 
magnitudes of the real exponential and the imaginary exponential, so that the 
numerator of the second term on the right-hand side of Eq. (20) takes the form 
shown in Eq. (21). In the denominator of this same term of Eq. (20), the real 
part of the exponential has zero as its exponent. Since an exponential raised to 
the zero power always has the value of unity, the denominator takes the form shown 
in Eq. (21). The constant coefficient common to the numerator and denominator 
cancels out. 

20.30. It is shown in the discussion of Fig. 12-1 that the magnitude of any im¬ 
aginary exponential is unity. This means that the magnitude of the quotient of the 
two imaginary exponential magnitudes in Eq. (21) of Derivation Summary 20-1 is 
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unity. Thus, the expression of Eq. (20) for absolute transient stability reduces to 
that of Eq. (22). 

20.31. The absolute transient stability expression of Eq. (22) is identical 
with that of Eq. (5), which gives the absolute transient stability associated 
with the real exponential transient error form. This means that the absolute tran¬ 
sient stability associated with complex exponentials is determined by the real part 
of the complex exponent of the exponential function. The relationship between this 
real part and absolute transient stability is identical with the corresponding rela¬ 
tionship given in section a of Derivation Summary 20-1 for real exponential 
transient error forms. The meaning of absolute transient stability in terms of 
envelopes of sinusoidal oscillations is illustrated by the figures of section e of 
Derivation Summary 20-1. 

RELATIVE TRANSIENT STABILITY ASSOCIATED WITH COMPLEX EXPONENTIAL 
TRANSIENT ERROR FORMS 

20.32. Equation (23) of Derivation Summary 20-1 is the expression for the 
relative transient stability of complete solutions that include complex exponential 
transient error components. The reference transient error is taken as a complex 
exponential with the magnitude of a (re() in the real part of the exponent and ft 'o (ref) 

in the imaginary part of the exponent. The compared transient error has a constant 
coefficient equal to that of the reference transient error; the real part of its complex 
exponent contains the magnitude of a (rof) multiplied by the stability number, and the 
imaginary part of its exponent includes * (raf) multiplied by the frequency ratio. 

20.33. When the transformations indicated in section f of Derivation Sum¬ 
mary 20-1 are carried out on the relative transient stability expression ofEq.(23), 
the form of Eq. (24) appears. The negative term on the right-hand side of Eq. (24) 
is made up of the magnitude of a real exponential with its exponent equal to 

- (SN-1) |a (ra£) |('t) , which is identical with the corresponding term of Eq. (8) for 
real exponential transient error forms. This means that the relative transient stability 
for complex exponential transient error forms is determined entirely by the real parts 
of the complex exponents and is related to the stability number in the same way that 
the relative transient stability for real exponentials is related to the stability number. 
These relationships are given in detail in section g of Derivation Summary 20-1. 

STABILITY OF COMPLETE SOLUTIONS OF INTEGRO-DIFFERENTIAL EQUATIONS WITH 
CONSTANT COEFFICIENTS 

20.34. Complete solutions of linear integro-differential equations with con¬ 
stant coefficients may be obtained by the classical method described in Chapter 15 
and also by the operational procedure discussed in Chapter 16. The forms of the 
classical method are particularly well-suited for showing how the definitions of 
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Derivation Summary 20-1 may be applied in descriptions of stability for complete 
solutions. The discussion of Derivation Summary 15-1 shows that complete solu¬ 
tions for a linear integro-differential equation are made up of a forced solution 
component and a transient solution component. From Eqs. (1) and (5) of Definition 
Summary 20-1, the transient error, which is given by the transient solution com¬ 
ponent, must vanish for transient stability. 

20.35. Insection a ofDerivation Summary20-2, the essential steps inderiving 
transient solutions are based on the more complete treatments of Derivation Sum¬ 
maries 15-1 and 15-2. Equation (1) is the standard linear integro-differential 
equation form with constant coefficients given in Definition Summary 14-1. The 
homogeneous differential equation is obtained by setting the right-hand side of 
Eq. (1) equal to zero. The characteristic equation associated with the complete 
integro-differential equation is given as Eq. (3), and is the important expression 

for determining the stability of complete solutions of Eq. (1). The background 
for the derivation of the characteristic equation is given in section c of Derivation 
Summary 15-2. As explained in Chapter 15, the characteristic equation is an al¬ 
gebraic polynomial whose coefficients are the same as those of the homogeneous 
equation. The roots of the characteristic equation form the exponent coefficients 
of the exponential function terms in the transient solution. When the roots of the 
characteristic equation are all distinct, the transient solution has the form given 
by Eq. (5); when there are multiple roots, the transient solution form is repre¬ 
sented by Eq. (6). In all cases, the transient solution is the sum of terms with 
exponential function factors. The exponential exponent coefficients can be altered 
only by changing the roots of the characteristic equation, which in turn can be 
effected only by changing the coefficients of the homogeneous equation. This re¬ 
view of the method for obtaining the transient solution is to show the dependence 
of the solution on the coefficients of the integro-differential equation. The devel¬ 
opment ofDerivation Summary 20-1 shows that when only one exponential function 
appears in the transient solution, the necessary and sufficient condition for absolute 
transient stability is for the real part of the exponent coefficient to be negative. 

20.36. In section b of Derivation Summary 20-2, it is shown that when the 
transient solution consists of a sum of terms with exponential factors the criterion 
of absolute transient stability is that none of the exponent coefficients shall have 
positive real parts or, since the exponent coefficients are the roots of the charac¬ 
teristic equation, the rule is that 

none of the roots of the characteristic equation can have positive real parts, if absolute 

transient stability is to exist. 

20.37. This rule is based on the known property of linear differential equa¬ 
tions, of which the homogeneous equation is an example, that the solution consists 
of functions that are linearly independent. As explained in section b of Derivation 
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The definitions of absolute and relative transient stability in Definition Summary 20-1 and of stability 
number in Derivation Summary 20-1 can be applied to complete solutions of linear differential equations 
with constant coefficients to show how quantitative conclusions concerning the stability of mathematical 
solutions may be developed. I he general form of the equation is given in Definition Summary 14-1; from 
hq. (4) of that summary, the standard form of the equation is 


i= n 


E » v “’ 


J=m 


1 = -r 


’■ E 


J=-s 


The transient component of the complete solution is shown in Derivation Summary 15-1 to come from the 
associated homogeneous equation 


1= n 


E nv<‘> 


i=-r 


The transient solution is based on i£q. (2) and its characteristic equation as found by the procedure 
of section c, Derivation Summary 15-2; i.e., 


1= n 


yi A<‘ +r > = 0 


where 


i= -r 


A *= a + \lnfi * a + <o^ rc i) * non dimensional complex number; <0{ re i) “ 2rr (. 

As explained in Derivation Summary 15-2, the characteristic equation is an algebraic polynomial with 

(n + r) roots, which may be designated as A 1# i = 1. 2, 3.(n + r). The roots may be real or complex 

numbers. Uhcn the coefficients of the characteristic equation arc real numbers, the complex roots must 
occur as complex conjugate pairs. 

Uhen the roots of the characteristic equation are all distinct, the form of the transient solution, given 
by Eq. (12) of Derivation Summary 15-2, is 


i= n+r 


1 = n+r 


J2 ^ c, "< r *‘> (,,) 


Each term of Eq. (5) contains an exponential function whose exponent coefficient, A 4 , is a root of the 
characteristic equation. 

Uhcn there are multiple roots of the characteristic equation, the form of the transient equation, developed 

as Eq. (14) of Derivation Summary 15-2, is 

l=ndr J=nmr k = (rm), 

v (tr) - 2 -/ C ( 6 ) 

1=1 j= 1 k=l 

where 

ndr «= number of distinct roots; nmr = number of multiple roots; (rm^ = root multiplicity of j lh root 

The first term on the right-hand side of Eq. (6) is a sum of exponential functions, while the second term 
consists of components each of which is a product of a power series in the running variable and an expo¬ 
nential function. 

In all cases, the transient solution form consists of a sum of terms, each containing an exponential func¬ 
tion whose exponent coefficient is one of the roots of the characteristic equation. The roots of the char¬ 
acteristic equation and the corresponding exponential functions are often considered as two aspects of the 
same entity for purposes of discussion. 

a) Tr ansie nt er rors of mtcgro-differe ntial equation solutions 

Derivation Summary 20-2. Absolute transient stability and relative transient stability of 
solutions associated with integro-differential equations with constant coefficients. 
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If absolute transient stability is to exist, the definition of Eq. (1), Definition Summary 20-1, requires 
that the value of the transient error become zero for large values of the running variable. The absolute 
transient stability of solutions of Eq. (1) of this summary are determined from the transient solution forms 
given by Eqs. (5) and (6). It follows from the condition of linear independence of the terms of these equa¬ 
tions, as defined in section b, Derivation Summary 15-1, that each of the terms must separately and indi- 
vidually go to zero if the left-hand term of Eq. (5) or Eq. (6) is to vanish. Derivation Summary 20-1 shows 
that the exponential function terms vanish only when the real part of the exponent coefficient of each term 
is negative . The exponent coefficients are just the roots of the characteristic equation, Eq. (3), so that 
the criterion for absolute transient stability of integro-differential equations is that 

the roots o/ the characteristic equation must all have negative real parts, 
or none of the roots of the characteristic equation can have positive real 
parts, if absolute transient stability is to exist. 

b) Criterion for stability of integro-differential equation solutions 


In order to demonstrate the use of the quantitative concepts of'absolute and relative transient stability, 
the conclusions of section b may be reached by another procedure. The real parts of the roots of the char¬ 
acteristic equation arc shown plotted in the accompanying figure. Positive numbers are plotted above the 
abscissa and negative numbers below it. 


8 * 6 
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cn a 3 
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Ordinal number of root 


-r 
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-6 


The numbers have been so ordered that the most negative number is at the left of the figure and the most 
positive number is at the right. In the sense of the figure, the most positive or least negative real part of 
the roots is the maximum value of these numbers. When the real parts of the roots are plotted on a line, as 
in the next figure, the most positive number is the last number to the right on the line. It may be designated 
as a( erh ), the extreme right-hand point, or aj mp ), the most positive real part of the roots. 


a, a 2 


a 3 a 4 a s 



mp) 


As noted in the previous section, the complex roots of characteristic equations with real coefficients oc¬ 
cur in conjugate pairs. When the roots are all distinct, there will be either one or two terms of Eq. (5) in 
which <t( mp ) appears in the exponent. There will be only one term if this exponent is real, but two terms if 
it is complex. Factoring out the real exponential function with a (mp) as the exponent coefficient, when the 
exponent containing a (mp) is real, enables Eq. (5) to be expressed as 

V/._» = e a 0np> ( '° [r , + 


( '° fc 

(a( 


mp) 


+ c 2 c a 2 " a(m p ))r *V (i * ^ r « () r,) + . . . 


(7a) 


Derivation Summary 20-2. Absolute transient stability and relative transient stability of 
solutions associated with integro-differential equations with constant coefficients. 
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On the other hand, when the exponent is complex, Eq. (5) becomes 

v,._. . e a ^'"i C. . * c. . 


(mp) 




'“Imp)’ 1 




,a |mp)’ 2 


+ C l € (a »“W (1 VV < W 1 > + C 2 * ( V a (mp) ,( '‘> t ^2%«)^ + ...} (7b) 

For the terms in which a { is equal to a (n p j, the real exponent coefficient is zero. For all the other terms, 
the real exponent coefficients (a : — a^ mp j) must be negative, and the exponential functions go to zero when 
the running variable becomes very large. Consequently, for large values of 't, the transient error for Eq. (7a) 

= v («r)('t-.~) ^ ,a (mp)> e <mPl (8a) 

while for Eq. (7b) it is 


C e a (-P) (,) 

L,a <mp)> e 


(8a) 


(a (mp) )l 




(8b) 

The two forms of Eq. (8) show that the expression for the transient error of the solutions of integro- 
differential equations may be reduced to either a single exponential function (corresponding to a first-order 
equation type of solution) or to a single exponential function multiplied by the sum of two imaginary ex¬ 
ponential functions (corresponding to a second-order equation type of solution). The discussion of Deriva¬ 
tion Summary 20-1 may now oe applied. If a (mp * is a positive number, it may be seen from F;q. (8) that 
V (tr)('t-«) becomes infinitely large; if a (mp) is negative, V( lr )(' t .* „) becomes zero. This shows that the 
criterion of section t> must be fulfilled for the case when all the roots are distinct. From the discussion of 
section c, Derivation Summary 20-1, it follows that when the preceding method is applied to Eq. (6), the 
same criterion must be valid for the case of multiple roots. 

c) Transient error for large values of the running variable 

Another consequence of Eq. (8) is that the conclusions of Derivation Summary 20-1 arc applicable not 
only when the transient error is a single exponential function, but also when it is a sum of exponential 
functions. As in Eq. (4), Derivation Summary 20-1, a reference value for the specific exponential rate, 
a (ref)» w hich is a negative quantity, can be selected for convenience in any given situation and a stability 
number defined for each exponential term in Eq. (5); i.e., 

(SN),-i- -(SN)Ja (ref) | (9 ) 

“ ! a (ref)l 

so that Eq. (5) now becomes 


i c n+r 


E c > 


;csN\|« (rel) |rt) j/ 3 4 Su (re() <'«) 


( 10 ) 


Uhen the stability numbers of Eq. (9) are plotted as in the first figure of section c, the locations of the 
points arc reversed because a^ tc f j is negative; i.e.. 
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Derivation Summary 20-2. Absolute transient stability and relative transient stability of 
solutions associated with integro-differential equations with constant coefficients. 
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From the definition of a (mp) , the stability number associated with it is the least positive of the values 
(SN) r In the sense of the figure, this minimum value of the stability number is designated as (SN)(min)» A 
plot of the stability numbers on a line shows (SN) (mln) as the leftmost point on the line and all other values 
co the right of this number; i.e., 


(SN ) 7 


- (SN) {mln ; 


(SN) s (SN) 3 (SN), 

-X-i|e- X XXX — 

(SN ) 6 (SN ) 4 (SN). 


Corresponding to Eqs. (7a) and (7b) is the relationship 


v _ /< SN \mln)l<W)l<'‘> 
v (tr) ~ e 


1= rH*r 


C i€ - ((SN, |- (SN, (n»ln, , Kref)|('*) € J/3'a, {r ef)<'«» (U) 


Since (SN) (mln) *s the least positive of the stability numbers of Eq. (11), the quantities [(SN) 1 - (SN) (mln) ] 
are all positive numbers except for the one in which (SN), equals ($N){ m , n ), which is zero. Hence, again, 
as in Eqs. (8a) and (8 d), all the terms but either one or two in the summation go to zero for large values of 
't, and Eq. (11) reduces to one of two forms: 

When only one term in the summation is different from zero, Eq. (11) becomes 


V (tr)('t 


(SN) (mln, C 


*(SN)( mln ) l a (ref) l(^) 


(12a) 


When two terms in the summation are different from zero, the limiting form is 


V (tr)('t-^ oo) 




(SN) 


(min) 






'< u (ref)<' t, j 


•(SN)( m i n ) |<i(r 0 f )|(^) 


(12b) 


The stability of all the solutions of Eq. (1) is determined by the transient solution form of Eq. (5) or 
Eq. (6). Since the roots of the characteristic equation (see Eq. (4)) determine the exponential function ex¬ 
ponent coefficients as well as the stability numbers associated with the roots, and the characteristic equa* 
tion roots depend only on the coefficients of the dependent variable of Eq. (1), the minimum stability number 
is a quantitative measure of stability of all the solutions of Eq. (1). Define (SN) (mln) as the stability number 
of tjie equation and designate it as (SN)j eq) . From Eqs. (8) and (12) and section g of Derivation Sum¬ 
mary 20-1, it follows that: 

The requirement for absolute transien t stability of all the solutions of an integro- 
differential equation with constant coefficients is that the stability number of the 
equation shall be positive. 

The requirement for positive relative transien t stability of an integro-differential 
equation with constant coefficients is that the stability number of the equation 
shall be greater than unity . When negative relative transient stability exists, the 
stability number of the equation is less than unity but still positive for absolute 
transient stability. (These statements concerning relative transient stability 
apply particularly for large values of the running variable, as can be seen from 
the preceding discussion. ) 

d) Stability numbers associated with integro- differential equations 

Derivation Summary 20-2. Absolute transient stability and relative transient stability of 
solutions associated with integro-differential equations with constant coefficients. 

(Page 4 of 4) 
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Summary 15-1 and paragraph 15.6, this means that no linear combination of these 
functions can be zero for all values of the running variable. This property leads 
to the conclusion that the only way the transient solution can vanish is for each 
component term to vanish individually. The results of Derivation Summary 20-1 
may be applied separately to each term of the entire transient solution to produce 
the stability criterion stated above. 

MOST POSITIVE REAL PART OF THE ROOTS 

20.38. The property of linear independence may be demonstrated inastraight- 
forward manner for exponential functions. It is worth while doing this for the tran¬ 
sient solutions of Eq. (1), Derivation Summary 20-2, because it leads to quantitative 
concepts concerning the transient stability of this equation that are useful in many 
applications. The demonstration is given insection c of Derivation Summary 20-2. 

20.39. It is first necessary to recognize that the real parts of the roots of the 
characteristic equation can be ordered so that one of the real parts may be desig¬ 
nated as the most positive. The first figure in section c illustrates the ordering 
process. The real parts of the roots are plotted against an ordinal number desig¬ 
nating the order in which the roots appear. The negative real root parts are plotted 
below the ordinal-number-of-root axis, while positive real root parts are plotted 
above this line. For the purposes of illustration, the numbers have been ordered 
so that they go successively from the one farthest below the ordinal-number-of- 
root axis to the one most above that line. The point that is the greatest distance 
below the axis is the most negative real part, while the one farthest above is the 
most positive real part . If all the real parts are below the axis, the one nearest 
the axis is designated as the most p ositive , or the least negative . Another way to 
show this quantity is to plot all the real parts on a line as in the second figure of 
section c, where the negative numbers appear to the left of zero and the positive 
numbers to the right. The rightmost point represents the maximum real part, 
which is the most positive value. 

20.40. When the characteristic equation roots are distinct, Eq. (5) of Deriva¬ 
tion Summary 20-2 applies. The real exponential function whose exponent coeffi¬ 
cient is a (mp) can be extracted from each term to form Eq. (7a) or Eq. (7b). It may 
be seen that the result is a real exponential function multiplied by a summation of 
terms, most of which have the form of a product of a real exponential function and 
an imaginary exponential function. The real exponential factor in each of these 
products has an exponent coefficient that is the difference between the real part of 
one of the roots and a (mp) . For the factors in which the real part of a root is a,,. , , 
this exponent coefficient is zero, but all the others must be negative numbers by 
the definition of a (fnp) • From Definition Summary 12-2 and the discussion of Der¬ 
ivation Summary 20-1, all terms with real exponential functions that have negative 
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exponents go to zero when the running variable becomes very large. The only term 

in the summation of Eq. (7a), Derivation Summary 20-2, that does not go to zero 

is constant. In Eq. (7b), there are two terms that do not vanish. These two terms 

are imaginary exponential functions with no real exponential function factors. It 
follows that 

for large values of the running variable, the transient error approximates 
either a single real exponential function or a pair of exponential functions 
with exponents equal to a single complex conjugate pair. 

In both situations, there is a real exponential function factor whose exponent coef¬ 
ficient is Q(mp) , as shown by the forms of Eqs. (8a) and (8b). The discussion of 
Derivation Summary 20-1 may be applied to these forms. When a (mp) is positive, 
the solutions of Eq. (1) have absolute transient instability. When Q(mp) is negative, 
the solutions of Eq. (1) have absolute transient stability. Since a (mp) is the least 
negative of the real parts of all the roots, the others must be more negative; i.e., 
all the roots of the characteristic equation must have negative real parts. The 
situation is exactly the same when there are multiple roots of the characteristic 
equation, as can be seen by applying the same procedure and using the informa¬ 
tion concerning powers of the running variable times exponential functions that 
is given in Derivation Summary 20-1. 

20.41. Transient solution forms like Eq. (8a) of Derivation Summary 20-2 
are associated with first-order equation solutions, while those like Eq. (8b) cor¬ 
respond to second-order equation solutions with damping ratios less than unity. 

A consequence of section c, Derivation Summary 20-2, is that transient solutions 
ma y be approximated by either first- or second-order transient solutions obtained 
from Eqs . (8a) and (8b) . This conclusion has considerable importance, because 
the labor in calculating higher order solutions increases very rapidly with the 
order of the equation. On the other hand, first-and second-order differential equa¬ 
tion solutions for a variety of forcing functions are available in Chapters 18 and 19. 
The foregoing discussion suggests a procedure for using these solutions to estimate 
the general stability characteristics for the solutions of higher order differential 
equations with constant coefficients. 

STABILITY NUMBER OF THE EQUATION 

20.42. The demonstration of section c, Derivation Summary 20-2, leads to the 
definition of a single quantity, namely a (mp) , that may be used to represent the 
transient stability of complete solutions for linear integro-differential equations 
with constant coefficients. When a reference value for the specific exponential 
rate, a (rei) , is chosen (i.e., a reference value for the real parts of the roots), 
stability numbers for each term in Eq. (5) or Eq. (6) of Derivation Summary 20-2 
may be specified. In accordance with the definition of Derivation Summary 20-1, 
the reference specific exponential rate is always chosen as a negative number so 
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that the reference absolute transient stability will be positive.* Equation (9) of 
Derivation Summary 20-2 defines the stability numbers corresponding to the roots 
of the characteristic equation. Equation (10) is the form of the transient solution 
for the case of distinct roots when the transient solution component is written in 
terms of stability numbers and the reference specific exponential rate. 

20.43. It is useful to order the stability numbers of a characteristic equation 
so that a minimum value for these quantities can be designated. The first figure 
in section d shows a plot of the stability number as a function of the ordinal num¬ 
ber of the roots. With properly chosen scales, this figure is the mirror image 
about the abscissa axis of the first figure in section c. The most positive stability 
number corresponds to the most negative real part of the roots, and the most 
negative of the stability numbers appears in the place of the most positive of the 
roots. The most negative of the stability numbers in the sense of the figure is 
designated as the minimum stability number of the characteristic equation. The 
second figure in section d shows the stability numbers plotted on a line, with the 
minimum stability number at the left-hand limit of the sequence of points. Ex¬ 
tracting the real exponential function with the exponent coefficient of (SN) (mln) 
from Eq. (10) gives Eq. (11). 

20.44. The transient error for large values of the running variable is given 
by Eqs. (12a)and (12b) of Derivation Summary 20-2 in terms of stability numbers. 
These correspond to Eqs. (8a) and (8b) of section c of the summary, and are de¬ 
rived by similar reasoning. In both forms of Eq. (12), there is a real exponential 
function factor whose exponent coefficient is - ($N) (mln) |a (re() | . The conclusions of 
section g, Derivation Summary 20-1, apply to this limiting value of the transient 
error. Since the transient stability of all the complete solutions of a designated 
linear integro-differential equation with constant coefficients is determined by the 
limiting value of the transient error as given by Eqs. (12a) and (12b) of Derivation 
Summary 20-2, the minimum stability number is defined as the stability number 
of the equation, and is given the symbol (SN) (oq) . The stability number of the equa¬ 
tion affords a means of comparing the transient stability of an equation for one set 
of coefficients with another equation formed by changing the coefficients. The dis¬ 
cussion of stability number accompanying Derivation Summary 20-1 can be applied 
equally well to the complete solutions of general linear integro-differential equa¬ 
tions with constant coefficients discussed in Derivation Summary 20-2. The inter¬ 
pretation of absolute transient stability and relative transient stability in terms of 
the stability number of the equation is given at the end of section d, Derivation 
Summary 20-2. 

• The choice of a reference value for the specific exponential rate in any particular situation must be 
based on judgment and experience. It cannot generally be chosen solely on the basis of mathematical consid¬ 
erations. An example in which the reference specific exponential rate is taken as proportional to the maximum 
value of the real parts of the roots is discussed in connection with Fig. 20-3. 
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GRAPHICAL REPRESENTATION OF CHARACTERISTIC EQUATION ROOTS 

20.45. The concepts associated with transient stability presented in Derivation 
Summary 20-2 may be demonstrated graphically when the roots of a characteristic 
equation are plotted on a complex plane. It is frequently useful to employ such root 
plots to improve the understanding of absolute and relative transient stability con¬ 
cepts. Root plots may be used in procedures for the improvement of transient er¬ 
rors, based on experience and judgment in association with physical and mathe¬ 
matical reasoning. Methods for evaluating transient stability from characteristic 
equation root plots are described in Derivation Summary 20-3. They are illus¬ 
trated in Figs. 20-1, 20-2 and 20-3. 

20.46. Figure 20-1 shows examples of root complex plane plots for which the 
abscissa is taken as the real parts of the roots while the ordinate represents the 
imaginary parts. Purely real roots are points on the axis of the abscissa, while 
purely imaginary roots are found on the ordinate axis. When there are roots with 
negative real parts, these will be found to the left of the ordinate axis, and vice 
versa for roots with positive real parts. In section a of Derivation Summary 20-3, 
the graphical criterion for absolute transient stability is developed as a consequence 
of the absolute transient stability criterion of Derivation Summary 20-2. Accord¬ 
ing to the graphical criterion, 

absolute transient stability exists when the roots of the associated characteristic 
equation all occur to the left of the ordinate axis. 

20.47. The most positive real part of the roots has been defined in section c 
of Derivation Summary 20-2. On the root complex plane, the real part of the root 
farthest to the right represents the most positive real part of the roots. When the 
associated root lies to the left of the ordinate axis, the graphical criterion for ab¬ 
solute transient stability is satisfied. If the root lies to the right of the ordinate 
axis, absolute transient instability of the associated solutions exists. (Compare 
with the figures of section c, Derivation Summary 20-2.) 

20.48. Figure 20-la is an example of the situation for which the most positive of 
the real parts of the roots is negative. In this figure, all the roots are to the left of 
the ordinate axis and all the real parts are negative. All the solutions of the 
integro-differential equation corresponding to this root pattern have absolute transient 
stability. On the other hand, Fig. 20-lb shows three roots to be to the right of the 
imaginary axis. The real part of the root with greatest real part is positive. From 
the graphical criterion for absolute transient stability, this root pattern corresponds 
to an integro-differential equation with solutions that have absolute transient instability. 

STANDARD-FORM COMPLEX PLANE PLOTS 

20.49. The concept of stability number is developed in Derivation Sum- 
maries 20-1 and 20-2, as well as in paragraphs 20.42 through 20.44. It is shown that 
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Complex plane plots of characteristic equation roots provide useful representations for the study of 
transient stability of linear integro-differential equation solutions. Equation (3) of Derivation Summary 20-2 
shows the typical characteristic equation to be a polynomial of the form 


1= n 


E 


1= -r 


A< 1+r > = 0 


Generally, the roots of Eq. (1) are complex numbers that may be written as 


a, + j /3, '< 


(ref) 


where 


i lh characteristic equation root 
_i__ :th _ 


a i = real part of i m root 
fi i # o>/ re £) ■ imaginary pan of i 1 ^ root 

"ai(ref) = nondimensional reference angular frequency 
For transient stability discussions, it is convenient to choose the nondimensional reference frequency as 
2 n\ i.e., 

W(ref) c 2n so that A 4 = a, + )2nft i (3),(4) 

In terms of the definitions of Derivation Summary 20-1, 

a { = nondimensional specific exponential rate of i c ^ root 
2 nfi i *= oj 1 = nondimensional angular frequency of i r ^ root 

Complex plane plots of characteristic equation roots are constructed using specific exponential rate 
for the abscissa and angular frequency for the ordinate. Complex plane points for roots with negative real 
parts appear to the left of the imaginary axis , that is, in the left-hand half of the complex plane. Roots of 
this type are represented in Fig. 20-la. 

Complex plane points for roots "with positive real parts appear to the right of the imaginary axis, that is, 
in the right-hand half of the complex plane. Three roots with positive real pans are shown in Fig. 20-lb. 

The discussion in section b of Derivation Summary 20-2 shows that the solutions of any given linear 
integro-differential equation will have absolute transient stability when all the real parts of its character¬ 
istic equation roots are negative. It follows that for a graphical representation: 

All the characteristic equation roots /or a linear integro-dt//erential equation with solutions 
that have absolute transient stability are located in the left-hand half of the root complex 
plane. 

Expressed in other terms this criterion is: 

At least one of the characteristic equation roots for any linear integro-differential equation 
with solutions that have absolute transient instability is located in the right-hand half of 
the root complex plane . 

From these statements, solutions associated with the equation that has the roots shown in Fig. 20-la 
are stable because all the points appear in the left-hand half of the root complex plane. Similarly, since 
some of the points plotted in Fig. 20-lb are in the right-hand half plane, solutions of the corresponding 
differential equation will have transient instability. 

Root complex plane plots like those of Fig. 20-1 permit the most positive value of the real parts of any 
group of roots to be established immediately and also make it possible to identify the root with which it 
is associated. 

a) Complex plane representation of characteristic equation roots; graphical criteria for absolute 

transient stability 


Derivation Summary 20-3. Absolute and relative transient stability in terms of 
characteristic equation root complex plane plots. (Page 1 of 4) 
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Standard-form characteristic equation roots are defined by the relationship 

- -rH ♦ i -t 2 *-? (5) 

“ l a (rt-l )• ~ l a (ref)l “ l a (ref)l 

where 

a (ref) = re ^ crcncc specific exponential rate (arbitrarily chosen negative quantity)* 

'A, = i 1 * 1 standard-form characteristic equation root 

In accord with section d of Derivation Summary 20-2, the stability number of the i c ^ characteristic equa' 
tion root is defined as 

- nr 5 - y = stability number of i c ^ root with respect to Q( re j) (6) 

(ret) - a fr*nl 


(ret) 


The frequency ratio ratio of the characteristic equation root is defined as the ratio of the root frequency 
ratio to an arbitrarily chosen reference frequency ratio; i.e., 

(FRR) - - P ' _ f * n r i /n «th r A/\r mark r AC r> A/»f f A /1 f ~7 \ 


(rot) 


^(ref)l 


= frequency ratio ratio of i m root with respect to /} (ref) 


where 


^(roi)l = rc ^ erencc frequency ratio for the i th root 
The standard-form reference frequency ratio is defined as 


(roO(otd) 


(ret) 

2rr 


Using the definitions of I£qs. (6), (7) and (8), standard-form roots arc given by the expressions 

'A, = A > = Q > + j "i 

“ l a (rel)l ~ l a (re«)l “ fyref )(std) 


= (SN) 


■ i(FRR)( 0<ron(atd)>‘ 


( 10 ) 


When no ambiguity exists, the subscripts indicating the reference quantities may be omitted and the i l 1 
standard-form root becomes 

'A, = (SN), - j (FRR), (ID 

Complex plane plots of standard-form characteristic equation roots may be constructed with stability 
number as the abscissa and frequency ratio ratio as the ordinate. Plots of this type are illustrated in 
Fig. 20-2. The standard-form root patterns of Figs. 20-2a and 20-2b correspond to the patterns of Fig. 20-la 
and 20-lb, respectively. Because of the sign reversal in the standard-form root definition, points located 
in the second and third quadrants of the root complex plane go over into first- and fourth-quadrart points 
of the corresponding standard-form root complex plane. The interchange of quadrants alters the graphical 
criteria of section a, and the corresponding statements arc: 

All standard-1orm roots for a linear integro-differential equation with solutions that have 
absolute transient stability are located in the right-hand half of the standard-form root 
complex plane. 


and 


At least one of the standard-form characteristic equation roots for any linear i ntegro- 
differential equation with solutions that have absolute transient instability is located 
in the left-hand half of the standard-form root complex plane. 


• It io frequently uoeful to take a (fo|) a. constant, but for particular nltuatlonn It my be any convenient function. 


Derivation Summary 20-3. Absolute and relative transient stability in terms of 
characteristic equation root complex plane plots. (Page 2 of 4) 
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On the basis of these criteria, the standard-form root pattern of Fig. 20-2a corresponds to an equation 
with solutions that have absolute transient stability. Similarly, the root pattern in Fig. 20-2b with three 
points to the left of the axis of imaginaries shows that solutions of the associated differential equation 
have absolute transient instability. 

Standard-form root complex plane plots like those in Fig. 20-2 permit the minimum value of the stability 
numbers of any group of standard-form roots to be established immediately and make it possible to identify 
the root with which it is associated. This value represents the staoility number of the associated equation. 
b) Standard-form root complex plan e p lots and associated graphical criteria for absolute transient 

stability 

The relative transient stability concepts and definitions of Derivation Summary 20-2 may be associated 
with root patterns on the standard-form root complex plane. It is necessary to specify a value of the ref¬ 
erence specific exponential rate, a (re() , in order to define relative transient stability for any particular 
situation. The choice of a, rej) is generally based upon nonmathematical considerations. The reference 
specific exponential rate may be given any arbitrary magnitude so long as it is negative. For any choice 
of this quantity, the expression for the real part of the i'* 1 characteristic equation root has the form 


'(ref) 


[(D) a, J 


(a (ref)> 


( 12 ) 


where 


((D) a. L v *= deviation of real part of i c, ‘ root with respect to reference specific exponential rate 

This deviation may be positive or negative depending upon the relative magnitudes of the compared quan- 
tity and the reference. 

From Fqs. (6) and (12), the stability number corresponding to the i ,h root is 

^ - r^r * [( -U. ] '°r ) ' <13) 


(SN) = _ = —_( re f ) + . ' 1 >a ( ref j_ (, 3 

(a (rel) U - |a (re j)| - l a (ref)l “ l a (ref)l 

Since a (reJ) is always taken as a negative quantity, the first term on the right-hand side of Fq. (13) is 
always plus one. The i th stability number deviation may then be defined as 


(13) 


'(ref) 


- a 


(ref) 


Since a (reJ) is alway: 


[(D) (SN).], 


! (ref) 


(SN) <»„.„» - ■ 


(14) 


Stability number deviations are positive when stability numoers arc greater than unity and negative 
when stability numbers are less than unity. 

Comparing Eqs. (13) and (14) shows that 


(ref ) 1 


In general, from Eq. (14) 


(SN) 


l + [(D) (SN),],. 




(16) 


In particular, the stability number of the equation, as defined in section d of Derivation Summary 20-2, 
is given by the expression 


(SN) { , 


q)(a 


(ref) 


) - 1 ♦ [(D) (S^)(eq)](a (ref)) 


(17) 


Positive stability number deviations are associated with standard-form roots that appear to the right of 
the line SN - 1, while negative stability number deviations correspond to standard-form roots located to 
the left of this line. The discussion at the end of section d in Derivation Summary 20-2 shows that posi¬ 
tive relative transient stability with respect to a, ro( j exists when the deviation of the stability number of 
the equation is positive. In this situation, all the standard-form roots appear as points to the right of the 
line SN = 1. Negative relative transient stability is associated with a root pattern with some roots to the 
left of this line so that the deviation of the stability number of the equation is negative. 

Derivation Summary 20-3. Absolute and relative transient stability in terms of 
characteristic equation root complex plane plots. (Page 3 of 4) 
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It is frequently convenient to take Q( re j) equal to Q( mp ) (for negative values of t*( mp ) only), the most 
positive value of the real parts of the roots, that is, to make 

a (ref) = a (mp) < 18 ) 

so that, from Eq. (12), 


<W) + C(D)a i J (a (mp) ) 


(19) 

is the 


The deviations of the real parts of the roots in this situation are always negative because Q( mp ) 
most positive of the real parts of the roots. Also, from Eq. (16), 

(SN) «W,>‘ - 1 + [( D MS N ),] (eW)) <20, 


and the stability number of the equation is unity; i.e., 

(SN)( eq ) (a 


Imp) 


( 21 ) 


From Eq. ( 15), the stability number deviations in Eq. (20) must all be positive because the deviations of 
the real parts of the roots in Eq. (19) are all negative. Equation (21) shows that standard-form roots as¬ 
sociated with the stability number of the equation must lie on the line SN = 1 , but all others appear to the 
right of this line. Figure 20-3a is an example of this choice of aj ref j for the roots shown in Fig. 20-la. 
From Derivation Summary 20-2, the relative transient stability for large values of the running variable in 
this illustration is zero. 

When a (ref) is taken as more positive than a( mp ). standard-form root complex plane plots have the 
general features illustrated in Fig. 20-3b. The least positive stability number is less than unity but ap¬ 
pears in the right-hand half of the plane. The deviation of the stability number of the equation is negative 
from Eq. (17). The relative transient stability is also negative from the discussion in Derivation Sum¬ 
mary 20-2. 

Standard-form root complex plane plots for a (re() less positive than a {mp) are illustrated by Fig. 20-3c. 
Here the stability number of the equation is greater than unity and the corresponding stability number 
deviation is positive. The relative transient stability of associated solutions is also positive. 

Note that <z (re() must always be negative. Since a (mp) in Fig. 20-la is negative, relationships between 
a (rof) and a (mp) such as those in Fig. 20-3 can be made. These relationships could not be applied to 
the case of Fig. 20-lb because a (mp) is positive there. In that instance, a negative value of a (rof) would 
have to be selected. 

c) Relative transient stability of solutions ass ociated with standard-fo rm r oot complex plan e plots 

Derivation Summary 20-3. Absolute and relative transient stability in terms of 
characteristic equation root complex plane plots. (Page 4 of 4) 


stability numbers may be defined for all roots of a characteristic equation. The 
stability number associated with the most positive real part of the roots represents 
the quantity defined as the stability number of the equation. The stability number 
concept may be generalized in terms of the standard-form characteristic equation 
root defined by Eq. (5) of Derivation Summary 20-3. When both the real and the 
imaginary parts of a complex root are divided by the same reference quantity, the 
root is reduced to the standard form. The reference quantity is always chosen as 
negative. Standard-form roots are given the symbol 'A . Real parts of standard- 
form roots are recognized as stability numbers. Imaginary parts of standard-form 
roots are frequency ratio ratios. These ratios are defined by Eq. (7) of Derivation 

Summary 20-3, when the reference frequency ratio is given by Eq. (8). The standard- 

form reference frequency ratio is equal to the magnitude of the reference specific 
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a) Illustrative complex plane plot of roots of the 
characteristic equation when the solutions have 
absolute transient stability. 
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b) Illustrative complex plane plot of roots of the 
characteristic equation when the solutions have 
absolute transient instability . 


Fig. 20-1. Illustrative complex plane plots of roots of characteristic equations. 




a) Illustrative standard-form complex plane plot of 
roots of the characteristic equation when the solu¬ 
tions have absolute transient stability (corresponds 

to Fig . 20-1 a). 


b) Illustrative standard-form complex plane plot of 
roots of the characteristic equation when the solu¬ 
tions hove absolute transient instability (corre¬ 
sponds to Fig. 20-lb). 


Fig. 20-2. Illustrative standard-form complex plane plots of roots of characteristic equations. 
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a) IIlustrative standard-form complex plane root plot 
when a (r«f) = a (mp) • (SN), eq) - l 

[(D)(SN ) ( . ql ] (a( r„ f) - a<mp , ) =0. 
and relative transient stability is zero. 


b) Illustrative standard-form complex plane root plot 


when a 


[(D)(SN) 


(ref) >a (mp) 


, (SN) 


(oq) J(a 


(mp) : 


(eq)< h 
^)< 0 ' 


(mp) 


and relative transient stability is negative . 



c) Illustrative standard-form complex plane root plot 


when a (rc|) <a (mp) ; (SN) ( ,> ], 

KDXSN) (eq) ] 2 >0, 

a (r«l) a "T a (mp) 

and relative transient stability is positive . 


Plots correspond to that of Fig. 20-la. Rela¬ 
tive transient stability becomes greater as the 
stability number of the equation increases. 


Fig. 20-3. Illustrative standard-form complex plane root plots. 


390 


























exponential rate divided by 2u . Expressions for standard-form characteristic 
equation roots are given by Eqs. (9) and (10). 

20.50. Standard-form complex plane plots may be constructed using stability 
number to represent the abscissa and frequency ratio ratio as the ordinate. The 
selection of the standard-form reference frequency ratio given by Eq.(8) of Deri¬ 
vation Summary 20-3 retains geometric similarity between root complex planes 
and standard-form complex planes, insofar as circles and radii in one plane have 
the same shape in the other. However, since, by definition, the reference value of 
the specific exponential rate is negative, stability numbers have signs opposite to 
those of the corresponding real parts of the roots. Positive stability numbers cor¬ 
respond to negative real parts of roots and vice versa. The graphical criterion for 
absolute transient stability is given in section b of Derivation Summary 20-3. For 
the standard-form complex plane 

all points corresponding to absolute transient stability must appear to the right of the 
ordinate axis, in direct contrast to the statement of this criterion for the root complex 
plane. 

20.51. A standard-form root complex plane plot corresponding to the root 
pattern in Fig. 20-la is shown in Fig. 20-2a. The reference specific exponential 
rate has been chosen arbitrarily. The least positive stability number is less than 
unity, but the stability numbers associated with the other roots are greater than 
unity. However, all plotted points are to the right of the ordinate axis, since all 
stability numbers are positive. From the graphical criteria for standard-form root 
complex planes, this situation represents an equation with solutions having 
absolute transient stability. The stability number of the equation is equal to the 
minimum stability number of the roots. For Fig. 20-2a, this quantity is positive 
and less than unity. It is associated with a real root. 

20.52. An illustration of a standard-form complex plane plot of characteristic 
equation roots associated with solutions having absolute transient instability is 
given by Fig. 20-2b, which corresponds to Fig. 20-lb. The reference specific 
exponential rate has also been chosen arbitrarily for this plot. Since three roots 
are represented by points in the left-hand half plane, the graphical criteria show 
this to be a situation associated with absolute transient instability. The stability 
number of the equation is negative, which also indicates this condition. 

RELATIVE TRANSIENT STABILITY FROM STANDARD-FORM COMPLEX PLANE PLOTS 

20.53. The discussion in section d of Derivation Summary 20-2 shows how 
relative transient stability may be determined from the stability number of the 
equation. From the definition of relative transient stability in section b of Defini¬ 
tion Summary 20-1, it is necessary to have a reference transient error as a basis 
of comparison. Derivation Summaries 20-1 and 20-2 show that the selection of a 
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reference specific exponential rate establishes the reference transient error. 
The choice of a reference specific exponential rate also permits stability numbers 
to be associated with characteristic equation roots. The smallest of these stability 
numbers has been defined as the stability number of the equation. 

20.54. Relative transient stability is shown at the end of Derivation Sum¬ 
mary 20-2 to be associated with the relative magnitude of the stability number of the 
equation with respect to unity . Absolute transient stability corresponds to the 
stability number of the equation being greater than zero. Stability number deviations 
are defined by Eq. (14) of Derivation Summary 20-3 as the stability number minus 
unity. The deviation of the stability number of the equation is defined by Eq. (17). 
This last quantity provides a simple means of designating relative transient stability 
since the deviation is negative when the stability number is less than unity and 
positive when it is greater than unity. Inasmuch as positive relative transient 
stability exists with respect to the reference transient error when the stability 
number of the equation is greater than unity, positive stability number deviations 
are associated with positive relative transient stability, and negative stability 
numbers with negative relative transient stability. Stability numbers greater than 
unity appear to the right of the line SN equal to unity on the standard-form complex 
plane. Stability number deviations are measured from the SN-equal-to-unity line. 

20.55. When the standard-form root with real part equal to the stability num¬ 
ber of the equation appears to the right of the unit ordinate , the stability number 
deviation is positive and solutions associated with the plotted root pattern have 
positive relative transient stability. On the other hand, when the stability number 
of the equation appears to the left of Uie unit ordinate , its deviation is negative, and 
therefore the relative transient stability is negative also. 

20.56. Figure 20-3 shows three examples illustrating the relationship between 
the choice of a reference specific exponential rate and relative transient stability. 
For these illustrations, the reference specific exponential rate has been taken 
proportional to the most positive real part of the roots.* The three plots corre¬ 
spond to Fig. 20-la. All of them show the plotted points in the right-hand half 
plane, which indicates absolute transient stability. The stability number of the equa¬ 
tion is that of the left-most plotted point. In Fig. 20-3a, it is equal to unity. This 
means that the integro-differential equation solutions have the same transient 
stability as the reference solution. In particular, the transient error of the solutions 
for sufficiently large values of the running variable is equal to the transient error of 
the reference solution (see sections c and d of Derivation Summary 20-2). The 
contribution to the transient error of the transient solution terms associated with 
the other plotted roots may be estimated by their proximity to the root with the 

• Reference specific exponential rates are generally chosen independently of the value of the most posi¬ 
tive real parr of the roots. See footnote for paragraph 20.42. 
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minimum stability number. When the other roots are quite removed, their stability 
numbers are large relative to the stability number of the equation. The associated 
transient solution terms will decay quickly compared to the terms associated with 
the stability number of the equation, and their effect is negligible. When, on the 
other hand, some of the roots are close to the one nearest the reference axis, con¬ 
tributions of the associated terms in the transient solution will assume more prom¬ 
inence and may require further examination. Experience will show when the effects 
of transient terms corresponding to roots in a given area may be neglected. 

20.57. Figure 20-3b is an illustration of a root pattern when the reference 
specific exponential rate is larger than the most positive real part of the roots. 
Since both coordinates are altered in the same way, it may be seen by comparing 
this figure with Fig. 20-3a that it is similar but smaller. The relative locations of 
the roots with respect to each other have not been affected. The stability number 
of the equation is still positive but now it is less than unity. The associated integro- 
differential equation solutions have less transient stability than the reference solu¬ 
tion and, for sufficiently large values of the running variable, the transient error 
is greater than that of the reference solution. Figure 20-3c shows the situation 
when the reference specific exponential rate is smaller than the most positive real 
part of the roots. The contrary conclusions apply;that is, the transient stability of 
the associated solutions is greater than the transient stability of the reference solution. 

FIRST-ORDER FUNCTION CHARACTERISTICS OF ROOTS* 

20.58. The simple pictures given by the root pattern in the complex plane are 
the basis for interpreting the coordinates of the plotted points in terms of the 
transient components of solutions of first- and second-order differential equations. 
Relationships between real characteristic equation roots and transient solution 
terms associated with first-order differential equations with constant coefficients 
are developed in Derivation Summary 20-4. 

20.59. Complete solutions of first-order differential equations are derived in 
Chapter 18. The general transient solution form for equations of this type is de¬ 
veloped in Derivation Summary 18-1. Key points of the solution pertaining to tran¬ 
sient stability are given in section a of Derivation Summary 20-4. The standard- 
form homogeneous first-order differential equation is shown by Eq. (1), while 
the corresponding characteristic equation appears as Eq. (2). It has a single root 
equal to the negative value of the constant term, as shown in Eq. (3). The transient 
solution term associated with this root is given by Eq. (4), which shows it to be a 


• Relationships between first- and second-order differential equation transient solution components and 
the location of characteristic equation roots on the complex plane have been discussed by many authors. The 
development presented here is based on the work of Mulligan (55) and Donahue (21), (22). 
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Transient solutions for linear integro-di fferential equations have the form of Eq. (6) in Derivation Sum¬ 
mary 20-2. Transient solution terms corresponding to real characteristic equation roots have the real ex¬ 
ponential form typical of transient solution components for first-order differential equations with constant 
coefficients. Details of first-order transient solutions are developed in Chapter 18. In the notation of 
Derivation Summary 18-1, the standard-form nondimensional homogeneous first-order differential equation 
has the form 

v ' + y 0 v = 0 (1) 

The corresponding characteristic equation is 

A + y 0 - 0 (2) 

Equation (2) has a single real root, which is 

A, = a, + 1277/3, = -y 0 

a i = -y 0 S £| “ 0 

Transient solution terms associated with this root have the form 

"it- s' \ » -a.Ct) "it- \ 

(FC)t 1 


(FC) 


(FC)e ‘ a i (t) 


In the special notation of Derivation Summary 18-1, this expression becomes 


- '(FC)«-'*/'' or v (tr) = (FC)e" t/r 


(tr) 


here 


"t «jl 


nondimensional characteristic time 


(5),(6) 


t *» *t T( rc (j = dimensional characteristic time 

T (ref) = arbitrary reference period with dimensions of r 

Inasmuch as the single root is a real number, the corresponding root complex plane point always appears 
on the real axis as shown in the accompanying figure. 


= _v = -1 P 1 


root of (lrst-ordor equation 


Imaginary part of root 

J277/3 


Real part of root 


The coordinates of the figure have dimensions when they are both multiplied by the same dimensional 
factor. The real axis takes on the dimensions of 1/r when the equivalent expressions shown in the figure 
are multiplied by l/T( ro f); «•«•» 


(ref) 


“1 „ _ 
(rof) 


- _J_ 


(rof) 


'rT 


(ref) 


The standard-form root complex plane has stability number as the real axis coordinate and frequency 
ratio ratio for the imaginary axis (see section b of Derivation Summary 20-3). Stability numbers are the 


Derivation Summary 20-4. Complex plane representation of first-order differential equation 

characteristic equation roots. (Page 1 of 3) 
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ratios of the real parts of roots to a reference value. The real axis of the preceding figure takes on the 
standard root complex plane form when it is divided by 

a (ref) = ~ " _Zl£2U_ (8 ) 


(ref) 


r (rof) 


Since 


(SN) 


the first-order equation root becomes 

(SN), = 


(ref 


(ref) 


- a 


(ref) 


(ref) 


'(ref) 


r (ref) 


( 10 ) 


a) Graphical representation of first-order equation roots 


A characteristic equation of arbitrary order may have a number of real roots, but no more than the order 
of the equation. A typical root complex plane plot is given by the accompanying figure when all the real 
roots are negative. 


°(rnp) 




r (mp) 


Real part of root 

„ = __L= -Lrol) 


1 (ref) _ 1 (ref) _ 1 (ref) _ (ref) 


It may be seen from the preceding figure that each point on the real axis is associated with a nondimen- 
sional characteristic time equal to the reciprocal of the magnitude corresponding to the point. As this 
magnitude becomes larger, the corresponding characteristic time is smaller, and vice versa. Points near 
the origin correspond to large characteristic times, while those well removed from the origin are small. 

By selecting a suitable reference specific exponential rate as in Eq. (8), stability numbers associated 
with the roots may be computed. For the points in the preceding figure, these are 

(SN), - , q > T ■ -Vl - ISSSiL. (1 la) 


- a 


(ref) 


(SN), - 


r M) - r Uef) 


- a 


(ref) 


(lib) 


Since (SN), may be seen from the figure to be the smallest of the four stability numbers, it is also des' 
ignated as (SN) (m , n) . The standard-form root complex plane plot is illustrated in the following figure. 

Derivation Summary 20-4. Complex plane representation of first-order differential equation 

characteristic equation roots. (Page 2 of 3) 
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Frequency ratio ratio 

j FRR 



(SN)j | (SN) 2 (SN) 3 (SN) Stability number SN 

A 1 


(SN) 


(min) 


W) I r (ref) 


r (ref) 


r (ref) 


SN = 1 


Vf) 


The standard-form root complex plane plot of real characteristic equation roots may be inteipreted in a 
manner similar to that for the root complex plane plot. Stability numbers near the origin correspond to large 
characteristic times while stability numbers removed from the origin are associated with small ones. 

b) Graphical representation of characteristic equation real roots 

Derivation Summary 20-4. Complex plane representation of first-order differential equation 

characteristic equation roots. (Page 3 of 3) 


real exponential function. Equation (5) is the usual form of first-order transient 
components with the exponent given as a time - characteristic time ratio. 

20.60. Since the first-order characteristic equation root is a real number, 
it is plotted as a point on the real axis of the root complex plane. The negative recip¬ 
rocal of the value of a point on the real axis is interpreted as equal to a nondimensional 
characteristic time. This is shown in the figure of section a of Derivation Sum¬ 
mary 20-4, which is plotted in nondimensional variables. When both coordinates 
are divided by an arbitrary reference period, they take on the dimensions of the 
reciprocal of the running variable. Points on the real axis have the dimensions of 
reciprocal characteristic time in accordance with Eq. (7). 

20.61. First-order characteristic equation roots assume the standard form 
when they are divided by reference specific exponential rates as in Eq. (10). This 
provides a comparison between the root and a reference value, or between the 
corresponding characteristic time and the corresponding reference characteristic 
time. The conclusions developed in Derivation Summary 20-1 may be immediately 
applied to the case of first-order roots. 

20.62. Higher order equations may have several real roots. From Eq. (5) of 
Derivation Summary 20-2, each real root is associated with a transient solution 
component having the form of a real exponential function like that in Eq. (4) of 
Derivation Summary 20-4. Transient solution components are linearly independent 
and therefore each of the real exponential functions may be considered as a typical 
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first-order differential equation transient solution. The plot of the real roots shows 
them to be points on the real axis as in the first figure of section b of Derivation 
Summary 20-4. Each point may be associated with a nondimensional characteristic 
time equal to the negative reciprocal of the real root. Properties of first-order 
solutions inferred from the plot of the single root of a first-order differential equa¬ 
tion in section a of the summary are applicable to each of the roots in the first figure 
of section b. In particular, the magnitude of the characteristic time is de¬ 
termined by the proximity of the plotted point to the origin. Points near the origin 
correspond to large characteristic times, while those well removed correspond to 
small characteristic times. 

20.63. Stability numbers may be associated with the real characteristic equa¬ 
tion roots be dividing each by the same arbitrarily chosen reference quantity. 
When the stability numbers are plotted on the standard-form complex plane, they 
appear as in the second figure of section b, Derivation Summary 20-4. Relative 
transient stability is inferred from the relationship of the minimum stability num¬ 
ber of the set to unity according to the discussion of Derivation Summary 20-3. 
Furthermore, stability numbers indicate the ratio of the reference character¬ 
istic time to the characteristic time associated with the corresponding root. Points 
near the origin are interpreted as having characteristic times that are large com¬ 
pared with the reference, and vice versa for points far from the origin. 

SECOND-ORDER FUNCTION CHARACTERISTICS OF ROOTS 

20.64. Procedures for obtaining second-order differential equation solutions 
are presented in Chapter 19. The general transient solution form for this type of 
equation is developed in Derivation Summary 19-1. An outline of the resulting 
solutions is shown in section a of Derivation Summary 20-5. The characteristic 
equation, Eq. (2), is obtained from the second-order homogeneous equation, Eq. (1). 
The two characteristic equation roots are given by Eqs. (3a) and (3b). When the 
square root component of the roots is real, the roots are also real and the previous 
discussion concerning the plotting of real roots is applicable. However, for the 
condition represented by Eq. (5), the radical term becomes an imaginary quantity 
and the second-order characteristic equation roots represent the complex conjugate 
quantites given by Eqs. (6a) and (6b). The real and imaginary parts of the roots 
are expressed by Eqs. (8a) and (8b). 

20.65. It is often useful for practical applications to use the special definitions 
of Definition Summary 19-1 and Table 19-1 to obtain special forms for the real and 
imaginary parts of second-order equation complex roots. Expressions for the real 
parts of complex roots are given in Eq. (9a) of Derivation Summary 20-5. It is 
seen that the real part is equal to the negative nondimensional low damping ratio 
reciprocal characteristic time associated with the complex roots. This is similar 
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Transient solution terms in Eq. (6) of Derivation Summary 20-2 corresponding to complex characteristic 
equation roots are similar to the transient solution terms associated with the second-order differential 
equations with constant coefficients given in Chapter 19. By the procedure of Derivation Summary 19-1, 
the second-order transient solution form is obtained from the second-order homogeneous differential equa- 


cion 


v " + y,v' + y 0 v = 0 

which has the corresponding characteristic equation 

A2 + M + y 0 = o 

The two roots of Eq. (2) are 


(1) 




- i 




(3a) 


(3b) 


When the quantity under the square root sign is positive, that is, when 




* i 


both roots are real. The discussion of Derivation Summary 20-4 may be applied to complex plane plots of 
the real roots of second-order equations. However, when the quantity under the square root sign is negative- 
that is, when 

(nr) 2 1 < 1 (5) 

the radical term in each root becomes an imaginary quantity and the second-order roots form a complex 


conjugate pair: 




(6a) 


(6b) 


These two roots of Eq. (2) may be expressed as 

A, - a, + )2rr0, ; 

where 


- a. + j2 nfi 


(7a),(7b) 


Oj « a 


2 — — ~2 ! 2*/3 


V* - (-£)’ 


(8a),(8b) 


For purposes of practical applications, it is frequently convenient to use the special definitions of 
Definition Summary 19-1 and Table 19-1 to express the real and imaginary parts of complex roots. In terms 
of these definitions, the components of the roots have the forms: 

a l “ ~ ■ ““ “ ~(% Ml - - Cl ^(n)i ^(rof) (9a) 

r l r l 


2rr/3, * '<u, ■ oj ] T 


(ret) 


- 'to 


(n) 1 


i - <r . 2 - 


w (n)l (ret J 


1 - 


(9b) 


where 


'<o n - nondimensional undamped angular natural frequency 
£ = damping ratio 


Derivation Summary 20-5. Interpretation of characteristic equation complex roots 
in terms of second-order differential equation transient response. (Page 1 of 4) 
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7 “ * ow damping ratio nondimensional characteristic time 
<i) = nondimensional angular natural frequency 
^(ref) 53 arbitrary reference period with dimensions of r 
<i) n = undamped angular natural frequency 
r = low damping ratio characteristic time 
cu = angular natural frequency 
Comparing Eq. (9a) with Eq. (9b) shows that: 

"(n) I c w (n)l^(rof) = \ a f + (2 nft .) 2 


( 10 ) 


4 = - "» 

** 1 ' 

"(n)l 


- a 


w (n)|T ( ref) \Ja] + (2rrft { ) 2 

For the condition of Eq. (5) (i.c., when the roots are complex conjugate), the damping ratio must be less 
than unity. 

Transient solution terms associated with the roots of Eq. (2) have the form 

V («r) - 1 + (FC) 2< 2 , n 


(in 


'(FC) (a i +, 2 ' r / 3 i )( ,) + '(FC) 2 « (a i~l 2 ' 7 ^i ) (‘‘* 
'(FC), e “ [ y 1 /2 - > 'fn V »-(y /2 ) 2 (!/y 0 )]('«) + 


( 12 ) 


(13) 


(FC) 2t 


+ Vl-(y|/2) 2 (l/y 0 )]('t) 


(14) 


(16) 


(17) 


In the special notation of Definition Summary 19-1, the expression of Eq. (14) becomes 

v (lr) - (15) 

■= '(FC) 1 *-i^\J'‘irt) + '(FC) 2 «-rt>/V''*<'«> (16) 

= "(FC)j«‘ ,/r « Jwt + '(FC) 2 <-‘ /r «-^« (17) 

tthen the damping ratio is less than unity, second-order equation roots plotted on the root complex plane 
appear in a pattern similar to that illustrated in Fig. 20-4a. The abscissa is the real pan of the complex 
root in Eq. (3a) or Eq. (7a). From Eq. (9a), this real part is equal to - £'<o n or -1 /'r. Similarly, the or¬ 
dinate is the imaginary pan of the root, which from Eq. (9b) is equal to or cu n y[\ _ £ 2 . 

Equation (10) shows that the nondimensional undamped natural frequency associated with the root may 
be identified with the radius vector to the conesponding point on the root complex plane. The angle of the 
damping ratio is defined by the relationship 

ADR = A £ = cos* 1 £ m COS * 1 -Hi? - 

V fl2 ♦ 2 nfi 2 

The angle of the radius vector in Fig. 20-4a is equal to ( n - A^). 

Figure 20-4a shows that second-order characteristic equation complex roots may be represented in com¬ 
plex Cartesian coordinates by using the quantity a (or one of its equivalents given by Eq. (9a)) as the ab- 
scissa and j2*/9 (or one of its equivalents given by Eq.(9b)) asthe ordinate. Polar coordinate representa¬ 
tion shows that the length of the radius vector of the root complex plane point is equal to and the 
angle of the radius vector is equal to (17 - A^). n 

a) Graphical representation of second-order characteristic equation roots 


- a 


(18) 


Derivation Summary 20-5. Interpretation of characteristic equation complex roots 
•n terms of second-order differential equation transient response. (Page 2 of 4) 
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A higher order characteristic equation with real coefficients may have both real roots and complex roots 
Complex roots occur as complex conjugate pairs. A single complex root on the root complex plane is il¬ 
lustrated in Fig. 20-4a. Each characteristic equation complex root may be associated with a damping ratio 
an undamped natural frequency, a low damping ratio characteristic time and a natural frequency. Relation¬ 
ships between these quantities and the real and imaginary parts of characteristic equation complex roots 
are given by hqs. (9a), (9b), (10) and (11). Graphical interpretations are indicated in Fig. 20-4a in terms 
of Cartesian and polar coordinates. In particular, when a root is plotted using Cartesian coordinates, the 

length of the radius vector from Eq. (10) is equal to , and the angle of the radius vector from Eq. (18) 
is (77 - A^). 

Because of the similarity between transient solution terms associated with complex roots and second- 

order transient solutions when the damping ratio is less than unity, these terms may be defined as second- 

order components of tr ansient solutions. For a like reason, transient solution terms associated with real 
roots arc defined as first-order comp onents, 

b) Graphical interpretation of complex characteristic equatio n roots 

I he plot in Fig. 20-4b shows how it may be determined whether there are any second-order transient 
solution components with damping ratios and undamped angular natural frequencies less than, equal to, or 
greater than reference values of these quantities. The locus of all roots associated with the reference un¬ 
damped angular natural frequency is a circle with radius « {n)(ref) . All roots with undamped natural fre¬ 
quencies less than the reference quantity appear inside the circle, and vice versa. The lines bounding the 
sector with an included angle equal to twice the angle of the reference damping ratio separate the roots 
associated with a smaller damping ratio, located outside the sector, from those with a greater damping 
ratio, located inside the sector. 

The coordinates of Fig. 20-4b may be given dimensions when they are both transformed by using the 
reference period, T (fe „ . The real axis coordinates take on the dimension of 1/rand those of the imaginary 
axis that of a. when abscissas and ordinates are multiplied by l/T (ref) ; i.e., from Eqs. (7) and (9), 

A, a, , / ~ , 

j j- + T- = + * W (n)l V 1 “ C| = -7 + j«u, (19) 

(ref) '(ref) '(ref) 1 

The locations of characteristic equation roots with respect to each other are unaffected when both co¬ 
ordinates are multiplied by the same dimensional quantity. All points retain their same relative position 
with respect to the reference sector and reference circle. Figure 20-4c shows the points of Fig. 20*4b 
when their coordinates are divided by an arbitrary reference period, T (reJ) . 

c) Comparison of second-order transient solution component parameters w ith reference values. 

Standard-form root complex plane plots of characteristic equation roots arc described in section b of 
Derivation Summary 20-3. Second-order transient component characteristics may be determined from the 
locations of the points corresponding to standard-form roots. The transformation of a root complex plane 
into the standard-form plane depends on the selection of an arbitrary reference value of the specific ex¬ 
ponential rate. The corresponding standard-form reference frequency ratio is defined by Eq. (8) of the 
cited summary. Reference values of the coordinates determined in this way do not affect the geometric 
properties of points and curves on either the root complex plane or the standard-form root complex plane. 
However, since a (fe() is defined as a negative quantity, all points in the reference sector of Fig. 20-4b 
appear on the right-hand side of Fig. 20-4d. By taking aj rof , equal to the negative product of the reference 
damping ratio and the nondimensional reference Undamped angular natural frequency, the intersection of 
the reference sector and the reference circle corresponding to these quantities occurs on the line for 
which the stability number, SN , is unity. 

Derivation Summary 20-5. Interpretation of characteristic equation complex roots 
in terms of second-order differential equation transient response. (Page 3 of 4) 
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The angle of the damping ratio is still defined by Eq. (18); i.e., 


cos 


cos 


(SN) 2 + (FRR) 2 


(20) 


The radius of a circle on the standard-form root complex plane now becomes 

= \l (SN) 2 + (FRR) 2 


< rel > 2 ^ (re() 

The circle corresponding to the reference nondimensional undamped angular natural frequency is dcs- 


( 21 ) 


ignated by the symbol 


NFRR 


n)(re<) 

w (ref) 


natural frequency reference ratio 


( 22 ) 


Examination of Fig. 20-4d shows that points within the reference sector correspond to characteristic 
equation roots with damping ratios greater than the reference value. Points outside the reference circle 
associated with undamped angular natural frequencies greater than the reference value. 

The damping ratio ratio is defined by the expression 

DRR . _ DR , „ 

The natural frequency ratio is defined by the expression 


(23) 


NFR 


"foHref) 


(24) 


From the definitions of Eqs. (21), (22) and (24) it follows that 


(25) 


(DRR) (NFR) 


- a 


(ref) 


(26) 


? —2- - ,-2- . - TW et) = (NFR) (NFRR) ,25) 

w (ref) "(nXref) w (ref) 

The product of Eqs. (23) and (24) is the stability number; i.e., 

SN = (DRR) (NFR)- 0 a (26) 

^(ref) "(n)(ref) ~ 

Equation (26) shows that for constant natural frequency ratio, the stability number increases with the 
damping ratio ratio. This is illustrated by Fig. 20-4c. The curve of constant natural frequency ratio is a 
circle centered on the origin. Equation (20) shows that the angle of the damping ratio is smaller for a 
damping ratio larger than the reference. The real part of the point of intersection of the reference damping 
ratio radius and a given circle is nearer the origin than the corresponding real part for any radius of a 
smaller angle; that is, larger damping ratios correspond to larger stability for a constant natural frequency 


is a 


ratio. 


d) Graphical interpretation of complex roots on the standard -form complex plane 

Derivation Summary 20-5. Interpretation of characteristic equation complex roots 
in terms of second-order differential equation transient response. (Page 4 of 4) 


to the situation for real roots discussed in Derivation Summary 20-4. The real part 
is also equal to the negative product of the damping ratio and the nondimensional 
undamped angular natural frequency associated with the roots. Dimensional forms 
for these equivalent expressions are also given byEq. (9a), when an arbitrary ref- 
erence period is available. 

20.66. Imaginary parts of complex roots may assume the special forms given 
byEq. (9b). These components of second-order equation roots may be considered 
as nondimensional angular natural frequencies. They may also be expressed as the 
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product of nondimensional undamped angular natural frequencies and the square root 
of one minus the damping ratio squared. Again, dimensional forms are shown with 
an arbitrary reference period. By solving Eqs. (9a) and (9b) for the undamped 
angular natural frequency and the damping ratio, the expressions of Eqs. (10) and (11) 
are obtained. Equation (10) shows that the nondimensional undamped angular natural 

frequency is equal to the square root of the sum of the squares of the real and im¬ 
aginary parts of the second-order complex root; that is, it is equal to the magnitude 
of the root. The damping ratio may be expressed as the negative ratio of the real part 
of the root to its magnitude, as in Eq. (11). The form of the roots given by 
Eqs. (7a) and (7b), expressed in terms of real and imaginary parts, may be 
regarded as the Cartesian coordinate form of the roots. Equations (10) and (11) 
supply the basis for obtaining the polar coordinate equivalent in terms of second-order 
characteristic equation parameters. This will be discussed more fully in subse¬ 
quent paragraphs. 

20.67. Transient solution forms associated with the second-order homogeneous 
differential equation shown as Eq. (2) are expressed by Eqs. (12) through (17) for 
the case when the damping ratio is less than unity. Equation (12) is the general 
form of the solution expressed as the sum of two exponential functions with complex 
exponents. Equation (13) shows the exponents as the complex conjugate pair of roots 
given by Eqs. (7a) and (7b), while Eq. (14) is the same equation when the values of 
the roots in terms of the characteristic equation coefficients are used. Equations (15) 
and (16) express the nondimensional second-order equation transient solution in 
the special forms of Eqs. (9a) and (9b). Equation (17) shows the form of Eq.(16) 
when dimensional second-order parameters make up the exponential function 
exponents. All of these equations show the solution to have terms that are products 
of real and imaginary exponential functions whose exponents are derived from the 
coefficients of the given second-order differential equation. 

20.68. Each second-order equation complex root plotted on the root complex 
plane appears as a point like that illustrated in Fig. 20-4a. The abscissa repre¬ 
senting the real part of the root is also equal to the negative product of the damping 
ratio and the nondimensional undamped angular natural frequency, from Eq. (9a) 
of Derivation Summary 20-5. The ordinate is the imaginary part of the root equiv¬ 
alent to the nondimensional angular natural frequency associated with the root, 
as well as the other forms shown in Eq. (9b) of the summary. The length of the 
radius vector is the magnitude of the plotted root according to Eq. (10). The angle 
of the radius vector is seen to be the difference between n and the angle of the 
damping ratio , which is defined by Eq. (18) as the arc cosine of the damping ratio 
associated with the point. The Cartesian coordinates of the point representing a 
complex root are the real and imaginary parts given respectively by Eqs. (9a) and (9b) 
of Derivation Summary 20-5. The corresponding polar coordinates are the magnitude 
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Angle of radius vector = n — 

ADR = = angle of damping ratio = cos' * £ 



sclssa - a = — C, cu n = — 1 / r *= negative reciprocal of low damping ratio characteristic time 


Ordinate - ft a>( re f) = £ 2 = Co = nondimenslonai angular natural frequency 


a) Representation of complex roots by nondimensional complex Cartesian and polar coordinates 
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ii; damping ratios equal to 
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Imaginary part of root 
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Roots outside circle have 
nondimensional undamped 
angular natural frequencies 
greater than ^ (n)(ref , 

Roots inside circle have 
nondimensional undamped 
angular natural frequencies 


(£)(ref) less than a j 


(n)(ref) 



Real part of root 
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Roots on circle have non- 

_ j ~ dimensional undamped 

angular natural frequencies 

-1 1111 eqUOj <0 <<J (n)(re() 
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b) Representation of second-order transient component characteristics with damping ratios and nondimensional 
undamped angular natural frequencies less than, equal to. or greater than reference values. 

Fig. 20-4. Representation of second-order transient component characteristics on root complex and 

standard-form root complex planes. (Page 1 of 3) 
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c) Representation of second-order transient component characteristics by dimensional root plots with reciprocal 
characteristic time as the real axis coordinate and angular natural frequency as the imaginary axis coordinate. 
The plot in Fig. 20-4c is obtained by dividing the coordinates of Fig. 20-4b by an arbitrary reference period, 
T( re f > • shows that the geometric properties of Fig. 20-4b are unaltered by this operation. 








Roots outside circle have 
undamped anqular natural 
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frequencies less than 0 ) fr% w__ n 
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unity 
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greater than unity 


d) Representation of second-order transient component characteristics by standard-form root plots with 
stability number as the real axis and frequency ratio ratio os the imaginary axis . 


Fig. 20-4. Representation of second-order transient component characteristics on root complex and 

standard-form root complex planes. (Page 2 of 3) 
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of the root equivalent to the nondimensional undamped angular natural frequency 
and the argument of the root equal to ir minus the angle of the damping ratio. 

20.69. By extension of this procedure, every point on the complex plane may 
be associated with second-order equation parameters. The nondimensional un¬ 
damped angular natural frequency is proportional to the length of the radius vector, 
while the damping ratio is determined from its angle. When complex roots of a given 

characteristic equation are plotted on the root complex plane, second-order equa¬ 
tion parameters may be determined from the location of the plotted points. Each 
characteristic equation root may be associated with a damping ratio, undamped 
angular natural frequency, low damping ratio characteristic time and angular nat¬ 
ural frequency, as well as a specific exponential rate and frequency ratio. 

FIRST. AND SECOND-ORDER MODES 

20.70. It is frequently useful to identify transient solution terms associated 
with roots of higher order characteristic equations with those of first- and second- 
order types. The previous discussion shows how this may be done by interpreta¬ 
tion of characteristic equation root plots. Because of the similarity between tran¬ 
sient solution terms associated with real roots and first-order transient solutions 
these terms are designated first-order componen ts of transient solutions In the’ 
same way, the identity of transient solution component forms associated with 
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complex roots and second-order transient solutions for damping ratio less than 

one permits these forms to be referred to as second-order components of tran¬ 
sient solutions . ~ " 

20.71. First- and second-order transient solution components are also often 
described as m odes .* It may be said that real roots correspond to first-order 
modes and complex roots to second-order modes of transient solutions. First- 
order modes or first-order transient solution components are associated with 
points on the real axis of the root complex plane. From the discussion of Deriva¬ 
tion Summary 20-4, the characteristic time associated with a first-order mode is 
inversely proportional to its distance from the origin. Second-order modes or 
second-order transient solution components are related to root complex plane 
points elsewhere than on the real axis and second-order parameters are indicated 
by the location of the root, as described in Derivation Summary 20-5. 

COMPARISON WITH SECOND-ORDER FUNCTION PARAMETER REFERENCE VALUES 

20.72. Designation of characteristic equation complex roots in terms of polar 
coordinates permits transient solution components of higher order integro- 
differential equations to be compared with second-order function transient solutions. 
Comparisons may be carried out directly on the root complex plane, as is dem¬ 
onstrated in Fig. 20-4b. Second-order transient solutions are characterized by 
damping ratios and nondimensional undamped angular natural frequencies. A ref¬ 
erence value of the damping ratio is indicated on the root complex plane by con¬ 
structing the sector with the included angle equal to twice the angle of the reference 
damping ratio. The circle with radius equal to the reference nondimensional un¬ 
damped angular natural frequency is the locus of all roots associated with this 
quantity. When these geometric figures are constructed, as in Fig. 20-4b, an ex¬ 
amination of the location of the roots of a particular characteristic equation will 
immediately show which roots have damping ratios and undamped angular natural 
frequencies greater than, equal to, or less than the reference quantities. 

20.73. Relationships between the geometric properties of points on the root com¬ 
plex plane and second-order function parameters are not restricted to nondimensional 
plots. Since the coordinates of Fig. 20-4b have been nondimensionalized by multi¬ 
plying each coordinate by the same value of the arbitrary reference period, T (ro() , 
replacing these coordinates by dimensional ones is indicated merely by removing 
the preprimes from all quantities, as in Fig. 20-4c. The geometric properties are 
unaffected because each coordinate is divided by the same dimensional quantity. 
The sector associated with the reference damping ratio retains the same included 
angle. The circle, which in Fig. 20-4b designates the locus of all roots with the 
same nondimensional undamped angular natural frequency, refers in Fig. 20-4c 

• Compare with the definition of normal modes in James, Nichols and Phillips (42). 
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to those roots with the corresponding dimensional angular frequency. The rela¬ 
tionships of points inside the circle and sector to those outside are unaffected. 

INTERPRETATION OF ROOT LOCATIONS ON STANDARD-FORM COMPLEX PLANE PLOTS 

20.74. The correspondence between points on the nondimensional root complex 
plane and the standard-form root complex plane is described in section b of Deri¬ 
vation Summary 20-3. Equation (5) of that summary defines a transformation of 
points in one plane to that of the other. The characteristic of the transformation 
is that points of the left-hand half of the root complex plane go over into points of 
the right-hand half of ttie standard-form complex plane. 

20.75. It may be observed that points inside the reference damping ratio sector 
of the root complex plane appear inside a similar sector on the right-hand side of 
the new plane. The coordinates of the standard-form root complex plane in 
Fig. 20-4d have been chosen equally proportional to the coordinates of the root 
complex plane of Fig. 20-4b by the defining relationship in Eq. (5) of Derivation 
Summary 20-3. Shapes of all geometric figures are preserved. In particular, the 
sector whose included angle is twice the angle of the reference damping ratio has 
the same included angle in both planes. The expression for the angle of the damping 
ratio is given by Eq. (20) of Derivation Summary 20-5 for the standard-form 
root complex plane. While circles in the root complex plane remain circles in 
the standard-form root complex plane, the radius in the new plane is given by 
Eq. (21) of the cited summary. The circle representing the locus of all points with 
radius equal to the reference nondimensional undamped angular natural frequency 
is identified as the circle of the natural frequency reference ratio by Eq. (22). 

20.76. The interpretation of the position of a given point with respect to the 
reference circle and reference sector is the same as for the root locus plane. 
Points within the reference sector represent roots associated with damping ratios 
greater than the reference while points outside the sector refer to roots with smaller 
than reference damping ratios. Points inside the reference circle have smaller un¬ 
damped angular natural frequencies, and those outside larger ones, than the refer¬ 
ence. The relative magnitude of the damping ratio associated with a given point to 
the reference damping ratio is expressed by Eq. (23) of Derivation Summary 20-5 
and is defined as the damping ratio ratio . Similarly, when a given undamped 
angular natural frequency is divided by the reference value, the new quantity is 
called the natural frequency ratio . The product of the natural frequency reference 
ratio and the natural frequency ratio is equal to the radius of a circle in the 
standard-form root complex plane as given by Eq. (25). Equation (26) shows that 

the stability number of a point is the product of the damping ratio ratio and the 
natural frequency ratio. 

20.77. When the damping ratio ratio of a point is greater than unity, it lies 


407 



inside the reference sector as may be seen in Fig. 20-4e. Natural frequency ratios 
greater than unity are associated with circles outside the reference circle. The 
ratio of the radii of the two circles shown on the standard-form complex plane is 
equal to the natural frequency ratio. 

20.78. The radii bounding the inner sector of Fig. 20-4e intersect the ref¬ 
erence circle at points with an abscissa greater than that of the reference sector 
intersections. Since the inner sector corresponds to a damping ratio greater than 
the reference, the figure shows that, when the undamped angular natural frequency 
is constant, larger damping ratios correspond to greater stability numbers. This 
illustrates the conclusion that may also be obtained from Eq. (26) of Derivation 
Summary 20-5. 

20.79. Figure 20-5 and the associated Data Summary 20-1 illustrate the pro¬ 
cedure for obtaining standard-form root complex plane plots. This example deals 
with a fifth-order characteristic equation, but the same procedure is applicable to 
equations of any order. The real and imaginary parts of the roots are given in the 
second and third columns of the table of the data summary. All quantities are ex¬ 
pressed with therealpart of the first root taken as the reference quantity. Stabil¬ 
ity numbers and frequency ratio ratios are given in the ninth and tenth columns. 
The first- and second-order parameters for the roots shown in the rest of the 
table may be directly calculated. However, by referring to Figs. 20-5a and 20-5b, 
the values may be read off with a straight edge and protractor. Figure 20-5a shows 
the root complex plane plot of the given roots, while Fig. 20-5b is a standard-form 
root complex plane plot. 

SUMMARY 

20.80. Transient stability of complete solutions associated with linear integro- 
differential equations with constant coefficients may be considered from the stand¬ 
point of the character of the transient error component (transient solution) in the 
manner of Definition Summary 20-1. This approach is most useful when the tran¬ 
sient error is obtained experimentally. Frequently, though, it is necessary to 
derive the expression for the transient error analytically from the solution of the 
integro-differential equation. This is particularly true during the study phase of a 
problem. However, it is generally laborious to calculate transient errors from 
the expressions for integro-differential equations. The development in Derivation 
Summary 20-2 shows that transient stability may equally well be evaluated from 
the roots of associated characteristic equations. Furthermore, the summary shows 
that when transient stability is established for one solution of a particular equation, 
it exists for all solutions of the same equation. Experimentally, this means that 
only one test need be applied to determine transient stability. When it is demon¬ 
strated to exist for one type of input function, it exists for all other possible inputs. 
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Consider a fifth-order characteristic equation with the roots 

A, = a, + j2/r0, , A 2 = a 2 + j2ir/3 a , A 3 = a 3 + j2/r/9 3 , 

A 4 = a 4 + j2fr/3 4 , and A $ = a s + j2»r/3 s 

The values of the real and imaginary parts of the roots are given in the accompanying table. 


Root 

Desig¬ 

nation 



IMA) 

/«(A) 

a i 

2nfi l 

~K.l)l 

Vjk. 

a 2 

2^ 3 

- K«nl 

-V3|a (f , 



-2K.nl 

0 

a 4 

2-0 4 

2-82K.nl 

2.82|a (r# 

a J 

2nf) i 


Characteristic Equation Form 


1_ 

a (r*l)l 


2 K.I)I 


2 -82|a (r# „| 


V3K.J 60° 

05 2K.nl 






2.82|a, r# „| 0.707 4|a, r .„| 45< 


Standard Form 


-2-82|«.(,. n | -2.82|a (r>| ,| 


SN 

FRR 

(SN) t 

(FRR), 

l 

V3 

(SN) 2 

(FRR), 

1 

-V3 

(SN), 

(FRR), 

2 

0 

(SN) 4 

(FRR) 4 

2.82 

2.82 

(SN) s 

(FRR), 

2.82 

-2.82 



2 1.41 45‘ 


The following definitions apply to the table: 

Re(\) k a = real pan of root 

a = nondimensional specific exponential rate 

■ negative reference period - characteristic 
time ratio 

T( re () e af bitrary reference period 

a (r <?0 e reference specific exponential rate 
(a negative quantity) 

= (CT) a - 1/a ® nondimensional char¬ 
acteristic time 

• characteristic time — reference period 
ratio 

« \la 2 + (2nB) 2 = \l (- 1/ r) 2 + 'cu 2 


Oi n ■ y a 2 + ( 2rr/3) 2 = ^(- 1/ r) 2 + a* 2 

■ nondimensional undamped angular 
natural frequency 

e undamped angular natural frequency — 
reference frequency ratio 

CJ (r.)(ref) ” reference nondimensional undamped 
angular natural frequency 

SN ■= aAHa( ro f)P " stability number 

NFR - '«■>„/ w (n ,, ref ,-6> n /<u (n )(r*j) 

= natural frequency ratio 

« undamped angular natural frequency — 
reference undamped angular natural 
frequency ratio 


lm( A) 

p 

P{rel) 


^(rel) 

c 

^(ref) 

FRR 


DRR 


2 nfi = imaginary part of root 
FR = frequency ratio 
frequency—reference frequency ratio 
reference frequency ratio 

2 nfi =• nondimensional angular natural 
frequency 

angular natural frequency - reference 
frequency ratio 

reference angular natural frequency 
DR = - a / \ u n =» damping ratio 
reference damping ratio 

ADR *= cos’ 1 £ = angle of damping ratio 

P/P(rel) " FR/(FR)( ro j j 

frequency ratio ratio 

frequency ratio — reference frequency ratio 
ratio 

C/<(ren - DRADRU, 

damping ratio ratio 

damping ratio — reference damping ratio 
ratio 


Data Summary 20-1. Data for Fig. 20-5: Illustrative example of complex plane plots 

of characteristic equation roots. (Page 1 of 2) 
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Equivalent second-order parameters for the first four roots are given in the fourth through eighth columns 
of the accompanying table. The equivalent first-order parameters for the fifth root is shown in the fourth 
column. 

When the real part of the first root is taken as the reference specific exponential rate, the standard 
form of the roots and the second-order parameters may be calculated. These are given in the last five 
columns of the table. Reference values for the undamped angular natural frequency and damping ratio are 
taken as those of the first root. 

Figure 20-5a shows the root complex plane when the values for the real and imaginary parts of the roots 
from the second and third columns of the table are used. The values of the equivalent first- and second- 
order transient component characteristics may be determined from the polar coordinates of each point. 

Since all points lie in the left-hand half plane, the solutions all have absolute transient stability. 

Figure 20-5b is the corresponding standard-form root complex plane plot when the real part of the first 
root is taken as the reference. 

Data Summary 20-1. Data for Fig. 20-5: Illustrative example of complex plane plots 

of characteristic equation roots. (Page 2 of 2) 










&> (n) 2 - 4 I “(ref) 



-A, 0! .13S° 


a l + I2np | 
Oj + J2 nft 2 
a, + J2nff 3 
a A + J2rr/3 4 
a s + J2rr/3 S 


-I a (ref)l + 1 ^ Kref)l) conjugate 

__ /pair 

-l^renl-JV 3 l“(ref)l) A^Aj 

" 2,a<reo1 complex 

-2.82 K. f) | + 2.82 la^li compare 

— 2.82 |fl(r 0 j)l — 2,02 l a ( r el)l j A S * 


o) Illustrative example of root complex plane plot. 


Fig. 20-5. Illustrative example of complex plane plots of characteristic equation roots. 

(Page 1 of 2) 
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b) Illustrative example of standard-form root complex plane plot. 


Fig. 20-5. Illustrative example of complex plane plots of characteristic equation roots. 

(Page 2 of 2) 

20.81. The concept of absolute transient stability, given in Definition Sum¬ 
mary 20-1, applies to the most general case, even when analytical expressions are 
not available. For solutions of linear integro-differential equations with constant 
coefficients, it is shown in Derivation Summary 20-2 that absolute transient stabil¬ 
ity exists when all the roots of the associated characteristic equation have negative 
real parts. Derivation Summary 20-3 provides an equivalent graphical test; 
namely, that all roots of characteristic equations plotted on the root complex plane 
appear to the left of the axis of imaginaries when absolute transient stability exists. 
The exact relationship between the original definition of absolute transient stabil¬ 
ity and characteristic equation roots exists because absolute transient stability 
is concerned only with the value of the transient error for very large values of the 
running variable. 

20.82. Measures of relative transient stability are provided by the concepts of 
the most positive real part of the roots, the stability number of the equation or the 
reference values of damping ratio and undamped angular natural frequency. It is the 
purpose of each of these concepts to supply a representative transient error, for 
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the total transient error of solutions, that may be the transient response of either 
a first- or second-order function. The development of the last part of Derivation 
Summary 20-2, the discussion in section c of Derivation Summary 20-3, as well 
as Derivation Summaries 20-4 and 20-5 are concerned with analytical and graphi¬ 
cal methods for evaluating and interpreting representative transient errors for 
high-order integro-differential equation solutions in terms of the characteristic 
equation roots. 

20.83. It is useful to associate positive quantities with positive transient sta¬ 
bility, as this quantity is expressed in Definition Summary 20-1. For this reason, 
the concept of stability number is introduced in Derivation Summary 20-1. Stability 
number is a nondimensional quantity representing the ratio of the real part of a 
root of a characteristic equation to a reference that is negative. Since, for absolute 
transient stability, the real parts of characteristic equations must be negative, sta¬ 
bility numbers associated with characteristic equation roots of this kind must be pos¬ 
itive. The smallest of the stability numbers is a measure of the relative transient 
stability of the equation. Relative transient stability is determined by comparing the 
stability number with unity, as explained in section d of Derivation Summary 20-2. 

20.84. Relative, as well as absolute, transient stability may be deduced from 
a standard-form root complex plane plot, such as Fig. 20-3. The relationships 
between polar and Cartesian coordinates give rise to simple interpretations of 
characteristic equation roots in terms of the parameters of nondimensional first- 
and second-order function transient solutions as explained in Derivation Sum¬ 
maries 20-4 and 20-5. Characteristic equation root plots and standard-form root 
plots like Figs. 20-4 and 20-5 are of considerable assistance in evaluating the 
properties of transient solutions. 

20.85. The foregoing discussion shows that the transient stability of solutions 

associated with linear integro-differential equations with constant coefficients 
depends upon characteristic equation roots, or quantities derived from them. In 

the chapters that follow, methods are developed for determining the nature of the 
roots of characteristic equations from the equation coefficients. The most direct 
approach is to factor the polynomial representing the characteristic equation. 
However, frequently this is an impractical procedure. Other methods are de¬ 
scribed by which the nature of the roots may be inferred, particularly the most 
positive value of the real parts of the roots or the stability number of the equation. 
Some of the methods are essentially algebraic, while the others are mostly 
graphical. Algebraic methods are taken up first. In every case, it is useful to 
return frequently to the concepts described in this chapter to evaluate the results. 
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CHAPTER 21 


NUMERICAL METHODS OF DETERMINING 

TRANSIENT STABILITY 

TYPES OF NUMERICAL METHODS 

21.1. Transient stability of solutions of linear integro-differential equations 
with constant coefficients is discussed in Chapter 20. It is shown in Derivation 
Summary 20-2 that absolute transient stability exists only when all the roots of 
the associated characteristic equation have negative real parts. The present 
chapter deals with methods for evaluating characteristic equation roots by es¬ 
sentially numerical methods. Techniques for extracting the roots are described 
first, to provide straightforward methods for this purpose when needed. The 
Routh-Hurwitz stability criteria, which follow, form a procedure that does not 
determine the values of the roots, but only the sign of the real parts. It provides 

a means for distinguishing roots with positive real parts from those with 
negative ones by examination of the characteristic equation coefficients. A method 
is included for extending the Routh-Hurwitz criteria procedure to determine the 
relative transient stability when a reference transient error is specified. 

21.2. Numerical methods for determining transient stability are particularly 
useful when several of the characteristic equation coefficients are adjustable and 
it is necessary to establish relationships among these coefficients for absolute or 
relative transient stability of the solutions. The Routh-Hurwitz stability criteria 
described in Derivation Summaries 21-4 and 21-5 set up a procedure for obtain¬ 
ing inequalities between combinations of the characteristic equation coefficients. 
Derivation Summary 21-6 shows in analytic form the inequalities that exist for 
the coefficients of third-, fourth-, and fifth-order equations. These may be treated 
in the same way as the discriminant of a quadratic equation. Derivation Sum¬ 
mary 21-7 extends the applicability of this technique to equations of the sixth to 
ninth orders, inclusive, by providing charts for some of the inequalities. 

THEORETICAL BACKGROUND FOR FACTORING POLYNOMIALS* 

21.3. Direct factoring of polynomials can always be effected when the polynomial 
coefficients are given as numbers. Roots of fourth- and lower-order equations 
may be extracted by known formulas. Higher-order equations generally require 
the use of successive approximations in order to evaluate the roots. From the 

• The background and proofs for the theorems and methods discussed in this chapter may be found in stand¬ 
ard algebraic treatises, and texts on algebra such as Fine (27) and Albert (2). References for Lin’s method 
and chc Routh-Hurwitz criteria are given in the teat when these subjects are discussed. 
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Fundamental Theorem of Algebra (see section d, Derivation Summary 15-2), it 
is known that an n th -order polynomic equation has exactly n roots. Further as¬ 
sistance in extracting roots is available from Theorem Summary 21-1, and Deri¬ 
vation Summaries 21-1, 21-2 and 21-3. 

21.4. In the fortuitous circumstance that the given polynomial has integral 
coefficients, the Integral Root Theorem (Theorem 1, Theorem Summary 21-1) 
shows that the polynomic roots are either integers or they are not rational numbers. 
This means that the noninteger roots must be fractional powers of real numbers 
or complex numbers; they cannot be simple fractions. 

21.5. The Root Scale Factor Theorem (Theorem 2, Theorem Summary 21-1) 
is used in many ways to find the roots of an equation. It is the theoretical source 
for the commonly used technique of changing the magnitude of equation coefficients. 
In Chapter 22, this theorem is employed to change nondimensionalized equations 
so that at least two polynomial coefficients are unity. The Root Sign Change Theorem 
(Theorem 3, Theorem Summary 21-1), which is a special case of the Root Scale 
Factor Theorem, is of assistance - together with other theorems - in locating 
real roots. 

21.6. When it must be known whether the real parts of the roots of a given 
equation are greater than a given reference value, the Root Reduction Theorem 
(Theorem 4, Theorem Summary 21-1) may be applied. This theorem in conjunction 
with other theorems in the summary, provides means for obtaining root information 
of this kind without extracting the roots explicitly. Furthermore, judicious use of 
the Root Reduction Theorem may help determine an approximate value of the roots, 
particularly the real roots. It may also be used to obtain information concerning 
the imaginary parts of the roots as well as their magnitudes, but simple techniques 
are not yet available. These applications of the Root Reduction Theorem are dis¬ 
cussed more fully later in the chapter. 

21.7. It is necessary to know the number and approximate values of the real 
roots of a given polynomic equation before these roots may be more precisely de¬ 
termined. The remainder of the theorems in Theorem Summary 21-1 may be 
used for this purpose. Descartes' rule of signs (Theorem 5, Theorem Summary 21-1) 
is a fundamental tool that, together with the Root Sign Change Theorem and the 
Root Reduction Theorem, provides one method of obtaining information about poly¬ 
nomic equation roots. The rule of signs, as well as the theorems that follow in the 
summary, depends upon the property of the coefficients defined as variation in 
sign . When two successive polynomic coefficients have opposite signs, the equa¬ 
tion is said to have a variation in sign. Descartes' rule of signs states that the 
number of positive real roots can be no greater than the number of variations in 
sign of the equation, which in effect establishes an upper limit to the number of 
such real roots. By applying the Root Sign Change Theorem, the signs of the 
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The following theorems of algebra are useful in factoring polynomials: 

If the n'* 1 -order polynomial, fjj(x), has unity for the coefficient of the highest power, and the other coeffi¬ 
cients are integers, every rational root of £(x) = 0 must be an integer. This theorem is useful for deter¬ 
mining those roots that are not irrational or complex. 

1 ) Integral root theorem 

If the running variable in the polynomial £(x) is replaced by the variable mx, the roots of the new poly- 
nomic function Q n (x) = 0 [^(mx) = o] are 1/m times the corresponding roots of (x) = 0. 

2) Root scale factor theorem 

If the running variable in the polynomial is replaced by - x, the roots of the new polynomial are equal in 

absolute value but opposite in sign to the roots of £(x) = 0. This theorem is a special case of the root 
scale factor theorem. 

3) Root sign change theorem 

If the running variable in the polynomial £(x) is replaced by (x + x,), the roots of the new polynomial 
are less by x f than the roots of l^(x) = 0. Similarly, if the running variable is replaced by (x - x,.), the 
roots are increased by X f . The content of this theorem is described in section c, Derivation Summary 21-1, 
as a transformation of the polynomial. 

4) Root reduction theorem 

When two consecutive coefficients of £(x) have unlike signs, this is defined as a variation of sign. 
Descartes ’ nile of signs states that the number of positive real roots of £(x) = 0 cannot be greater than 
the number of variations of sign of this polynomial. 

From the Root Sign Change Theorem, Descartes’ rule of signs shows that the number of positive roots 

of £(- x) = 0 equals the number of negative roots of £(x) = 0, which cannot exceed the number of varia- 
tions of sign of the new polynomial. 

5) Descartes' rule of signs 

If X, and X 2 are real numbers such that *, < x 2 and R(x,) and £(x 2 ) are different from zero, and if the 
sign of £(x,) is different from the sign of £(x 2 ), then there arc an odd number of real roots of P(x) = 0 
between X, and x 2 . When it is determined that there is only one root between X, and x 2 , this theorem pro- 
vidcs a method of evaluating die root. 

6) Real root location theorem 


When the maximum value of the real roots of £(x) = 0 is X (max) and the minimum value of the real roots 

is x (m.n)- thc si * n of lhc vaJuc of EM for r «al values of x greater than or equal to x (max) are the same as 
the sign of thc highest power coefficient, and the sign of the value of £(x) for real values of X less than 
or equal to X (mln) arc thc same as the sign of (- l) n times the highest power coefficient. 

7) Interval of real roots theorem 

Let the sequence of polynomials ^(x), FJ n . n (x), ^ n . 2) (x), ... be defined as follows: 


EM 


°n* n + a (n-l)* (n * ,) + °<n-2) x(n ' 2) 


+ . - . + a,x + 


-^4- [?(»)] - *<-■> + ... + _£, 


n °nd 


na 


n 


na. 


Theorem Summary 21-1. Algebraic theorems for factoring polynomials. (Page 1 of 2) 
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^n- 2 )( x ) ~ remainder of ^ ^ \ \ with its sign changed 

Tn-i) W 

^(n- 3 )W = remainder of with its sign changed 

*(n- 2 ) 


The process is continued until a constant is obtained. The polynomials so determined are called Sturm’s 
functions . 

If X, and Xj are real numbers such that X, < x 2 and £(x,) and £(x 2 ) are different from zero, then the num¬ 
ber of variations of sign of the nonzero terms of the sequence ^(x,), FJ n . 1) (x 1 ), FJ n _ 2) (x^, . . . minus the 
number of variations of sign of the nonzero terms of the sequence f^(x 2 ), ff n .j)(x 2 ), F^ n . 2) (x 2 ), ... is ex¬ 
actly equal to the number of distinct real roots of £(x) = 0 between Xj and x 2 . 

Sturm's theorem 

Note: These theorems are proved in texts on algebra such as those by Pine (27) ar Albert (2). 

Theorem Summary 21-1. Algebraic theorems for factoring polynomials. (Page 2 of 2) 


roots of the equation are reversed, and for this condition Descartes’ rule of signs 
furnishes an upper limit to the number of negative real roots of the original equation. 

21.8. The Real Root Location Theorem (Theorem 6, Theorem Summary 21-1) 
is of most use when it is known that only one real root lies between two real values 
of the variable. The sign of the result when one value is substituted in the equation 
is opposite to the sign of the result when the other value is used. Successive ap¬ 
plications of this theorem permit the value of the root to be precisely determined. 
This procedure forms the basis of Horner's method. 

21.9. The maximum range of values of the real root may frequently be de¬ 
termined from the Interval of Real Roots Theorem (Theorem 7, Theorem Sum¬ 
mary 21-1). This information, together with the previously noted theorems, is 
often sufficient to provide the first approximation of the real roots. 


STURM’S THEOREM 

21.10. A precise method for learning the number and approximate value of 
the real roots of polynomials is furnished by the Sturm's functions associated with 
the polynomial. These functions, when constructed by the procedure outlined in 
Theorem 8 of Theorem Summary 21-1, form a sequence of polynomials of descend¬ 
ing order. The first Sturm function is the given polynomial. The second is the 
derivative of the given polynomial. The third is equal to the polynomial remainder 
obtained by dividing the second into the first, with the sign changed. This process 
is repeated until only a constant remains. Sturm's Theorem states that the num¬ 
ber of distinct real roots in a given interval of the variable is equal to the differ¬ 
ence in the number of variations of sign between the nonzero terms of the sequence 
obtained by substituting one limit value of the variable in all the Sturm's functions, 
and the sequence obtained by substituting the other limit value. The procedure is 
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expedited by using the Remainder Theorem of Derivation Summary 21-1. The 
Interval of Real Roots Theorem provides a test interval for starting. If there are 
multiple-valued real roots present, Sturm's Theorem will not reveal this infor¬ 
mation, since the variations in sign pertain only to distinct real roots. Repeated 
application of Sturm's Theorem provides a method for isolating every distinct 
real root. 

SYNTHETIC DIVISION 

21.11. Procedures using the theorems described in the foregoing paragraphs 
require frequent division of polynomials by first-order binomials. Synthetic division 
is a method that increases the facility for this type of operation. The procedure for 
this method is outlined in detail in section a, Derivation Summary 21-1. It is 
basically a short-hand method of division, omitting the variable and telescoping the 
several steps required in the long method of division. 

21.12. One consequence of synthetic division is that the remainder after a poly¬ 
nomial is divided by a first-order binomial is exactly equal to the quantity obtained 
by substituting the negative of the constant term of the first-order binomial in the 
polynomial. This property is known as the Remainder Theorem and is of assistance 
in applying the Real Root Location Theorem, the Interval of Real Roots Theorem 
and Sturm’s Theorem. Another consequence of synthetic division is the reduction 
in labor obtained when applying the Root Reduction Theorem, which is also known 
as t ransforming the polynomial . This technique is shown in section c of Deri¬ 
vation Summary 21-1 and may be seen to be a succession of synthetic divisions. 
The coefficients of the transformed equation are the remainders of the several 
stages of division. 

21.13. Section d of Derivation Summary 21-1 provides numerical examples of 
the previous procedures. The first two cases compare the long method of division 
with synthetic division. The last example illustrates the reduction of the roots of 
a polynomial by a real number using synthetic division. 

HORNER'S METHOD 

21.14. A standardized method for determining the real roots of a given poly- 
nomic equation, using the cited theorems, is presented as a step-by-step procedure 
in Derivation Summary 21-2. The first stage of this procedure is to isolate each of 
the roots by obtaining limit values for each one. The second stage, which is Horner's 
method, provides a means for evaluating the roots by narrowing the limit values 
bounding each real root. 

21.15. It is shown in Chapter 20 that all the roots of characteristic equations 
must be negative when stable solutions of the associated linear integro-differential 
equations are required. Descartes' rule of signs shows that the coefficients of 
these characteristic equations must be positive when they are real. It may be 
readily verified that no coefficient of a polynomial is zero when all its roots have 
negative real parts. When the Root Sign Change Theorem is used with Descartes' 
rule of signs for characteristic equations of this type, it can only be concluded that 
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Let the n^-order polynomial 

"(*) - °n* n + + . • • + a,X + % (1) 

br divided by the first-order binomial, (x - c). The long method of carrying out the division process may 
be indicated in the following way. 

a„x (n * n + (a (n .,) + ca n ) x(n ’ 2) ■*■••• 


x-c |a n x n ♦ a (n -n x(n ,) + a 

a x n - ca x (n ‘ l) 

n n 


{n _ 2) x (n - 2) + . . . + a,x + ^ 


K»-l) + Ca n)x (n ‘ l) + a (n . 2 )X (n - 2) 

(q (n-D + co n )x( n -» - c(o (n . n + ca n )x("-2) 

k(n-2) + C (°(n- 1 ) + ca n )] x(n ‘ 2) + • • • (2) 

In general, the division will not be exact and a constant, which is called the remainder, R, will be left 
over. The division of £(x) by (x - c) gives the (n - l) st polynomial, f} n .„(x) f and a remainder, i.e. t 

W * + R (3) 


where 


^n-ljW - ^n-l) X(n ' ,) + ^n-2) x(n ' 2) + ••• + b l X + b 0 

Then 

<*-=>«?»-,><*> * R - xPte-oW + R - cF>„.,,(x) - PM 

xF in.|)(*) + R - l?(x) + CF?„.„M 

or 

b (n-,) Xn + b tn-2) x(n ’ ,) + • • • + b Q X + R 

“ °n X " + 0 (n-l) x(B ’ ,) + * * * + °0 + cb tn-l) X(n ‘ ,> + C 2 ) X<n ' + 


°n xn + a (n-l) x(n ' l) + 


+ Cb n (7) 


Equating the coefficients of like powers of X gives 

^n-1) * °n ’ ^n-2) " °(n-l) + C ^n- 1 ) » * * * » ^1 “ °(i -f 1) + C + 1) • ^ “ °o + c K ^ 

Arranging the coefficients in the following tabular form 

C 1 °n + a (n-l) + °(n-2) + • • • + °l + % 

* C ^n- 1 ) + cb tn- 2 ) + • • - + cb . + cb 0 

^n- 1 ) + ^-2) + ^n-3) + • • • + b Q + R (9) 

and comparing the tabulation with the indicated division of (2) shows that (9) is a briefer method of car¬ 
rying out the division process for this situation. This method is known as synthetic division ; it consists of 
the following steps: 

1 ) Uritc down the coefficients of the given n^-order polynomial in the proper order. When there are 
missing terms v each one must be accounted for by writing a zero in its proper place. 

2) Replace the divisor (x - c) by C. 

3) Multiply the highest order coefficient d n (equal to htn-,)). by C and add to the next highest order 
coefficient 0( n . |j. This gives bj n _ 2 ) • 

4) Repeat the process until the constant term, , is reached. The remainder, R, is equal to the sum 
of 0 Q plus C times the constant term of the (n - l) st polynomial. 

a) Synthetic division 

The value of the polynomial F^(x) when X equals C may be found by substituting C for X in every term of 
Eq. (1), raising C to the indicated power, multiplying by the term coefficient, and summing all terms. It may 

Derivation Summary 21-1. Synthetic division, the remainder theorem, and the transformation 

of polynomials. (Page 1 of 3) 
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also be found by the Remainder Theorem, which states that: If C is a constant , then (c)^ = R_. The truth of 
this statement may be determined from Eq. (3) by setting X equal to C. The remainder may be easily calcu¬ 
lated by synthetic division. 

b) Remainder theorem 

It is frequently necessary to replace the running variable of a polynomial by another which differs only 
by a constant. Uhen the running variable, x, of the n l,l -order polynomial P(x) is replaced by the running 
variable (x + X f ), the process is defined as a transformation of the given polynomial. The new polynomial 
is also an n^-order polynomial of X but with coefficients that arc different from the given one; the quantity 
X f is a reference value of X. Thus, 

£(*) —► £( x + x r ) whcn x —► X + x r (10) 

where 

£(x) = Q n X" + a (n-,) X<n ' ,) + • • • + °, X + Oo 


or 


P(x + x) = a n (x + xf + a (n . n (x + xjf n_,) + . . . + a,(x + x r ) + a 0 
P( x 4 x r ) - Q n (x) = b n x n + bj n . 1) x (n -'> + . . . + b,x + b 0 


( 11 ) 

( 12 ) 

(13) 


Ilie coefficients b Q , bj, ..., b n of Eq. (13) can be obtained by carrying out the indicated multiplications 
of Eq. ( 12) and adding up the coefficients of like powers of X. A quicker mediod is based on the use of the 
Remainder Theorem of section b and the synthetic division method of section a. 

It may be observed that 

Q r> - X r) - 5M - M X - X / + *\„.»)( X - X r) (r ‘* l) + • • • + M X - \) 4 b 0 (14) 


Uhen X is set equal to X f , Eq. ( 14) shows that 


CW - b 0 


(15) 


which is a quantity that may be computed by synthetic division of P(x) by (x - X f ), according to the Re¬ 
mainder Theorem; that is, 

P(x) = (x - x r )F^ n . |) (x) + b 0 (16) 


or 


remainder of 


ew 


(17) 


where 


. . . + b 


(18) 


(x - Xf ) 

*(n-l)W = b n (x " Xr )'"' 11 + b (n . 0 (x - xj 

By repeating the seeps of Eqs. (14), (15) and (16) for ^ n .„(x), the next coefficient b, may be obtained; i.c., 

*Cn-l)W " b , (19) 

50 P f x l 

b. = remainder of l"* 1 ) 


(* - x r ) 


( 20 ) 


Successive applications of synthetic division will produce all the coefficients of Q n (x). 

c) Transformation of a polyn omial 

Two simple examples illustrate the use of the procedures described in thepreceding sections. 
1) Divide 

X* + 8x 3 + 2X 2 + 14X + 2 = F^(x) 

by x - 2. 


( 21 ) 


Derivation Summary 21-1. Synthetic division, the remainder theorem, and the transformation 
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Long method: 


X 3 + 10 x 2 + 22X + $8 _ 

x - 2 fx< + 8x 3 + 2x 2 + 14x + 2 


x 4 - 2 x 


10x 3 + 2x 2 

10x 3 - 20 x 2 _ 

22x 2 + 14 x 
22 x 2 - 44 x 


58 x + 2 

58 x - 116 
118 


( 22 ) 


Hence 


FJ(x) «= x 4 + 8x 3 + 2 x 2 + 14x + 2 = (x - 2)(x 3 + 10x 2 + 22x + 58) + 118 (23) 

The remainder is 118, which according to the Remainder Theorem is also the value of P(x) for 
X = 2. 4 

Synthetic division: 


_2j 1+ 8 + 2 + 14+ 2 

+ 2 + 20 + 44 + 116 ( 

1 + 10 + 22 + 58 + 118 

The expression of Eq. (23) is obtained from (24) and the remainder, 118, is the last term of the 
third line. 

2) Calculate the transformation of F^(x) when X becomes X + 2. 

_2j 1+ 8 + 2 + 14+ 2 

_ 2 + 20 + 44 + 116 

1 + 10 + 22 + 58 + 118 

_ 2 + 24+92 

1 + 12 + 46 + 150 

+ 2 + 28 

1 + 14+74 


(24) 


+ 2 
1 + 16 


(25) 


The transformed equation coefficients are obtained from the last term of each synthetic division; 


(26) 


P 4 (x ♦ 2) = x 4 + I6x 3 + 74 x 2 + 150x 4 118 

d) Numerical examples 

Note: The background theory associated with these procedures may be obtained (rom texts on algebra such ai 
those by Albert (2) and Fine (27). 


Derivation Summary 21-1. Synthetic division, the remainder theorem, and the transformation 
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the maximum number of negative real roots is equal to the order of the equation. 
It is necessary to apply other tests to evaluate and locate the actual number of 
real roots. -Transformations of the polynomial as described in section c of Deri¬ 
vation Summary 21-1 and in Theorem 4 of Theorem Summary 21-1 show how all 
the roots of a polynomial may be increased or decreased by the same quantity. 
Negative real roots of a polynomial may be increased until one or more become 
positive. Descartes' rule of signs will indicate the new condition. By systematic 
translation of the roots, using the technique of section c, Derivation Summary 21-1, 
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Descartes' rule of signs can be applied to each transformed equation to locate the 
real roots. 

21.16. The third procedure of section a, Derivation Summary 21-2 - the metho d 
of radicals - provides a method of determining the upper bounding value for all 
the real roots when there are negative coefficients. For characteristic equations 
with positive coefficients the upper bound is always zero. When the signs of the 
roots are changed, the method of radicals yields the lower bounding . value of the 
real roots. A check may be applied to this lower bound by using the method of 
fractions described in the fifth procedure of section a. In this way, all the real 
roots for useful characteristic equations are bounded by a lower value obtained by 
the method of radicals or the method of fractions and an upper value which must 
be equal to or less than zero. The Interval of Real Roots Theorem, Theorem 7 of 
Theorem Summary 21-1, may then be used to determine the limits more closely. 

21.17. The Sturm's functions associated with the given polynomial may be con¬ 
structed following the definitions in Theorem 8 of Theorem Summary 21-1. The 
interval of real roots, found by the methods of the previous paragraph, is split up 
into convenient subintervals and Sturm's Theorem is applied to determine the number 
of distinct real roots in each subinterval. This is continued until the subintervals 
contain at most one root each. Sturm's Theorem may be used to further narrow 
the limits of the intervals bounding the roots. However, it is more convenient to 
apply Horner's method to the final stages of the determination. 

21.18. From the Real Root Location Theorem, each interval containing only one 
root causes a variation in sign in the value of the polynomial in going from one limit 
to the other. The roots are reduced by the smaller magnitude of the limits, making 
the transformation by synthetic division as in Derivation Summary 21-1. If the 
coefficients are very small or very large compared to unity, the Root Scale Factor 
Theorem may be applied to make most of the coefficients have values between one 
and ten. Successive trials with the Real Root Location Theorem will narrow the 
root interval by another decimal place and the roots of the polynomial may be re¬ 
duced again. The trial method is repeated until the desired precision is obtained. 

21.19. Section d of Derivation Summary 21-2 provides a numerical example 
of the procedure given in the foregoing paragraphs. 

LIN’S METHOD 

21.20. The roots that remain after all the real roots have been extracted are 
complex numbers. When the resulting expression, after the factors with real roots 
are removed, is no greater than fourth order, the complex roots may be calculated 
by standard formulas. Higher order equations may be treated by approximation 
methods such as Graeffe's method,* which may be found in standard texts on the 
theory of equations. 

21.21. Lin's method represents a different approach for factoring polynomials. 
It is applicable to polynomials with both real and complex roots. The basis of this 

• See Scarborough (65), Uspensky (71), Whitaker and Robinson (75), or Willcrs (77). 
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Homer's method is used to Hod the value of real roors of polynomial equadons by use of the Real Root 
Location Theorem of Theorem Summary 21-1. Given an n^-order polynomial equation 

fj(x) = a n x n + a (n . 1) x (n - ,) + . . . + a, x + a 0 = o (1) 

>t .s first necessary to determine that a single real root exists in the real interval betweenX = a and 

X - « 2 such that the magnitude of (a, - a,) is no greater than unity. This may be done with the aid of 
the theorems given in Theorem Summary 21-1. 

Uppo, and low „ bounds for tho values of all the real mots may be obtained by one of the fallowing pm- 
cedures: • ® r 

1) If there are no variations in sign of the polynomial P(x), then by Descartes’ rule of signs there 
can be no positive real roots, and an upper bound of the real roots is X = 0. 

2) If there are no variations in sign of the polynomial P(x) when X is replaced by (-x). then by the 

Root Sign Change Theorem and Descartes’ rule of signs there can be no negative roots of P (x) =0 
and a lower bound of the real roots is X = 0. n 

3) When Pjx) has at least one term with a negative coefficient, let 

^°(n-k)l(neq)(k =min) = coefficient of the highest power term that is negative 

k - difference between the degree of the equation and the exponent of the 
highest power term with a negative coefficient 

^(neq)lmaxlI = max ‘ muni absolute value of the negative coefficients 
An upper bound for the value of the real roots of Eq. ( 1) is given by the expression 

X (max) = [maximum value of the real roots of £ (x) = 0| S 1 + . /fy neqHmox) I , 


This is known as the method of radicals . 

4) By application of the method of procedure 3 to (- l) n £(- x) and the use of the Root Sign Change 
Theorem, a lower bound can be obtained for the roots of Eq. (1); i.e., 

l X (min)l = [maximum value of the real roots of (— l) n ^(-x) ■> o{ (3) 

5) Divide the absolute value of every negative coefficient of £(x) by the sum of all the positive co¬ 
efficients preceding it. This will give a sequence of fractions. The maximum value of the real 

roots of Eq. (1) cannot be greater than the largest of these fractions plus one. This is known as 
the method of fractions . 

6) By application of the method of fractions to (- l) n P(- x) and the use of the Root Sign Change 
Fheorem, a lower bound can be obtained for the roots of Eq. (1) 

Determination of the real interval containing all the real roots of a polynomia l equation 

Uhen the interval of the real roots of Eq. (1) has been determined, Sturm's theorem is used to determine 
the number of distinct real roots between the upper and lower bounds. By subdividing the interval and ap- 
plying Sturm s Theorem to the limits of the subdivisions, each distinct real root may be isolated within a 
known interval. Assume that a real root exists and has been determined to exist in the interval (a 2 — a t ) 
with a 2 greater than aj. If a| is not an integer, the variable of Eq. (I) is multiplied by a constant, usually 
a power of 10, to make a } an integer according to the Root Scale Change Theorem. The quantity cor¬ 
responds to the first digits of the required root. From the Real Root Location Theorem, the signofP(aj) 
must be different from the sign of P(a 2 ). 

b) Determination of the re al interval containing one distinct root 

• Seo Albert (2). 

Derivation Summary 21-2. Location and determination of the real roots of polynomials; 
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The next step is to reduce the roots of Eq. (1) by a l to obtain the equation 

Q n W " £( x + a,) - K*" + ^ n -l) x(n " l) + . . • + b,X + b 0 = 0 (4) 

The transformation procedure given in section c of Derivation Summary 21-1 can be used to reduce the 
roots. The term b is equal to FNcij) by the Remainder Theorem of section b, Derivation Summary 21-1. 

Since ^(x)«0 has a real root between a x and (a, 4 1), Eq. (4) will have a real root between zero and one. 
Generally, the next digit after Oj of the required root is determined by die application of the Real Root 
Location Theorem to Eq. (4) for the range of real values of X between zero and one. Two single-digit values, 
a u *nd a |2 , of X are sought, one unit apart, with a l2 greater than a u . tthen the sign of Q. (a n ) in Eq. (4) 
is the same as for X equal to zero, Q n (a |2 ) has the opposite sign, and the Real Root Location Theorem 
shows the root to be between these values. This also shows that the next figure of the root is a . 

The roots of Eq. (4) are now reduced by a jj by the transformation procedure of section c, Derivation Sum¬ 
mary 21-1,and the next digit after a,, is sought in the range of values of x between 0 and 0. 1 by the Real 
Root Location Theorem. 

Other methods of this type that may be used include Newton's mediod and the iteration method. 

c) Homer’s method 


As a numerical example of the extraction of a real root by means of Horner's method, consider the fifth- 
order polynomial equation with numeric.il coefficients 

F^(x) - X* + mix' + 55.32x 3 + 113.94X 2 + 96.88X + 9.35 (5) 

F^(x) has no variations in sign, so by Descartes’ rule of signs (Theorem 5, Theorem Summary 21-1), the 
number of positive real roots is zero. Apply Descartes’ rule of signs to the polynomial 

P(- x) * -x s 4 12.11 x 4 - 55.32x 3 4 113.94X 2 - 96.88X 4 9.35 (6) 

p(“ *) has five variations of sign; hence, the number of negative real roots is less than or equal to five. 
Thus, it follows immediately that zero is an upper bound for the real roots of P (x). 

Apply the method of radicals (sec procedures 3 and 4 of section a) to (— 1) S P^(_ x). 

(- l) 5 f*(x) = x s - 12.11 x 4 + 55.32X 3 - 113.94X 2 + 96.88x - 9.35 (7) 


Kn.d(m«)l « I - H3.94 |= 113.94 ; k 


5-4 = 1 


Then 


l x (min)l * 1 + a/ 113.94 = 1 + 113.94 = 1 14.94; - 114.94 £ x 


(min) 


To establish another lower bound for the roots of (x), apply the method of fractions (sec procedure 5 
of section a) to (- l) i F^(x). The sequence of fractions is 

12.11 113.94 9.35 1 

1 ’ 56.32 153.2 


[m In) 


I s 1 . 12.11 . 13.11; -13.11 S x 


( 10 ) 


This is a better lower bound than that found by the method of radicals. All of the real roots of P (x) are 
found in the interval - 13.11 S x £ 0. 

Next apply Sturm’s Theorem (Theorem 8, Theorem Summary 21-1) to determine the number of distinct 
real roots between the upper and lower bounds. It is first necessary to calculate the sequence of Sturm’s 

functions P<(x\ F>(x). F*(x), f?(x). P Q (x) defined in Theorem 8, Theorem Summary 21-1. The Sturm’s 

functions of P (x) are 

^j(x) - x> + 12.11 x 4 + 55.32X 3 + 113.94X 2 + 96.88X + 9.35 (Ha) 

*?(*) " + 9.69x 3 ♦ 33.19x 2 + 45.58X + 19.38 fllhl 


(lib) 
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p 3 m = 

P 2 M = 
!?(*) - 


x 3 + 


9.06x 2 + 24.85 x + 28.45 
-(x 2 + 0.56x + 0.56) 

- (x + 2.78) 


(11c) 

(lid) 

(lie) 


- i (no 

Subdivide the interval - 13.11 ^X ^0 as in tabulation (12) and apply Sturm’s Theorem to the limits of 
the subdivisions. The results are summarized in the tabulation. The columns are headed with the values 
of the variable that are the limits of the subdivisions. The rows contain the signs of the Sturm’s functions 
for the various values of the variable. The last row contains the number of variations of sign in each 


column. 


- 13.11 -10 -5 -1 


( 12 ) 


■ • Number . of 3 3 3 3 2 J 

variations in sign ^ 

Then by Sturm’s Theorem the number of real roots within the interval - 13.11 ^ X £ 0 is equal to 3 - 2 = 1. 
From the table it is further seen that the one root lies between x = - 1 and X = 0. 

Homer’s method (see section c) can now be applied. Subdivide the interval - 1 ^ x £ 0 into ten equal 
subintervals and use the Remainder Theorem (section b, Derivation Summary 21-1) to evaluate (x) at the 
limits of the subintervals. 

-0.11 1 + 12.11 + 55.32 + 113.94 + 96.88 + 9.35 

- 0.1 1.201 - 5.412 - 10.853 - 8.60 

1 + 12.01 54.119 + 108.528 + 86.027 + 0.75 (13) 


(13) 


R = 0.75 

Hence (— 0.1) - 0.75 

- 0.2 


1 + 12.1 1 + 55.32 + 113.94 + 96.88 ♦ 9.35 

- 0.20 - 2.382 - 10.588 - 20.67 - 15.242 

1 + 11.91 + 52.938 + 103.352 + 76.21 - 5.892 


(14) 


R - - 5.892 

Hence FJ (- 0. 2) = - 5.892 

Since the signs of (—0. 2) and f^(—0.1) arc opposite, the Real Root Location Theorem (Theorem 6, 
Theorem Summary 21-1) shows that the root must lie in the interval —0.2< x< -0.1. 

Next, use the Root Reduction Theorem (Theorem 4, Theorem Summary 21-1) to increase the root by 0.1. 
This yields a polynomial 

Q s (x) = R>(x-0.l) » X s + 11.61 x 4 + 50.98 x 3 + 97.94x 2 + 75.71 X + 0.75 (15) 

Q s (x) has a single real root in the interval - 0.1 < X < 0. Subdivide the interval and use the Remainder 
Theorem to evaluate Q $ (x) at the limits of the subintervals. It is found that 

Q 5 (-0.01) * 0 (16) 

The real root of Q 5 (x) is — 0.01» hence the real root of f^(x) is 

X = -0.11 (I 7 ) 

d) Numerical example of the extraction of a real root by Horner's method 

Derivation Summary 21-2. Location and determination of the real roots of polynomials; 
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technique is essentially heuristic as presented inDerivation Summary 21-3. A meth¬ 
od of successive approximations for obtaining a polynomial factor is described in 
which the formula for approximation at each step is clearly specified. The chief merit 
of Lin's method is its simplicity when convergence exists. The most common appli¬ 
cation of Lin's method is the extraction of first- and second-order polynomial fac¬ 
tors. It may prove to be too laborious to obtain higher order factors with any precision. 

21.22. Section a of Derivation Summary 21-3 outlines the procedure for ob¬ 
taining first-order factors with real coefficients by Lin's method. This method re¬ 
quires that the existence of real roots for the given polynomial be known. The 
procedures described in connection with Theorem Summary 21-1 may be used to 
establish this condition. When the given polynomial is of an odd order with real co¬ 
efficients, as inEq.(l) of Derivation Summary 21-3, at least one root must be real. 

21.23. It is assumed that the first approximation of a first-order factor for 
this equation consists of the last two terms of the given polynomial. Equation (2) 
of the summary represents this approximation. This approximation is tested by 
dividing it into the given polynomial, using synthetic division to shorten the work, 
as in (3). Generally, the remainder is not zero. Lin takes the second approxi¬ 
mation to be Eq. (4) of the summary, and this approximation is tested in turn by 
dividing it into the given polynomial. The new remainder, when smaller than the 
first approximation remainder, shows the second approximation to be better than 
the first. Proceeding in this manner, as indicated in the summary, a sequence 
of approximations is constructed. When the remainders tend to become smaller, 
approaching zero with successive approximations, Lin terms this convergence. 
Sometimes the sequence of remainders oscillates between two limiting values, 
without really converging to zero. It is advantageous in this circumstance to im¬ 
prove the approximation by an arbitrary judicious estimate of the true factor. The 
procedure is terminated when the required precision is attained. 

21.24. Second-order polynomial factors may be extracted in a manner very 
similar to that used for first-order factors. The procedure is given in section b 
of Derivation Summary 21-3. There are two important differences: 

1) Synthetic division is used only when the divisor is a first-order binomial. 

2) Convergence is best judged by the second-order factor coefficients in the 
successive approximations. 

A technique similar to synthetic division may be used by setting down only the 
variable coefficients, but otherwise carrying on with the long method of division. 
This is illustrated in the example of section c, Derivation Summary 21-3. 

ROUTH-HURWITZ STABILITY CRITERIA 

21.25. The criterion of section b, Derivation Summary 20-2, for absolute 
transient stability of solutions of linear integro-differential equations requires 
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Lin’s method* of factoring polynomials is one of successive approximations. The procedure may be used 
to extract any polynomial factor from a given polynomial. It is most convenient for obtaining first- and 

second-order factors with real coefficients. It will be first demonstrated by outlining the procedure for fac- 
coring out a first-order binomial. 

Consider an n th -order polynomial with real coefficients in which the degree of the equation is odd: 

FJ(x) = a n x" + a (n _ 1)X < n -»> + . . . + a t x + a 0 (1) 

There must be a first-order factor with real coefficients because n is odd. Let it be assumed that the last 
two terms of the polynomial form the first approximation of the first-order factor; i.e., 

«o \ / £irst approximation of the first-order factor 

‘ ° 1 V a. / (of Eq. (1) with real coefficients (2) 


X + 


■ ■ —-- 

o_\ = f £irst 

J / (of Eq. 


( 2 ) 


Equation (2) is tested by dividing it into Eq. (1). This can be accomplished by using the method of synthetic 
division of section a, Derivation Summary 21-1; i.e.. 


in-1) 


'(n-2) 


_ ^0 L _ °0 L 

a. D (n-1) "q 7 b (n-2) ~ 


b (n- 1 ) + 


- ffib, - -Sab 

a i a » 


where 

b 

and 


'(n-2) 


(n- 3 ) 


(n- 1 ) 


= a 


'(n-2) 


= a 


(n-l) 


°2b 


(n-l) 


R, = 


a o - 


first approximation remainder 


The quotient is a polynomial one order less than Eq. (1). When the constant remainder, R,, is zero, 

Eq. (2) is a first-order factor of Eq. (1). Generally R 1 is not zero. Lin’s method takes the constant term of 
the quotient as the coefficient of the first-order factor variable, and the constant term of the original poly¬ 
nomial as the first-order factor constant term. The second approximation is taken as 


b o x + °o 


X + 


) ( seconc 
l of Eq. 


second approximation of the first-order factor 
of Eq. (1) with real coefficients 


x + 


When the second approximation of Eq. (4) is tested by dividing it into Eq. (1), a new quotient polynomial 
with a constant term, C 0 , and a new remainder, R 2 , are obtained. When R 2 is not zero, a third approxima¬ 
tion is assumed similar to Eq. (4); i.e., 

( a n \ ( third approximation of the first-order factor 

x + H ... i . (5) 

C 0 / (of Eq. (1) with real coefficients 

Dividing Eq. (5) into Eq. (1) yields a polynomial with a constant term, d Q , and a remainder, R 3 . 

In this way, a series of first-order factor approximations with an associated series of remainders is ob¬ 
tained after division into Eq. (1). When the series of remainders—represented by the symbols Rj , R 2 , 
R 3 ...Rn — converges to zero, the required first-order factor is obtained. The constant terms of the suc¬ 
cessive approximations also form a series of numbers that converge to a single value when the factor is 
obtained. 

As a piactical procedure, it is frequently convenient to combine Lin’s method with Horner's method in 
order to reduce the labor of the computation. Lin’s method is used to locate the constant term of the factor 
and Horner’s method is used to determine the value to the desired precision. 

a) Lin’s method of factoring out first-order binomials 


Se« Lin (47). 


Derivation Summary 21-3 Lin's method for factoring polynomials with real coefficients. 
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A second-order factor may be extracted from a polynomial by taking the last three terms as the first ap¬ 
proximation to this factor. For polynomials like Eq. (1), this approximation is 

„ . / 3 a i a o\ f first approximation of the second-order 

° 2 X + a,x ♦ o 0 = a 2 ( x 2 + -Lx + —M = < , , (6) 

\ a o/ I factor of Eq. (1) with real coefficients 


( 2 °l °o\ / fi* st approximation of 

°2 a o✓ t factor of Eq. (1) with 


This factor is tested by dividing it into Eq. (1). Since synthetic division is applicable only to first-order 
binomial divisions, the long method of division must be used here. 

b (n-2)* (n ' 2) + b (n-3) x(n ‘ 3> + • • • + b 2 * 2 » b,X 4- b Q _ 

x2 + ^ x + 7T V" + 0 <n-i) x(rW) ♦ a <n- 2 > x(n * 2) + • • • ♦ a 2 x 2 ♦ °, x ♦ a 0 


a x" + a ^i-x (n ' l) * a n -^x (n * 21 
n a 2 n a 2 


a (n-l) x(n ’ 1) + Q fn-2) x(n ' 2) + a (n-3) x(n ‘ 3) 


a 2 x 2 + a'x 


al x 2 + o'. 


x + a 


. °0 


'(n- 2 ) " °n 


'(n-J) 


(n-l) 


= a 


(n-l) ~ °n 


R - -(«- «£) 


X + 


°° - °'< 


The quotient is a polynomial two orders lower than the dividend. The remainder, , is a first-order bi¬ 
nomial. then Rj is zero, Eq. (6) is a second-order factor of the given polynomial. Generally R t is not rero 
and a second approximation is necessary. From the last step of (7), 


°2 x2 + °'l X + °0 " *» 


( x 2 + x + °o \ ( second approximation of 

<j' a' / V ^*ctor of Eq. (1) with re, 


of the second-order 
real coefficients 


The test of Eq. (8) is a repetition of the process illustrated in (7) and yields a second remainder, R 2 , that 
generally is a first-order binomial like R r 

This process is repeated for successive approximations yielding a series of second-order factors and an 

associated series of first-order binomial remainders, R, , R 2 , Rj.R n . Lin’s original method requires 

that the remainders become negligibly small as the second-order factor is more closely approximated. This 
test may be difficult to apply. An adequate test, suggested by W. H. Shields of the Instrumentation Labora- 
tory, Massachusetts Institute of Technology, is to have the coefficients of the successive approximations 
remain constant within the required precision of the factorization. That is, if the coefficients of the second- 
order factor are to be determined to three significant figures, the approximations are terminated when two 
successive approximations agree for that many significant figures. 

When the number of approximations becomes very large before convergence is obtained, Shields has 
found it is advantageous to factor the reciprocal polynomial. For polynomials like Eq. (1), the reciprocal 
polynomial is 

P n( X )(reclp) ° °0 X " + 0 l X (n *‘ ) + ... + a (n .„X + Q„ (9) 

The polynomial factors of Eq. (1) are then obtained by replacing each polynomial factor of Eq. (9) by its 
reciprocal polynomial. Also, it is usually advantageous, in order to avoid possible oscillation and slow 
convergence or nonconvergence, to remove all linear factors before seeking quadratic factors. 

b) Lin's method of factoring out second-ordor polynomials 

Derivation Summary 21-1 Lin’s method for factoring polynomials with real coefficients. 
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As a numerical example of Lin’s method, the first-order factor of the following fifth-order polynomial i 
extracted: 


(x) = x s + 12.11 x 4 + 55-32x 3 + 113-94 x 2 + 96.88x + 9-35 


( 10 ) 


The first approximation is obtained by the method shown with Eq. (2) of section a, using the last two 
terms of Eq. (10); i.e., 

96.88 x + 9.35 or x + = x + 0.0966 > / «'« »Pproxim.rion of the firs,-order 

96.88 \ factor of Eq. (10) * 


0.0966 = / fir “ “PP' 01 " 
( factor of Eq. 


(ID 


Dividing Eq. (11) into Eq. (10), using the method of synthetic division described in section a of Derivation 
Summary 21-1, gives a table like that of Eq. (3): 

~ 0-0966 | 1 + 12.11 + 55.32 + 113-94 + 96.88 + 9-35 

- 0.097 - 1.17 - 5.29 - 10.60 - 8.43 

1 + 12.01 + 54.15 + 108.65 + 86.28 + 0.92 (12) 

The quotient is 

x 4 + 12.01 x 3 + 54.15x 2 + 108.65X + 86.28 ( 13 ) 

The remainder of the first approximation is Rj = 0.92. 

The second approximation is derived in the way outlined for obtaining Eq. (4): 

ha v j. c\ „ x 9.35 _ - . n / second approximation of the first-order 


(13) 


86.28x - 9.35 or X + = x + 0.108 - / s ”°" d »PP'°x, m a„< 

86.28 f factor of Eq. (10) 

Dividing Eq. (14) into Eq. (10) in the way shown in Eq. (12) yields the quotient 

x 4 + 12.002X 3 + 54.02 x 2 + 108.08X + 85-18 


(14) 


(15) 


The remainder of the second approximation is R 2 = 0.11. Since R 2 is smaller than R,, the second approxi- 
mation is better than the first. 

The third approximation is like Eq. (5): 


85-18 x + 9.35 or x + - 9- 35. 

85.18 


x + 


0 HQ ( third approximation of 
\ factor of Eq. (10) 


the first-order 


(16) 


The third approximation is tested by dividing Eq. (16) into Eq. (10). The quotient is 

X 4 + 12x 3 + 54x 2 + 108x + 85 with remainder R 3 = 0 

Therefore the third approximation of Eq. (10) is the true first-order factor of Eq. (10). 

c) Numerical example of the extraction of a first-order factor by Lin's method 


(17) 


From the fourth-order factor of Eq. (10), shown as Eq. (17), a second-order factor can be obtained by the 
procedure of section b. From Eq. (6) the first approximation consists of the last three terms of Eq. (17); i.e., 
54 X 2 + 108 X + 85 or X 2 + 2x + 1.575 = first approximation of the second-order factor of Eq. (17) 

(18) 

Dividing Eq. (18) into Eq. (17), using the long method of division, gives 


x 2 + 2 x + 1.575 


x 2 + IPX + 32.8 _ 

x 4 + 12 x 3 + 54 x 2 + 108 x + 85 
x 4 + 2x 3 + 1.57x 2 

10 x 3 + 52.83X 2 + 108 x 
10x 3 + 20 x 2 + 15.75 x 

32.83 x 2 + 92.25X + 85 

32.83x 2 + 65.60 x + 51.7 

26.65 x + 33-3 


(19) 


Derivation Summary 21-3. Lin's method for factoring polynomials with real coefficients. 

(Page 3 of 4) 


428 


The quotient is a quadratic polynomial and the remainder is a first-order binomial. The division of Eq. (19) 
may be simplified by writing only the coefficients, as in the following example: 


1 + 2 + 1.575 


1 + 12 + 54 + 108 

1 + 2 + 1.57 

10 + 52.83 + 108 
10 + 20 + 15. 


+ 85 


20 + 15.75 

32.83 + 92.25 + 85 

32.83 + 65.60 + 51.7 

26.65 + 33.3 


( 20 ) 


The quotient is read from the first term in each step as X 2 + 10X + 32.83 and the remainder is read as 
26.65 X + 33-3. by supplying the omitted variable symbols. 

The second approximation is obtained by the procedures given with Eq. (8); i.e., 

32. 8x 2 + 92.25X + 85 or X 2 + 2.81X + 2.59 = / s * cond appn>x,-nation of the second-order factor 

(of Eq. (17) (21 


Dividing Eq. (21) into Eq. (17) gives 

1 + 2.81 + 2.59 


1 + 2.81 + 2.59 | 1 + 12 + 54 + 108 + 85 

1 + 2.81 + 2.59 

9.19 + 51.41 + 108 

9.19 + 25.8 + 23.8 

25.61 + 84.2 + 85 

25.61 + 71.9 + 66.3 

12.3 + 18.7 - R 2 (22) 

Hie second approximation remainder is 12.3x + 18.7. Io obtain successive approximations by the method 
of section b, the second-order factor approximations and their remainders are tabulated as follows: 


+ 108 + 85 


( 21 ) 


first 

X 2 

+ 

2 

X 

+ 

1.575 

... R, 

26.65 x 

+ 

33-3 

second 

X 2 

+ 

2.81 

X 

+ 

2.59 

... r 2 

12.3 x 

+ 

18.7 

third 

X 2 

+ 

3-285 x 

+ 

3-315 

... r 3 

6.5 x 

+ 

11.8 

fourth 

X 2 

+ 

3.58 

X 

♦ 

3.85 

... r 4 

4 x 

+ 

8 

fifth 

X 2 

+ 

3.77 

X 

+ 

4.24 

... r 5 

2.45 x 

+ 

5.6 

sixth 

X 2 

+ 

3.9 

X 

+ 

4.54 

• • • R* 

1.6 x 

+ 

4 

seventh 

X 2 

+ 

3.99 

X 

+ 

4.76 

... r 7 

0.7 x 

+ 

2.5 

eighth 

X 2 

+ 

4.04 

X 

+ 

4.92 

... R e 

0.8 x 

+ 

2 

ninth 

X 2 

+ 

4.07 

X 

+ 

5.03 

... r 9 

-0.05x 

+ 

0.7 


(23) 


1 he change in sign in the remainder of the ninth approximation indicates that the coefficients are too 
large compared with the true factor. When the second-order factor is taken as x 2 + 4 x ♦ 5, it is found that 
the remainder is zero. The factored form of Eq. (10) is 

f?(x) = X 5 + 12. 11 x 4 + 55.32X 3 + 113.94X 2 + 96.88x + 9.35 ) 

= (x + 0.11)(x 2 + 4x + 5)(x 2 + 8x + 17) / (24) 

d) Numerical example of the extraction of a second-order factor by Lin’s method 

Derivation Summary 21-3. Lin s method for factoring polynomials with real coefficients. 
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that all the roots of the associated characteristic equations have negative real 
parts. This condition may be established without factoring by employing the Routh- 
Hurwitz stability criteria appropriate to the given polynomic characteristic 
equation to determine whether any roots have positive real parts. The most 
general presentation of these criteria, equally applicable to characteristic 
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equations of any order, is given in Derivation Summary 21-4. The proof of the 
Routh-Hurwitz stability criteria is beyond the scope of this book, but a competent 
treatment is available in the reference cited in the summary. 

21.26. The method of the Routh-Hurwitz stability criteria requires the con¬ 
struction of an n th -order determinant with the elements taken from the coefficients 
of the given n th -order polynomial in the manner prescribed in section a of Deri¬ 
vation Summary 21-4. The principal minor determinants of the Routh-Hurwitz 
determinant are defined in section b. These are obtained from the n^-order de¬ 
terminant by taking the elements symmetrically arrayed about the leading diagonal. 
The upper leftmost element is the first principal minor. The four upper leftmost 
elements comprise the second principal minor, and so on, as shown in Eq. (3) of 
Derivation Summary 21-4. The Routh-Hurwitz stability criteria require that all 
of the principal minor determinants be positive for all the roots of the character¬ 
istic equation to have negative real parts .* 

21.27. A schedule outline (5) is laid out in section c of the summary to fa¬ 
cilitate evaluating the determinant in any given case. When the procedure de¬ 
scribed is followed, the first column contains the values of the principal minor 
determinants of the Routh-Hurwitz n^-order determinant. The stability criteria 
are met when all elements of this column are positive. The number of variations 
in sign of this column is equal to the number of roots with positive real parts. A 
numerical example is included in section d. 

ROUTH-HURWITZ STABILITY CRITERIA FOR LOW-ORDER POLYNOMIALS 

21.28. The Routh-Hurwitz stability criteria may be expressed in another way 
quite different in appearance from the form just outlined. The statement of the 
criteria given in Derivation Summary 21-4, requiring certain polynomial coef¬ 
ficient determinants to be positive, is a direct consequence of the statements 
in Derivation Summary 21-5, as proved in the reference cited in the summary. 
The latter formulation is frequently easier to apply, particularly for low-order 
equations. 

21.29. The first step is to write the even and odd functions associated with the 
given polynomial as defined byEqs. (2a) and (2b) of Derivation Summary 21-5. The 
three necessary and sufficient conditions cited in the summary for all the roots of 
the polynomial to have negative real parts permit only certain roots of the even and 
odd functions to exist. They further limit these roots by requiring the relative 
magnitudes to have a prescribed order. Since the separation of the given polynomial 
into an even and odd function produces two functions each no more than one-half the 
order of the original polynomial, the new situation is simpler than the original one. 

It is often possible to determine when the specified conditions are satisfied for many 
situation s of interest almost by inspection. The summary contains a restatement 

• For an alternate set of stability criteria, see Shields (68a). 
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Routh’s stability criteria represent a method for testing polynomic characteristic equations to determine 
whether any roots have positive real parts.® These criteria were independently established by Hurwicz®® 
and are properly termed the Routh-Hurwitz criteria. This method determines only the number of roots with 
positive real parts and does not give any odier indication of the roots. The proof for the Routh-Hurwitz 
stability criteria requires die use of the theory of functions of the complex variable. The background theory 
can be found in T\ic Mathematics of Circuit Analysis by E. A. Guillemin (33), or in advanced texts on 
dynamics. 

Let the n 1 * 1 -order nondimensional characteristic equation widi real positive coefficients be 

P n (A) “ + y<n-i) A(n * l) + • • • + y 2 A 2 + y, A + y 0 (1) 

and let 

Y n > 0 ; Yo * 0 

The following n'^-order determinant can be constructed from the coefficients of the given polynomial: 


Yi 

Yo 

0 

0 

0 

0 

... 0 

y 3 

y 2 

Yx 

Yo 

0 

0 

... 0 

Y% 

Y* 

y 3 

y 2 

Y\ 

>0 

... 0 

Yy 

Yo 

Yi 

Yi 

y 3 

Y 2 

... 0 

y 9 

Yb 

Yi 

Yo 

Yi 

Yi 

... 0 

• 

• 

• 

• 

• 

• 

• • • • 

| Y{ 2 n- 1) 

M 2n-2) 

T( 2 n- 3) 

>t 2n-4) 

>t2n-S) 

>t 2n-6) 

. . . Y n 


The first column of the determinant consists of the successive coefficients of the odd powers of A 
beginning with the coefficient of the first-power term. The second column is made up of the successive 
coefficients of the even powers of A beginning with the constant term. The third column has zero for its 
first clement followed by the first (n - 1) elements of the first column. The fourth column has zero for its 
first clement followed by the first (n - 1) elements of the second column. The succeeding columns arc 
similarly constructed by pairs. For the i^ pair, the first i elements are zero and the rest of the elements 
arc made up of the first (n - i) elements of the first two columns. When there are missing terms in the poly¬ 
nomial, they are represented by zero elements in the determinant. It should be noted that the leading diag¬ 
onal consists of the polynomial in proper order of powers of A, except for the constant term. The last ele¬ 
ments of the first column are zero, since there are n elements in the column and only (n - l)/2 coeffi¬ 
cients of odd-order powers. This is also true for the other columns. 

a) -order Routh-Hurwitz determinant 


Y\ Yo 

y 3 y 2 


The principal minor determinants, Dj, of the Routh-Hurwitz determinant of the coefficients, D n , arc de¬ 
fined as follows: y y 0 

D i ° y x ; D 2 = y * • = Y 3 y 2 y, ; • • (3) 

32 Yi x, yj 

The i 1 * 1 principal minor determinant is formed by taking the elements in the square bounded by the (i ♦ l) st 
row and column. 

The necessary and sufficient conditions for all the roots of the polynomic equation, P (A) - 0, 
to have negative real parts are that all the minor determinants shall be positive , and that y 0 
shall be positive; i.e., 

y 0 > 0 , D, > 0 , Dj > 0.D n > 0 (4) 

The conditions of Eq. (4) are defined as the Routh-Hurwitz stability criteria. 

b) Routh-Hurwitz stability criteria 

• Soe Routh (63), (64). 

•• Soo Hurwitz (38). 

Derivation Summary 21-4. The Routh-Hurwitz stability criteria for polynomic equations. 

(Page 1 of 3) 


431 




A schedule can be set up for actually testing a given polynomial in accordance with the determinant for¬ 
mulation of the Routh-Hurwitz stability criteria of Eqs. (3) and (4). The schedule is outlined as follows: 
Row 

® Yo ' Yo Ya ... (even coefficients) 


(yi y 2 ~ >o y 3 ) hi y < ~ Y 0 y <) (y, y 6 - y 0 y 7 ) (y, y e - y 0 y 9 ) 


(=b,) 


(=b 7 ) 


(=b 3 ) 


(=bj 


(biy 3 -y,b 2 ) (b,y 5 -y,b 3 ) (b,y 7 -y, b 4 ) (b l y 9 -y,b 5 ) 


<-*.> 


(= c,) 


(= c,) 


(=c 4 ) 


( c ib 2 -b, c 2 ) (Cjbj-b.c,) (c, b 4 - b, c 4 ) ( Cl b s -bj c 5 ) 


<-<■«> 


(-d,) 


(= d,) 


(=d 4 ) 


(even coefficients) 
(odd coefficients) 


1) The zero 1 * 1 row is obtained by setting down the successive coefficients of the even powers of the 
polynomial beginning with the constant term. 

2) The first row consists of the successive coefficients of the odd powers of the polynomial begin¬ 
ning with the first-power coefficient. 

3) The second row is made up of combinations of elements of the zero 1 * 1 and first rows. The i^ 1 
element is formed by the difference between the product of y ] and the (i + l) st clement of the zero 
row and the product of y Q and the (i + l) sf element of the first row. The first element of the second 
row is the expansion of the determinant, D 2 , of Eq. (3). 

4) The third row is made up of combinations of elements of the first and second rows. The i 1 * 1 element 
is formed by the difference between the product of the first element of the second row and the 

(i + l) sl element of the first row and the product of y { and the (i 4- l) st element of the second row. 
The first element of the third row is the expansion of the determinant, D 3 , of Eq. (3). 

5) The j^ 1 row is made up of combinations of elements of the preceding two rows. The i 1 * 1 clement is 
formed by the difference between the product of the first element of the (j - l) st row and the 

(i + l) st element of the (j - 2) nc * row,and the product of the first clement of the (j - 2) nc * row and 
the (i > l) sl element of the (j - 2) n ^ row. The first clement of the j c * 1 row is the expansion of the 
determinant, D Jf of Eq. (4). 

From the way in which the elements of the rows of the schedule are defined, the number of nonzero 
terms will decrease as the schedule is continued, and finally one row will have only the first element 
nonzero, which corresponds to the determinant, D n , of Eq. (2). 

Since the Routh-Hurwitz stability criteria require that all the determinants of Eq. (3) be positive, and 
the elements of the first column of the schedule (5) arc the values of these determinants, another way of 
expressing these criteria is: 

The necessary and sufficient condition for all the roots of a polynomic equation to have 
negative real parts is that the first column of the schedule equal to the determinants (J) 
shall have all positive elements . 

It has also been shown 0 that: 

The number of roots with positive real parts is equal to the number of changes in sign of 
the elements of the first column of schedule (5). 

c) Procedure for verifying the Routh-Hurwitz criteria 

• Sef> Guillemln (33), cited In oectlon a. 

Derivation Summary 21-4. The Routh-Hurwitz stability criteria for polynomic equations. 
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As a numerical example of the use of the Routh-Hurwitz stability criteria, determine whether the fifth-order 
nondimensional characteristic equation 

P S (A) = A 5 + 12.11A< + 55.32 A 3 + 113.94 A 2 + 96.88 A + 9-35 (6) 

has any roots with positive real parts. 

From Eq. (2), the Kouth-Hurwitz determinant for this equation is 

96.88 9.35 0 0 0 

55.32 113.94 96.88 9.35 0 

D. = I 1 12.11 55.32 113.94 96.88 | (7) 

0 0 1 12.11 55.32 

0 0 0 0 1 

To evaluate the principal minor determinants (sec Eq. (3)) of the Kouth-Hurwitz determinant D s , set up 
the following schedule, based on schedule outline (5): 

Row 

0 I 9.35 113.94 12.11 0 


1 

2 

3 


96.88 


55.32 


1 


(113.941(96.88) -(9.35X55.32)= 10,521 (96.88)( 12.11)-(9.35)( 1) = 1164 0 

(55.32)(10,521) - (96.88)(1164) = 4.69 x 10 s (1)(10,521) - (0)( 1164) = 10,521 0 


(1164K4.69 x 10 s ) - (10,521)(10,521) = 4.36 x 10 8 


0 


0 


0 

0 

0 

0 


( 8 ) 


(10.5 x 10 3 )(4.36 x 1O 0 ) = 4.58 x 10 12 0 0 0 

The first column of schedule (8) is equal to die values of the principal minor determinants of the deter¬ 
minant (7); i.e., 

D, = 96.88 ; D 2 = 10,521 ; D 3 = 4.69 x10 s ; D, = 4.36 x 10 8 ; D s = 4.58 x 10 12 

(9) 

Since the first column of schedule (8) has all positive elements, the Routh-llurwitz determinant D, has 
all positive principal minor determinants. From section b, the necessary and sufficient conditions have 
been satisfied for Eq. (6) to have all roots with negative real parts. This may be verified by comparison 
with section d of Derivation Summary 21-3- 

d) Numerical example of the Routh-Hurwitz stability criteria 

Derivation Summary 21-4. The Routh-Hurwitz stability criteria for polynomic equations. 
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of the stability conditions suitable to the reduced order of the even and odd functions. 

21.30. Derivation Summary 21-6 illustrates the application of the Routh- 
Hurwitz stability conditions stated in the previous summary for third-, fourth- 
and fifth-order equations. The even and odd functions for polynomials of these 
orders are quadratic or lower. The stability criteria derived from the conditions 
listed in the previous summary may be expressed as simple inequalities between 
functions of the given polynomial coefficients. The same inequalities may be derived 
from the formulation of the Routh-Hurwitz criteria given in Derivation Summary 21-4 


THIRD- AND FOURTH-ORDER POLYNOMIALS 

21.31. Third-order polynomials with positive real coefficients are treated in 
section a of Derivation Summary 21-6. The stability is determined by the single 
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criterion given in Eq. (6b). This condition is a statement of the alternation of the 
roots of the cubic even-and-odd functions requirement. Fourth-order polynomials 
with positive real coefficients are taken up in section b of the summary. The 
stability of equations of this type is prescribed by two criteria as shown by 
Eqs. (12) and (15). The first of these criteria is derived from the requirement 
that the even-function roots be real and distinct. The second is a statement of the 
alternation-of-the-roots condition. 


FIFTH-ORDER POLYNOMIALS 

21.32. Fifth-order equations, as shown in section c of Derivation Sum¬ 
mary 21-6, have even and odd functions that are both essentially quadratic. The 
requirement that the roots of these auxiliary functions be real produces the two 


In the proof of the Routh-Hurwitz criteria as given in The Mathematics of Circuit Analysis by E. A. 
Guillemin (33), it is shown that the n'^-order polynomial with real coefficients 

P n (A) * yn A " + y ( n-l) A(n - ,) + • • • + Y 2 A 2 + X, A + Yq 
consists of an even function plus an odd function defined as follows: 


( 1 ) 


and 


(n)(ovon) 
(n) (odd) 


Yo + y 2 a2 + y« A * + y 6 A ® + • • • 

y, A + y 3 A 3 + y 5 A 5 + y 7 A 7 + . . . 


PU) 


even function 
odd function 


(2a) 

(2b) 


^nl(even) + ^n)(odd) (3) 

It is proved in the cited reference that the necessary and sufficient conditions for the roots of the poly- 
nomic equation P (A) - 0 to have all negative real parts are: 

1) The coefficients of the even and odd polynomials shall all be positive and different from zero. 

2) The roots of the even and odd polynomials shall all be distinct and purely imaginary. The roots of 
the even polynomial shall be distinct from those of the odd polynomial. 

3) The roots of the even and odd polynomials shall alternate. This means that the next root in magni¬ 
tude after an even polynomial root shall be an odd polynomial root, and the next root in magnitude 
after an odd polynomial root shall be an even polynomial root. 

These conditions are simple to determine if the order of the polynomial is not too large. It should be note< 
that the even and odd functions are each polynomials in A 2 . The order of these polynomials in A 2 is no 
greater than one-half the order of P (A). When the A roots of the even and odd polynomials are purely ima¬ 
ginary, the A 2 roots of these polynomials must be negative real numbers. If A 2 is replaced by the symbol W, 
then 


ffnHev.n) “ Y 0 + Y 2 " + Y 4 " 2 + Y 6 * 3 + 


(4a) 


Let the roots be W. 


(4b) 


(D(.ven) . * - 1, 2, 3, . . • 

Hnxodd) - V^ty, + y 3 w * y 5 w2 + y 7 w 3 + .. .) 

Let the roots be W fo)(odd) - 0; W (1)(odd) , i - 1, 2, 3, .. . 

The necessary and sufficient conditions 2 and 3 cited above now become: 

2 ') The roots of the even and odd functions shall be real, negative and distinct. 

3') The roots shall have the following order of magnitude. 

0 * l W (l)(even)l < l W (l)(odd»l < l W (2)(ovon)l < W ( 2 )(odd)l < l W W(*v*n)l 
From Descartes’ rule of signs (Theorem 5 of Theorem Summary 21-1), it follows that if all the coefficients 
of the polynomic equation are positive and the roots are real and distinct, the roots must all be negative. 

Derivation Summary 21-5. The Routh-Hurwitz stability criteria for low-order equations. 


( 5 ) 
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The formulation of the Routh-Hurwitz .stability criteria given in Derivation Summary 21-5 may be used to 
develop simple relationships among the coefficients of low-order polynomial characteristic equations with 
real positive coefficients when all the roots have negative real parts. 

Let 

(A) = y 3 A 3 + y 2 A 2 + y,A + y Q - 0 (1) 

be a third-order characteristic equation with real positive coefficients. From Eq. (2) of Derivation Sum¬ 
mary 21-5, the even and odd functions are 

^3)(«v®n) m Yo + Y: 2* 2 ; ^3)(odd) “ Y\ * + Xj (2a),(2b) 

^hen A 2 —► w, 

^(even) " Yo + Y 2 W i ^3)(odd) “ Vw (y, + y 3 w) (3a),(3b) 


(3)(even) 

The root of the even function is: 


(l)(© von) 


The roots of the odd function are: 


W ( 2 )(odd) * 0 t W (l)(odd) “ " — 

'3 


(5a),(5b) 


Since the coefficients of Eq. (1) are all positive and real, the roots of Eqs. (2a) and (2b) are negative 
and real, satisfying this requirement in condition (2) or (2') of Derivation Summary 21-5. The roots are dis¬ 
tinct and alternate, as required by condition (3) or (3') of the summary when 

° < < ° f YoYi < YiY 2 (6a),(6b) 

•2 •3 

The relationship of Eq. (6a) or Eq. (6b) expresses the condition for all roots of cubic characteristic equa¬ 
tions to have negative real parts. 

a) Stability condition for third-order polynomic characteristic equations 


Let 


^(A) - y 4 A 4 + y 3 A 3 + y 2 A 2 + y, A + y 0 = 0 (7) 

be a fourth-order characteristic equation with real positive coefficients. The corresponding even and odd 
functions are 


when A 2 


(4)(even) 


- Yo + y 2 * 2 + y 4 A 4 ; 


(4)(odd) 


- y, A + y 3 A 3 


p w(*v.n) - Yo + y 2 w + y « w2 ; K 


W(odd) 


Vw(y, + y 3 w) 


The roots of the even function arc: 


W (l)(®ven) “ “ 


Y 2 

2 y 4 


( _ZL\ 2 - JL . 
V 2 yJ y» ’ 


( 2 )(o ven) 


-[ 


&)■- 


The roots of the odd function arc: 


(o)(odd) - 0 ; w 


(lModd ) 


(8a),(8b) 
(9a),(9b) 

f] 

(10a),(10b) 
(11a),(lib) 


Since the coefficients of the characteristic equation (7) are all real and positive, the roots of Eq. (9b) 
are real and negative. The roots of Eq. (9a) are real and negative when, in Eqs. (10a) and (10b), 


* </-2L\ 

y« V2y</ 


( 12 ) 


The altemation-of-the-roots condition is satisfied when 


0 < 


2 * 


r h.)-Y6.<Y L< Yj_ + 

2 Yj Y a y, 2y 4 


Y 2 

2 Y a 


(13) 


Derivation Summary 21-6. The Routh-Hurwitz stability criteria for characteristic equations 
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From the inequality .— - 

Y^ V *> - Y, 

** TT TT (14) 

it is found that 

. YiY 2 y 3 > y 0 y 3 2 + y 4 y? (15) 

which is a second way of writing the expression of Eq. (13). 

The inequalities of (12) and (13) or (12) and (15) arc the conditions that must exist among the fourth-order 
characteristic equation coefficients when all the roots of Eq. (7) have negative real parts. 

b) Stability conditions for fourth-order polynomic characteristic equations 


(15) 


Let 


FJ(A) = y 5 A 5 + y<A< + y 3 A 3 + y 2 A 2 + y, A + y Q = 0 (16) 

be a fifth-order characteristic equation with real positive coefficients. The corresponding even and odd 
functions arc 


When A 2 


(5) (oven) 


y 2 A 2 + y. A 4 ; R 


(5) (odd) 


y,A + y 3 A 3 + y 5 A 5 


(SMeven) * Y 0 + Y 2 w + X« w2 J ^s)(odd) ■ + Ta w + y s w2 ) 

The roots of the even function are: 


(17a) t ( 17b) 


(18a), (18b) 


(l)(evon) 


-[ 


Yi_ 
2 Y< 


/_A_\ 2 _Jk 

\ 2 yJ y< 


(2)(evon) 




The roots of the odd function are: 


(19a),(19b) 


( 0 )(odd) 


0 ; w 


(lModd) 


- 

L 2 * 


Yj 

2 Y$ 


f i} 


'( 2 ) (odd) 




(20a),(20b),(20c) 

Since the coefficients of Eq. (16) arc real and positive, the roots of Eqs. (19a), (19b), (20b) and (20c) 
are real and negative when , . 


The altcmation-of-the-roots condition is satisfied when 


0 < 


't-'IW- 


(*)'- 


+ 

Ys 2 Y* 




From the inequalities 


Yi 

2 Y< 


and 


2 Y 4 


Y 2 

2 Ya 


y 2 

2 Y a 


)■- 


<-?-* 

2 v. 


Y 3 

2 Ys 




2 Ys 


Yi 

2 Yi 


Yi 
2 Yi 


( 22 ) 


(23a) 


(23b) 


and because only positive numbers appear in these inequalities, the product of the left-hand terms is less 
than the product of the right-hand terms. This gives the expression 


2k < Z 


(24) 


Ya Yi 

The expressions of (21a) through (24) are the Conditions that must exist among the fifth-order character¬ 
istic equation coefficients when all the roots of Eq. (16) have negative real parts. 

c) Stability conditions for fifth-order polynomic characteristic equations 


Derivation Summary 21-6. The Routh-Hurwitz stability criteria for characteristic equations 

of the third, fourth, and fifth order. (Page 2 of 2) 
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criteria on the given polynomial coefficients given in Eqs. (21a) and (21b). The 
first of these criteria prescribes a relationship among the even-power coefficients. 
The second is a like relationship among the odd-power coefficients. The alterna- 
tion-of-the-roots requirement gives the series of inequalities shown in Eq. (22). 
However, they can be reduced to the simpler expression of Eq. (24), which relates 
the even-power coefficients to the odd-power ones when stability exists. 

SIXTH TO NINTH-ORDER POLYNOMIALS 

21.33. The determination of the absolute transient stability of solutions of 
linear integro-differential equations of the sixth to ninth order by the standard 
Routh-Hurwitz criteria given in Derivation Summary 21-4 requires the evaluation 
of sixth- to ninth-order determinants. When the stability conditions of Derivation 
Summary 21-5 are applied, it is found that for sixth-order equations it is required 
that the roots of cubic polynomials be determined, and for ninth-order equations, 
the roots of quartics. Simple inequalities for stability like those found in Deri¬ 
vation Summary 21-6 do not occur with sixth- and higher-order equations. How¬ 
ever, the use of the cubic and quartic charts of Chapter 22 extends the practical 
range of the stability conditions of Derivation Summary 21-5 to ninth-order linear 
integro-differential equations. 

21.34. Derivation Summary 21-7 shows how to set up characteristic equa¬ 
tions of the sixth to ninth order so that the cited stability conditions may be 
applied. Sixth-order equations are discussed in section b of the summary. The 
even function is a cubic as in Eq. (3a), but the odd function is still a quadratic. 
The roots of both cubic and quadratic polynomials are real and distinct when the 
associated discriminants are positive. These relationships are shown in Eqs. (4) 
and (5). The alternation-of-the-roots condition is best determined by using the 
cubic charts of Chapter 22. The treatment of the higher order equations in this 
summary is quite similar to the sixth-order treatment just described. Fewer 
explicit relationships are derivable as the equation order increases, and more 
usage of the cubic and quartic charts is required. However, it is to be noted that, 
even for ninth-order equations, the procedure permits a study to be made of the 
dependence of absolute transient stability on the coefficients of the equation. 

RELATIVE TRANSIENT STABILITY 

21.35. The Routh-Hurwitz stability criteria may be used together with the 
Root Reduction Theorem of Theorem Summary 21-1 to provide information about 
the relative transient stability of linear integro-differential equation solutions as 
well as absolute transient stability. The definition of relative transient stability 
is given in Chapter 20. The stability number of a linear integro-differential equa¬ 
tion is defined in section d of Derivation Summary 20-2 as the ratio of the least 
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Characteristic equations of the sixth to ninth orders may be examined by the classical Routh-Hurwitz 
stability criteria method of Derivation Summary 21-4 to determine whether any roots have positive real parts 
It is also possible to extend the formulation of the criteria given in Derivation Summary 21-5 when the me¬ 
thods of Chapter 22 are used to extract the roots of cubic and quartic polynomials. Since the technique of 
Chapter 22 is mostly graphical, it is not so simple to obtain general expressions for relationships among 
the characteristic equation coefficients for the stability criteria. The procedure in the following situations 
is to develop inequalities based on the real distinct negative roots of the even and odd functions of the 
characteristic equation. These inequalities allow for preliminary elimination of some characteristic equa¬ 
tions that have roots with positive real parts. The final test depends upon the altemation-of-roots condition, 
which can be carried out using the c-bic and quartic charts of Chapter 22. 

a) General technique for developing stability criteria for sixth- to ninth-order characteristic equations 


Let 

FJ (A) - y 6 A 6 + y s A 5 + y A \ A + y 3 A 3 + y 2 A 2 + y, A + y 0 - 0 (1) 

be a sixth-order characteristic equation with real positive coefficients. The associated even and odd func¬ 
tions are 


A« 




A 6 


(6)(odd) 


Yi A + y 3 A- 


Ys 


A5 


(2a),(2b) 


^6)(even) “ 7o + Xl ^ + Y+ 

When A 2 -w, 

^(even) “ Y 0 + X 2 W + X*" 2 + Y 3 ** i ffoHodd) - Vw (y, + y 3 W + y 5 W 2 ) (3a),(3b) 

Since the coefficients of Eq. (1) are all positive and real, it is known from standard texts on algebra 
that the roots of cubic polynomials like ^ 6 )(ov©n) arc rca ^» negative, and distinct when the associated cubic 
discriminant is positive. 0 For the cubic polynomial in the form of Eq. (3a), the discriminant, from Formula 
Summary 22-1, is given by the expression 

l8 Y 0 Y 2 Y<Yt ~ 4 y^ Y 0 + Ya Y 2 ~ 4 Y 2 Y e ~ 27 y 0 2 y $ 2 > 0 (4) 

For quadratic polynomials like ^ 6 )( oc j c |), the roots are real and distinct when the associated quadratic dis¬ 
criminant is positive. For this case, it is necessary that 


(ft)' -1 


> 0 


(5) 


in order for the roots of Eq. (3b) to be real, negative, and distinct. 

Roots of even function : 

While cubic equation roots may be extracted by formula, it is not as easily done as for linear and quadratic 
equations. Analytical and graphical procedures for determining the roots of cubic polynomic equations are 
given in Derivation Summaries 22-1 and 22-2 of Chapter 22. The cubic roots may most easily be evaluated 
using one of the cubic charts of Figs. 22-1 through 22-10. Let the values of the roots, when so determined, 
be 


l W (l)(ev©n)l ^ l W ( 2 )(©v©n)l < l W (3)(ovon)l 


( 6 ) 


Roots of odd function: 

W 


( 0 )(odd) 


- 0 ■ W (l)(odd, - - 77 s 'VOw" 


w 


( 2 )(odd) 


- - 'J5l + x />JL\ 4 -2l' 

L 2 n \ V 2 */ 


Y 

% j 

(7a),(7b),(7c) 

The altemation-of-the-roots condition for sixth-order characteristic equation even and odd functions is 

2 


° < 1 * % - * iw,a ‘—’ 1 * £ + V (&' 


Yi 

Yi 


< W 


(3)(.v.n) 

( 8 ) 


• S©e, fer examplo, Dickson (20) and Pin© (27). 

Derivation Summary 21-7. Routh-Hurwitz stability for sixth-order through ninth-order 

characteristic equations. (Page 1 of 3) 
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The conditions for all the roots of sixth-order characteristic equations to have negative real parts are 
pressed by the inequalities of (4), (5) and (8). 

b) Stability conditions for sixth-order characteristic equations 


Seventh-order characteristic equations with real positive coefficients of the form 

F?(A) * y 7 A 7 + y 6 A 6 + y 5 A s + y 4 A 4 + y 3 A 3 + y 2 A 2 + y, A + y £ 

have even and odd functions with cubic polynomial factors 


p w(«v.n) ■ y 0 + y 2 A2 + y« A * + y 6 A ® 


(7)(even) * Xo + X 2 W + X, W 2 + X 6 w3 


(10a) 


^7)(odd) ■ Xi A + y 3 ^ 3 + ys Ai + y 7 A? —— ^(©dd) ■ V~* ( y 1 + y 3 w + y 5 w 2 + y 7 w 3 ) (iob> 

Since the coefficients of Eq. (9) arc real and positive, the roots of the cubic even and odd functions are 
real, unequal and negative when the respective discriminants arc positive. As stated in section a, cubic 
roots arc real and distinct when the discriminant is positive. For the even function in Eq. (10a), the cubic 
discriminant inequality is 

18 y 0 y 2 y«x 6 - 4 y< 3 y 0 + Y* y 2 - 4 y 2 2 y 6 - 27 y 0 2 y 6 2 > o' (ii> 

l or the odd function in Eq. (10b) t the cubic discriminant inequality is 

18 y,y 3 y 5 y 7 - 4 y 5 3 Xi + y 5 2 y 3 2 - 4 y 3 2 y 7 - 27 y, 2 y 7 2 > o (12) 

The roots of each of the cubic polynomials in Eqs. (10a) and (10b) may be obtained from the cubic charts 
in Chapter 22. Uhen the even function roots are 

l W (l)(ev«.n)l < l W (2)(oven)l K l W (3)(even)l 03) 


and the odd function roots arc 


(14) 


< w 


(3) (odd) 


(15) 


w 0 “ 0 ; l w (0(odd)l < l w U)(odd)l < l w ( 3 )(odd)l (14) 

The condition for the alternation of the roots is 

0 < l W (l)(evon)l < l W (l)(odd)l < l W (2)(even)l < l W (2)(odd)l < l W (3)(oven)l < l W ( 3 )(odd)l (15) 

rhe inequalities of (11), (12), and (15) express the conditions that exist among seventh-order characters 
tic equation coefficients when all the roots have negative real parts. 

Stability conditions for seventh-order characteristic equations 


o ns 


For eighth-order characteristic equations with real positive coefficients of the form 

F^U) - y 0 A 8 + y 7 A 7 + y 6 A 6 + y 5 A 5 + y 4 A< + y 3 A 3 + y 2 A 2 + y, A + y Q 

the even and odd functions are 


(16) 


y « w3 + y« w 


p 

Va)(odd) 


(17a) 


(17b) 


Eleven) “ Y 0 + y 2 A 2 + y 4 A" + y 6 A 6 + y„ A 8 -^ y o + y 2 W + y 4 w 2 + y 6 w 3 + y e w< (17a) 

f?e)(odd) = yi A ♦ y 3 A * + y s AS + y 7 a 7 —V^(x, + y 3 w + y s w 2 + y 7 w 3 ) d 7 b) 

The even function, Eq. (17a), is a quartic, while the odd function, Eq. (17b), is a cubic similar to odd func- 
tions of seventh-order characteristic equations. 

Roots of quartic equations may be obtained from well-known formulas listed in Formula Summary 22-1. It 
is more convenient to use the quartic chart of Fig. 22-13 to determine when the roots of Eq. (17a) are real 

and distinct. The roots of both the even and odd functions are negative, when they are real, because all the 
coefficients of these equations are positive. 

The roots of the cubic odd function are real and distinct when the associated discriminant is positive; 
i.e., when 

l8 YlY 3 YiY7 - 4 Yi y, + y 5 2 Yi - 4 y 3 2 y 7 - 27 y*y* > 0 ( 18 ) 

The alternation-of-the-roots condition can be verified only after the roots of the cubic odd function and quar¬ 
tic even function have been determined by methods similar to those of Chapter 22. When the even function 


roots are 


W (l)(»ven) I < l W (2)(even)l < l W (3)(«v«n)l < l W ( 4 )(even )I 


(19a) 


Derivation Summary 21-7. Routh-Hurwitz stability for sixth-order through ninth-order 
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and the odd function roots are 


w o = 0 


l W (l)(odd)l < l w (2)(odd)l < l W (3)(odd)I 


(19b) 


the altcrnation-of-thc-roots condition for eighth-order equations is 

(l)(even)l < l W (l)(odd)l < l W ( 2 )(even) 

d) Stability conditions for eighth-order characteristic equations 


0 < Iw- } | < |w (J)(odd) | < |w (2)(even) | < |w (2)(odd) | < |w (3)(ev( . n) | < |w (3)(odd) | < |w (4)(even) | 


( 20 ) 


Ninth-order characteristic equations with real positive coefficients of the form 

F^(A) = y 9 A 9 + y 8 A 8 + y 7 A 7 + y 6 A 6 + y 5 A s + y A A 4 + y 3 A 3 + y 2 A 2 + y, A + y Q = 0 (21) 

have even and odd functions with quartic polynomial factors of the form 

Eleven) = V 0 + ^2 + >4 A " + ^6 A " + Y 9 A ® -— Y 0 + y 2 W + y 4 w 2 + y 6 w 3 + y e w« (22a) 

^Hodd) = y, A + y 3 ^ + n AS + y 7 >? + M 9 —i + + n w2 + y 7 * 3 + y 9 w4) ( 22b > 

The roots of Eqs. (22a) and (22b) may be obtained from the quartic chart, Fig. 22-13. This information, 

when used with the formulation of the Routh-Hurwitz criteria of Derivation Summary 21-5, permits the sta¬ 
bility of ninth-order equation solutions to be determined with relative simplicity. 

e) Stabi lity conditions for ninth-order characteristic equations 

Derivation Summary 21-7. Routh-Hurwitz stability for sixth-order through ninth-order 

characteristic equations. (Page 3 of 3) 


negative of the real parts of the roots of the associated characteristic equation to 
a reference value of this quantity. When the stability number is greater than unity, 
the absolute transient stability of the solutions of the given equation is greater 
than that of a reference solution in the sense of Eqs. (1) and (5) of Definition Sum¬ 
mary 20-1, and the relative transient stability is positive in accordance with the 

discussion of section d, Derivation Summary 20-2. 

21.36. A reference value for the real parts of the roots of a given character¬ 
istic equation is chosen suitable to the required application. By use of the Root Re¬ 
duction Theorem, the real parts of the roots of the given characteristic equation 
are diminished in magnitude by the reference quantity. This provides a new equa¬ 
tion, for which it must be determined whether any of the roots have positive real 
parts. The Routh-Hurwitz stability criteria may be applied to the new equation 
in the same way as to the original one. (This is equivalent to shifting the zero 
value of the real parts of the roots.) When all the roots of the transformed 
characteristic equation have negative real parts, the stability number of the orig¬ 
inal equation, with respect to the chosen reference, is greater than unity. The 
synthetic division method of transforming polynomials given in section c of Deri¬ 
vation Summary 21-1 may be used to shorten the work involved in applying the 
the Root Reduction Theorem. 
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CHAPTER 22 


METHODS OF SOLVING THIRD- AND FOURTH-ORDER 

CHARACTERISTIC EQUATIONS * 

Y. J. Liu 

METHODS OF EXTRACTING THIRD- AND FOURTH-ORDER POLYNOMIAL ROOTS 

22.1. General numerical methods for deriving information on the character 
of the roots of polynomic characteristic equations, including methods of direct fac¬ 
toring, are presented in Chapter 21. Polynomic equations of the fourth order or 
less may be factored by formula, but it is known that fifth- and higher-order equa¬ 
tions cannot be so treated.** Roots of first- and second-order equations maybe 
extracted by well-known methods available in any book on algebra. The informa¬ 
tion generally available from standard sources for solving cubic and quartic equa¬ 
tions is outlined in Formula Summary 22-1. 

22.2. The procedures of Chapters 15 and 16 for the solution of linear integro- 
differential equations show that it is useful to have the algebraic factors of the as¬ 
sociated characteristic equations available as first- and second-order polynomials 
with real coefficients. Derivation Summary 22-1 gives cubic equation properties 
in terms of the usual first-order binomial factors, and also as the product of a 
first- and a second-order factor with real coefficients, like the first- and second- 
order characteristic equations discussed in Chapters 18 and 19. The basis for the 
construction of cubic charts that provide a means for graphically extracting roots 
from cubic equations is taken up in Derivation Summary 22-2. These charts con¬ 
stitute the series of figures from Fig. 22-1 to Fig. 22-10, inclusive. 

22.3. A parallel treatment is provided for quartic polynomic equations. Basic 

quartic polynomial properties are outlined in Derivation Summary 22-3 for the 
case where the quartic equation is factored as two second-order polynomials. The 
interdependence between quartic equations and their associated resolvent cubics is 
described in Derivation Summary 22-4. Figures 22-11 and 22-12show graphically 
how the roots of the quartic are related to the coefficients. The basis for graphi¬ 
cal means of extracting quartic roots is the content of Derivation Summary 22-5. 

Figure 22-13 consists of two charts constructed in accordance with the procedure 
of Derivation Summary 22-5. 


• The material of this chapter is essentially that given in Liu (48) and (49), and in Evans (23). 

•• See Dicksoo (20). 
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( 1 ) 


The roots Xj , X 2 and X 3 of the cubic polynomic equation with real coefficients 

P 3 (X) = X 3 + y 2 X 2 + Y\ X + y 0 = 0 

are given by the expressions 

A, =-i-[S, + S 2 - yj 


,-■![-its, + s 2 ) + 35(5, - S 2 ) - *] 
3 - + y - s, - y - y 2 ] 


where 


; ■ it 


B 2 - 4A 3 ] ; S 3 2 -.l[b - 


B - 4 A 3 


y 2 2 -3y, ; B - -2y 2 3 + 9y 2 y 1 - 27y 0 


(2a) 


(2b) 


(2c) 


(3a),(3b) 


(4a),(4b) 


The discriminant of a polynomic equation is defined as the product of the squares of the differences of 
the roots. For the cubic equation, it is 

D c . (A, - A,) 2 (A, - A 3 ) s (A 2 - A 3 >* (5) 

From the expressions for the roots of Eq. (2) it is found that 

B 2 - 4A 3 = — 27D c (6) 

D c = 18 Yo Yx y 2 - 4 y 2 3 y 0 + y 2 2 y, 2 - 4 y 3 — 27 y 0 2 (7) 

Equations (5) and (6) show that 

D c < 0 ; B 2 - 4 A 3 > 0 when one root is real, two roots a complex conjugate pair (8a) 

D c = 0 ; B 2 - 4 A 3 * 0 when one root is real, two roots real and equal (8b) 

D c > 0 ; B 2 - 4A 3 < 0 when all roots are real and unequal (8c) 

All the roots are equal when 

D c - 0 and B ■= 0 (9) 


Mien the roots are all real it is more convenient to use the expressions 

A, - ±jyfKco,\Xco, '(-jlr-) 


3 


(10a) 


yJTco, 

V*"c„*[i 


(10b) 


(10c) 


The positive sign is used when B is positive; the negative sign alien B is negative. 

The proof for these solutions can be found in texts on advanced algebra, such as those by Fine (27) 

and Dickson (20). 

a) Roots of the cubic polynomic equation 


The roots of the quartic polynomic elation 

P 4 (X) - X 4 + y 3 X 3 + y 2 X 2 + y,X + y 0 - 0 (1 

are found by use of the associated resolvent cubic equation 

r 3 - y 2 r 2 + (y 3 y, - 4y 0 )r ♦ (4y 2 y 0 - y 3 2 y 0 - Yi^ " ® ^ 

Equation (12) is defined as the standard-form resolvent cubic. 

Formula Summary 22-1. Solutions of the cubic and quartic polynomic equations. (Page 1 of 2) 


(ID 


( 12 ) 
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Let the roots of Eq. (12) be fj^j, r 2(r8) , r 3 ( rs )* Then die roots of the quartic (11) are the roots of 


- VT 7 


+ r 


8 ,)a + _1|£»2 - ^± T 2 (tB) - y o 


* + (i* + + r i(rs)) A + - 


A ' + ^1* + Vf " y 2 + f l(r e)J A + + VT r, ‘ (ro) ‘ y 0 " U H3b) 

Generally r l(rs) is chosen as a real root of the resolvent cubic. 

An alternative expression® for the quartic polynomic equation may be found by transforming the resolvent 
cubic into the form 

t 3 + 4 f2 + - ° 2 7> 4C » --77 = 0 (14) 

z 16 64 

where ^ 

a t= v_ — 5 v . 2 ! h = V. — v _ + 7 v 3 . r Y\ ^3 , ^2 ^3 _ _3 -.4 s i 


1 r 2 

— 11 / 


(13a) 


(13b) 


y 2 " Yi : b 


y. + jjyf i c = y 0 - y 3 4 U5a), nsw. <150 


Equation (14) is defined as the alternative-form resolvent cubic . 

Let the roots of Eq. (14) be t l(rs) , t 2(r3) , t 3(rs j. Then the roots of Eq. (11) are 

A l “ ± V , l(r») “ yl*2tTB) - V t 3(ra)) “ ^T 


Aj B + (- 


Kra) 


2 (rs) 


2(rs) 


3(ro)' 


3(ro)‘ 


(16a) 


(16b) 


A 3 ■ ± ( 


A 4 c + ( 


l(ra) 


t l(ra) + 


2 (ra) 


3(ro)‘ 


2 (ra) 


3(ro 


(16c) 


(l6d) 


The plus sign is used when y 3 is positive; the minus sign when y 3 is negative. 

The roots of the standard-form resolvent cubic of Eq. (12) arc related by the following expressions to 
the roots of the alternative-form resolvent cubic of Eq. (14): 

r Kra) “ 2(t,( rB j — t 2 (rs) “ *3(rs) + V^fra) ^3(ra)^ (17a) 


r 2 (ra) “ 2 ( *l(rs) + * 2 (ra) “ *3(ra) + V*l(ra)*3(ra)) (17b) 

r 3(ra) “ 2 ( _, l(ra) ~ *2(ra) + *3(ra)) (17c) 

The discriminant of the quartic from the definition given in section a is 

*}qtc) - < A . - A 2> 2 < A , - A 3 ) 2 (A, - A 4 ) 2 (A 2 - A 3) 2 (A 2 - A ,) 2 (A 3 - A 4 ) 2 (18) 

Let the discriminant of the standard-form resolvent cubic of Eq. (12) be D c(n-)(n) and that of the alternative 
form of Eq. (14) be D c(n8)(t) ; then 

D (qtc) - D c(na)(n) - 6 4D c (na)(t) (19) 

The background theory and proof for these solutions can be found in texts on advanced algebra (see 
the references at the end of section a). 

h) Roots of the quartic polyn omic equation 
• Thin variation 1 b given In Durington (8), pago 9 . 

Formula Summary 22-1. Solutions of the cubic and quartic polynomic equations. (Page 2 of 2) 


(ra) 3(rs y 
*l(rs) *3(rs)' 


(17c) 


see 


CUBIC ROUTH-HURWITZ STABILITY CRITERIA 

22.4. The standard method for extracting the roots of cubic polynomic char¬ 
acteristic equations with positive real coefficients is equivalent to factoring the 
cubic polynomial into three first-order factors as in Eq. (2) of Formula Sum¬ 
mary 22-1. The roots of the cubic equation are the constant terms, a 1 , a 2 and a 3 , 
of the three cubic factors. These quantities can be obtained directly from the co¬ 
efficients of the cubic polynomic equation by use of Eqs. (2a), (2b) and (2c) of the 
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formula summary. Certain characteristics of the cubic roots that are of interest 
can be determined without evaluating the roots. The Routh-Hurwitz stability cri¬ 
terion developed in section a of Derivation Summary 21-6 provides a simple me¬ 
thod for determining whether any cubic roots have positive real parts. Equation(3) 
of Derivation Summary 22-1 shows that when the cubic polynomial has the form of 
Eq. (1), with the coefficient of the highest power term equal to unity, all the roots 
have negative real parts if the product of the second-power- and first-power-term 
coefficients is greater than the constant term. Two roots have zero real parts 
when the second-power-term - first-power-term coefficient product is equal to 
the constant term. 

THE CUBIC DISCRIMINANT 

22.5. The quantity known as the discriminant of a polynomic equation is de¬ 
fined as the product of the squares of the differences of the roots. The cubic dis¬ 
criminant is given by Eq. (5) of Formula Summary 22-1. This equation shows that 
when the roots are real and unequal the discriminant must be positive. When there 
is a pair of complex roots, the discriminant must be negative. When two roots 
are real and equal, the discriminant is equal to zero. 

CLASSES OF CUBIC ROOTS 

22.6. The Routh-Hurwitz criterion and the cubic discriminant provide a 
means of classifying the cubic polynomic equation roots into three types: 

1) When the Routh-Hurwitz criterion is not satisfied, there are roots with 
positive real parts. 

2) When the Routh-Hurwitz criterion is satisfied, but the cubic discriminant 
is negative, all the cubic roots have negative real parts, but some of the 
roots are complex numbers. 

3) When the Routh-Hurwitz criterion is satisfied and the cubic discriminant 
is positive, all roots are real, negative, and unequal. 

22.7. At least two cubic roots are real and equal when the cubic discriminant 
is equal to zero. All three roots are equal when the condition of Eq. (9), Formula 
Summary 22-1, is satisfied. 

CUBIC EQUATION FIRST- AND SECOND-ORDER FACTORS 

22.8. When the cubic is expressed as the product of two factors, as inEq.(5a) 
of Derivation Summary 22-1, the classification of the roots just presented maybe 
more readily seen. Equation (5a) shows that the two factors consist of a first- 
order binomial and a second-order polynomial with real coefficients. The first- 
order binomial is similar to the first-order characteristic equation discussed in 
Derivation Summary 18-1. The second-order polynomial has its coefficients 


444 



Characteristic functions of linear integro-differential equations with constant coefficients that are cubic 
polynomials with positive real coefficients may be written in the form of Eq. ( 6 ),Derivation Summary 15-2, 
as 

F*U) = A 3 + y 2 A 2 + y, A + y 0 (1) 

This equation can be written as the product of three first-order factors as in Eq. (7) of the cited summary; 

, ' C "’ F^(A) = (A - A,)(A - A 2 )(A - A 3 ) (2) 

The quantities A j , A 2 , and A 3 are given in terms of the coefficients y Q , y { , and y 2 by Eq. (2) of Formula 
Summary 22-1. The condition for two roots to be complex conjugate is given by inequality ( 8 a) of that sum¬ 
mary; the condition for at least two roots to be equal is given by inequality ( 8 b); and the condition for ail 
roots to be real and unequal is given by inequality ( 8 c). The Routh-Hurwitz stability criterion of Eq. ( 6 ) of 
Derivation Summary 21-6 shows that the roots all have negative real parts when 

y 2 Yi> Y 0 < 3 ) 

The condition for all the roots to be real, according to inequalities ( 8 a), ( 8 b),and ( 8 c) of Formula Summary 22- 1, 
is obtained by setting Eq. (7) of that summary equal to or greater than zero, which shows that 

0 C = 18y 0 y,y 2 - 4y 3 y 0 + y 2 y 2 - 4y 3 - 27y n 2 * 0 (4) 

The roots of the third-order characteristic equation fall into one of three types when classified by in¬ 
equalities (3) and (4): 

1) They have positive real parts if inequality (3) is not satisfied. 

2) They have negative real ports, but include complex numbers, if inequality (3) is satisfied and 
inequality (4) is not. 

3) They are negative, real,and unequal if both conditions are met. 

a) Types of roots of the cubic characteristi c equation 

Equation (1) may also be expressed as the product of a first-order and a second-order factor, each with 
real coefficients; i.e., 

F^(A) = (A + a) (A 2 + 2{'<o n A + a. 2 ) (5a) 


where 


(A + a) = first-order factor 


(5b) 

(5c) 


(A 2 + 2£tu n A + <u 2 ) = second-order or quadratic factor (5c) 

In terms of the factorization of Eq. (5a), the roots of the equation (A) = 0 may be written as 
A, ■= - a ; A 2 = — (£ oj n - cu n V £ 2 - 1) ; A 3 = - (£ io n + tu n V < 2 - 1 ) ( 6 a),( 6 b),( 6 c) 

In accordance with Eq. (12) of Derivation Summary 15-2, when all the roots are distinct, the transient 
solution form associated with the differential equation to which the characteristic function of Eq. (1) be¬ 
longs is r A.('t) r A("t) _ A. (1) 

v (tr) - C,e + C 2 < + C 3 c ^ 

- C, e -''» * C 2£ - (<£j "- + C 3 (7) 

Derivation Summary 20-2 shows that solutions of differential equations have absolute transient stability 
only if the real parts of the roots of the associated characteristic equation arc negative. Since the real parts 
of che roots of the third-order charactcriStic equation are - a and - £ iu n , a and £ co n must be positive if ab¬ 
sol ute tran sient stability of the solutions of third-order integro-differential equations is to exist. Uhen 
yfC 2 - 1 an imaginary quantity, £ is less than unity, and the second and third terms on the right-hand 
side of Eq. (7) represent an oscillatory sinusoid. Uhen £ is equal to unity, two of the roots arc equal. Uhen 
£ is greater than unity, all three exponential functions of Eq. (7) have real exponents and the transient solu¬ 
tion is the sum of damped exponentials. 

Derivation Summary 22-1. Factorization of cubic characteristic equations; conditions for 
absolute transient stability; conditions for aperiodic solution. (Page 1 of 2) 
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The foregoing discussion shows that the transient solution of third-order integro-differential equations 
consists of the sum of transient solutions for first-order differential equations as described in Chapter 18 
and transient solutions for second-order differential equations as given in Chapter 19. This property is in¬ 
dicated when the characteristic function is expressed,as in Eq. (5a),as the product of a first-order factor 
and a second-order factor with real coefficients. The three types of roots described in section a can be 
related to a, ( ai n and £ as follows: 

1) Roots have positive real parts when either a or £ <*> n is negative. 

2) Roots have negative real parts when both a and £ o» n are positive,and are complex, when £ ijs less 
than unity. 

3) Roots are negative, real,and unequal when a and £ &> n are positive and £is equal to or greater than 
unity. 

b) Relationships between cubic roots and the coefficients of first• and second-order factors 

of cubic equations 

Derivation Summary 22-1. Factorization of cubic characteristic equations; conditions for 
absolute transient stability; conditions for aperiodic solution. (Page 2 of 2) 


expressed in the same way as those of the second-order characteristic equation given 
in Derivation Summary 19-1. The constant term is represented as the square of a 
quantity identified as an undamped angular natural frequency, while the first-power- 
term coefficient is twice the product of a damping ratio and the undamped angular 
natural frequency. Equations (6a), (6b), and (6c) of Derivation Summary 22-1 show 
how the roots of the cubic equation obtained by the standard method, given in sec¬ 
tion a of the summary, may be expressed in terms of the coefficients of the two 
factors of Eq. (5a). One of the factors of Eq. (2) must be identical with the first- 
order factor of Eq. (5a), and the constant term of this factor is the real root of the 
cubic. This root must always be negative when the coefficients of the cubic are 
positive. The other two roots are the roots of the second-order factor and are 
each expressed as the sum of two quantities. 

CUBIC EQUATION SECOND-ORDER FACTOR DAMPING RATIO - CUBIC DISCRIMINANT 
RELATIONSHIPS 

22.9. When the damping ratio is negative, the second-order factor roots have 
positive real parts. This condition is revealed by the Routh-Hurwitz stability cri¬ 
terion. When the damping ratio is positive, the Routh-Hurwitz stability criterion 
of Eq. (3), Derivation Summary 22-1, is satisfied. Moreover, the cubic discrim¬ 
inant of Eq. (4) is related to the magnitude of the damping ratio. For positive 
damping ratios less than unity, the second term of the quadratic factor roots is 
imaginary, and these roots are complex numbers. Equations (6b) and (6c) show 
them to be a complex conjugate pair. For this condition, from Eq. (5) of For¬ 
mula Summary 22-1, the discriminant is negative. When the damping ratio is 
greater than unity, both second-order factor roots are real and negative. The 
cubic discriminant in this case is positive. Again, when the damping ratio is 
unity, both second-order factor roots are equal, and the discriminant is zero. 
These relationships are summarized in Derivation Summary 22-1. 
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ABSOLUTE TRANSIENT STABILITY OF THIRD-ORDER EQUATIONS 

22.10. In Chapter 15 it is shown that the transient solution form associated 
with linear integro-differential equations having cubic polynomic equations is that 
given by Eq. (7) of Derivation Summary 22-1. The definition of absolute transient 
stability given in Chapter 20, particularly as worked out for integro-differential 
equations in Derivation Summary 20-2, shows that it is necessary for all roots of 
the cubic characteristic equation to have negative real parts. The relative transient 
stability is determined by the magnitudes of the negative real parts of the roots, as 
described in Chapter 20. It is seen that information concerning absolute transient 
stability is obtained from the Routh-Hurwitz criterion or from the sign of the 
second-order factor damping ratio. The relative transient stability can be deter¬ 
mined from the magnitude of the cubic discriminant or more easily from the ex¬ 
pressions for the real parts of the roots given in Eqs. (6a), (6b) and (6c) of Deri¬ 
vation Summary 22-1. 

SIMPLIFICATION OF THE CUBIC POLYNOMIAL 

22.11. The cubic polynomial as given in Eq. (1) of Derivation Summary 22-1 
depends upon three quantities for its specification, such as the three equation co¬ 
efficients. Equation (1) has been nondimensionalized by the procedure of Chapter 14. 

It is possible, by suitable selection of the reference quantities, to so nondimension- 
alize the cubic equation that only two coefficients are different from unity. In this 
form, the cubic polynomial is described as simplified . The Root Scale Factor 
Theorem of Theorem Summary 21-1 provides a means of simplifying cubic equa¬ 
tions when required. 

22.12. The highest power coefficient must be equal to unity for the cubic roots 
to be expressed in the form of Eqs, (6a), (6b) and (6c) of Derivation Summary 22-1. 
The cubic is simplified by making one of the other three coefficients equal to unity, 
which provides for three different situations when the highest power term coeffi¬ 
cient and one other are equal to unity. Derivation Summary 22-2 contains an out¬ 
line of the relationships that exist between the roots and the coefficients for each 
of the three simplified cubic equation forms. 

CUBIC COEFFICIENT - FIRST- AND SECOND-ORDER FACTOR COEFFICIENT RELATIONSHIPS 

22.13. Equation (1) of Derivation Summary 22-2 is obtained by equating Eqs. (1) 
and (5) of Derivation Summary 22-1. By multiplying out the two factors on the 
right-hand side and equating the coefficients of like powers, the three expressions 
shown as Eqs. (2a), (2b) and (2c) are obtained. These expressions give the rela¬ 
tionships between the coefficients of the standard form of the cubic polynomial and 
the coefficients of the first- and second-order factors of the cubic. The standard- 
form cubic constant term is equal to the product of the first-order factor constant 
term and the quadratic factor constant term. The standard-form cubic first-power 
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The form of the cubic polynomial given in Eq. (1) of Derivation Summary 22-1 has the leading coeffi¬ 
cient as unity, but the other three are generally not unity. However, the application of the Root Scale 
Factor Theorem from Theorem Summary 21-1 can change this equation so that two coefficients are unity. 
Since this procedure makes it simpler to use the third-order integro-differential equation, it is worth 
while making the transformation. There are three possible cases in which the highest power coefficient 
and one other are equal to unity. 

Combining Eqs. (1) and (5) of Derivation Summary 22-1 gives 

F* (A) = A 3 + y 2 A 2 + y, A + y Q = (A + a) (A 2 + 2 £ cu n A + t„ 2 ) (1) 

Expanding the right-hand side and equating the coefficients of like powers in the two expressions for 
f?(A) in Eq. (1) gives 


- .. 5.2 


Yo = a 


y, = u>* + 2<cu n 


y 2 = a + 2 <Zu n 


(2a),(2b),(2c) 


The third-power coefficient and che constant term may each be made equal to unity by factoring y Q out of 
Eq. (1) and taking the variable as X/y^ m The new equation may be written as 


p, - 


-V ♦ JL/JS-Y + 2 'j_ /JLN ♦ 1 ' 

) U v v rr \ yH 


' '[W + rb } [t 5 ) + 2 V)fr) + (xrf } 


The coefficient relationships similar to Eq. (2) are 


- (—i 

■r \Y' V> ) 


= Lr ) ! + 2< (*?)(rb) : 


= + 24 /—^ 


y 0 Ui \y 0 Vi ) ' Vo * 3 = Co l/3 ) + 2< (y^)(yb) ' vb = vb + 2< (*b) 

(4a),(4b),(4c) 

The relationships of Eqs. (4a), (4b), and (4c) can be reduced to two expressions in two different ways, 
depending on the selection of the parameters: 

1) Uhen the parameters arc the parts of the roots that arc always real, ajy^* , £( v n /y 0 l/ >).<hcn 

— = + 2</A.\/_2_\ ; -A. = + 2</A_\ (5a),(5b) 

yr (~±r\ \yr)\yr) Ya* yr \yP) 


(i + 2 < (>r)(rb) 1 


(5a),(5b) 


The quantity cu n /y 0 ^* is calculated from Eq. (4a), which also permits £ to be obtained. 

2) Uhen the parameters are the damping ratio and the reduced nondimensional undamped natural fre¬ 
quency of the second-order factor, then 

Y\ /"n\ 2 2 < Y7 1 , "n \ v ... 






& 


* 


(6a),(6b) 


The quantity a/y ^ is calculated from Eq. (4a). 

The Routh-Hurwitz stability criterion for the cubic equation from Eq. (3), Derivation Summary 22-1, be¬ 


comes 


r) (£)>* 


• Thlo form of the cubic polynomial io used by L. W. Evana (23), who expresses the equation as: 


+ a 2 A 2 + o, A + 1 = ^A + _L^ (A 2 -f 2 A + 




Derivation Summary 22-2. Relationships between coefficients and roots for three forms of 
the simplified nondimensional cubic polynomic equation. (Page 1 of 5) 
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which is the requirement for the real parts of the roots of Eq. (3) to be negative. By use of Eqs. (4a), (4b), 
and (4c) it is found that 


(£)(£) • [(■#)' • ’ £ ©(^)] [ IF * -O] 

2 * .2 / i 


(1 


* ' «&) f(#r)‘ • (>} 1 


(B) 


Equation (B) is equal to unity when £ is equal to zero. The condition for two equal roots is obtained from 
Eq. (4) of Derivation Summary’ 22-1 as 
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- 27 = 0 
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Equation (8) is symmetrical in the quantities y 2 /y 0 l/3 , y,/)^ 3 • two roots are equal, £ in Eq. (3) is 

equal to unity, and the roots are a/y„^, 6> n /y 0 l/} . From Eqs. (6a) and (6b) it is found that 
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Uhen there are two equal roots, the third root is larger if the second-power coefficient of Eq. (3) is greater 
than the first-power coefficient. The third root is smaller than the equal roots when the contrary is true. 
From Eq. (9) of Formula Summary 22-1, the three roots of Eq. (3) are all equal to unity when 

Vl _ v 2 


Vo 


2/i 


Vo 


1/3 


(12a) 


The value of the equal roots is 


1/3 


1/3 


Vo 


1/3 


- 1 


(12b) 


Vo Yo 

This may be verified by substitution in Eq. (3). 

a) Relationships between coefficients and roots when the third-power coefficient and 

the constant term are unity 

Derivation Summary 22-2. Relationships between coefficients and roots for three forms of 
the simplified nondimensional cubic polynomic equation. (Page 2 of 5) 
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The first-term and third-term coefficients may be made equal to unity when y^ 2 is factored out of Eq. (1) 
and X/y^ 2 is taken as the variable. The transformed equation is 


P - y , V2 /—Y f +— + -pi 

• [\y}v yrw 2 ) rr y > J 


°r ] [( yr) + H (vr) Lr ) + (/,■*)] 


(13) 


The coefficient relationships similar to Eq, (2) are 
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(14a),(14b),(14c) 

As in section a, there are two cases: 

1) Uhen the parameters are a/y^ 2 and £( <o n /y^ 2 ), the relationships of Eqs. (14a), (14b), and (14c) 
become , , 

— = —5— fl - ; -A = _2_ + (15a),(15b) 


2) Uhen the parameters are £ and cu , Eqs. (14a), (14b), and (14c) become 
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(16a),(16b) 


The real parts of the roots of Eq. (13) are negative, according to the Routh-Hurwitz criterion, when 


A > A 


(17) 


»hen Y 2 /y{ / 1 m yo/yY 2 * Eqs. < 15a > and (15b) show chat C(2j n /y l l/2 ) is equal to zero. Two roots arc equal 
when Eq. (4), Derivation Summary 22-l # is satisfied. For Eq. (13)# this relationship is 


m$> - •(#)' * ($ - ”(#)' - * ■ 


(18) 


The three roots of Eq. (13) are equal when 


A- VT ; -A- -I 


(19) 


3VT 


which may be verified by substituting in Eq. (9), Formula Summary 22-1. For these values of the coeffi¬ 


cients, the roots are 


- - VT 

rr rr W* 3 


( 20 ) 


b) Relationships between coefficients and roots when the first-power and third-power 

coefficients are unity 


• This form of the cubic polynomial la ueed by H. K. Welaa (74), who tipnitt* the equation ae: 

A 3 + i^X 2 + X + S v - 0 

Derivation Summary 22-2. Relationships between coefficients and roots for three forms of 
the simplified nondimensional cubic polynomic equation. (Page 3 of 5) 
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Equation (1) may be transformed into an expression with the second- and third-power coefficients equal 
to unity by factoring out y 2 3 and taking A/y 2 as the variable. The new equation is 


• fey * fey * ife) • 5 ] 


-*[ 


*i [fey * •<©(© • (©1 


( 21 ) 


The coefficient relationships corresponding to Eq. (2) arc 

-J ■ f ft)’ -fi' &)’ + 2C ft)(t) : 1 ■ f + 2 < {t) ,22i) ' (22bU22c) 

As in sections a and b, there arc two cases: 

1) Since the parameters a/y 2 and 2£(eu n /y 2 ) arc uniquely related by Eq. (22c), a single expression 
is obtained relating the coefficients (y 0 /y 2 ) and (yj/y 2 2 ): 
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The other parameters arc calculated from Eqs. (22a) and (22c). 

2) tthen the parameters are taken as £ and <n n /y 2 , Eqs. (14a), (14b),and (14c) become 
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The real parts of the roots of Eq. (21) are negative when 

y\ s yp 


Yl Yi 


(25) 


Equations (24a) and (24b) show that ^ <u n is zero when 

Y\ m >o_ 


yI y\ 


(26) 


The condition for two roots to be equal may be found from Eq. (4) of Derivation Summary 2 2-1 to be 

'•(©©- *(©•(© • 


(27) 


The three roots of Eq. (13) arc equal when 


. _L . Yo_ m _i_ 

Yi 3 ' Yl 27 


(28) 


which may be verified by substituting in Eq. (9), Formula Summary 22-1. The values of the equal roots ore 


A 1 _ _^2_ _ _ _i_ 


Yi Yi Yi 3 

c) Relationships between roofs and coefficients when the second-power and the third-power 

coefficients are unity 


(29) 


Another method of expressing the relationship between the roots and the coefficients of the cubic equa¬ 
tion is to define a linear dependence of a on eo : i.e.. 

■ n' * 

a m ^ ; <f - a to to n proportionality constant (30) 

Derivation Summary 22*2. Relationships between coefficients and roots for three forms of 
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For the case of section a when the first-and last-term coefficients are unity, as in Eq. (3), the expressions 
of Eq. (4) are , 3 

1 = ^ " 4- (31a),(31b) 

\y 0 »/3/ fh 
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(32a), (32b) 
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Hhen the first-and third-term coefficients are unity, as in Eq. (13), the expressions of Eq. (14) become 
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Hhen the second- and third-power coefficients are unity, as in Eq. (21) of section c, the relationships of 
Eq. (22) become , f 
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Solving Eqs. (34a) and (34b) for the damping ratio gives the following pair of relationships: 
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Similar expressions can be obtained by reworking the other equations of this section. 

d) Relationships between roofs and coefficients of the cubic equation when the real root is 
proportional to the second-order factor undamped natural frequency 

Note: In all the formulations of the cubic equation described in this summary, the damping ratio of the second- 
order factor is always £. It is never divided by powers of the coefficients as are the other parts of the 
roots. The determination of transient stability from the second-order factor damping ratio given in sec¬ 
tion b of Derivation Summary 22-1 can be applied equally well in all instances of this summary. 

Derivation Summary 22-2. Relationships between coefficients and roots for three forms of 
the simplified nondimensional cubic polynomic equation. (Page 5 of 5) 


coefficient is equal to the sum of the quadratic factor constant term and the pro¬ 
duct of the first-order factor constant term and the quadratic factor first-power 
coefficient. The standard-form cubic second-power coefficient is the sum of the 
first-order factor constant term and the quadratic factor first-power coefficient. 


FIRST TYPE OF SIMPLIFIED NONDIMENSIONAL CUBIC EQUATION 

22.14. The first example of a simplified nondimensional cubic equation is ob¬ 
tained by factoring y 0 out of each term of Eq. (1) of Derivation Summary 22-2. As 
shown in Eq. (3) of the summary, this permits the cubic to be expressed with both 
the highest power coefficient and the constant term as unity when the variable is 
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considered to be A/y^ 3 . The second-power coefficient in the simplified equation is 
that of the standard form divided by the one-third power of the constant term. The 
first-power coefficient is that of the standard form divided by the two-thirds power 
of the constant term. In the factored form, every parameter is divided by the one- 
third power of the standard-form constant term except the damping ratio, which is 
unaffected. This corresponds to dividing the standard-form cubic equation roots 
by the one-third power of the constant term to obtain the roots of the simplified 
equation. 

22.15. For the simplified nondimensional cubic equation (3), the coefficient 
relationships of Eqs. (2a), (2b) and (2c) become Eqs. (4a), (4b) and (4c), respec¬ 
tively. Inasmuch as Eq. (4a) shows that the product of the simplified equation real 
root and the simplified equation undamped angular natural frequency squared is equal 
to unity, one of these quantities can be eliminated from the other two expressions. 
Since both relative transient stability and absolute transient stability depend on the 
real parts of the roots, it is worth while to obtain the relationships between the co¬ 
efficients and these quantities, as is done in Eqs. (5a) and (5b). These expressions 
can be used to determine the real parts of the roots when the coefficients are given, 
or the coefficients for specified real parts of cubic roots. A graphical means for 
evaluating these equations is shown later in this chapter. 

22.16. Similarly, by eliminating the real root from Eqs. (4b) and (4c) with the 
aid of Eq. (4a), a pair of expressions are obtained that relate the simplified cubic 
equation coefficients to the damping ratio and the undamped natural frequency. 
These expressions are shown in Eqs. (6a) and (6b). In this case, the relationships 
enable the second-order factor parameters to be determined from the simplified 
cubic coefficients and vice versa. Graphical means are also available for solving 
these relationships. 

22.17. When the cubic equation is simplified so that the constant term is equal 
to unity, as in Eq. (3) of Derivation Summary 22-2, the expression for the Routh- 
Hurwitz stability criterion takes on the form of Eq. (7), which says that the pro¬ 
duct of the first- and second-power coefficients must be greater than unity when 
all the roots have negative real parts. This is verified by Eq. (8) which expresses 
the Routh-Hurwitz criterion in terms of the first- and second-order factor coef¬ 
ficients of the simplified cubic equation. Equation (8) shows that when < is equal 
to zero, which is the condition for two of the roots to have zero real parts, the co¬ 
efficient product is equal to unity. 

22.18. When the cubic discriminant is zero, at least two roots are equal. The 
expression for the discriminant, when the cubic is simplified to have the constant 
term equal to unity, is given by Eq. (9). Equations (10) and (11) show how it is 
possible to determine from the cubic equation coefficients whether the third cubic 
root is greater or less than the two equal roots. As expressed in Eq. (11), when 
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the cubic discriminant is zero and the simplified cubic equation second-power co¬ 
efficient is greater than the first-power coefficient, then the third root is larger 
in magnitude than the equal roots, and vice versa. Finally, the three cubic equa¬ 
tion roots are equal when the simplified cubic equation coefficients are equal to 
three. The value of the simplified equation roots is equal to minus one. 

SECOND TYPE OF SIMPLIFIED NONDIMENSIONAL CUBIC EQUATION 

22.19. Section a of Derivation Summary 22-2 discusses the situation that exists 
when the standard-form cubic equation is simplified to have the highest power co¬ 
efficient and the constant term equal to unity. Section b takes up the case in which 
the simplification reduces the third- and first-power coefficients to unity, which is 
accomplished by factoring out y> VJ and taking a Jy^ 2 as the variable. The treatment 
of this simplification of the cubic equation follows very closely that of the previous 
situation. For the new simplified equation, given by Eq. (13), the coefficient rela¬ 
tionships of Eqs. (2a), (2b) and (2c) become Eqs. (14a), (14b) and (14c), respec¬ 
tively. Equation (14b) is used to eliminate either the second-order factor constant 
term or the first-order factor constant term. When the parameters are taken as 
the real parts of the roots, the coefficient dependence is given by Eqs. (15a) and 
(15b). When the parameters are the damping ratio and the undamped angular nat¬ 
ural frequency of the second-order factor, the coefficient dependence is shown in 
Eqs. (16a) and (16b). The expression for the Routh-Hurwitz stability criterion be¬ 
comes Eq. (17), which shows that the simplified cubic equation second-power co¬ 
efficient must be greater than the constant term. Two roots are equal when Eq. (18) 
is satisfied. Three roots are equal for the values of the simplified cubic equation 
coefficients given in Eq. (19), for which case the roots are all equal to minus one- 
third the square root of three. Graphical solutions for this case are given later in 

this chapter. 

THIRD TYPE OF SIMPLIFIED NONDIMENSIONAL CUBIC EQUATION 

22.20. Section c of Derivation Summary 22-2 deals with the cubic equation 
simplified to have the highest-power and the second-power coefficients equal to 
unity. This can be obtained from the standard nondimensional cubic equation form 
by factoring out y 2 3 and using x/y 2 as the equation variable. The rest of the treat¬ 
ment is much like that of the previous two sections. It should be noted that Eq. (22c) 
gives a unique relationship between the real parts of cubic roots, such that if one 
is known the other is immediately obtained. By combining Eqs. (22a) and (22b), a 
single expression (Eq. (23)) is derived that relates the two nonunity coefficients 
of the simplified cubic for a constant value of the real parts of the roots. On the 

other hand, when these coefficients are expressed as functions of the second-order 

factor coefficients, the relationships of Eqs. (24a) and (24b) show them to be similar 
to the previous cases. 
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22.21. The Routh-Hurwitz stability criterion for this case is given by Eq.(25), 
which says that the first-power coefficient of the simplified cubic must be greater 
than the constant term. The expression when the cubic discriminant is zero is 
given by Eq. (27), which defines the relationship among the coefficients when two 
roots are equal. Three roots are equal when the simplified cubic first-power term 
coefficient is one-third, and the constant term is one twenty-seventh. For this 
case, the equal roots all have the value of minus one-third. 


FIRST-ORDER FACTOR CONSTANT TERM - UNDAMPED NATURAL FREQUENCY 
PROPORTIONALITY DEPENDENCE 

22.22. When the first-order factor constant term is expressed by Eq. (30) of 
Derivation Summary 22-2 as being proportional to the undamped angular natural 
frequency of the second-order factor of the cubic equation, another method of re¬ 
lating the cubic coefficients to the roots can be obtained. The parameters are 
taken as the proportionality constant of Eq. (30) and the second-order factor damp¬ 
ing ratio. The nonunity coefficients of the simplified cubic equations can be ex¬ 
pressed in terms of these parameters. 

22.23. Equations (31a) and (31b) show the dependence of the coefficients of the 
highest power - constant term simplified cubic equation on these parameters. 
Equations (33a) and (33b) correspond to the situation when the standard cubic equa¬ 
tion form has the highest-power and first-power coefficients equal to unity. Equa¬ 
tions (35a) and (35b) give the coefficient relationships for the simplified equation 
when the first two coefficients are equal to unity. 

CUBIC CHARTS 

22.24. Charts have been constructed that represent in graphical form the 
various relationships associated with the cubic polynomial that are expressed in 
Derivation Summary 22-2. Since these charts may be used to extract the roots of 
cubic equations, they are called cubic charts . Each of the three methods of sim¬ 
plifying the cubic equation provides the basis for a series of cubic charts developed 
from the equations between the cubic roots and the nonunity coefficients. 

22.25. It is assumed that the cubic characteristic equations have positive real 
coefficients since it is shown in Chapter 20 that only such equations can be asso¬ 
ciated with transient solutions having absolute transient stability. In addition to 
this condition, it is necessary that the Routh-Hurwitz stability criterion forcubics 
be satisfied, in order to have all cubic roots with negative real parts. All the cubic 
charts have plus-marked areas to indicate the regions where the cubic equation 
Routh-Hurwitz criterion does not hold. 
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22.26. Since the cubic discriminant provides a test to distinguish the cases 
when the cubic roots are all real from the cases where complex roots exist, the 
curve for which the discriminant vanishes is always given. The region of the 
charts where the discriminant is positive indicates the cases for which the cubic 
roots are all real and unequal. The area where the discriminant is negative be¬ 
longs to cases where two cubic roots are complex conjugate. These two areas 
are common to all the cubic charts. The cubic charts have been prepared to make 
them as readable as possible. For this reason, those portions of the curves have 
been omitted that recurve or overlap other curves. Generally, the various charts 
are complementary, so that when curves are not shown for a particular region of 
one chart, values of the represented quantities may be obtained from the other 
charts. 

FIRST- AND SECOND-POWER COEFFICIENT CUBIC CHARTS 

22.27. Figure 22-1 shows in outline three cubic chart forms associated with 
the cubic equation having the third-power coefficient and the constant term equal 
to unity. The cubic chart form with the two remaining nonunity cubic coefficients 
as coordinates is illustrated by Fig. 22-la. The Routh-Hurwitz criterion and the 
zero value of the cubic discriminant are indicated by lines that mark off areas of 
the chart. The appropriate properties of the roots as well as the characteristics 
of the solutions of the associated differential equation are indicated in each area. 
The coordinates of Fig. 22-lb are the undamped angular natural frequency - con¬ 
stant term ratio and the damping ratio of the second-order factor. Cubic charts 
with these coordinates permit the characteristics of the oscillatory part of third- 
order transient solutions to be studied. On the other hand, Fig. 22-lc represents 
a cubic chart whose coordinates are magnitudes of the real-part-of-cubic-root 
ratios. This chart is of assistance in evaluating the relative transient stability 

of third-order equation solutions. 

22.28. Figure 22-2a is a cubic chart, similar to Fig. 22-la, onwhichare plot¬ 
ted curves of constant values of the damping ratio and the undamped angular natu¬ 
ral frequency — constant term ratio of the cubic second-order factor. This chart 
is used by entering with the two nonunity coefficients of the simplified cubic and 
locating the point given by these coordinates. The value of damping ratio is read 
off the curve passing through the point. The undamped angular natural frequency- 
constant term ratio is similarly determined. The inverse of this chart is repre¬ 
sented by Fig. 22-2b, which has the second-order factor damping ratio and un¬ 
damped angular natural frequency - constant term ratio as coordinates similar to 
Fig. 22-lb. Curves of constant values of the nonunity simplified cubic coefficients 
are plotted to these coordinates. Such a chart provides a means of determining 
suitable cubic coefficients for specified damping ratio and undamped angular natural 
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Fig. 22-1. Diagromotic charts of the cubic polynomic equa¬ 
tion roots when the third-power coefficient and the constant 

term are unity. 


5.01- 


** 

> 

2.0 

o 

1.0 

e 

V _ 


#■ 

u 


w 

s 

0.5 

w 

a 

A 


- 

o 


5 

U 

ft 

0.2 

6 

■2 

o 

• 

0.1 

W 


lZ 

0.05 


0 . 021 - 


o.oii 


0.02 


Two equal negative real rooto; the 
third root is larger in magnitude 

<- I : a > h. 


Three real 
negative 
unequol roots. 

Third-order equa¬ 
tion solutions 
are aperiodic 
with absolute 
trans lent 
a'ability 


Tire# equal real negative roots 



Two equal real negative rooto; the 
third root lu smaller in magnitude. 


a < i) 


Two complex roots with negative 
real parts; the third root is real 
and negative. 

Third-order equation solutions are 
oscillatory with absolute transient 
stability. 


0.0b 


0.1 0.2 


0 5 


1.0 2.0 


One-half chc second-order factor first-power coefficient ratio (oJ n /y { 

cl Cubic chart in which the first-order factor constant term ratio 
and one-half the second-order factor first-power coefficient ratio 

ore the coordinates. 


5.0 




457 



Cubic second-power coefficient ratio y 2 /y 0 ‘ 


= °- 1 


Mi 


mufM WMU 

iiri’zaiPj 

'A WWifkWk\\ 

m 


0.6 




+ + 


fi 


p 

S^SiiesS 


+ + 
+ + 


+ 

+ 


4- 

+ 

+ 


Note: See Fig. 22-la lot an 

explanation of this chart 


40 50 


Cubic first-power coefficient ratio y,/y c 


Fig. 22-2a. Curves of constant damping ratio and constant undamped angular natural frequency 
constant term ratio for cubic equations with unity third-power coefficient and unity constant 

term when the coordinates are nonunity cubic coefficient ratios. 
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Fig. 22-2b. Curves of constant cubic coefficient ratios for cubic equations with unity third-power 
coefficient and unity constant term when the coordinates are the damping ratio and the 
nondimcnsional undamped angular natural frequency - constant term ratio. 
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frequency. The range of values of the several quantities on these charts is 
essentially the same. 

22.29. Figure 22-3a has the same coordinates as Fig. 22-la (and Fig. 22-2a), 
but the plotted curves represent lines of constant values of the real-part-of-cubic- 
root ratios. Its mate is Fig. 22-3b, which has the coordinates of Fig. 22-lc. 
These two charts assist in establishing the absolute transient stability of third- 
order equation solutions,but they are particularly valuable in yielding information 
on the relative transient stability when a reference stability has been established. 

SECOND-POWER COEFFICIENT AND CONSTANT TERM CUBIC CHARTS 

22.30. The series of cubic charts included in Figs. 22-4 through 22-6 are very 
similar to those just described, except that the cubic equation has been simplified 
by making the third- and first-power coefficients equal to unity. It should be noted 
once again that cubic chart curves are terminated when overlapping and recurving 
introduces possible ambiguity. When values of the quantities represented are not 
shown on one chart, they can generally be obtained from one of the other charts. 

FIRST-POWER COEFFICIENT AND CONSTANT TERM CUBIC CHARTS 

22.31. When the third- and second-power coefficients of the cubic equation 
are unity, the real parts of the roots are uniquely related by Eq. (22c) of Deriva¬ 
tion Summary 22-2. The sequence of the cubic charts described previously must 
be altered for this situation. Figure 22-7 shows two useful forms of cubic charts, 
rather than the three forms of Figs. 22-1 and 22-4. The coordinates of Fig. 22-7a 
are the nonunity coefficients of the cubic equation shown in the figure. The area 
in which roots have positive real parts is shown by plus signs. The area in which 
all three roots are real, negative and unequal is shown by dots. The remaining 
clear area is the region where one cubic root is real and the other two are com¬ 
plex conjugate. The real parts of all roots in this area are negative. Figure 22-8a 
is a detailed chart with coordinates like those of Fig.22-7a. The curves correspond 
to constant values of the damping ratio and the undamped natural frequency of the 
second-order factor of the cubic equation. When these quantities are taken as 
coordinates, the second chart form may be constructed as shown by Figs. 22-7b 
and 22-8b. The curves of Fig. 22-8b correspond to constant values of the non¬ 
unity coefficients of this cubic equation form. Another chart using the coordinates 
of Fig. 22-7a is shown in Fig. 22-9a, where the illustrated curves correspond to 
constant values of the real root and the undamped natural frequency. However, 
Eq. (23) of Derivation Summary 22-2 describes a straight-line relationship be¬ 
tween the nonunity coefficients for constant values of the cubic equation real root. 
This relationship is not apparent in Fig. 22-9a because of the logarithmic scales 
used to represent the coordinates. Figure 22-9b shows the same information as 


460 



Cubic second-power coefficient ratio Yt/Yq 



3 4 5 10 20 30 40 50 100 


Cubic first-power coefficient ratio Y\/y^ 

Fig. 22-3a. Curves of constant real-part-of-cubic-root ratios for cubic equations with unity third-power 
coefficient and unity constant term when the coordinates are nonunity cubic coefficient ratios. 
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Fig. 22-5b. Curves of constont cubic coefficient ratios for cubic equations with unity third- and first-power 
coefficients when the coordinates are the damping ratio and the nondimensional undamped angular natural 

frequency - first-power coefficient ratio. 
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Fig. 22*6a. Curves of real-part-of-cubic root ratios for cubic equations with unity third- and first-power 

coefficients when the coordinates are nonunity cubic coefficient rotios. 
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Fig. 22-6b. Curves of constant cubic coefficient ratios for cubic equations with unity third- and first-power 

coefficients when the coordinates are the real-part-of-cubic-root ratios. 
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b) Cubic chart in which the nondimensional undamped angular natural fre¬ 
quency - second-power coefficient ratio and the second-order factor damping 
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Fig. 22-7. Diagromatic charts of the cubic polynomic equation roots when the third-power and the 

second-power coefficients are unity. 
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Fig. 22-8a. Curves of constant damping ratio and constant undamped angular natural frequency - first-powei 
coefficient ratio for cubic equations with unity third- and second-power coefficients when the coordinates 

are the nonunity cubic coefficient ratios. 
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Fig. 22-8b. Curves of constant cubic coefficient ratios for cubic equations with unity third- and second-power 
coefficients when the coordinates are the damping ratio and the nondimensional undamped angular natural 

frequency-second-power coefficient ratio. 
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Fig. 22-9o. Curves of real-part-of-cubic-root ratios for cubic equations with unity third- and 
second-power coefficients when the coordinates ore the nonunity cubic coefficient ratios. 
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Fig. 22-9b. Linear-scale plot of real-part-of-cubic-root ratios for cubic equations with unity third- and 
second-power coefficients when the coordinates are the nonunity cubic coefficient ratios. 








Fig. 22-9a except that uniform scales are chosen for the coordinates to illustrate 
the straight-line relationship. 

FIRST-ORDER FACTOR CONSTANT TERM - UNDAMPED ANGULAR NATURAL FREQUENCY 
PROPORTIONAL CONSTANT CUBIC CHARTS 

22.32. Figure 22-10 is an example of a special cubic chart based on the equa¬ 
tions of section d, Derivation Summary 22-2. The abscissa of this chart is the 
constant of proportionality between the first-order factor constant term and the 
second-order factor undamped angular natural frequency given by Eq. (30) of 
Derivation Summary 22-2. The ordinate is taken as the damping ratio of the 
second-order factor. The curves shown are based on the relationships of Eqs. (37a) 
and (37b) of the summary. The curves of constant value of the cube root of the cubic 
constant-term ratio are obtained from Eq. (37a). Those for which half the second- 
power coefficient ratio is a constant come from Eq. (37b). 

FOURTH-ORDER CHARACTERISTIC EQUATIONS 

22.33. Characteristic equations of the fourth order, when reduced to the stand¬ 
ard nondimensional form of Eq. (1) of Derivation Summary 22-3, may be factored 
into four first-order binomials similar to Eq. (2). The constant terms of the first- 
order factors may be real or complex. They are the negative roots of the quartic 
equation. 

RESOLVENT CUBIC EQUATIONS ASSOCIATED WITH QUARTICS 

22.34. The customary method of extracting the roots of quartic polynomic 
equations is outlined in section b of Formula Summary 22-1. The first step of the 
procedure is to construct a supplementary equation, defined as the associated re¬ 
solvent cubic , whose coefficients are functions of the standard-form quartic coef¬ 
ficients. The resolvent cubic roots are used to obtain the roots of the quartic equation. 
The standard form of the resolvent cubic is given as Eq. (12) of Formula Sum¬ 
mary 22-1. The expressions for the quartic roots, using the roots of the standard- 
form resolvent cubic, are obtained from the quadratic forms of Eqs. (13a) and (13b). 
When the alternative form of the resolvent cubic given by Eq. (14) is employed, the 
quartic roots can be expressed solely in terms of the resolvent cubic roots as in 
Eqs. (16a), (16b), (16c) and (16d). The relationships between the roots of the two 
forms of the resolvent cubic are given in Eqs. (17a), (17b) and (17c). 

THE QUARTIC DISCRIMINANT 

22.35. The discriminant of a polynomic equation has been previously defined 
as the product of the squares of the differences of its roots. The quartic 
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First-order factor constant term - second-order factor undamped natural frequency proportionality constant f 
Fig. 22-10. Curves of constant cubic coefficient ratios for cubic equations with unify first- and third- 
power coefficients when the coordinates are the first-order factor constant term-second-order factor 
undamped natural frequency proportionality constant and the damping ratio; the curves are values of 

one-half the second-power coefficient ratio and the constant term cube root. 
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Characteristic functions of linear integro-differential equations that are quartic polynomials with real 
positive constant coefficients may be written in the form of tq. (6) of Derivation Summary 15-2 as 

F^(A) - A 4 + y 3 A 3 + y 2 A 2 + y, A + y Q ( 1 ) 

liquation (1) can be written as the product of four first-order factors as in Eq. (7) of the cited summary ; i.e., 

F|U) «= (A - A,)(A - A 2 )(A - A 3 )(A - A 4 ) (2) 

The quantities A j , A 2 , A } , and A^ depend on die coefficients of Eq. (1) through the expressions of 
Eq. (13) of Formula Summary 22-1. The relationships between these quantities and die roots of the asso¬ 
ciated resolvent cubic equation are given by Eqs. (16) and (17) of the Formula Summary. From Eq. (16), it 
is found that: 

1) Uhen the al tern ative- form resolvent cubic roots are all real and positive, all roots of the quartic 
are real. 

2) Uhen the alternative-form resolvent cubic roots are all real, bur one is negative and two are 
positive, the quartic roots are two complex conjugate pairs. 

3) Uhen one alternative-form resolvent cubic root is real and positive and two are complex conjugate, 
the quartic roots are two real and two complex conjugate. 

Other combinations of al tern ative-form resolvent cubic roots give quartic root combinations similar to these. 

Hie quartic roots all have negative real parts when the conditions of the Rouch-Hurwicz stability criteria 
of Eqs. (11) and (13) of Derivation Summary 21-6 are satisfied; i.e., 


% < T ; y 2 % > Yo Y? ♦ y \ 

Types of roots of the quartic character!stic equation 


<3a),(3b) 


\Uicn Eq. (1) is expressed as the product of two second-order factors with real coefficients, it may be 
written in die form 


^ (A) = ^ ^(n)l A + "(n)|N A2 + 2 ^2 ^{n)2 A + 


(4a) 


where 


(A 2 + ta (n)1 A + = second-order factor with damping ratio and nondimensional 

undamped natural frequency j ( 4 b) 

U 2 + 2 < 2 w (n& A + io (nr2 ) = second-order factor with damping ratio £ 2 and nondimcnsional 

undamped natural frequency < 0 ^^ ( 4 C ) 

The roots of the equation (A) =» 0 may be written in terms of the second-order factor coefficients as 
A l “ " ( <i ^(n)i ~ "(n)l - 1) ; A 2 = w (n „ + to.. V<, 2 - 1) (5a),(5b) 


» = - V4, W (n „ - <o {n) J VC, - 1) ; A 2 = -(C, W (n)1 + w (n)1 VC, 2 - 1) (5a).(5b) 

A 3 = -(C 2 ^ (n)2 - Zo (n)2 2 ~ n i A 4 = "(n )2 + “(r ,)2 V ~ D (5c),(5d) 

From Eq. (12) of Derivation Summary 15-2, the transient solution form associated with the differential 
equation to which the characteristic function of Eq. (1) belongs, when all the roots are distinct, is 

V (tf) = C x € 1 + C 2 € 2 + C 3 € 3 + C 4 € « 


- C.e^' "(n)>'"(n)l Vtf-|)0) + ^(n)l + ^(n)l V<, 2 -l)('0 


+ C,t^ J "(n)2-"(nB V< 2 2 -l)('t) + t "^ 2 "(nfi + t) 

4 1 A 


It is shown in Derivation Summary 20-2 that solutions of differential equations have absolute transient 
stability only if all the roots of the associated characteristic equation have negative real parts. The real 
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parts of fourth-order characteristic equations with positive real coefficients are negative when they are 
all real, from Descartes’ rule of signs (see Theorem Summary 21-1). For this situation, fourth-order 
integro-differential equation solutions have absolute transient stability. 

tthen is less than unity, V “ 1 ‘s an imaginary number and the roots of the quartic equation,rep¬ 
resented by A, and A 2 ,arc complex conjugate quantities. In this case, the first two terms on the right-hand 
side of Eq. (6) represent an oscillatory sinusoid. Uhen <, is equal to unity, A, equals A 2 and there are two 
equal roots. Uhen £, is greater than unity, both of these quantities are real. A similar situation exists with 
respect to £ 2 . The roots may be grouped into one of four classes: 

1) Roots have positive real parts when either damping ratio is negative. 

2) Roots have negative teal pat.s when both S, (n> and ate positive, and ate two eomplex 

conjugate pairs when and < 2 are less than unity. This is the double oscillatory case. 

3) Roots have negative real parts when both and < 2 ^ are positive, and are one pair of real 

roots and one pair of complex conjugate roots. This is the single oscillatory case when either 

or C 2 ' s greater than unity and the other less than unity. 

4) All roots are real and negative when both and C 2 are greater than unity. The transient solution 
is aperiodic. 

It follows from the foregoing that 


£| "(nil > 0 and < 2 


(n )2 


> 0 


(7a),(7b) 


are the conditions for absolute transient stability of fourth-order integro-differential equations. 
b) Relationships between quartic roots and coefficients of second-order (actors of quartic equations 

Note: Thin dlscuaolon shows that the transient solution ol fourth-order inteqro-dlilerentlal equations consists 
of the sum of transient solutions for second-order differential equations as qlven In Chapter 19. This Is 
Indicated when the characteristic function Is expressed in Eq. Ha) as the product of two second-order 
factors with real coefficients. 

Derivation Summary 22-3. Factorization of quartic characteristic equations; conditions for 
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discriminant is shown as Eq. (18) of Formula Summary 22-1. The discriminant 
of the standard-form resolvent cubic is equal to that of the quartic.* From 
Eqs. (17a), (17b) and (17c), it is apparent that the standard-form resolvent cubic 
discriminant is sixty-four times as large as the alternative-form discriminant. 


RESOLVENT CUBIC ROOT - QUARTIC ROOT RELATIONSHIPS 

22.36. The roots of the alternative form of the resolvent cubic permit a di¬ 
rect relationship to be established between each type of quartic root and the asso¬ 
ciated resolvent cubic roots. This can be exhaustively explored, but the three ex¬ 
amples listed in section a of Derivation Summary 22-3 show the basic quartic types 
and the cubic roots that generate them. Further information concerning the quartic 
roots is derived from the Routh-Hurwitz criteria given by inequalities (3a) and 
(3b). Quartic roots all have negative real parts only when the constant term is 
less than one-fourth the square of the second-power coefficient and when the prod¬ 
uct of the first-, second- and third-power coefficients is greater than the product 

• See Dickson (20). 
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of the constant term and the third-power coefficient squared plus the first-power 
coefficient squared. 

QUARTIC SECOND-ORDER FACTORS 

22.37. By expressing the quartic polynomial as the product of two second- 
order factors, the relationship given by Eq. (4a) of Derivation Summary 22-3 is 
obtained. Each factor has real coefficients and is characterized by a damping 
ratio and an undamped angular natural frequency. The roots of the quartic can be 
written in terms of the second-order factor coefficients as in Eqs. (5a), (5b), (5c) 
and (5d). The types of roots described in section a of the summary can be associated 
with the damping ratios of the second-order factors as follows: 

1) When either damping ratio is negative, there are roots with positive real 
parts. This is the situation when the Routh-Hurwitz criteria are not sat¬ 
isfied. 

2) When both damping ratios are positive, the roots have negative real parts. 
For this case, both Routh-Hurwitz criteria are satisfied. Depending on 
the value of the damping ratio, the types of quartic roots for this case can 
be broken down still further: 

a. All quartic roots are complex when the damping ratios are less than 
unity. The alternative-form resolvent cubic roots can be one real nega¬ 
tive and two real positive. 

b. Two quartic roots are complex and two real when one damping ratio is 
less than unity and one greater. The alternative-form resolvent cubic 
roots can be one real positive and two complex conjugate. 

c. All quartic roots are real when the damping ratios are both greater than 
unity. The alternative-form resolvent cubic roots can be all real positive. 

ABSOLUTE TRANSIENT STABILITY OF FOURTH-ORDER EQUATION SOLUTIONS 

22.38. The fourth-order transient solution form is given by Eq. (6) of Deri¬ 
vation Summary 22-3. It may be seen that absolute transient stability as defined 

in Chapter 20 exists only when the real parts of the roots are negative. Oscillatory 
transients appear when either of the damping ratios is less than unity, and aperi¬ 
odic transients exist when both damping ratios are greater than unity (all quartic 
roots real). 

RESOLVENT CUBIC EQUATION - SECOND-ORDER FACTOR COEFFICIENT RELATIONSHIPS 

22.39. The close relationship between the quartic polynomial and its associ- 
ated standard-form resolvent cubic is discussed in Derivation Summary 22-4. The 
relationship can best be established by using the two-quadratic-factor form of the 
quartic polynomial shown in Eq. (1) of the summary. When the right-hand side of 
Eq. (1) is expanded by multiplying the factors, and the coefficients of like powers 
of the variable are equated, the resulting expressions of Eqs. (2a), (2b), (2c) and 
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(2d) show the dependence of the standard-form quartic coefficients on the second- 
order factor coefficients. 

22.40. The derivation of the standard-form resolvent cubic,* shownby Eqs. (3) 
through (7) of the summary, provides a means for relating a real resolvent cubic root 
to the second-order factor coefficients of the quartic. Equation (3) is the result of 
recasting the quartic polynomic equation to have a squared expression on the left 
equated to a quadratic polynomial on the right. Equation (4) is the-consequence of 
completing the square of the left-hand side of Eq. (3) so that the squared expres¬ 
sion is that of a complete quadratic function. The right-hand side of Eq. (4) is a 
perfect square only when the second-power coefficient and the constant term are 
squares and the first-power coefficient is twice the square root of the product of 
the other two coefficients. The parameter r has been introduced to allow for ad¬ 
justment to these conditions, given as Eqs. (5a), (5b) and (5c). The standard-form 
resolvent cubic follows from Eq. (5c). 

RESOLVENT CUBIC REAL ROOTS 

22.41. Substituting the relationships of Eqs. (2a), (2b), (2c) and (2d) for the 
quartic coefficients in Eqs. (5a), (5b) and (5c) yields Eqs. (8), (9) and (10), which 
show the expressions for the coefficients of the right-hand side of Eq. (4) in terms 
of the quartic second-order factor coefficients and the resolvent cubic variable. 

A real standard-form resolvent cubic root is shown by Eqs. (11), (12) and (13) to 
be the sum of the quadratic factor constant terms. This identification is used 
later as the basis of the graphical solution of quartic polynomic equations. It is 
first necessary to reduce the number of parameters by simplifying the quartic 
and resolvent cubic in a way similar to the treatment of cubic equations. 

SIMPLIFICATION OF NONDIMENSIONAL QUARTIC POLYNOMIALS 

22.42. Section b of Derivation Summary 22-4 provides a method for making 
the highest power coefficient and the constant term of the standard-form quartic 
polynomial equal to unity. To accomplish this, the constant term is factored out 
and A/yJ 4 is taken as the variable. The quartic polynomial so simplified is shown 
as Eq. (15) and the quartic coefficient - second-order factor coefficient relation¬ 
ships are given in Eqs. (16a), (16b), (16c) and (16d). Equation (16a) shows that the 
product of the simplified quartic second-order factor constant terms is equal to 
unity. This relationship is used to reduce the other expressions of this series. 

SIMPLIFICATION OF RESOLVENT CUBIC EQUATIONS 

22.43. The standard-form resolvent cubic associated with the simplified quar¬ 
tic is given by Eq. (17), with a real root as shown by Eq. (18). The resolvent cubic 

• This derivation is due to Ferrari, as given by Dickson (20). 
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The variable in the standard-form resolvent cubic given in fcq. (12) of Formula Summary 22-1 can be 
related to the undamped natural frequencies of the second-order factors of the associated quarcic as fol¬ 
lows. Combining tqs. (1) and (4a) of Derivation Summary 22-3 gives the expression 

- A' ♦ y,A 3 ♦ y s A* + y,A + y„ . (A* + 2 C, A * '*£,„) (A 2 + 2< 2 A ♦ '< )2 ) (1) 

Multiplying out the right-hand side of Eq. (1) and equating the coefficients of like powers in the two 
expressions for F| (A) gives 

Yq ~ ^(n)2 » ^1 * 2 ^1 ^(n)l ^(n>2 + 2 ^2 ^(n)2 ^(n)l ( 2 a),( 2 b) 


Y"l = ^fn)l + kfr»)2 + 4 ^2 ^(n)l fa> (n)2 * ^3 * 2 w (n)l + 2 ^2 <u (n>2 

The equation R (A) = 0 can be written as 


(2c),(2d) 


(A 2 + jy 3 *> 2 - n 2 - y 2 u 2 - V,A - y 0 


(3) 


Completing the square on the left-hand side of Eq. (3) by adding (A^ + ( 1/2)y 3 A) r -f (l/4)r 2 to each side 
gives . 

(a 2 + ±y 3 A + lr) = (ly 3 2 - y 2 + r)A 2 + ( y y 3 r - y,) A + ({ r2 - Yo) 

The right-hand side of Eq. (4) is a perfect square when 


(4) 


B 


‘ ( 


Y 3 


r - 


Yx 


) = 2AB (5a), (5b), (5c) 


(I* 2 - yi *') - * • (| f2 - y») 

from which it follows that 0 

(•J* r - X.) - - y 3 * r) (-U* - y„) (6) 

which is the same as the expression for the standard-form resolvent cubic given by Eq. (12) of Formula 
Summary 22-1: , , , , . 

r - y 2 r + ( y 3 Y\ - 4 y 0 > r + { 4 Y2Y 0 - Y3Y0 - Y\) = 0 (?) 

Substituting the expressions for the coefficients given by Eqs. (2a), (2b), (2c) and (2d) into Eqs. (5a), 

(5b) and (5c) shows that: 

A - -J ( 4 Ci 2 "(n)l + 4 ^2 "fn )2 + 8 ^ 1^2 "<n)l "(nte* ~ ( ^(n)l + «“(n )2 + 4 ^1 ^2 ^(n)I ^(n) 2 ) + r 

=-i( 2 <, oA (n)I - 2< 2 tu (n)2 ) 2 + [r - (<o ( 2 n) , + W ( 2 n)2 )] 

B ' = (i^ 2 - -< 2 n),-U) 

2AB * j< 2 <! %), + 2£ 2 Qt lni2 )r - (2C, ^,n), "(n )2 + 2 ^2 ^(n )2 "(n )1* 

By setting r equal to tu ( 2 n) , + 6>f n)2 , 

^ “" 4 * 2 £»"(n)l “ 2 ^ 2 ^(n) 2 ^ ; ^ ^(n)I ~ ^2 ^{n )2 


( 8 ) 

(9) 

( 10 ) 


B 2 - 


+ <u?_«) 2 - c 


"fn)l + <U (n)2 , ‘ w ?n)| "fnft ~ 4" ,U 2 (n)l _ ^(n'2' * ~ “ _ 2' UJ (n)l “ ‘ u {n>2 


4.(2 


tu 


- '<u?_J 2 


- <2* 
b - 4-u 


- cj 2 


( 11 ) 


) ( 12 ) 


2AB - (C, w (n)l + < 2 w (n)2 )(w ( 2 n)l + 6A, 2 n)2 ) - (2<, W (n)1 iof n)2 + 2<J W (n)2 «u ( 2 n)l ) 

“ 2 ^l “(nil ” ^2 ^(n)2^ [y^(n)l “ °*ln'rS\ ( 13 ) 

This shows that a real root of the standard-form resolvent cubic equation is 

r i(f B ) - Wn)l + tfn)2 (I 4 ) 

a) Relationship between a real standard-form resolvent cubic root and th e quartic second-order 

factor undamped natura l frequencies 

Derivation Summary 22-4. Relationships between the fourth-order polynomic equation and 
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The quartic polynomial of Eq. (1) can be simplified so that two coefficients are equal to unity by apply¬ 
ing the Root Scale Factor Theorem of Theorem Summary 21-1. By factoring out y c and taking the variable 
as A /y%*, Eq. (1) may be written as 




+ 1 


= >^0 


[(*1 


+ 2<r, 


(TX-t) • P?)'l fe) ; 


+ 2C 


(^Xt) * Pf-)1 ”” 


in which the fourth-power coefficient and the constant term equal unity. In a similar way, the relationships 
of Eqs. (2a), (2b), (2c), and (2d) become 


Yl . 


= 2c 


1 = {**(«)$ /%)2\ 

V #) \ % ) 

■ firx-M ■ 1 


( /<J (n)2\ / " < °(n ) 1 \ 2 

v v% A v* ) 


■ ■ c$“) (if-) 


f • (T)' • (T)' • “■‘•(fr'tir?)- f • (*)• * (» 


+ 2 ^ 2 

(16c) 

(I6d) 


Y? ' y 0 * 7 v V 7 

The resolvent cubic of Eq. (7) takes on the form 




(17) 


lor which a root is 


r >(rs> = / ft>(n)lV + /%nV 

yj? V / \ v y« / 


(18) 


Equation (17) can be reduced to a cubic form in which the coefficients of the third-power and second-power 
terms are unity by factoring out y 2 /y' 1 and taking r/y 2 as the variable. The resultant equation 


(0 - <0 • (-“0% * ( 


4 Y 2 Yo - Yi 2 Yo - 


- o 


(19) 


is like Eq. (21) of Derivation Summary 22-2. 
Define 

YiY\ - 4 y 0 u i f- A . 

- = M = simplified resolvent cubic 

y 2 2 first-power coefficient 

With these definitions, Eq. (19) may be written as 


Y\ + Y? y 0 - 4 y 2 y Q 


negative simplified re¬ 
solvent cubic constant 

,crm (20a),(20b) 


(0 - (0 + M t - N - “ 


( 21 ) 


b) Simplification of quarti c and associated resolvent cu bic equations 

Derivation Summary 22-4. Relationships between the fourth-order polynomic equotion and 
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From Kq. (3) of Derivation Summary 22-3.the Routh-Hurwicz stability criteria associated with the quartic 
are 

yl > 4 Y 0 » Y\Y 2 Y> > Y 0 Yj + Yi (22a),(22b) 

These are the conditions for which ail the roots of Eq. (1) have negative real parts. The formulation of 
these conditions associated with the simplified quartic of Eq. (15) is 


> 4 


> 2 


(23) 


mm * (#)‘ • ©' 


Yj/yj 4 + y t /y 0 ^ 
y/yo 4 y 3 /yo 4 


(24a),(24b) 


Equation (22b) shows that resolvent cubic coefficient M is greater than N when all the quartic roots have 
negative real parts, since from Eqs. (20a) and (20b) 

m = Y * y » ~ 4> 'o = y 3 > 2 >i - 4 Yo y 2 n y 0 y 3 2 + y* - 4y 0 ya k , 

2 ; -:- = N (25) 

Yi Yl y\ 

ITic relationship expressed by equating the two quantities of Eq. (22b) determines the condition that 
must exist for the real parts of roots to be zero; i.e., when either or < 2 of the quartic second-order fao 
tors of Eq. (4a),Derivation Summary 22-3,is zero. 


Y\ Yi Y 3 - Y 0 Yi + Y\ 


—’ ’ (fj + (-fj 

When the condition of Eq. (26a) is applicable, the two nonunity coefficients of the resolvent cubic are 
equal, which can be determined from Eq. (25). The equivalent expression in terms of the resolvent cubic 
coefficients for the second of the Routh-Hurwitz stability criteria is 

M > N when all quartic roots have negative real parts (27a) 

M = N when real parts of the quartic roots are zero (27b) 

M < N when real parts of the quartic roots are positive (27c) 

1 hat is, when the coefficient of the first-order term of the resolvent cubic in the form of Eq. (21) 
is greater than the constant term, all the roots of the quartic have negative real parts. 

c) Expression for the quart,c Routh-Hurwitz stability criteria in terms of associated resolvent 

cubic coefficients 


(27a) 

(27b) 

(27c) 


The discriminant of the quartic polynomic equation given by Eq. (1) is defined by Eq. (18) of Formula 
Summary 22-1 and is shown by Eq. (19) of that summary to be equal to the discriminant of the associated 
resolvent cubic given in Eq. (7) of the present summary; i.e., 

tyqtc ) = * A | ~ A 2 ^ 2 * A 1 ~ A j ) 2 - A 4 ) 2 U 2 “ A 3 ^ 2 ( A 2 “ A «) 2 ^ A 3 “ A <) 2 ( 28 ) 

= quartic discriminant 

If any two roots arc equal, the quartic discriminant must vanish and the associated resolvent cubic dis¬ 
criminant must also be zero. This may occur (1) when the damping ratio of one of the second-order factors 
in Eq. (4a) of Derivation Summary 22-3 is equal to unity or (2) when the two second-order factors are iden¬ 
tical. Using Eq. (2) of the preceding section b and Eq. (7) of Formula Summary 22-1, the condition for two 
equal roots of the quartic is 

D c(r») - * »8NM + 4N + M 2 - 4M 3 - 27 N 2 = 0 (29) 

* discriminant of the resolvent cubic 
^ Q uorf, c roots (or resolvent cubic discriminant equal to zero 

Derivation Summary 22-4. Relationships between the fourth-order polynomic equation and 
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Uhen all the quartic roots are real, die quartic discriminant is a real positive number because the factor 
are all real numbers. When the quartic roots are represented by two complex conjugate pairs, Eqs. (5a), 
(5b), (5c), and (5d) of Derivation Summary 22-3 show that 


Since 


(A, - 

- a 2 ) = 

2 j <o 

Ink Vl 

- 

<> 2 ; 

(A 3 

" A< 

) = 2j 

"(n)2 

VTT 

~Q 


(A. - 

- A,) = 


“<n)l " 

<2 

"<n> 2 > 

+ j 1 


Vl - 

Q - 

"(n )2 

Vi - 

- «) 

- 

- a 4 ) = 

-«1 

^(n)l - 

c 2 

«(n*> 

+ i< 

r* 

^(n)l 

Vl - 


^(n )2 

VT~- 

-• <! ) 

(a 2 - 

- a 3 ) = 

-«1 

^(n)l ~ 

<2 


- i( 

f . 

^(n)l 

Vl - 

<r, 2 + 

^(n )2 

yTT~- 

- <i) 

(A 2 - 

- A 4 ) = 

-«» 

^(n)J ~ 

<r 2 

"<n> 2 > 

-i( 

f 

i ^(n)l 

V 1 - 

^ - 

'“W 

VT 

- <i) 



(a 2 - 

- a 4 ) = 

(A, 

- A,) 

• 

• 

• 

(a 2 

- A,) . 

- < A . ■ 

- A/ 




(30) 


(31a),(31b) 
(31c) 


(A, - A 2 )(A, - A.) - - 4 s, (nB V1 - (f vrrjr 

the quartic discriminant represents a real positive number in this case also. 

Uhen the quartic roots arc real and unequal and die quartic equation coefficients are positive, the quan- 
tity N is positive. From the definition of this quantity given by Eq. (20b), when the quartic equation coef- 
ficients are positive, it may be seen that each term in the numerator and denominator is positive. By ex¬ 
panding the product of Eq. (2), Derivation Summary 22-3, it is found that 

y 0 = A,A 2 A 3 A 4 ; y, - A,A 2 A 3 + A,A 2 A 4 + A,A 3 A 4 + A 2 A 3 A 4 (32a),(32b) 

y 2 = A,A 2 + A j A 3 + A,A 4 + A 2 A 3 + A 2 A 4 + A 3 A 4 ; y 3 = A, + A 2 + A 3 + A 4 (32c),(32d) 
Substituting the expressions of Eqs. (32) for the numerator of Eq. (20b) gives 

Y\ + YsYo “ ^ Yi Yo = (A,A 2 A 3 + A,A 2 A 4 + A,A 3 A 4 + A 2 A 3 A 4 ) 2 

+ a 1 a 2 a 3 a 4 ((a, + A 2 + a 3 + a 4 ) 2 - 4(a,a 2 + a,a 3 + a,a 4 + a 2 a 3 + a 2 a 4 + A 3 A 4 )J 

= A 2 , A 2 A 2 + A 2 A 2 A 2 + A 2 A 2 A 2 + A 2 2 A 2 A 2 + A,A 2 A 3 A 4 (A 2 + A 2 + A 2 + A 2 ) (33) 

The right-hand side of Eq. (33) is a positive number.since it is the sum of positive numbers. 

In summary: 

lhe resolvent cubic discriminant (equal to the quartic discriminant) is a real positive number 
(l) when all quartic roots are real or (2) when the quartic roots are two complex con jugate pairs. 

In addition, all quartic roots are real only when the resolvent cubic constant term is negative 
(N positive). 

Quartic roots for positive values of the resolvent cubic discriminant 

Two garlic roots arc real and two a complex conjugate pair when one second-order factor damping ratio 
is greater than unity and the other is less. When 

> 1 ; 0 < C 2 < 1 

the differences of the roots are 


(A, - 

a 2 ) 


2-(n„ VC, 2 

- 1 

; (a 3 

- A«> - 

"<n >2 

VTT 



(A, - 

a 3 ) 



"(n)| “ 

“(n)l 

Vc, 2 - 

~ l - <2 


j “(n* 

vr 

- <i 

(A, - 

a 4 ) 

* 


"(n)l " 

"(n)l 

Vc, 2 - 

T - < 2 

“<n) 2 > + 

i "(n« 

VT 

~ <2 2 

(a 2 - 

A,) 

m 


"(n)l + 

^(n)l 

VC, 2 - 

~ l ~ <2 

"(n> 2 > - 

* "(n)2 

vr 

~ 

<a 2 - 

a 4 > 

* 


£, (n)l + 

"(n)l 

Vc, 2 - 


“(nto* + 

> k(n)2 

VT 

- Q 


(34) 
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In this case (A 4 - A 3 ) - (A, - A,)* ; (A 2 - A 3 ) = (A 2 - A<)' 

(Ai - A 2 )(A 3 - A,) ~ 4j ^ io^ V <T, 2 - 1 V 1 - 

This shows that chc quartic discriminant is always negative real. 

In summary: 

« Ike resolvent cubic discriminant (equal to the quartic discriminant) is a negative real 

number uhen one pair of quartic roots is real and the other pair is complex conjugate . 
f) Quartic roots for negative values of resolvent cubic discriminant 


( 35a),(35b) 
( 35c) 


Summary : Uhen the quartic equation is reduced to the form of Eq. (15) and the associated resolvent cubic 
to the form of Eq. (21), then: 

1) All the quartic roots have negative real parts when condition (27a) is met. 

2) At least two quartic roots are equal when the cubic discriminant is zero. 

3) All quartic roots arc real, or arctwopairs of complex conjugate roots, when the cubic discriminant 
is positive. 

4) 1 wo quartic roots are real and two are complex conjugates when the cubic discriminant is negative. 

Derivation Summary 22-4. Relationships between the fourth-order polynomic equation and 
its associated resolvent cubic; relationships between the quartic roofs and 
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can itself be simplified to have the two highest power coefficients equal to unity as 
in Eq. (19). The first-power coefficient is represented by M and the negative of 
the constant term is represented by N, as the relationships of Eqs. (20a) and 
(20b) show. When these symbols are substituted in the simplified resolvent cubic 
of Eq. (19), the result is the simple form given by Eq. (21) in which the highest- 
power coefficient is unity and the second-power coefficient is minus one. 

QUARTIC ROUTH-HURWITZ CR IT E R IA - SIM PL IF IE D RESOLVENT CUBIC COEFFICIENTS 
RELATIONSHIP 

22.44. The two simplified resolvent cubic nonunity coefficients bear the same 
relationship to each other as the two quantities of the second Routh-Hurwitz cri¬ 
terion for the quartic given in Eq. (22b). Equation (25) of Derivation Summary 22-4 
shows that the quartic roots have all negative real parts when the simplified re¬ 
solvent cubic first-power coefficient is greater than the constant term. There are 
quartic roots with zero real parts when these quantities are equal, and roots with 
positive real parts when the inequality is reversed. 

RESOLVENT CUBIC DISCRIMINANTS 

22.45. Since the quartic and standard-form resolvent cubic discriminants are 
equal, this provides a method for further classifying the quartic roots. The ex¬ 
pression for the simplified resolvent cubic discriminant is given in Eq. (29), which 
involves only the two nonunity coefficients of the resolvent cubic. When Eq. (29) is 
equal to zero, the quartic discriminant in Eq. (28) is also zero and it may be seen 
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that at least two quartic roots must be equal. Section e shows that when the dis¬ 
criminant is positive, either all the quartic roots are real or they are two pairs of 
complex conjugates. It is further shown that the roots can be real only when the 
constant term of the simplified resolvent cubic is negative, or the quantity N is 
positive. Section f shows that when the discriminant is negative two of the quartic 
roots are real and two are a complex conjugate pair. 

QUARTIC ROUTH-HURWITZ CRITERIA GRAPH 

22.46. When the Routh-Hurwitz stability criteria for fourth-order character¬ 
istic equations given by Eqs. (23) and (24) of Derivation Summary 22-4 are plotted 
using the simplified quartic third-power - first-power coefficient ratio as the ab¬ 
scissa and the second-power coefficient as the ordinate, the relationship between 
the coefficients can be more readily grasped. Figure 22-11 is a plot of Eq. (24b). 
It is apparent that Eq. (23) is included since the minimum value of the second-power 
coefficient is two. The lower part of the graph, below the plotted curve, is the 
region where the Routh-Hurwitz criteria do not hold and there are quartic roots 
with positive real parts. The region above the curve is one for which the quartic 
coefficients satisfy the Routh-Hurwitz criteria and all quartic roots have negative 
real parts. From Eqs. (17a) and (17b) of Derivation Summary 22-5, it is found 
that the lower left region is associated with quartic equations whose roots have a 
negative damping ratio belonging to the higher undamped natural frequency and a 
positive value for the other damping ratio. The inverse holds in the lower right 
region. The plotted curve represents the case when Eq. (24b) of Derivation Sum¬ 
mary 22-4 is an equality. The left half of the curve shows the values of the quartic 
coefficients when the higher undamped natural frequency damping ratio is zero, 
while the right half of the curve shows these values when the lower undamped 

natural frequency damping ratio is zero. The symmetry of the curve is due to the 
symmetrical expression on the right-hand side of Eq. (24b). 

RESOLVENT CUBIC GRAPHS 

22.47. Figures 22-12a, 22-12b and 22-12c are graphical representations of 
the relationships developed in Derivation Summary 22-4. The coordinates of 
these plots have the simplified resolvent cubic first-power coefficient for the ab¬ 
scissa and the negative constant term for the ordinate. Figure 22-12a is a uniform 
scale plot in the four quadrants of Eq. (21), Derivation Summary 22-4. The line 
defined by equating the resolvent cubic coefficients divides the chart into a region 
where quartic roots may have positive real parts and one where all roots have nega¬ 
tive real parts. The boundary is a straight line with a slope of plus 1. The Routh- 
Hurwitz stability criteria require that the resolvent cubic coefficients be to the 
lower right of the boundary for all roots to have negative real parts. The second 
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First-quadront plot of the simplified nondimensional resolvent cubic equation 

with quartic characteristic equations. 


associated 


condition distinguishing the roots is obtained from the quartic discriminant The 
curve for the discriminant equal to zero is indicated in the region where all the 
quartic roots have negative real parts. This line determines the values of the 
simplified resolvent cubic coefficients for which at least two quartic roots are 
equal. The area within the curve is that for which the discriminant is positive 
From section e of Derivation Summary 22-4. the quartic roots are all real only 
when the resolvent cubic constant term is negative and the discriminant is positive 

I L fir 7 7 alU , eS ° f ‘ he reSOlVent CUbiC coefficien 's Within the plotted curve 

actors h h q H m ^ ^ d ° tted ShadinB ‘ Whe " the < > uartic second-order 
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positive The resolvent cubic coefficients for this situation may be anywhere with- 

n t he pl0 «ed curve. The rest of the unshaded area shows the values of ^ re¬ 
solvent cubic coefficients for which the discriminant is negative. Section e of 
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Fig. 22-12c. First-quadrant log-log plot of the simplified nondimensional resolvent cubic equation 

associated with quartic characteristic equations. 












Derivation Summary 22-4 shows that the quartic second-order factors have one 
damping ratio greater than unity and one less than unity in this case. 

RESOLVENT CUBIC FIRST-QUADRANT GRAPHS 

22.48. The first quadrant of the resolvent cubic equation plot is shown to a 
larger scale in Fig. 22-12b. The characteristics of the resolvent cubic coefficients 
in the several areas remain unchanged. The larger scale permits the values to be 
better determined. The line determined by setting the discriminant equal to zero 
marks off the values of the resolvent cubic coefficients for which either two quartic 
roots are real and equal or the two quadratic factors are equal. When two quartic 
roots are equal, one quadratic factor has a damping ratio equal to unity. The 
values of the damping ratio when there are two equal quadratic factors is plotted 

on the zero-value-discriminant curve. It is seen that two damping ratios are greater 

than unity for the left-half branch and less than unity for the right-half branch of 

the curve. At the peak, the two damping ratios can be equal to unity. Figure 22-12c 

is a log-log plot of the first quadrant of Fig. 22-12a that provides more detailed 
information than is available in Fig. 22-12b. 

BASIS OF QUARTIC CHARTS 

22.49. The analysis of the quartic polynomic equation presented in Derivation 
Summaries 22-3, 22-4 and 22-5 forms the basis for a graphical procedure to ex¬ 
tract the roots of the quartic equation. One possible method is given in Derivation 
Summary 22-5. The first part of the technique is to solve the standard-form sim¬ 
plified resolvent cubic for a real root. The rest of the steps are equivalent to 
evaluating the quartic roots from the quartic coefficient - second-order factor 
coefficient relationships of Eqs. (16a), (16b), (16c), and (16d) of Derivation Sum¬ 
mary 22-4 together with the identification of the resolvent cubic real root as the 
sum of the second-order factor constant terms of Eq. (18) of that summary. 

22.50. It is convenient to introduce special symbols for various quantities 
that are combinations of the second-order factor coefficients as they appear in the 
course of the graphical procedure. The first such symbol is defined by Eq. (2) of 
Derivation Summary 22-5. The ratio of the larger second-order factor undamped 
angular natural frequency to the smaller is defined as the quartic second-order 
factor jarger-to-smaller un damped angular natural frequency ratio or the quartic 
fr equency ratio for simplicity, with the symbol Pftj . The ratio of the dampinTT^ 
associated with the larger undamped angular natural frequency to that associated 
with the smaller undamped angular natural frequency is defined as the quartic second- 
order factor damping ratio ratio, with the symbol „„,as in Eq. (4) of Derivation 
Summary 22-5. In Eq. (6) it is shown that a real root of the standard-form re¬ 
solvent cubic associated with the simplified nondimensional quartic is equal to the 
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quartic frequency ratio plus one over the quartic frequency ratio. This quantity 
is defined as the quartic mutual frequency ratio , with the symbol Pm . The corre¬ 
sponding real root of the simplified standard-form resolvent cubic is defined as the 

? odified ^. artic frequency ratio , with the symbol Pa . The simplified re¬ 

solvent cubic, using the newly defined symbols, is given in Eq. (8). 

22.51. Since Eq. (8) defines a unique relationship between the modified quartic 
mutual frequency ratio and the first-power coefficient for each value of the con¬ 
stant term, a chart can be prepared, as in the figure of section a of Derivation 
Summary 22-5, containing curves of different values of the constant term. This 
chart corresponds to Fig. 22-12. The identification of various portions of the 
chart is given in section b of Derivation Summary 22-5. A chart similar to the 
figure of section a can be used to determine the real roots of the simplified 
standard-form resolvent cubic for given values of the coefficients. 

22.52. The real root of the resolvent cubic associated with the simplified quar¬ 
tic is obtained from the definition relating the quartic mutual frequency ratio to 
the modified quartic mutual frequency ratio. Section c of Derivation Summary 22-5 
describes a procedure for constructing a chart that solves the simple relationship 
of Eq. (10) of the summary. This chart is so constructed that the quartic mutual 
frequency ratio, Pm , which is the real root of the simplified-quartic standard-form 
resolvent cubic (see Derivation Summary 22-4, Eq. (17)), appears as the abscissa. 
The unique relationship between the quartic mutual frequency ratio, P(l , and the 
quartic frequency ratio, Po) , expressed by Eq. (11), can be plotted on the same chart 
with a scale on the right-hand side. Equation (9b) shows how the smaller second- 
order factor undamped angular natural frequency of the simplified standard-form 
quartic can be obtained from the quartic frequency ratio by constructing a parallel 
scale to the quartic frequency ratio scale. 

22.53. The quartic second-order factor damping ratios are evaluated from the 
simplified standard-form quartic odd-power coefficients. This is explained in 
section d of Derivation Summary 22-5. The ratio of the odd-power coefficients is 
uniquely related to the quartic damping ratio ratio as shown in Eq. (14), but it is 
also necessary to have the value of the quartic frequency ratio to solve the equa¬ 
tion. Equation (19) shows the relationship that exists between the sum of the odd- 
power coefficients and the damping ratio associated with the smaller undamped 
angular natural frequency. This equation shows that it is first necessary to de¬ 
termine the product of the quartic damping ratio ratio plus one and the quantity de¬ 
fined as the shifted quartic mutual frequency ratio in Eq. (21). 

22.54. The fewest quantities are required in the evaluation of the quartic 
damping ratio when the shifted quartic mutual frequency ratio and the quartic 
damping ratio ratio plus one are used, since the quartic frequency ratio and the 
damping ratio ratio are uniquely related respectively to these functions. The 
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c expressions for the roots of the quartic polynomic equation are given by Eqs. (13a) and (13b) of 
-otmula Summary- 22-1. ITiese equations require a real root to be obtained from resolvent cubic of Eq (12) 
of the formula summary. Section b. Derivation Summary 22-3. shows that the quartic can be resolved into 
c*o second-order factors with real coefficients, and Derivation Summary 22-4 describes the interdependence 
between the quartic second-order factors and the properties of the associated standard-form resolvent cubic 

.s shows ' hat rclatIO " shi Ps between a real root of the standard-form resolvent cubic and the 

quartic equation coefficients that give the quartic toots in terms of the quartic second-order factor coeffi- 
cicnts. 

from Eq. (4a), Derivation Summary 22-3. the second-order factored expression for the quartic is 
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ic first-power term coefficient 


simplified resolvent cubic is 


p « 3 - P„ 2 + M P - N = o 


where M and N are defined in terms of the original quartic equation coefficients by Eqs. (20a) and (20b) of 
berivation Summary 22-4. For each constant value of a unique relationship exists between p Q and M. The 
accompanying figure shows curves satisfying Eq. (8) for constant values of N plotted with real values of 
p a as abscissa and M as ordinate. For later convenience, the abscissa is taken as log The real roots of 
Eq. (8) are found at the intersections of a specified M-line with a given N-curve. 


Two quartic negative real roots 
One quartic complex conjugate 
root pair with negative real parts 


N = 0.005 


Pour quartic ^ 

i negative real 

roots | 

or .1 _ 

twe quartic complex 

conjugate root pairs 

with negative real 

parts I —»•* 


0.01 


0.02 


0.05 


0.03 


0.04 


Two quartic 
complex conjugate 
root pairs with 
negative real parts 


1+4-4- 

0.2 + + 

X ~ + + 

\ Quartic roots 

\ have positive 

' real parts 

1 — 

V + + i 

Line through 
minima and 
maxima on 
N-curves 

- + + 

+ + 


+ + f + 

+ + + 


+ + 


4- + F + 

+ + + + 

-0.4 —I-1-1-h 

+ + + + 

+ + F + 

-0.5=-±- + - L . 

0.01 0.02 


1 

0.05 


+ + -Fp 

+ + + 


N = M 


N = -0.1 


-N = M + 

4- -I- 4- 



+ 

4- 

4- 

4- 


+ 

+ 

+ 

4- 


+ 

+ 

+ 

T 


+ 

+ 

+/ + 

+ 

+ 

+ 

/+ 



4- 4- 4-/4- +/ F /+) 

F + +/+ + /+ t 

- 4-1- f -1- f -+-/--F- 

F 4- +/ + + 1 + /+ 

+ +/+ + j+ 17 + 

_ L _1±_VI +1/ +L 

0.1 0.2 0.5 



4- 


+ 


4- 


4- 


4- 


4- 


4- 


T 


4- 


+ 


4- 


+ 


+ 


4- 


4- 


Real roots of simplified resolvent cubic, r,( ro )/y 2 , defined as the modified quartic mutual frequency ratio, p a . 

This chart may be compared with the plot of the resolvent cubic given in Fig. 22-12. 

a) Simplified nondimcnsionol resolvent cubic root chart 
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Pertinent features can be tabulated as follows: 

FIGURE 22-12 CHART 

M-abscissa. M-ordinate 

N-ordinate .. N-curves 

(N =0)-ordinate . (N=0)-curve 

(M = N)-I 

* ne • -. (p Q = D"l* nc and curve limiting plus-sign area 

Djc)(rs) “ ® .- Dashed line through minima and maxima of N-curves 

(Resolvent cubic discriminant is equal to zero; i.e., two or more equal quartic roots.) 

Area where N >M . Area where N >M 

(Plus sign area; quartic roots have positive real parts.) 

Area between [^ c)(f3 ) = 0 

and N=0 where N >0 . Area between upper dashed curve and (N = 0)-curve 

(Shaded area; quartic roots all real or two complex conjugate pairs.) 

b) Properties of the simplified resolvent cubic root chart 



10 5.0 10 20 

Simplified standard-form quartic second-power term coefficient y 2 /Vo 
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Quartic mutual frequency ratio, 
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The value of ^ is determined by the intersection of the ordinate line corresponding to a given value of 
t * ,c inclined line representing p Q . Uhen a p Q axis is constructed normal to the inclined lines, 
it may be seen that it matches the abscissa of the resolvent cubic chart of the preceding figure. 

From Eq. (9a), j—-- 

ft, - ♦ V’T'T 1 <>» 

which shows that must be equal to or greater than 2 for p^ to be real. Uhen attention is restricted to 
real values of p a) , a curve can be constructed on the log (y 2 /y^) - 1 og^ chart, which represents hq. (11), 
by adding a suitable scale to the right. This curve is designated the P curve. The solution for cj (n) JyA 
is indicated by constructing a scale parallel to the p u scfile, using the relationship of Eq. (9b). 

c) Quarfic second-order factor undamped natural frequency chart 


Applying the definitions of p^ and p^ to Eqs. (16b) and (I6d) of Derivation Summary 22-4 yields the er 

, ‘,(vs-A-) 


pressions 


S' 

r/4 


•‘■(T) 


2< 


Y6 
Y3_ 

Y* \ Yo 

The ratio of Eq. (13) to Eq. ( 1 2) eliminates ^ ; i.e., 

Yj/Yo* \ r<o 


( 12 ) 




(13) 


Ps\Ip<o + Pu, 


Yi/Yo* 


For a fixed value of write 


paj + p^yfpt 


(14) 


c o 


Uhen 


Poj - 1 + ; 

(D) p QJ > 0 because 

^(n)2 > 

^(n)l' • Poj 

(14) becomes 

Y 3 /y 0 A . 

p{( i + ( D )pJ + * 

1 + ^ 

- l) (D) 

Y,/Yo /4 

1 + (Pipa, + P<r 

1 + 

( D ) P^ + P^ 

<2 > 


Yj/Yo 4 

> 1 


Y/Yo 4 


<2 < 

<| . Pf < 1 

Y,/)# 

» - 7 — 

< 1 


Y/y 0 4 



0 

CO 


(n) 2 


0 

to 


(n)l 


(15) 


(16) 


(17a) 


(17b) 


Condition (17a) shows that the damping ratio associated with the larger undamped angular natural fre¬ 
quency is greater than that associated with the smaller frequency when the coefficient of the third power 
of the simplified quartic is greater than the first-power coefficient. Condition (17b) is necessary for the 
converse to be true. Adding Eqs. (12) and (13) yields 
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it may be seen that , £ 2 and may be obtained from the quantities ^ , (y 3 /y ( ^)/(>' 1 />' 0 ^), 

^ 3 /yo^ + tyi/y^M- Th c quantity (p m + 2) H is deGned as the shifted quartic mutual frequency ratio, and is 
given the symbol p>_ . 

d ) Relationships between the quartic second-order factor damping ratio, the quartic frequency ratio, 

and the quartic equation coefficients 

A graphical procedure for obtaining the quartic damping ratios may be developed based on the informa¬ 
tion obtained from the previous charts. From Eq. (21), a curve can be constructed with the quartic mutual 
frequency ratio, p m , as the abscissa and the shifted quartic mutual frequency ratio, p q , as the ordinate; i.e., 





By superimposing this curve on the chart of section c 9 the same log scale can be used to indicate the 
quartic frequency ratio 9 p 0)9 and the shifted quartic mutual frequency rado 9 p q . Since the parallel scale 
exists, which gives the inverse square root of p Q)9 this scale can be used to read off [(1/ Y+ VftuJ" 1 * 
e) Plot of shifted quartic mutual frequency ratio as a function of the quartic mutual frequency ratio 
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Inverse shifted quartic mutual frequency rati 



Inverse shifted quartic mutual frequency ratio 


Equation (14) is the relationship that enables p to be calculated from p { j' 2 and (y 3 /y^)/(y t /y 0 *«). Now 
Pi/ 1 »s uniquely determined when [(1/ -fjQ + is known and p , is determined when (p + 1) is kne 

By using Eq. (14), curves corresponding to constant values of can be plotted on a 

chart whose ordinate is + \"pZ>lwhose abscissa is (p + 1), as in the accompanying 

figure. 


known. 
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Quanic damping ratio ratio p^ = C 2 /C\ 

The intersection of a given ordinate value of - log 1(1/Vf£) + yfp~\ from the resolvent cubic chart and 
an odd-power coefficient ratio curve gives a unique value of p^ 

f) Quartic damping ratio ratio charts 
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Inverse shifted quartic mutual frequency ratio 


The use of Eq. (19), together with the information from the chart of section f, permits the calculation of 
the damping ratio associated with the smaller undamped angular natural frequency. Since, for any constant 
value of log [(p. + + 1/ y^)], Eq. (19) is a straight-line relationship between log £, and log 

1/2 [(y 3 /y 0 l/4 ) + (yj/y 0 3/4 )] with a slope of one, a chart of this relationship can be constructed with an ordi¬ 
nate of and an abcissa of 1/2 [(y 3 /y Q 1/4 ) + (y,/y 0 V4 )] as shown in the following figure. 

One-half of the sum of the simplified quartic odd-power term coefficients -^-[(y^/y^ 4 ) + (yj/y 0 3/4 )] 
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Quartic damping ratio ratio p^ ■ £ 2 /£j 

The figure shows that the abcissa and ordinate scales can be adjusted so that the ordinate is also 

1 anc ^ n b c * ssa also (p „ + 1), which are the scales of the figure in section f. There¬ 
fore, any point on the chart on this page gives simultaneously the value of and of (p„ + 1). The chart 
in section f and the chart on this page can be superimposed to form a combined chart, which is shown on the 
following page. It is possible to enter the combined chart with the inverse shifted quartic mutual frequency, 
the odd-power coefficient ratio, and the odd-power coefficient sum to obtain the quartic damping ratio ratio 
and the smaller undamped angular natural frequency damping ratio. 


5.0 6.0 7.0 


Derivation Summary 22-5. Analytical basi 
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Derivation Summary 22-5. Analytical basis for construction of quartic charts. (Page 9 of 9) 

shifted quartic mutual frequency ratio can be obtained from the information avail¬ 
able in the second chart of section c. With the aid of Eq. (20). a curve labeled as 
the Q curve can be constructed as In section e with the same coordinate scale 
as for the P curve of section c. The first right-hand scale now determines the 

square of the shifted mutual frequency. The second right-hand scale gives the in- 
verse shifted mutual frequency. 

22.55. The figure in section f of Derivation Summary 22-5 is a chart that 
shows Eq. (14) when the known quantities are the inverse shifted quartic mutual 
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Damping ratio associated with the smaller undamped natural frequency ( 


frequency ratio and the quartic odd-power coefficient ratio. The first figure in 
section g solves the relationship of Eq. (19), which is a straight line with a slope 
of unity for a constant value of the last term of the equation. By suitably arranging 
the coordinates as shown in the second figure of section g, the figure of section f 
and the first figure of section g may be superimposed. This permits the chart to 
be entered with the three specified quantities to obtain the smaller undamped an¬ 
gular natural frequency damping ratio and the quartic damping ratio ratio. 


QUARTIC CHARTS 

22.56. The graphical procedure for extracting the roots of quartic polynomic 
equations given in Derivation Summary 22-5 is combined in Fig. 22-13 to reduce the 
number of individual steps required and to improve the organization of the 


The roots of quartic polynomic equations are extracted by means of the following steps: 

1) Reduce the equation to standard nondimcnsional form. 

P 4 (A) = A* + y 3 A 3 + y 2 A 2 + y, A + y Q 

2) Simplify the stapdard-form quartic to make the constant term unity. Factor out the constant term. Take 
A /y 0 4 as the variable. 




-mV'] 


3) Calculate the coefficients of the simplified standard-form resolvent cubic. 

M = YjYx ~ .4 Vo . N = Y\ + Y 3 2 Yq ~ 4y 2 Y 0 

Y2 ' y} 

4) Determine whether all quartic roots have negative real parts by observing if M is greater than N. 

5) Enter Fig. 22-1 3a with the values of M and N. Determine the intersections of the designated M line 
and N curve that give the real roots of the simplified resolvent cubic. Designate the largest value of 
the real root as p (jr 

6) Enter Fig. 22-1 3a with the value of Y 2 /Yo 2 • l )ctcrm inc the intersection of the lines corresponding to 
y 2 /y( l and p Q from step 5. The value read from the bottom scale designated as p m is a real root of 
the standard-form resolvent cubic associated with simplified quartic. 

7) Determine the value of die quartic frequency ratio, p Q)9 from the intersection of die p m abscissa line 
and the P curve. Read the quartic frequency ratio and the smaller undamped natural frequency from 
the right-hand scales. 

8) Determine the value of the inverse shifted quartic mutual frequency ratio, p ' 1 , from the intersection 
of the abscissa and the Q curve. Read the value from the second right-hand scale. 

9) Filter Fig. 22-13b with the value of p~ l from step 8 and the simplified quartic odd-power coefficient 

ratio, (y 3 /y<^)/(y|/yo*)* The intersection of the p ( * 1 ordinate and the odd power coefficient ratio curve 
determines the value of the damping ratio ratio read from the bottom scale, and p ^ + 1. 

10) Flntcr Fig. 22-13b with the value of half the sum of the simplified quartic odd-power coefficient sum, 

i-[( Y^/Yq 4 ) + (yj/y^)]. The diagonal line leading from the point of intersection determined in step 9 

meets the vertical line corresponding to the odd power coefficient sum on the ordinate corresponding 
to the smaller undamped natural frequency damping ratio and is read from the right-hand scale. 

Details for the construction of the quartic chans arc contained in Derivation Summary 22-5. 

Procedure Summary 22-1. Extraction of quartic roots by use of the quartic charts. 
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procedure. The complete figure represents the quartic charts. Figure 22-13a is 
used to: 

1) Solve for a real root of the simplified resolvent cubic. 

2) Calculate a real root of the standard-form resolvent cubic associated with 
the simplified quartic. 

3) Obtain the quartic mutual frequency ratio and the smaller simplified quar¬ 
tic undamped angular natural frequency. 

4) Obtain the inverse shifted quartic mutual frequency ratio. 

Figure 22-13b provides a means for determining the damping ratios of the quartic 
second-order factors. 

22.57. The first of the figures is obtained by superimposing the charts of 
sections a, c and e, Derivation Summary 22-5. Since the abscissa of the figure 
in section a is the 45-degree diagonal in the figure of section c, they can be com¬ 
bined by canting the first figure before superimposing. The curves P and Q 
of sections c and e are added as indicated in Derivation Summary 22-5. These 
curves are used when the range of values of the simplified quartic second-power 
coefficient lies between ten and a thousand and the quartic mutual frequency ratio 
lies between one-tenth and ten. A second P and Q curve has been added to 
accommodate the values of the simplified quartic second-power coefficient lying be¬ 
tween one and ten. The quartic mutual frequency scale is altered to extend from 
one-hundredth to one. Figure 22-13b is identical with the second figure of sectiong, 
Derivation Summary 22-5. It is made as a facing page to Fig. 22-13a so thatvalues 
of the inverse shifted quartic mutual frequency ratio may be transcribed from one 
chart to the other graphically, thereby avoiding any reading errors. The technique 

for using the quartic charts is given as a step-by-step presentation in Procedure 
Summary 22-1. 
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Inverse shifted quartic mutual frequency ratio P\ = - \ -p 
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Quartic mutual frequency ratio p 


EXAMPLE: The heavy dashed line is drawn for a typical equation in which the coefficients 


Fig. 22-13a The quartic charts: Chart L 












Inverse shifted quartic mutual frequency ratio 
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Damping ratio associated with the smaller 
undamped natural frequency 4_ 
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One-half of the sum of the simplified quartic odd-power term coefficients 


K3 * a 



- 0.2 - 0.1 0 


Quartic damping ratio ratio p =4/4 

c 2 1 


SOLUTION: 


Pqj = 2.56 ; W( n j| = 0.625 


2.5 


<1 - 0.8 


See Derivation Summary 22-5 and Procedure Summary 22-1. 


Fig. 22-13b. The quartic charts: Chart II. 
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CHAPTER 23 


GRAPHICAL METHODS OF DETERMINING 

TRANSIENT STABILITY 


INTRODUCTION 

23.1. The figures of Chapter 20 provide the background of graphical methods 
for determining the transient stability of linear integro-differential equation solu¬ 
tions. Figure 20-la is a complex plane plot of the roots of a characteristic 
equation for stable solutions, while Fig. 20-lb is a case where the plotted roots 
indicate absolute transient instability. The distinction depends upon the location 
of the roots in the complex plane. When all the roots have negative real parts, 
the linear integro-differential equation solutions have absolute transient stability 
and the roots all lie to the left of the imaginary axis. Graphical procedures exist 
for determining this condition from the characteristic equation without actually 
evaluating the roots. One of the procedures is the graphical counterpart of the 
Routh-Hurwitz stability criteria discussed in Chapter 21. 

23.2. Two different techniques are described in this chapter: the argument 
principle and the locus-of-roots method . The argument principle is a well-known 
method that stems from an application of the theory of functions of the complex 
variable to algebraic polynomials. A special form of this principle is Nyquist's 
criterion . The locus-of-roots method is a recent procedure introduced by 
W. R. Evans* whereby the roots of a given characteristic equation may be deter¬ 
mined graphically as a function of a single adjustable constant. 

23.3. It is shown later in this chapter that these two methods are closely al¬ 
lied. The argument principle is a test based essentially on the steady-state si¬ 
nusoidal response characteristics of the equation, while the locus-of-roots method 
is more useful for evaluating transient responses. In both methods, the values of 
the polynomial corresponding to certain values of its variable are required to 
obtain information about the location of the polynomial roots. Since the variable 
may assume real or complex values, the corresponding value of the polynomial is 
generally a complex number, which may be written in Cartesian or polar coordi¬ 
nates. For the purposes of this chapter, polar-coordinate representation of the 
polynomial is required, no matter what the form of the variable. 


• See W. R. Evans (24) and (25). 


GRAPHICAL DETERMINATION OF POLYNOMIALS 

23.4. When a polynomial is factored into first-order binomials, it may be ex¬ 
pressed as the product of these factors. Equation (1) of Derivation Summary 23-1 
illustrates the general case where an n th -order polynomial is written as n first- 
order binomial factors. The binomials are given in the standard form as the dif¬ 
ference of the polynomial variable and a constant that is a root of the polynomial. 
Sums and differences of complex numbers are obtained in Cartesian coordinate 
form. Expressions for the magnitude and argument of each binomial factor are 
given by Eqs. (4a) and (4b) of the summary. The magnitude is the square root of 
the sum of the squares of the real and imaginary parts of the number. The argu¬ 
ment is the angle whose tangent is the ratio of the imaginary part of the number 
to the real part. Since the polynomial is a product of first-order binomials, the 
magnitude of the polynomial is the product of the magnitudes of the factors. How¬ 
ever, as may be seen from Eqs. (5), (6), (7) and (8) of the summary: 

The argument of the polynomial is the sum of the arguments of the factors. Moreover, the 

argument of the polynomial may be calculated separately and independently of the magnitude. 

These two properties of complex numbers are the basis of graphical methods for 
determining transient stability. 

23.5. It may be recognized that Eq. (4a) of Derivation Summary 23-1 is the 
distance formula given in texts on analytic geometry. If two points are plotted on 
the complex plane corresponding to the given values of the variable and the root, 
the length of the line connecting the two points is given by Eq. (4a). The angle of 
the line measured in the positive sense from a reference line drawn parallel to 
the real axis is equal to the argument of the factor given by Eq. (4b). This pro¬ 
cedure provides the basis for a graphical representation of each factor of Eq. (1) 
for a given value of the polynomial variable, similar to Fig. a in section b of 
Derivation Summary 23-1. Figure b in section c of the summary represents a 
polynomial with five roots, including one equal to zero. Each of the roots is plot¬ 
ted on the variable complex plane and is connected by a straight line to the plotted 
point corresponding to the given value of the variable. The product of the lengths 
of these lines is the length equivalent to the magnitude of the polynomial for the 
given value of the variable. The sum of the angles of all of the lines, measured in 
the positive sense as shown in the figure, is equivalent to the argument of the poly¬ 
nomial for this value of the variable. 

RATIONAL FUNCTIONS 

23.6. A generalization of the polynomial type of function is the rational func¬ 
tion, defined in Definition Summary 23-1 as the ratio of two polynomials. Prop¬ 
erties of rational functions are extensions of the properties of polynomials. 
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Nondimensionalized characteristic functions, defined by Eq. (6) of Derivation Summary 15-2, are n^-order 
polynomials of the nondimensional algebraic variable A. They may also be expressed as in Eq. (7) of the 
cited summary as a product of first-order factors; i.e., 


1 = n 


i= n 


P n (A) = 2 Yl * = II (A “ Al) 


where 

Yn 5 1 

\ = real or complex number s i** 1 root of the characteristic equation 

Equation (1) is a typical polynomial which for each real or complex value of A defines a unique value 
for the characteristic function. For a given value of A, P (A) may be determined by evaluating each factor 
(A - Aj) of Eq. (1). Write 

(A - A,) * fj ; a i 1 * 1 factor of Eq. (1) (2) 

Equation (2) defines a unique relationship between A and f,. In general, both A and Aj are complex numbers 
with real and imaginary pans; i.e., 

A = Re\ + j Imk ; A t = Re A l + j Im A t ( 3 ) 


magnitude of (A - A,) = |A - Aj = yJ(Re A - Re A,) 2 + (lm A - Im A 4 ) 

argument of (A - A.) = arg (A - A.) ■ tan* 1 - ” * ~ /wA i 

1 Re A - Re A, 


(4 a) 


(4b) 


magnitude of fj z |fj = |A - Aj ; argument of f, z arg fj = arg (A - Aj) (5a),(5b) 

From Eqs. (1) and (2), i= n 


1 = n 


1 * n 


- ri f * - niw 1 -"* - n i». 


1 = n 


1 = n 

J - «qt 
f 1=1 1 


From Eqs. (5a), (5b) and (6), 


P (A) 


1 = n j 

n i x - a .i>« 


1 = n 

J S arq (A-Aj 
1=1 ^ 


1 = n 


1 * n 


Pwl ■n l A - A il ; a 'g (A) * ^ ar g - V 


(8a),(8b) 


The magnitude of the polynomial is equal to the product of the magnitudes of the factors. The argument 
of the polynomial is equal to the sum of the arguments of the factors. These relationships show that the 
magnitude and argument of (A) may be separately determined. 

a) Expression of polynomials in terms of magnitudes and arguments of first-order factors 


9-V 


>0 


> 

x: 


arg (A - A,) A^. 


Real axis Re A 
Fig. a. 


Plotting the quantities A and of Eq. (2) on 
the complex plane gives the configuration shown 
in Fig. a. The line beginning at the point Aj and 
terminating at the point A on the complex plane 
diagram is the geometric equivalent of the first- 
order factor shown as Eq. (2). The magnitude of 
the factor f { , as given by Eq. (4a), is represented 
by the length of the line and is given the symbol 
R(A. A y The argument of the factor, as given by 
Eq. (4b), is represented by the angle of the line 
measured from a reference line drawn through 
parallel to the real axis, and is given the symbol 


b) Graphical equivalent of the first-order factor for a given value of the variable 


Derivation Summary 23-1. Graphical determination of polynomials. (Page 1 of 2) 
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When each of the factors of Eq. (1) is plotted on the complex plane by the procedure of section b, the re¬ 
sult is similar to Fig. b. This figure shows the case when there are two real roots (indicated as A, and A ( ), 
a pair of complex conjugate roots (A 2 and A*), and a root equal to zero (A Q ). The magnitudes of the factors 
are determined by measuring the lengths of the corresponding lines. The arguments of the factors are obtained 
from the angles of the lines with respect to the real axis. The magnitude of a multiple factor is obtained by 
raising the measured value of the simple factor to the power equal to the multiplicity. The argument of a mul¬ 
tiple factor is equal to the argument of the simple factor multiplied by the multiplicity. 


(A-A 2 ) 




(A-Aj) 






(A-V 


< 

or 


(A-A 3 ) 


Real axis Re A 


A complex plane 


A(X-AJ) 


Fig. b. 


The graphical determination of the magnitude and argument of the polynomial of Eq. (1) for a given value 
of the variable is completed by multiplying the measured factor magnitudes and summing the measured fac- 
tor angles. 

c) Graphical determination of polynomial values for given values of the variable 

Derivation Summary 23-1. Graphical determination of polynomials. (Page 2 of 2) 
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Rational functions arc defined as the ratio of two polynomials. Characteristic functions in the form given 
by Eq. (1) of Derivation Summary 21-1, being simple polynomials, are special cases of rational functions. 
The general rational function with an n th -order numerator polynomial and d 1 * 1 -order denominator polynomial 
may be written as 


1= n 


TPPl _^n)(nurT,) (A) 

L" r J(d;n) ~ °k— -— 


53 y ‘ Al 




(d)(den) 


1= 0 
k=d 


53 ^ Ak 


k = 0 


[RF],d;n, H rational function ; = constant 

When the leading coefficients of the polynomials arc unity, the rational function may also be written as the 
ratio of two products of first-order functions, each equal to the respective polynomials of Eq. (1); i.e., 


1= n 


n 

[RF]^, ■ , _£!- 


k=d 


= O's 


»=n k=d 

n u - a i ) n u ~ v 


n (a-a,) 


k = l 


When the denominator of Eq. (1) is unity, this equation is defined as a polynomial rational function. When 
the numerator is unity, it is called a reciprocal polynomial rational function . In the general case, it is sim¬ 
ply called a rational function. 

The rightmost expression of Eq. (2) shows that the rational function may be considered in the same way 
as the polynomial of Eq. (1), Derivation Summary 23-1. The magnitude of the rational function is the ratio 
of the magnitude of the numerator polynomial to that of the denominator polynomial. The argument of the 
rational function is the difference of the arguments of the numerator and denominator polynomials; i.e., 


1= n 


magnitude of [RF] (d;n) = | (RF] (d;n) 


n |A ' A ‘l 


k= d 


n i* - m 


k= 1 


argument 


of fRF] (d;n) = arg fRF] (d;n) = |^arg(A - A,) j - | ^ arg (A - A k ) 


For each value of A, real or complex, there is a unique value of the rational function defined by Eq. (1), 
which may be computed by the relationships of Eqs. (3) and (4). The graphical method given in Derivation 
Summary 23*1 may be used separately for the numerator and denominator polynomials in the factored form 
of Eq. (2). The results are combined as indicated by Eqs. (3) and (4). 

a) Rational functions 

Values of the variable that make the rational function vanish are defined as the zeros of the function. 
Values that make the rational function infinitely large are defined as the poles of the function. These 
definitions come from the theory of functions of the complex variable.• Equation (2) shows that the ration¬ 
al function vanishes when the variable is equal to any one of the n roots of the numerator polynomial. The 

• See standard texts on analysis: Franklin (29), Guillem In (33), Hildebrand (36), Wilson (70), cr Wylie (79). 

Definition Summary 23-1. Rational functions; zeros and poles. (Page 1 of 2) 
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rational function becomes infinite when the variable is equal to any one of the d roots of the denominator 

polynomials. These statements are true provided there are no factors in common between the numerator and 
denominator polynomials. 

From the discussion in previous chapters, particularly Chapter 21, it may be seen that the roots of a poly¬ 
nomial are completely determined by the polynomial coefficients, and vice versa. Equation (1) shows that 
rational functions are completely determined by the coefficients of the defining polynomials, while Eq. (2) 
shows how they are determined by the roots of these polynomials. The use of the terms "zeros'’and "poles” 
distinguishes between the numerator and denominator roots of rational functions. Other properties of zeros 
and poles are given in texts on the theory of functions of the complex variable. 

lhe relating function discussed in Chapter 17 is an example of a rational function. In Eq. (5) of Defini¬ 
tion Summary 17-3, the numerator polynomial coefficients are the coefficients of the independent variable of 
the linear integro-differential equation shown in Eq. (1) of that summary. The denominator polynomial coef¬ 
ficients come from the dependent variable coefficients of Eq. (1). The zeros and poles of rational functions 
that are relating functions are defined by the coefficients of linear integro-differential equations and vice 
versa. A discussion of integro-differential equations that depends on the equation coefficients may equally 
well be made to depend on the zeros and poles of the associated relating function. 

b) Zeros and poles of rational func tions 

Definition Summery 23-1. Rational functions; zeros and poles. (Page 2 of 2) 


Characteristic equations, which may be given initially as polynomials, frequently 
require reformulation, and rational functions appear in the new expression. Fur¬ 
thermore, relating function forms, such as Eq. (5) of Information Summary 17-1, 
may be identified as rational functions. The graphical procedures that follow may 
be applied to relating functions in the rational function form to determine the abso¬ 
lute and relative transient stability of the equivalent integro-differential equations. 

23.7. For each value of its variable, a rational function has a unique numerical 
value that is computed in the same way as for polynomials. Generally, the re¬ 
sult is a complex number represented in polar coordinates by a magnitude and 
an argument. Equations (3) and (4) of Definition Summary 23-1 show how these 
quantities are obtained. The magnitude is the ratio of the numerator polynomial 
magnitudes to those of the denominator. The rational function argument is the dif¬ 
ference between the numerator and denominator polynomial arguments. Two spe¬ 
cial cases of the rational function should be noted. When the denominator is a 
constant, the rational function degenerates into a simple polynomial. When the 
numerator is a constant, the rational function is a reciprocal polynomial. These 
two cases have certain limiting properties of the more general rational function 
form, wljich are discussed in Derivation Summary 23-4. 

ZEROS AND POLES 

23.8. Polynomials are characterized by values of the variable that make them 
vanish; these values are known as the roots of the polynomial. On the other hand, 
rational functions become infinite when the denominator polynomial vanishes. The 
discussion of section b, Definition Summary 23-1, shows that there are two types 
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of rational function characteristics: zeros and poles . Zeros are numbers that, 
like the roots of a polynomial, make the rational function vanish. Poles are values 
of the variable that cause the rational function to become infinite. Since the zeros 
of the rational function and the coefficients of the numerator polynomial are uniquely 
related, and the same is true of the poles of the function and the coefficients of the 
denominator polynomial, rational functions may be uniquely specified by the coef¬ 
ficients of the component polynomials, or by zeros and poles. The interdependence of 
zeros and poles and polynomial coefficients should be kept in mind when discussing 
rational functions. One further point is worth noting: When the reciprocal of a 
rational function is examined, poles and zeros are interchanged. In the discussion 
that follows, rational functions appear in the expressions for characteristic equa¬ 
tions, as well as their zero and pole characteristics. Reference to Chapter 17 
shows that the characteristic functions are in the denominators of relating func¬ 
tions, so that the zeros and poles of relating functions frequently are the poles and 
zeros of the reciprocal rational functions of the denominator characteristic equa¬ 
tions. It is necessary to excercise care to avoid confusion in applications. 

CONFORMAL TRANSFORMATIONS 

23.9. Polynomials and rational functions define an algebraic relationship be¬ 
tween the variable and the function such that for each value of the variable there is 
generally a unique value of the function. When the variable takes on the values of a 
continuous function, the polynomial is continuous; the rational function is continuous 
except at its poles. The plot of the variable on a complex plane for a continuous 
function is a curve as in the figure of the a complex plane of Fig. a, section a, Deri¬ 
vation Summary 23-2. The corresponding plot of the polynomial is a continuous curve 
such that each point of the polynomial complex plane plot is uniquely related to a point 
of the variable complex plane plot. Each point of the polynomial complex plane curve 
is specified in polar coordinates by a length and an angle equal to the magnitude and 
argument of the polynomial. A new curve in the variable complex plane produces a 
different curve in the polynomial plane. It is necessary to show two diagrams, one 
for the variable and one for the function, in order to illustrate the relationship de¬ 
fined by the function. This is a consequence of having the variable and the function 
each specified by two coordinates. The relationship between one plane and the other 
is called a t ransformation . Generally, a closed curve on the variable complex plane 
is transformed into a closed curve on the function complex plane. The transformed 
curve is usually distorted, but for polynomials and rational functions angles are 
preserved . Two lines at right angles in the variable complex plane remain at 
right angles in the same sense in the function complex plane. This property exists 
because the transformations are conformal .* 

• Sec section a of Derivation Summary 23-2 for references discussing this property. 
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Polynomials - of which characteristic equations are an example - arc expressions defining a relationship 
between two variables. As in hq. ( 1) of Derivation Summary 23-1, the relationship may also be written as a 
product of first-order terms. If A is used to represent the polynomial variable and F to represent the poly¬ 
nomial function, the polynomial relationship is 

1 = n 1 g n 

F = P n<A) - * A ‘ = n U " A ‘ ) U) 

1 = 0 1=1 

A complex plane diagram on which values of A are plotted is defined as the A complex plane. Uhcn values 
of the function F are used, the diagram is defined as the F complex plane . 


A complex plane 



F complex plane 


Heal axis 
Re\ = a 



Fig. a 


Fig. b 


In Fig. a, the abscissa of the A complex plane is the real part of A. The ordinate is the imaginary part of 
A. tach finite value of A expressed as 

A = Re A + j/mA = a + j ot (2) 

corresponds to a single point of the A complex plane. Uhcn polar coordinates are used, each point is desig¬ 
nated by the length and angle of the radius vector. Using the notation of Derivation Summary 23-1, 

A = R a « ,A * (3) 

In Fig. b, die abscissa of the F complex plane is the real part of F. The ordinate is the imaginary part 
of F. Each finite value of F expressed as 

F = Re F + j /w F 

corresponds to a single point of the F complex plane. The alternative polar coordinate representation is 

F -R F € ,A r (5) 

Since Eq. (1) shows that for each value of A there is a unique value of F, the curve on the A complex 
plane may be said to be transformed into the curve shown on the F complex plane by Eq. (1)». The graphi¬ 
cal procedure of section c. Derivation Summary 23-1. may be used to calculate each point of the curve on 
the F complex plane that corresponds to each point on the curve of the A complex plane. 

a) Transformation of o continuous curve on the variable complex plane to 
a continuous curve on the function complex plane 


• Relationships Like Eq. (1) represent the class oi confcrmal transformations. See Churchill (13) Gulllemln (33) 
Franklin (29), and Hildebrand (36). * ' 

Derivation Summary 23-2. Mapping theorem for characteristic functions and rational functions. 

(Page 1 of 4) 
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Uhcn die i‘ h root of die polynomial is inside the closed curve, the A complex plane configuration appears 
as shown in the accompanying Fig. e, with the corresponding transformation in the F complex plane as 
shown in Fig. f. As before, the F complex plane curve may be obtained by locating its origin at the point 
A, on the A complex plane. Ibe angle of the first-order factor changes monotonically as the curve is traced, 
sweeping out 2n radians when (he entire curve is traversed. 

Equation (6) shows that the radius vector of the curve on the F complex plane sweeps out 2n radians for 
each root of die polynomial enclosed within the closed curve on the A complex plane. The total angle 
swept out is equal to In times the number of enclosed roots. 

b) Mopping theorem for polynomials 


Definition Summary 23-1 shows that rational functions arc transformations very similar to polynomials, 
l or example, in Lq. (2) of that summary a rational function is represented by the expressions 


i = n 


n (*-*, 


i = n 


i = 1 
k = d 


k = d 


— = <71 


n <»-**> 


f] U-\) J] (A - A,) 


1 = 1 


k = 1 


k = I 


Comparing Eq. (7) with Eq. (1) shows that the theorem quoted in section b may be extended to rational func¬ 
tions. The mapping theorem for rational functions states: 

When a rational /unction transformation exists between two complex variables, and a closed 
curve is traced in the positive sense on the variable complex blane enclosing P poles and 
Z zeros of the rational /unction, the radius vector describing the corresponding curve on the 
/unction complex plane sweeps out an angle equal to (Z - P) 2rr radians. 

The proof for this theorem follows from the discussion in section b of this summary and Eq. (4) of 
Definition Summary 2>1. 

c ) Mopping theorem for rotionol functions 

Derivation Summary 23-2. Mapping theorem for characteristic functions and rational functions. 

(Page 3 of 4) 
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The preceding demonstration of the mapping theorem requires only a knowledge of the properties of com¬ 
plex numbers. For those familiar with die theory of functions of the complex variable, another proof is 
available based on a form of Cauchy’s residue theorem, expressed in the following way: 

i-W-dA = 2irj (Z - P) (8) 

C f(A) 

Ihis relationship expressed in words says that the contour integral about a closed path in the A complex 
plane of the derivative of a function of the complex variable divided by the function is equal to 2n) times 
the difference between the number of zeros and poles enclosed by the path. Since 

-j-dA = d(lnf) = d (In |f |) + jd(argf) and <j) d(ln|f|) = 0 (9),(10) 


it follows that 


a /iiii 

i Jr f (A) 


dA = 


= (j) d(argf) = 2tr(Z-P) 


(ID 


C 1 M 

which is the mapping theorem of section c. 

The theory and details associated with Cauchy’s theorem may be found in standard texts on die dieory of 
functions of the complex variable. In particular, see Mathematics of Circuit Analysis by E. A. Guillemin (33), 
pages 324 and 409. 

d) Mapping theorem proved by Cauchy's residu e theorem 

Derivation Summary 23-2. Mapping theorem for characteristic functions and rational functions. 

(Page 4 of 4) 


MAPPING THEOREMS FOR POLYNOMIALS AND RATIONAL FUNCTIONS 

23.10. The mapping theorems discussed in sections b and c of Derivation 
Summary 23-2 are a consequence of the properties of the arguments of polynomials 
and rational functions previously emphasized: The argument of a polynomial for 
each point of a closed curve in the variable complex plane may be computed in¬ 
dependently of the magnitude. The value of the argument is equal to the sum of the 
arguments of the factors whose product equals the polynomial. Hence, the con¬ 
tribution of each factor to the total argument may be considered separately for a 
given change of the variable, and the effect of all the factors summed up at the 
end of the variation. 

23.11. The basic idea underlying the mapping theorems may be illustrated by 
a simple nonmathematical example. If someone inside an enclosure surveys the 
top of the enclosing fence by following the top always in the same direction, he will 
have to turn completely around in order to return to the starting point. On the 
other hand, from outside the enclosure, the top of the fence may be surveyed with¬ 
out having to make a complete turn. 

23.12. Figure c in section b of Derivation Summary 23-2 shows a root of a 
polynomial located outside the closed curve on the variable complex plane. Fig¬ 
ured shows the transformed curve on the function complex plane. As the line from 
the root representing the first-order factor traces out the closed curve on the 
variable plane, the radius vector in the function plane traces out the transformed 
curve. Since the root is outside the curve, the angle of the tracing line does not 
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sweep out a complete circle, but goes from a minimum value to a maximum and 
back to a minimum again. The radius vector in the function plane duplicates this 
line. Hence, it must always sweep out zero radians. This is true for every root 
of the polynomial that is outside the closed curve. Since the contributions of the 
factors associated with all such roots are added, the total angle swept out by the 
product of factors whose roots lie outside the closed curve is zero. 

23.13. On the other hand. Fig. e in section b of Derivation Summary 23-2 shows 
the situation when a root lies inside the closed curve. Here, the line representing 
the associated first-order factor sweeps out an angle that increases in value as the 
curve is traced in the positive sense. When the line returns to the starting point 
a total angle of 2 tt radians is obtained. Each factor of the polynomial with a root 
inside the closed curve contributes equally 2 tj radians, because the arguments of 
the factors are added. Figure f shows the transformed curve in the function com¬ 
plex plane where the radius vector sweeps out 2 tj radians, encircling the origin in 
the process. 

23.14. The demonstration of the mapping theorem shows that an examination 
of the plot of the polynomial function will indicate whether any of its roots lie with¬ 
in a specified range of values of its variable. This procedure represents a con¬ 
siderable economy of effort, since it means that information can be extracted con¬ 
cerning all the points in a region of the variable complex plane from just the points 
on the boundary. It is possible to apply the mapping theorem to various regions 
of the variable complex plane to locate all the roots of polynomials. 

23.15. The application of the mapping theorem to rational functions is not as 
conclusive as for polynomials. A rational function is a ratio of polynomials and 
its argument is the difference between the arguments of the polynomial components. 
Roots of the numerator polynomial within the closed curve on the variable complex 
plane produce positive encirclements of the origin of the rational function complex 
plane, but roots of the denominator polynomial cause negative encirclements. Since 
numerator polynomial roots are the zeros of the rational function and the denom¬ 
inator polynomial roots are the poles of the rational function, the mapping theorem 
states the number of positive encirclements is equal to the difference between the 
number of zeros and poles in the closed curve of the variable complex plane. 

Additional information is obtained when either the number of zeros or the number 
of poles is known. 

THE ARGUMENT PRINCIPLE 

23.16. For a closed path in the variable complex plane that encompasses the 
positive real half plane, the mapping theorem makes it possible to ascertain if any 
poles or zeros of rational functions have positive real parts. A suitable path is 
shown in the figure of section a, Derivation Summary 23-3. The enclosed area is 
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The mapping theorems of Derivation Summary 23-2 may be used as the basis of a graphical method for 
determining whether any roots of a given characteristic equation have positive real parts. From Chapter 
20, the condition for absolute transient stability of complete solutions of linear integro-differential equa¬ 
tions is that all the roots of the associated characteristic equations have negative real parts. Proper se¬ 
lection of a closed curve on the polynomial variable complex plane makes it possible to determine whether 
any value of the polynomial variable within the curve is a root of the given polynomial equation with a 
positive real part, without actually extracting the roots. 

Let the closed curve be chosen as in the accom¬ 
panying figure. The curve consists of two semi¬ 
circles terminating on the imaginary axis. The 
smaller semicircle is made as small as needed but 
has a finite radius. The larger semicircle has a 
very large finite radius. This curve includes as 
much of the positive real half complex plane as is 
needed for the stability determination, but excludes 
any roots at the origin that sometimes may cause 
difficulty in interpreting the results. Roots equal 
to zero may be determined by inspection of the 
characteristic equation. 

When the A complex plane radius vector traces 
out the prescribed curve as shown, the enclosed 
area is described in the negative sense . The radius 
vector of the corresponding F complex plane curve 
for a given characteristic equation sweeps out -2 n 
radians for every root of the characteristic equation 
inside the prescribed curve; i.e., fro'm section b of Derivation Summary 23*2, 

N = “ r (1) 

where N = number of encirclements of origin in F complex plane in positive sense 
r = number of roots in positive real half plane (inside prescribed curve) 

The radius vector of the F complex plane curve for a given rational function sweeps out -2rr radians for 
every zero of the rational function and +2tf radians for every pole of the rational function inside the pre¬ 
scribed curve; i.e., from section c of Derivation Summary 23-2, 

N = P-Z (2) 

where P = number of poles of rational function in positive real half plane 
Z = number of zeros of rational function in positive real half plane 
This is a test that may be applied to die function complex plane plot to determine the location of the roots 
or the poles and zeros on the variable complex plane. 

a) Variable complex p lane curve suitable for mapping theorems 

Values of polynomials and rational functions for very small and very large values of the variable may be 
readily determined as follows: 

1) For an n^ 1 -order polynomial with a nonzero constant term, 

l™ n 

F - P n (A) = ; y 0 t- 0 (3) 

1=0 

When |A| « 1, F —— y 0 ; when |A| »1 , F —y n A n (4n),(4b) 

Derivation Summary 23-3. Application of mapping theorems to determine absolute and 
relative transient stability; the argument principle. (Page 1 of 3) 
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2) l or an n^-order polynomial with zero coefficients for the first s powers, 
where s is less than n, 


1= n 


1= n 


• y„ - y, . , y. . 


i= S -f 1 


1 = 8 +1 


When |A| « 1 , F— ^ y (o+l) A (8+,) ; when |A| » 1 , F 




(6a),(6b) 


3) l or a rational function with nonzero constant terms in the numerator and den 


ominator, 


1= n 


fRF] 


E ^ 1 


k=d 


Yo * 0 • lo * 0 


E Ik* 


k = 0 


When |A | <C 1 


[RF] 


(T —2. ; when |A| » 1 


[RF] 


^n ^(n—d) 


(8a),(8b) 


4) For a rational function with zero coefficients for the liisi s powers of the numerator and the first t 
powers of the denominator, 


1= n 


1= n 


fRF] 


E * A ‘ 


l c 3 + l 

k=d 


E 


E n* (Ms+n) 

cj. >(■•») _ 

k= d 

E ik*" 1 -"*'” 


k= t+1 


k=t+l 


Ulien y 


IAI « 1 


fRF] 


0 : no = 

A ( S -,) 

^(t+l) 


when |A| » 1 


fRF] 


^(n-d) 


(10a),(10b) 

These limiting cases are useful in evaluating polynomial and rational functions along the small and large 
semicircles of the prescribed path in the A complex plane of section a. For example, the polynomial functio, 
with a nonzero constant term remains essentially constant as the argument of A goes from zero to n/2 for 
very small values of A. The magnitude of this function remains essentially constant for large values of A, 
but the argument goes from (n/ 2)" to zero as the argument of A goes from n/2 to zero along the very large 
semicircle. The other cases are similarly treated. 

Function evaluation for purely imaginary values of the variable, when the straight-line part of the pre¬ 
scribed curve on the A complex plane is traversed, may be earned out by the graphical technique of Deriva¬ 
tion Summary 23*1. However, it is simpler to use the procedures described in Chapter 24. 

b) Methods for evaluating polynomial and rat,onol functions along o prescribed path 

The mapping theorems are an alternative way of expressing the Routh-Hurw.tz stability criteria for char- 
ac.er.stic equations given in Derivation Summary 21-4. This usage of the mapping theorems is defined as 
.he argument principle. As described in Chapter 21, relative transient stability may be determined by trans¬ 
ferring the given equation to one whose roots are diminished by a reference value of the real parts of the 
roots. When another straight line parallel to the imaginary axis is used to replace die imaginary axis part 
of the closed curve on the A complex plane, the mapping theorem may be used to determine whether 

Derivation Summary 23-3. Application of mapping theorems to determine absolute ond 
relative transient stability; the argument principle. (Page 2 of 3) 
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roots of the characteristic equation are inside 
the enlarged area. When it has been determined, 
by the prescribed curve of section a, that no roots 
of a characteristic equation have positive real parts, 
a new curve is chosen as shown that includes a 
portion of the negative real half plane. Application 
of the mapping theorem to the new curve as well as 
to the original determines how many roots lie 
between the imaginary axis and the reference line 
selected. 


c) Relative transient stability determination by mapping theorem 

Derivation Summary 23-3. Application of mapping theorems to determine absolute and 
relative transient stability; the argument principle. (Page 3 of 3) 


bounded by the positive and negative branches of the imaginary axis and two con¬ 
centric semicircles. The smaller semicircle excludes the origin because the 
interpretation of the results for some functions may be difficult in this region. 
When known poles or zeros lie on the path, they may be excluded in a similar 
fashion if necessary. The smaller semicircle can be made as small as required 
for the application, but it is assumed that it is always finite. The larger semicircle 
is also finite, but it is drawn as large as needed to ensure including all possible 
characteristic values in the right half plane. The size depends on the particular 
individual circumstances. 

23.17. Common practice is to trace the prescribed path in a negative sense 
as this sense is defined in Derivation Summary 23-2, beginning with the point on 
the positive real axis of the small semicircle. Approximation values for poly¬ 
nomials and rational functions for small values of the variable are given in sec¬ 
tion b of Derivation Summary 23-3. The magnitude of the function remains ap¬ 
proximately constant along the small semicircle but its argument may vary. 
Along the imaginary axis the function assumes a form that is identical with 
the steady-state sinusoidal form of the relating function discussed in Chapter 17. 
Methods for calculating this part of the function are taken up in Chapter 24. Along 
the large semicircle the function may be replaced by the approximation formulas 
given in the summary for large values of the variable. 

23.18. When the function is plotted for the values of the variable given by 
the prescribed curve, the number of encirclements of the origin of the function 
complex plane are determined. Application of Eq. (2) in Derivation Summary 23-3 
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gives the difference between the number of poles and zeros of the function with 
positive real parts. This application of the mapping theorem is called the argu¬ 
ment principle. 


COMPLEX PLANE DIAGRAM FORMS 

23.19. The complex plane diagrams shown in Derivation Summary 23-3 have 
uniform scales for both coordinates. Uniform-scale plane presentations are the 
most obvious and may be best suited for explanations of the mapping theorem, but it 
is frequently necessary to use other methods of plotting the curves in many situ¬ 
ations. Characteristics of the more commonly used complex-plane representations 
are given in Definition Summary 23-2. 

23.20. The uniform-scale plane representation shown in Definition Sum¬ 
mary 23-2 is straightforward and easily understood. The difficulty in the use of 
the uniform-scale polar plane and the uniform-scale complex plane is the limi¬ 
tation of the available range. When small values of the function are plotted to a scale 
that permits study, the intermediate and large values are usually off the chart and 
vice versa. The usual way of correcting scale limitations is to use a log scale. 
However, this provides for a number of choices depending on the coordinates used. 

23.21. The appearance of the uniform-scale polar plane representation is re¬ 
tained if the log of the radius is plotted instead of the radius itself. A representa¬ 
tion of this type is called the log-scale radius polar plane . Encirclements of the 
origin in this type of diagram are readily detected as well as the general simi¬ 
larity to uniform-scale diagrams. Small values of the function tend to be crowded 
while large values fan out because of the polar plot characteristics of the diagram. 
Graphical manipulation of the plot may be difficult in many instances. This is 
important because these diagrams are usually intermediate steps in developing 
the solution of a problem. 

23.22. The log-scale polar plane is a conformal transformation of the uniform- 
scale polar plane, as shown in Definition Summary 23-2, that brings the circles and 
radii of the uniform-scale planes into a rectilinear grid on the log-scale plane. 
Since it is a conformal transformation, angular relationships between lines are pre¬ 
served even though the figure is distorted, as has been previously mentioned. The 
region of small values of the function is expanded and that of large values is com¬ 
pressed. It is to be noted that the angle scale continues along the straight line for 
values greater than 360 degrees. On uniform-scale polar plots, those portions of 
a curve that correspond to arguments greater than 360 degrees must be plotted 
over the portions that have angles less than this number. However, on the log- 
scale polar plane, these two parts of the curve are separated and unambiguous. 

23.23. If the logarithms of Cartesian coordinates are used, instead of polar 
coordinates, the resulting diagram is designated as the log-scale complex plane. 
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Complex plane diagrams may appear in a variety of forms. The same information is contained in all forms, 
but each emphasizes one aspect more than others. The following list is representative of useful forms: 


0 1 2 3 4 3 


-5 -4 -3-2 - 


l-ll- 


2 3 4 5 


1) Uniform-scale polar plane 

Coordinates : radius, R; angle, A 

This form is the usual presentation when the 

function is given in polar coordinates. 


2) Uniform-scale complex plane 

Coordinates: real axis, x; imaginary axis, jy 
This form is the usual presentation when the 
function is given in Cartesian coordinates. 


Note: Plots of a qiven function are Identical on both the uniform-scale polar plane and the uniform-scale 
complex plane. 


2 \ 57 10 


0.1 0.2 


90 « 

II! g 

60 t 

. .. T5 


30l* 


--30 

III 

- 1-60 

III 

—90 

INI 

- 120 . 


log R 


s 10 


3) Log-scale radius polar plane 

Coordinates : radius, log R; angle, A 
This form is useful for showing both large and 
small values of functions. The plot resembles 
the uniform-scale polar plane plot; not a con¬ 
formal transformation. 


4) Log-scale polar plane 

Coordinates : real axis, log R; imaginary axis, jA 
This form represents the conformal transforma¬ 
tion logRe* A • log R + jA 
It is useful for showing both large and small 
values of functions on one diagram. Scale changes 
in the radius, R, arc accomplished by shifting 
the zero point on the log R scale. 


Definition Summary 23-2. Complex plane diagram forms. (Page 1 of 2) 
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-1 , 



— 


— 

11 1 
log (x); f- 

• 1 / V 


J log (y)- 
-1—1 1 1 1 . 




1- 2 


-5 - 


log (—x 
j log (- 


log x 

I I I I 

log (x); 
j log (-y) 


5) Log-scale complex plane 

t 1 1 | | ■ ■ 10 Coordinates : real axis, log x; imaginary axis j log y 

—— — - r - - - : : : The usefulness of the form is extended by estab- 

- -44-— lishing the following conventions to provide for the 

j°log*y X ^_— - _ - *° 9 (*(')- s '8 n °* * hc coord ‘ na,es w hen using logarithms of 

-+-] -f—_ _ _ _ I.. ihc complex plane coordinates: 

I*irsc quadrant (x and y both positive); 
plot lo£ x, j log y 

10 _,_ -> ~ * , ~ , Second quadrant (x negative, y positive); 

10 plot log (-x), j log y 

--I-I-T-T—’—*”¥" 

log x Third quadrant fx negative, y negative); 

| j j plot log (—x), j log (-y) 

log (—x); - - log (x)- Fourth quadrant (x positive, y negative); 

[ffH j log (~y) - -j log (—y)- ■ plot log (X), j log (- y) 

" j- -- Since log 0 = —°*j, the four log-log quadrants are 

— -- separated by a barrier to indicate that the quad- 

— — —- - -rz ~ ~ : rants are infinitely far apart. When functions 

are continuous for one of the complex coordi¬ 
nates equal to zero, the plots are continued 
through the barrier. 

Definition Summary 23-2. Complex plane diagram forms. (Page 2 of 2) 

It is not a conformal transformation. The first quadrant of the complex plane is 
readily transformed, but, inasmuch as the logarithms of magnitudes refer to posi¬ 
tive numbers, it is necessary to introduce a new convention to transform the other 
three quadrants. The purpose of the conventions set down in Definition Summary 23-2 
is to permit a point in any quandrant in the uniform-scale complex plane to go over 
into a point in the same quadrant in the log-scale complex plane. This can be ac¬ 
complished by keeping track of the sign of the coordinate used with the log opera¬ 
tion symbol. 

23.24. Another convention of the log-scale complex plane relates to the 
boundaries between quadrants. On the uniform-scale complex plane, a coordinate 
axis is the line for which the value of the complementary coordinate is zero. The 
value of log zero is minus infinity, which means that finite portions of adjacent 
quadrants are infinitely far apart. The convention that has been adopted to indicate 
the infinite distance between quadrants is to place a barrier with no grid lines be¬ 
tween quadrants. The axes themselves are drawn in the barrier to provide the point 
where one coordinate is zero but not the other. A continuous curve is plotted on 
the log-scale complex plane by customary procedures in the finite regions of the 
rectilinear grid. If the curve is continuous for one of the coordinates equal to 

zero, the curve is carried across the barrier connecting the portions in each ad¬ 
jacent quadrant. 

APPLICATION OF THE ARGUMENT PRINCIPLE 

23.25. Figures 23-1 through 23-17 illustrate the application of the argument 
principle of Derivation Summary 23-3 to situations of increasing complexity. 
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Both uniform-scale complex plane and log-scale polar plane representations are 
shown to provide easily interpreted diagrams and also diagrams in which the ex¬ 
treme values of the function may be observed as well as the intermediate values. 
In addition, log-radius polar plane and log-scale complex plane diagrams are 
drawn for a few representative cases. 




b) Log-scale A polar plane 


Fig. 23-1. Plots of the prescribed variable complex plane closed curve for application of the 

argument principle. 


23.26. The prescribed path enclosing the positive real half a complex plane is 
shown in Fig. 23-1. The uniform-scale complex plane plot is given by Fig. 23-la, 
which shows the customary closed curve of a large semicircle bounded by the im¬ 
aginary axis. A small semicircle excludes the origin. The numbered points key 
this plot to the curves in succeeding figures. Figure 23-lb shows the same curve 
plotted on the log-scale polar plane. It consists of four straight lines forming the 
sides of a rectangle. (The right angles of the rectangle correspond to the points 
where the semicircles intersect the imaginary axis on the uniform-scale plane, 
thereby showing the conformal transformation property.) The left side of the rec¬ 
tangle corresponds to the small semicircle; the right side is the transferred large 
semicircle. The top line is the upper branch of the imaginary axis and the bottom 
line is the negative branch. The direction in which each closed curve is traversed 
remains the same. The closed curve has been chosen to be finite everywhere. 

APPLICATION OF THE ARGUMENT PRINCIPLE TO FIRST-ORDER POLYNOMIALS 

23.27. The plots of Fig. 23-2 show a typical first-order polynomial whose 
root has a negative real part. The location of the root on the variable complex 
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plane is seen in Fig. 23-2a to be to the left of the imaginary axis. It may be ob¬ 
served that Fig. 23-2b is identical with Fig. 23-la except that it is displaced to the 
right of the imaginary axis. The numbered points correspond to the reference points 
of the prescribed variable complex plane curve of Fig. 23-1. The radius vector at 
point © makes an angle of zerodegrees with the real axis. As it traces the curve 
to point ® , it sweeps out an angle of almost 90 degrees, failing to equal this angle 
because of the finite size of the curve. As the tracing of the curve is continued to 
point © , the radius vector angle returns to zero. The net angle swept out is 
therefore zero degrees. When the symmetrical lower half curve is traced, the 
radius vector again sweeps out zero degrees. The net angle is zero, which indicates 

according to the argument principle that no root exists in the right half plane for 
the polynomial. 



a) A complex plane showing b) F) uniform-scale complex plane 
location of the root 



p i = A + y 0 

Fig. 23-2. Application of the argument principle to a first-order polynomial when the root has 

a negative real part. 


23.28. The log-scale polar plane plot of the transformed closed curve given 
in Fig. 23-2C may be similarly interpreted. The point corresponding to the origin 
of Fig. 23-2b lies infinitely to the left on the log radius axis of Fig 23-2c The 
closed figure indicates that the origin is not encircled. Successive tracings of the 
prescribed path in the variable complex plane are represented by successive tra¬ 
cings over the curve shown in Fig. 23-2c. The discussion in the previous para¬ 
graph may be applied to this figure to show that the net angle of the radius vector 
is zero. 

23.29. On the other hand, when the root of a first-order polynomial has a 
positive real part. Fig. 23-3 applies. Figure 23-3a shows the rootlyingon the real 
axis to the right of the origin. It is clearly seen from Fig. 23-3b that the origin 
of the function complex plane is encircled once as the curve is traced. The radius 
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vector has an initial angle of 180 degrees at point® which decreases to almost 
90 degrees at point @ . This angle continues to decrease, reaching zero degrees 
at point ® and becoming negative as the radius vector proceeds to point ® . 
When the radius vector returns to point ® it has swept out an angle of -360 de¬ 
grees, which by the argument principle indicates that the polynomial has a root 
with a positive real part. 


« 



Fig. 23-3. Application of the argument principle to a first-order polynomial when the root has a 

positive real part. 


23.30. The log-scale polar plane plot in Fig. 23-3c shows an alternative 
representation. The two ends of the curve are not joined. The curve begins at the top 
of the figure where the angle is 180 degrees. As the radius vector traces out the 
curve, it moves to the right, indicating increasing values of the magnitude, but the 
descent indicates a decreasing angle. The straight line between points © and © 
corresponds to the large semicircle of the variable complex plane. The radius 
vector continues to descend but decreases in magnitude as it proceeds from point © 
to point ©. The end point angle is -180 degrees. If the variable complex plane 
closed curve is traced a second time, the function curve of Fig. 23-3c is repeated 
beginning at point © and successive tracings of the variable closed curve produce a 
sequence of curves one below the other. Since the curve is traced in the negative 
sense, the "inside" of the enclosed area is to the right (when facing the direction 
in which the curve is traced) of the arrows that show the direction of the path. 
This means that the entire left half of the log-scale complex plane is inside the 
curve, including the origin of the uniform-scale polar plane. This may be inter¬ 
preted as a negative encirclement of the origin. 


524 




23.31. Figures 23-2c and 23-3c are typical of log-scale polar plane diagrams. 
If there are no encirclements of the origin, the log-scale polar plane curve is closed 
and retraces itself. If there are encirclements of the origin, the log-scale polar 
plane curve is open and produces a vertical succession of identical curves. 

APPLICATION OF THE ARGUMENT PRINCIPLE TO SECOND-ORDER POLYNOMIALS 

23.32. Complex plane plots of second-order polynomials are shown in Figs. 23-4 

and 23-5. When both roots have negative real parts, the complex plane plots cor¬ 
responding to the prescribed variable closed curve are typically those of Figs.23-4b 



Fig. 23-4. Application of the argument principle to o second-order polynomial when both roots 

have negative real parts. 



Fig. 23-5. Application of the argument principle to a second-order polynomial when both roots 

have positive real ports. 
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and 23-4c. For the case when both second-order polynomial roots have positive 
real parts, Fig. 23-5b shows considerable similarity to Fig. 23-4b, except for the 
region at the negative real axis for large values of the function. Comparison of 

Figs. 23-4c and 23-5c demonstrates quite clearly that the curves differ for the 
two cases. 

23.33. The radius vector in Fig. 23-4b has an initial angle of zero degrees at 
point ®. In proceeding to point ©, it generates an angle almost equal to 180 de¬ 
grees. As it continues to point @ the angle returns to zero degrees. The second 
half of the curve repeats this performance. The net angle swept out is zero degrees, 
which according to the argument principle indicates that there are no roots with 
positive real parts. Figure 23-4c yields a similar conclusion. It closely resembles 
Fig. 23-2c for first-order polynomials, having a closed figure with a slight inden¬ 
tation on the left and a straight line on the right. 

23.34. In Fig. 23-5b also, the radius vector begins at point ® with an angle 
of zero degrees. As it continues to point ®, it generates an angle of almost -180 
degrees. As it continues to point @ the angle continues to decrease to -360 de¬ 
grees. The other half of the curve, as the radius vector returns to point © through 
point © , contributes a second encirclement. Two negative encirclements, accord¬ 
ing to the argument principle, indicate two roots with positive real parts. Fig¬ 
ure 23-5c is similarly interpreted, since it shows the angle to decrease from zero to 
-720 degrees. Moreover, it is an open curve that repeats a vertical pattern, thereby 
indicating that the left half of the log-scale complex plane is the inside of the curve. 

APPLICATION OF THE ARGUMENT PRINCIPLE TO THIRD-ORDER POLYNOMIALS 

23.35. Figures 23-6 through 23-9, which show plots of third-order polynomials, 
illustrate the need for using care in interpreting complex plane diagrams. The 
curves of Fig. 23-6 are those of a third-order polynomial whose roots all have 
negative real parts. Figure 23-6b is the uniform-scale complex plane represen¬ 
tation. Point ® on this figure lies just to the right of the origin, so that the ini¬ 
tial value of the radius vector angle is zero. As the curve is traced to point ©, an 
angle of almost 270 degrees is generated, but in going on to point © the radius 
vector angle decreases and the total angle swept out is zero. The second half of 
the curve repeats this performance, giving a net angle of zero degrees and indica- 
ing that there are no roots with positive real parts. The corresponding log-scale 
polar plane plot, given in Fig. 23-6c, is a closed curve that resembles the first- 
order polynomial curve given in Fig. 23-2c. The third-order polynomial curve 
plotted on the log-radius polar plane in Fig. 23-6d is quite similar to the uniform- 
scale complex plane curve of Fig. 23-6b except that the portions corresponding to 
small values of the function near the origin are expanded showing more plainly how 
the curve winds around the origin. The log-scale complex plane plot of the third- 
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Fig. 23-6. Application of the argument principle to a third-order polynomial when all the roofs have 

negative real ports. 

order function is shown in Fig. 23-6e for comparison with the other forms of plot¬ 
ting the same function. 

23.36. The sequence of plots in Fig. 23-7 illustrates the application of the argu¬ 
ment principle to a third-order polynomial with a positive real part and two roots 
with negative real parts. As Figs. 23-7b and 23-7c show, the initial value of the radius 
vector angle at point ® is 180 degrees. This increases to a value of almost 270 
degrees in the same way as the curve of Fig. 23-6b, and the angle also decreases 
as the curve is traced to point ® . The net angle swept out is -180 degrees. The 
second half of the curve contributes another -180 degrees to make up one negative 
encirclement of the origin. In accordance with the argument principle, this indi¬ 
cates the existence of one polynomial root with a positive real part. The log-scale 

polar plane plot in Fig. 23-7c is represented by an open curve. The difference 
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Fig. 23-7. 


Application of the argument principle to a third-order polynomial when one root has 

a positive real part. 


between Figs. 23-6 and 23-7 shows up only when the entire curve is plotted, and 
may be seen to occur in the location of point (D in the respective figures. Misinter¬ 
pretation is possible if only a portion of the curve is used, particularly the portion 
between the points (2) and (3). 

23.37. When the third-order polynomial has two roots with positive real parts, 
the function complex plane curves that correspond to the prescribed path in the 
variable complex plane appear as in Fig. 23-8. The radius vector sweeps out an 
angle of almost -90 degrees in going from point (J) to point (3). As it continues to 



Fig. 23-8. Application of the argument principle to a third-order polynomial when two roots have 

positive real parts. 
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point ®, the angle decreases another -270 degrees and ultimately becomes -720 
degrees at the terminus. Figure 23-8b shows the uniform-scale polar plot and 
Fig. 23-8c is a log-scale polar plane representation of the function concerned. 

23.38. The situation when all three roots of a third-order polynomial have 
positive real parts is shown in Fig. 23-9. The angle begins at 180 degrees at 
point (J) and decreases to -900 degrees as the complete curve is traced out. Fig¬ 
ure 23-9b is the uniform-scale polar plane plot for this function while Fig. 23-9c is 
the log-scale polar plane representation. Figure 23-9d is a log-radius polar plane 
diagram that is practically the mirror image of Fig. 23-6d, the corresponding dia¬ 
gram for the case when all three roots have negative real parts. Figure 23-9eis 
the log-scale complex plane plot for the case when all roots have positive real parts. 




locations of the roots = A 3 +y 2 A 2 + y, A + y (j 




Fig. 23-9. Application of the argument principle to a third-order polynomio 

have positive real parts. 


i wnen an rne roots 
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APPLICATION OF THE ARGUMENT PRINCIPLE TO FOURTH-ORDER POLYNOMIALS 

23.39. The sequence of figures comprising Figs. 23-10 through 23-13 applies 
to fourth-order polynomials. When all the roots have negative real parts, the 
fourth-order polynomial complex plane plots are similar to Fig. 23-10, and itmay 
be seen that the radius vector sweeps out a net angle of zero degrees. Figure23-ll 
shows how the curves change when one root has a positive real part. The initial 
value of the radius vector is 180 degrees instead of zero, which provides for a 




location of the roots 


Fig. 23-11. Application of the argument principle to a fourth-order polynomial when one root has 

a positive real part. 
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single negative encirclement of the origin. For two roots to have positive real 
parts, the complex plane curves must be as in Fig. 23-12, where they have an ini¬ 
tial value of zero degrees for the angle but decrease to -720 degrees as the curves 

aretracedout. The variation in curvature between points ® and © is determined 
by the relative magnitudes of the roots. The case when all the roots have positive 
real parts is represented by Fig. 23-13. The angle swept out begins at zero de¬ 
grees and proceeds monotonically to -1440 degrees, making four negative encir- 
elements of the origin. 

a 

v 



o) A complex plane showing 
location of the roots 


b) P, uniform-scale complex plane c) P< /og-sco/e polar plane 

P 4 = + > 3 a3 + y 2 * 2 + + Y 0 


Fig. 23-12. 


Application of the argument principle to a fourth-order polynomial when two roots have 

positive real parts. 



Fig. 23-13. Application of the argument principle to o fourth-order polynomial when all the roots 

have positive real parts. 
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APPLICATION OF THE ARGUMENT PRINCIPLE TO FIFTH-ORDER POLYNOMIALS 

23.40. The last group of figures in this series applies to fifth-order poly¬ 
nomials. Figure 23-14 represents a function whose roots all have negative real 
parts. The radius vector sweeps out zero degrees on the uniform-scale polar 
plane plot shown in Fig. 23-14b. The corresponding log-scale polar plane plot is 
a closed curve. Figure 23-15 represents a function that has only one root with a 
positive real part. The initial value of the radius vector angle is -180 degrees; 
the angle then increases to almost 90 degrees at point (3), decreases to about-810 


X = Root 




o) A complex plane showing 

locations of the roots D vs v4 x3 v2 * 

P 5 = A 5 + y,A« + y,A 3 + y 2 A 2 +y| A + y 0 

Fig. 23-14. Application of the argument principle to a fifth-order polynomial when all the roots have 

negative real parts. 


X = Root 



a) A complex plane showing 
locations of the roots 



b) P 5 uniform-scale complex plane 



c) P 5 log-scale polar plane 


Fig. 23-15. Application of the argument principle to a fifth-order polynomial when one root has a 

positive real part. 
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degrees at point (D and terminates at -540 degrees. The net angle swept out is 

-360 degrees, giving one negative encirclement of the origin. For two roots with 

positive real parts, the radius vector as shown in Fig. 23-16 has an initial angle 

of zero; the angle then increases to almost 90 degrees, decreases to about -810 

degrees, and terminates at -720 degrees. This indicates two encirclements of 

the origin. Figure 23-17 illustrates the case when all five roots have positive real 

parts. The log-scale polar plane plot of Fig. 23-17c resembles the first-order 
case in Fig. 23-3c. 

o 

o 




a) A complex plane showing 
locations of the roots 



Fig. 23-17. Application of the argument principle to o fifth-order polynomial when oil the roots 

have positive real parts. 


533 



NYQUIST’S CRITERION 

23.41. Up to this point it has been tacitly assumed that the coefficients of the 
characteristic equations are constant. The argument principle is equally applic¬ 
able to characteristic equations when some of the coefficients are multipled by an 
adjustable constant. An example of this class of characteristic equations is given 
by Eq. (2) of Derivation Summary 23-4, which shows a polynomial represented by 
two summations. The second sum is multiplied by a constant that may be altered 
to suit the requirements of the application, particularly to determine the transient 
stability of the associated integro-differential equation. Equation (3) of the sum¬ 
mary is another form of this modification of the characteristic equation more 
amenable to the application of the argument principle. It consists of two factors: 
the first being one of the summations of Eq. (2), and the second being the sum of 
unity and a rational function. Two limiting cases of this form of the characteristic 
equation are given by Eqs. (4a) and (4b). 

23.42. It is demonstrated in section b of Derivation Summary 23-4 that the 
roots of the characteristic equation (2) are identical with the zeros of the second 
factor of Eq. (3). Various ways of writing this factor are given by Eqs. (6), (8) 
and (9). A function equal to unity plus a rational function becomes zero when the 
rational function is equal to minus one. When the rational function is plotted on a 
uniform-scale polar plane, one plus the rational function is obtained by shifting 
the origin to the minus-one point. Nyquist's criterion is the application of the argu¬ 
ment principle to determine from the rational function complex plane plot whether 
the translated origin at the minus-one point is encircled. Encirclements for ration¬ 
al functions are equal to the difference in the number of zeros and poles within the 
prescribed closed curve in the variable complex plane. Reference to Eq. (6) of 
the summary shows that the poles of one plus a rational function are identical with 
the poles of the rational function itself. When the poles and zeros of the rational 
function are known, Nyquist's criterion yields information concerning the number 
of zeros of Eq. (6) within the prescribed curve, which is equal to the number of 
roots of the characteristic equation in the same region of the variable complex 
plane. 

23.43. Each value of the adjustable constant multiplier of the rational func¬ 
tion of Eq. (6) produces a new curve on the complex plane. All the curves are 
similar except for a scale factor. Some of the curves encircle the minus-one 
point, but the others do not. The dimensional similarity is employed by reforming 
Eq. (6) into the expression of Eq. (9), which shows a constant plus the rational 
function without a constant factor. A single curve is plotted for the rational func¬ 
tion. The real axis corresponds to values of the adjustable constant. Points on 
the real axis that represent values of the constant and are encircled by the func¬ 
tion complex plane curve may be interpreted by Nyquist's criterion. 
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Characteristic equations of polynomial form are usually written as a sum of terms or the equivalent pro¬ 
duct of factors; i.e., 

p - (A) = - fi (A ■ a ‘) " 0 a) 

1=0 1=1 

when y n = 1. 

Other ways of writing Eq. (1) may be more convenient for particular situations. For example, a single 
summation may be written as two sums; i.e. f 

^ (A) r'E** (2) 

k =0 1=0 

where <r is an adjustable constant. Generally n is different from d. 
f actoring out the first right-hand term gives the form 

1= n 

£ n A ‘ 


k= d 


P( A > 


S^k Ak 


k=0 


1 4 - (7 


1=0 


k=d 


2Z - 


(3) 


k = 0 


Two limiting cases of Eq. ( 3 ) exist. The rational function in the bracket may be a simple polynomial with 
unity as the denominator, or it may have a constant numerator and polynomial denominator: 

1= n 

- - vl /• .«••• - — 

(4a) 


^ (A) = 1 4- cr 'y ^ yj A 1 ; first limiting case of Eq. (3) 


k= d 




k=0 


1 4 - 


k=d 


2 >/kAk ^ 


; second limiting case of Eq. (3) 


(4b) 


k = 0 


Characteristic equations like Eq. (1) or the altered form given by Eq. (3) may be associated with linear 

integro-differential equations. For certain values of die constant <r, the solutions belonging to the integro- 

diffcrcntial equations have transient stability, while for other values of o-transient instability exists. A 

modification of the argument principle of Derivation Summary 23-3 may be applied to determine the suitable 
values of rr for these situations. 

Alternate forms of the characteristic equatio n 

rhe right-hand side of Eq. (3) consists of two factors. The first factor 

k=d 


( 5 ) 


k = 0 


becomes zero for finite values of A but never becomes infinite. In the sense of Definition Summary 23-1. 
this factor has zeros only. The second factor of Eq. (3) 


1= n 




1 + a 


k=d 


( 6 ) 




k = 0 


Derivation Summary 23-4. Nyquist's criterion and its applications. (Page 1 of 6) 
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may become cither zero or infinite for finite values of A; i.e., it has both zeros and poles. The values of 
A that make function (6) become infinite are identical with the zeros of function (5). It may be readily 
verified that the product of functions (5) and (6) is finite for the poles of function (6). This may be inter¬ 


preted by saying the zeros of function (5) cancel the poles of function (6) in the product. The only values 
of A for which Eq. (3) becomes zero are the values for which function (6) becomes zero. This means that the 
zeros of function (6) are the roots of the polynomial in Eq. (3). Define the symbol 

1= n 

raui --*=*— <7) 

k=d 

E** 

k=0 

When no ambiguity exists, the symbol fRF] alone may be used. Function (6) may then be written as 

1 + cr [RF] (d ;n); or 1 + cr [RF] (8) 

When a complex plane plot of Eq. (7) is obtained for the values of A given by the prescribed closed curve 
shown in section a of Derivation Summary 23*3, the corresponding complex plane plot of function (6) is ob¬ 
tained by translating the origin to the point (*l,jO); i.e., 



The argument principle of Derivation Summary 23*3 may be used to determine whether functions like (6) 
have zeros or poles in the right half A complex plane (that is, have positive real parts) by examining the 
function plot for any encirclement of the point (*l,jO) in the rational function complex plane. This applica¬ 
tion of the argument principle is known as Nyquist’s criterion,* which states: 

When a functional relationship exists between two complex variables consisting of unity plus 
a rational function, and a closed curve is traced in the positive sense on the variable complex 
plane enclosing P poles and Z zeros of the function, the radius vector from the point (-l.jO) 
of the rational function complex plane describing the corresponding curve sweeps out an angle 
equal to (Z • P) 2rr radians. 

Each new value of o requires a new plot of function (6) (or function (7)). This results inn family of simi¬ 
lar curves, some of which enclose the (-1,jO) point and some of which do not. The prescribed closed curve 
of section a, Derivation Summary 23*3. is traced in the negative sense. For this situation, Nyquist’s cri¬ 
terion indicates (P-Z) encirclements of the point (*l,jO). 

• See Nyquist (S6) and Bod© (4). 

Derivation Summary 23-4. Nyquist's criterion and its applications. (Pago 2 of 6) 
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Function (8) may equally well be written as 


1 


[RF] 


(d;n) 


or 


[RF] 


(9) 


In this form, the rational function is plotted once with unity as the coefficient. The points corresponding to 
values of trarc plotted on the negative real axis. Nyquist’s criterion now refers to the point (- l/o,jO) rather 
than (-l.jOX However, since functions (8) and (9) are equivalent and stability of solutions exists for the 
same values of <r, Nyquist's criterion may be described in all cases as encirclements of the minus-one point. 
As for Eq. (3), two limiting cases of function (9) exist: one, a polynomial rational function plus a constant, 
the other, a reciprocal polynomial rational function plus a constant; i.c., 

1= n 

f ^ limiting case of function (9) (10a) 


1 


1 


1=0 

1 


k=d 

E 

k = 0 


second limiting case of function (9) 


(10b) 




b) Nyquist's criterion 


Complex plane plots require careful scrutiny in the application of Nyquist's criterion when rational func¬ 
tions tend to zero for limiting values of the variable. The limiting cases represented by Eqs. (10a) and (10b) 
illustrate two basic types of rational function complex plane plots. The more general situation correspond¬ 
ing to Eq. (6) is a combination of the basic types. The three accompanying figures illustrate the possibil¬ 
ities. Figure a shows the plot of a third-order polynomial rational function; Fig. b shows a reciprocal third- 

order polynomial; Fig. c is a plot that may be associated with a first-order numerator, third-order denom- 
inator rational function. 

All plots are obtained by using the values of A lying on the prescribed closed curve of section a, 
Derivation Summary 23-3. The insert shows this closed curve. The shaded area in each figure corresponds 
to the shaded area of the first quadrant of the A complex plane. The portion of each curve between points 
(D and (|) and points (T) and © corresponds to the small semicircle on the A complex plane. The 
curve from point © to point © corresponds to the positive half of the A complex plane imaginary axis. 
Point (3) to point 0 and point 0 to point © bound the parts of the curves associated with the 
large semicircle on the A complex plane. Finally, the curve between points 0 and © corresponds to 
the negative half of the A complex plane imaginary axis. Each curve is symmetrical about the real axis. 

Plots of simple polynomials, like Fig. a, wind outward ; that is, the radius vector increases as A in¬ 
creases. The portion of the curve that corresponds to the imaginary axis of the A complex plane lies 
within the portion of the curve that corresponds to the large semicircle. The argume nt of the function has 
essentially the same si^n as that of A in that the argument of the function increases when the argument 
of A increases. On the other hand, plots of reciprocal polynomials, like Fig. b, wind inward, with the 
radius vector decreasing as A increases. The argument of the function has essentially the opposite sense 

of the argument of A . The part of the curve that corresponds to the A imaginary axis lies outside the part 
of the curve that corresponds to the large semicircle. 

Plots like Fig. c are typical of the general rational function, having the properties of both the other 

two figures. This example is dominated by the characteristics of a reciprocal polynomial, but in the 

vicinity of point B the plot resembles a simple polynomial since the argument increases in a positive 
sense. 

When the value of o is taken equal to o, S o that its reciprocal in Fig. a is located on the real axis be¬ 
tween the origin and point A, the radius vector from this point surveys out an angle of in/2 radians as its 
tip tracesthe curve from point 0 to point ©. An angle of -in/2 radians is swept out going from point Q) 
to point 0. The net angle swept out by the radius vector between points © and 0 is therefore zero. The 

Derivation Summary 23-4. Nyquist's criterion and its applications. (Page 3 of 6) 
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Fig. a. Rational function complex plane plot when the rational function is a polynomial. 


angle swept out in going from point 0 through point 0 to point © and back to point 0 is also zero. 

For values of a whose reciprocals are between the origin and point A, there are no encirclements of the 
minus-one point in the sense of the Nyquist criterion. Since Fig. a represents the plot of a polynomial, 
functions like (10a) have only zeros and no poles. Accordingly there are no roots in the right half A com¬ 
plex plane for the values of a described. 

For er equal to cr 2 , taken so its reciprocal in Fig. a is located between point A and the outer curve in the 
shaded area, the net angle swept out in tracing the complete curve is -4rr radians. When the tip of the ra¬ 
dius vector from (-1/<r 2 ,0) traces out the curve from point 0 to point 0 , an angle of - n/2 radians is 
swept out and another -irr/2 radians swept out as it continues on to point The other half of the curve con¬ 
tributes an additional —2tt radians. There arc thus two encirclements of the minus-one point. Nyquist's criterion 

Derivation Summary 23*4. Nyquist’s criterion and its applications. (Page 4 of 6) 
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Fig. b. Rational function complex plane plot when the rational function is the reciprocal of a polynomial. 

shows that for chcse values of <r. when there are no poles, two roots of the function (10a) have positive 
real parts. 

Fi *' b ’ which "P" sen,s fu " C,i °" s lik ' (*»!>) , the reverse of ,he previous discussion holds .rue. The 
real ax.s .o .he left of point A corresponds .o values of o for which no encirclements occur. Poin.s on the 
axis in .he shaded are. lie nearer the origin <han the crossover poin. A. For ihese values of o, nega.i.e 
encirclements occur. Since NyquisPs ci.erion, as a form of ,he argumen. principle, equa.es die numbe. of 
encirclements .0 d.e diffe.ence be,ween ,he numbe, of poles and xeros of d,e function in .he righ. half A 
complex plane, i. is necessary .„ determine .he pole, ol .he function (10b). Inspec.ion of .his func.ion 
show, .ha. poles occur only when ,he denominate of the rational func.ion vanishes. «he„ the numbe, of 

ro»„ °‘ ?' '*■' half A complex plane is de.ermined by a sepora.e ,es,. .he numbe, of 

zeros of function (10b) is given by Nyquist's criterion. 

Derivation Summary 23-4. Nyquist’s criterion and its applications. (Page 5 of 6) 
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Fig. c. Rational function complex plane plot when the rational function is the ratio of two polynomials. 

Figure c is an example of function (6) that mostly resembles Fig. b. The real axis to the left of point A 
corresponds to values of a for which no encirclements of the minus-one point exist. There is another re¬ 
gion, between points B and C, where this is true. The interval of separation bounded by points A and B 
corresponds to values of a for which encirclements of the minus-one point do occur.* 

These figures show that for a function like (10a) there exists a finite lower bound of cr for which there 
are no encirclements of the minus-one point, the Upper bound being infinity. On the other hand, for a func¬ 
tion like (10b), trhas a finite upper bound, the lower one being zero. Functions like (6) have intervals of <r 
with finite upper and lower bounds where no encirclements of the minus-one point occur. 

c ) Representative rational function complex piano plots 

Bode (4) hoe defined this situation as conditional stability , meaning that transient stability may be limited by 
both an upper and a lower value of O’. 

Derivation Summary 23-4. Nyquist’s criterion and its applications. (Page 6 of 6) 
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RATIONAL FUNCTION COMPLEX PLANE PLOTS 

23.44. Section c of Derivation Summary 23-4 shows three kinds of complex 
plane plots that may be associated with rational functions. Figure a of the sum¬ 
mary is representative of polynomial rational functions. The curve generally in¬ 
creases in magnitude and argument as the variable increases. The discussion in 
the summary shows that the minus-one point must lie to the right of point A on the 
curve in order to avoid encirclements. Polynomial rational functions form a 
unique class because polynomials can only have zeros. Encirclements of the minus- 
one point indicate, from Nyquist's criterion, that zeros of one plus a polynomial 
rational function exist in the right-hand half of the a complex plane. This simple 
interpretation is valid only for polynomial rational functions. 

23.45. Reciprocal polynomial rational function plots resemble Fig. b of Deri¬ 
vation Summary 23-4. As may be expected, the characteristics of these complex 
plane plots are inversely related to those of polynomial rational function plots. 
In particular, the curve generally decreases in magnitude and argument for in¬ 
creasing values of the variable. By examination of Fig. b and the accompanying 
discussion in the summary, it may be found that the minus-one point must lie to 
the left of point Aon the curve for zero encirclements. Interpretation of Nyquist's 
criterion requires a knowledge of the location of the poles of the rational function. 

23.46. Rational functions are most generally the ratio of two polynomials. 
Associated complex plane plots are combinations of the two previously described 
types, as illustrated in Fig. c of Derivation Summary 23-4. The curve in this 
figure crosses the negative real axis several times. Intervals are thereby marked 
off on the negative real axis by successive crossings. The discussion accompanying 
the figure shows that encirclements of the minus-one point occur when the minus- 
one point is at some of the intervals but not at others. Figures a, b and c dem¬ 
onstrate the need to proceed carefully in applying Nyquist's criterion. Encircle¬ 
ments are proved only by examining the complete curve. 

RATIONAL FUNCTION LOG-SCALE POLAR PLANE PLOTS 

23.47. Rational function complex plane plots frequently are available on the 
log-scale polar plane. It is consequently useful to apply Nyquist's criterion to 
log-scale plots. The discussion of encirclements of the minus-one point by closed 
curves plotted on the uniform-scale complex plane in Derivation Summary 23-4 
is transferred to log-scale polar plane plots in Procedure Summary 23-1. Cor¬ 
responding areas on the uniform-scale polar plane and the log-scale polar plane 
are indicated in the figures of section a in the procedure summary. The minus- 
one point on the uniform-scale plane is transformed into many points on the log- 
scale polar plane. All the transformed points have the same real coordinate, 
namely, log R equal to zero. They differ in the imaginary coordinate, which is ’ 
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Nyquist’s criterion is developed in section b of Derivation Summary 25-4. It is an application of the ar¬ 
gument principle of Derivation Summary 23-3 to functions of the form [l + cr [R F] (d . nJ ] when the rational 
function (R F]( d;n) is known. As explained in Derivation Summary 23-4, it is necessary to determine the 

__ 1 • 1 M ■ . ...... 




Frequently, it is convenient to obtain rational function complex plane plots in log-scale polar form by 
the methods described in Chapter 24, rather than on a uniform scale as in Derivation Summary 23-4. En¬ 
circlements of the minus-one point may be determined on the log-scale polar plane by comparing corre¬ 
sponding areas on the uniform- and log-scale polar planes. For example, the area inside a circle of radius 
R on the uniform-scale polar plane shown in Fig. a corresponds to the area to the left of the line log R 
on the log-scale polar plane shown in Fig. b. 

The minus-one point is shown inside the given circle on the uniform-scale polar plane. There are, how¬ 
ever, an infinite number of corresponding points on the log-scale polar plane designated by the coordinates 
(log R = 0 , A = 180 ± n 360 degrees). All these points lie on the straight line log R = 0. Possible confu¬ 
sion is avoided by adopting the convention that the log-scale polar plane plot will correspond to the 
uniform-scale plot when it is traced out only once, starting from A = 0. For the preceding figures, the 
log-scale polar plane plot represents a line between zero and 360 degrees, as shown. Only one of the 
transformed minus-one points is inside the shaded area, corresponding to a single encirclement of the 
minus-one point on the uniform-scale plane. This transformed point lies to the left of the line logR, . 




Fig. c. Uniform-seal® polar plan®: R 2 < 1. 

Figure c illustrates the situation when the radius of the circle is less than unity. The corresponding 
area in the log-scale polar plane of Fig. d is shown by the shading. The minus-one point is to the right 
of the shaded area; therefore, zero encirclements exist. 

Procedure Summary 23-1. Application of Nyquist's criterion to log-scale polar plane plots. 

(Page 1 of 6) 
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Figures e and f show the appearance of the two types of plots when a unit circle is drawn. The interior 
of the unit circle corresponds to the left-hand half of the log-scale polar plane. The minus-one point lies 
on the boundary in both figures. For this situation, the meaning of an encirclement is ambiguous, and care 
must be exercised in order to form a proper conclusion. Generally, the boundary is altered slightly in the 
vicinity of the minus-one point to clarify the situation. 

a) Location of the minus-one point on the log-scale polar plane; encirclement of the transformed 

minus-one point 

The three figures shown in section c of Derivation Summary 2>4 represent typical situations that are 
encountered in applying Nyquist's criterion to rational functions. The three following figures are the 
corresponding log-scale polar plane plots. Figure g is a log-scale polar plane plot of the polynomial ra¬ 
tional function shown in Fig. a of Derivation Summary 23-4. 



Procedure Summary 23-1. Application of Nyquist’s criterion to log-scale polar plane plots. 
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The small insert in the upper left-hand corner of Fig. g is the log-scale polar plot of the prescribed 
path in the A plane, corresponding to a similar plot in Fig. a of Derivation Summary 23-4. The encircled 
numbers on the A plane designate critical points in the prescribed path. Corresponding points on the 
rational function plane are indicated by the same numbers. The point marked A indicates the place where 
the curve crosses the 180-degree ordinate. The point A shows where the -180-degree ordinate is inter¬ 
cepted. Arrows indicate the path for increasing values of A. Figure g is a closed curve because the 
uniform-scale polar plot is a closed curve that does not encircle the origin. Shaded areas in Fig. g cor¬ 
respond to the shaded areas in Fig. a of Derivation Summary 23-4. The straight line on the right-hand 
side of the log-scale plot represents the large circles in the uniform-scale plot. 

If the minus-one point lies within the uniform-scale plot, it is indicated by the points (log R = 0, 

A = 180 ± nir degrees) occurring inside the log-scale polar plane plot. For polynomial rational function 

log-scale polar plots similar to Fig. g., the minus-one points must lie to the left of the curve to avoid 

encirclements. The right-hand side of the curve is presumed to enclose essentially the entire right half 

of the log-scale polar plane. Polynomial rational function plots are characterized by increasing values of 
the argument for increasing A. 

Figure h, which corresponds to Fig. b of Derivation Summary 23-4, shows the log-scale polar plane plot 
of a reciprocal polynomial rational function. The plot is the mirror image about the imaginary axis of the 
one shown in Fig. g. However, the direction of the path is reversed, as indicated by the arrows and en¬ 
circled numbers. The straight line forming the right-hand part of the curve in Fig. g becomes the left-hand 
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Fig. h. Rational function log-scale polar plane plot when the rational function is the reciprocal of a 

polynomial. 
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straight line in the curve of Fig. h. This is equivalent to the relationship between the large circular outer 
contour in Fig. a of Derivation Summary 23-4 and the small inner circular contour in Fig. b of the same 
summary. Inspection shows that the transformed minus-one points must be to the right of the curve for 
zero encirclements. Reciprocal polynomial rational function plots are characterized by dccTeasing values 
of the argument for increasing A. 

Rational function complex plane plots are generally combinations of the two previous types. Figure i 
is a typical example, showing the log-scale polar plane plot that corresponds to Fig. c of Derivation 
Summary 2>4. The portion of the curve between points © and © crosses the -180-degree ordinate 
three times. When the transformed minus-one points lie to the right of the curve, no encirclements exist. 
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Fig. i. Rational function log-scale polar plane plot when the rational function is the ratio of two 

polynomials. 

The points marked A, B, C and A, B, C correspond to the points A, B, C on Fig. c of Derivation Sum¬ 
mary 23-4. When the transformed minus-one points lie between points B and C and points B' and C' on 
Fig. i, no encirclements exist. However, if they occur between points A and B and points A'and B' or 
to the left of C and C, two encirclements occur. 

b) Representative rational function log-scale polar plane plots 

A method for finding values of trassociated with encirclements of the minus-one point by the function 

Ll + o lRFJ (d . n) J is explained in part b of Derivation Summary 23-4. The method is applicable to uniform- 
scale.plots. 


Procedure Summary 23-1. Application of Nyquist’s criterion to log-scole polar plane plots. 
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23.50. Figure i of Procedure Summary 23-1 is the log-scale polar plane plot 
of a typical rational function consisting of the ratio of two polynomials. It corre¬ 
sponds to the plot in Fig. c of Derivation Summary 23-4. The plot exhibits charac¬ 
teristics of both direct and reciprocal polynomials, particularly along the ordinates 
of ±180 degrees. It crosses each of these lines three times as the curve is traced 
from point (I) to point © . The location of the transformed minus-one points 
must be either to the right of the figure or in the notches formed by the curve 
between the second and third crossings of the ±180-degree ordinates when no 
encirclements are desired. 

ADJUSTABLE CONSTANT MULTIPLIERS OF RATIONAL FUNCTIONS 

23.51. The construction of log-scale polar plane plots of constants multiplied 
by rational functions is a simple procedure when the rational function plot is avail¬ 
able. The technique is explained and illustrated in section c of Procedure Sum¬ 
mary 23-1. It is shown in Eq. (1) that the logarithm of a constant times a rational 
function is equal to the logarithm of the constant plus the logarithm of the rational 
function. When the constant multiplier is real and positive, this relationship shows 
that it is only necessary to add the logarithm of the constant to the real part of 
the log rational function. This means that each point of the log-scale polar plane 
plot is translated a distance equal to the logarithm of the constant, which is equiv¬ 
alent to translating the ordinate axis in the opposite direction by this quantity. 

23.52. The figures in section c of Procedure Summary 23-1 show how the 
procedure is applied. Figure j is a plot similar to Fig. g, which represents a poly¬ 
nomial rational function. The transformed minus-one points appear inside the 
closed contour. The ordinate axis is translated to the left in Fig. k to bring these 
points outside of the contour. This is equivalent to adding the logarithm of a con¬ 
stant to the log rational function, or multiplying the rational function by a quantity 
greater than unity. When the order of operations is reversed, that is, when the 
given rational function appears as in Fig. k and the new rational function as in 
Fig. j, it is necessary to move the axis to the right. The constant in this case is 
less than unity. Figures 1 and m show the application of the procedure to a re¬ 
ciprocal polynomial rational function. In this situation, the addition of a positive 
logarithm may bring the transformed minus-one points inside the closed curve, 
contrary to the previous example. The more general type of rational function, 
which is not illustrated, may fit into either of these situations depending upon the 
portion of the contour under consideration. 

23.53. The simple graphical procedure described here permits the rapid 
evaluation of suitable values of the adjustable constant multiplier from the log- 
scale polar plane rational function plots from the standpoint of encirclements of 
the minus-one point. The basis of determinations has already been indicated. It 
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is only necessary to determine the value of the abscissa for which transformed 
minus-one points occur on the contour. The negative of this abscissa value is the 
limit value of the adjustable constant multiplier. Other applications of this tech¬ 
nique are described in paragraph 24.71 of Chapter 24. 

DETERMINATION OF ROOTS FROM COMPLEX PLANE DIAGRAMS 

23.54. The real parts of the roots of characteristic equations may be obtained 
by the argument principle, using the method of section c, Derivation Summary 23-3. 
While it is the usual practice to apply the argument principle only when the sign 
must be known, the extension to the more general case of determining whether the 
real parts of the roots are greater or less than some reference value is another 
application of the mapping theorems of Derivation Summary 23-2. By translating 
the left boundary of the prescribed path in the variable complex plane from the 
imaginary axis to a parallel line, successive strips of the plane may be examined 
for contained roots of the characteristic equation. The discussion of this appli¬ 
cation of the argument principle given in section a of Derivation Summary 23-5 
shows that parallel lines of the variable complex plane go over into a set of some¬ 
what similar curves in the function complex plane. Furthermore, the rectilinear 
coordinate grid of the variable complex plane becomes a curvilinear coordinate grid 
superimposed on the function complex plane as illustrated by the figures in section a 
of the cited summary. Roots of the characteristic equation (when it has the form 
of Eq. (1) of the summary) are determined by the coordinates of the curvilinear 
coordinate grid that intersects the point (l/«r,jO) of the function complex plane. 

23.55. From the discussion of section c,Derivation Summary 20-2, it is gen¬ 
erally sufficient to obtain just the magnitude of the least negative real part of the 
root for most applications. This quantity is determined from the curvilinear grid 
by inspection. Profos' method is a technique by which the root with the least nega¬ 
tive real part is estimated from the function complex plane transform of the vari¬ 
able imaginary axis. Essentially, this is a method of roughing in the curvilinear 
grid by use of its orthogonal properties. Details of Profos' method may be obtained 
from his papers or in Macmillan's book.* 

GAIN AND PHASE MARGINS 

23.56. It is pertinent to observe that the quantities gain margin and phase 
mar gin . which are defined in section b of Derivation Summary 23-5 and are com- 
monly used as "figures of merit" to determine the stability of solutions of integro- 
differential equations, may be interpreted as a rough estimate of the root with the 
least neg ative real part. These quantities are useful when the condition of no 

• Macmillan, An Introduction to the Theory of Control in Mechanical Engineering (51). 
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Limiting values on the real parts of the class of equations discussed in Derivation Summary 23-4 
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may be determined by the procedure of section c t Derivation Summary 23-3- When the path in the A complex 
plane is taken so as to have the straight-line part be a line parallel to the imaginary axis, the resulting 
transformation (see the accompanying figures) is a curve in the function complex plane similar to that ob¬ 
tained by using the imaginary axis discussed in Derivation Summary 23-4. 
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Rational functions represent conformal transformations, which have the property that angles are preserved 
in magnitude and sense.* This means that lines which are orthogonal in the A complex plane arc orthogonal 
in the function complex plane. The rectangular coordinate grid of the A complex plane becomes an orthogonal 
curvilinear grid in the function complex plane, as the preceding figures show. Values of the real and imag¬ 
inary parts of A may be transcribed to the curvilinear grid. Each line of constant a represents the straight- 
line portion of a prescribed closed path in the A complex plane. For some value of a, a curvilinear grid line 
goes through the point (-1, j0) of the function complex plane and the value of A is read off from the curvilinear 
grid. This value of A is a root of Eq. (1). For values of a greater than the root, the curvilinear grid is part 
of a path that encloses the minus-one point if no poles are present. 

It has been suggested that the curvilinear grid for a given rational function be extrapolated and sketched 
in from the o-equal-to-zcro curve using the orthogonality property of conformal transformations. The value 
of A that intersects the minus-one point is estimated from the extrapolated grid.** This produces the least 
negative real part of the roots (sec Derivation Summary 20-2). 

a) Determination of roots from complex plane diagrams 


• See Churchill (13) and Wylie (79). 

•• See Proioe (61) and Macmillan (51). 

Derivation Summary 23-5. Root determination from complex plane diagrams; gain and phase margins. 
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Gain margin * is defined as the difference between unity and the value of the rational function part of 
Eq. (1) when its argument is n for imaginary values of A; i.c., 

Gain margin - GM - 1 - |RF| (d;n)(arq =f7) (2) 

Phase margin is the difference between n and the argument of the rational function when the rational 
function magnitude is unity for imaginary values of A. Phase margin is measured at the part of the complex 
plane curve where values of the rational function magnitude subsequently become less than unity. 

Phase margin = P M = rr - arg [RF] (d;n)(maq „ n (3) 


Gain margin 

GM 


R * 1 


(-l.iO) 


Phase margin 
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Complex plane plot of lRP)( ( j. n j 
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Phase and gain margins provide a method of estimating the root of Eq. (1) with the least negative real 
part. From the discussion in section a, it is seen that the further the curve is removed from the minus-one 
point toward the origin, the larger is the magnitude of the real pan of the root in any given instance. Gain 
margins of 0.6 to 0.9 and phase margins of 30 to 40 degrees frequently provide sufficient relative transient 
stability. 

b) Gain and phase marqins 


• See Ferrell (26) and Bodo ( 4 ). 


DerivationSummary 23-5. Root determination from complex plane diagrams; gain and phase margins. 
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encirclements is sought, that is, when it is known that no poles of the function are 
in the right half variable complex plane. It is to be expected that the more removed 
the curve is from the minus-one point the more stable are the solutions of the 
associated integro-differential equation. By comparing the figure of section b with 
those of section a in Derivation Summary 23-5, it may be seen that the two points 
defined by the gain and phase margins roughly determine the location of the curvi¬ 
linear grid. When this approximation is carried out, it is found that adjustment of 
the phase margin acts mostly on the imaginary part of the root, while the gain 
margin acts mostly on the real part. 

LOCUS-OF-ROOTS METHOD 

23.57. The argument principle is a method for determining the location of the 
roots of characteristic equations that is based on the properties of polynomials and 
rational functions for values of the variable along a closed path in the variable 
complex plane. The locus-of-roots method is a procedure for testing points in the 
variable complex plane for possible roots of the characteristic equation. The most 
simple function suitable for this procedure is given by Eq. (1) of Derivation Sum¬ 
mary 23-6 and it consists of a constant plus a polynomial. It is necessary to factor 
the polynomial into first-order binomials as in Eq. (2). Very often the polynomial 
is given in the factored form, but if it is not the procedures of Chapter 21 may be 
applied. When the given function is expressed as in Eq. (4), it can be seen that 
the magnitude of the polynomial must be equal to the magnitude of the constant, but 
the argument of the polynomial is equal to u. This imposes two conditions for the 
existence of a root; namely, that for the value of the variable equal to the root both 
the magnitude and argument conditions of Eqs. (5a) and (5b) must be satisfied. If 
only the argument principle is satisfied, the value of the variable is a possible root 
of the characteristic equation. The procedure of Derivation Summary 23-1 esta¬ 
blishes a graphical technique for testing any point of the variable complex plane by 
the argument condition. The locus of all the points that satisfy the argument con¬ 
dition is the locus of all possible roots of the characteristic equation.* 

23.58. The roots locus determination is facilitated by using the properties 
listed in section b of Derivation Summary 23-6. The symmetrical character of the 
locus halves the work. The values of the roots when the adjustable constant equals 
zero are given by the polynomial part of the function, while the asymptotic values 
for large values of a are easily deduced. These properties limit the area of the 
complex plane that must be explored. A rough sketch of the roots locus may be 
drawn for a first approximation, connecting the known possible roots, to provide 
a guide for further testing. The actual procedure is given in detail in the summary. 

• Ych (80) points out that the locus of roots in the variable complex plane is the transformed real axis of the 
function complex plane. 
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Characteristic functions in polynomial form may be written as a constant plus a polynomial; i.e., 


1 = n 


+ E - 0 


For each value of the constant a , Eq. (1) has a distinct ensemble of roots. One way to determine the roots 
for each value of a is to factor Eq. (1) by the methods described in Chapter 21. An alternative approach is 
to determine all the possible roots for Eq. (1) and then by substitution find the values of a belonging to 
each root. This is the method of the locus of roots. 

Lei ihe polynomial part of Eq. (1) be factored by some method so (hat it may be written as a product of 
first-order binomials. ir= n i«n 

Tl n* - FI (A ~ A>) : Yn = 1 (2) 


where A ft « tZj + j2 nfi i 

Substituting the relationship of Eq. (2) in Eq. (1) yields 


i* n 


<r + Jj[ (A - A,) 


l or positive real values of o, Eq. (3) may be written as 


1* n 


n 


(A - A,) 


— a 




From the discussion in Derivation Summary 23* 1, each factor (A - Aj) is associated with a magnitude and 
an argument for each complex value of A. Equations (7), (8a) and (8b) of the cited summary show that the 
magnitude of the product of factors is the product of the factor magnitudes, but the argument of the product 
is the sum of the arguments of the factors. Accordingly, by equating the magnitudes and arguments of both 
sides of Eq. (4), the following relationships arc obtained for positive real values of cr. 


i= n 


1= n 


arg (A - A t ) » n 


(5a),(5b) 


The method of section b # Derivation Summary 23-1, shows how the magnitude and argument of a poly¬ 
nomial expressed as a product of first-order binomials may be determined graphically for a given value of 
A. The roots of the polynomial are plotted on the A complex plane and straight lines are drawn connecting 
each plotted root to the plotted value of A. The magnitudes of the factors are the lengths of the lines; the 
arguments are the angles of the lines. If the selected point is a root of Eq. (1), the product of the measured 
magnitude is given by Eq. (5a) and the sum of the measured angles is equal to n as required by Eq. (5b). 

A value of A is said to be a possible root of Eq. (1) if for this value of A the argument condition is sat¬ 
isfied. The value of erfor which this value of A is a root of Eq. (1) may be determined later. The locus of 
all values of A that satisfy the argument condition is the locus of all possible roots of Eq. (1). Uhen plotted 
on the A complex plane, this locus is called a locus of roots . These plots may be constructed graphically 
or numerically.* 

a) Locus of roots based on the argument condition 


Several properties common to all loci of roots arc available to assist in the construction noted 


in sec¬ 


tion a: 


1) When the coefficients of the given equation are real, the locus is symmetrical about the real axis. 
This follows because all complex roots must appear as complex conjugate pairs. 

* Seo Yoh (80), Donahue (21) and (22), Evans (24) and (2S), and Chu (12). 

Derivation Summary 23-6. The locus of roots for the equation forms of a constant 

plus a polynomial. (Page 1 of 3) 
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2) Since Eq. (1) has n roots it may be written as a product of n first-order binomials; i.e., 


1= n 


k= n 


a + yj^ = J~J (A - A k ) ; A k = ay + j2rr/3 k 


k = 1 


Expanding the right-hand side of Eq. (6) and equating coefficients of like powers of A shows that 


k= n 


k= n 


n- 1) 


Z <- v - E<*> 


k=l 


k=l 


since the sum of the imaginary parts of the roots must be zero for the coefficient to be teal. This shows 
that the sum of the real parts of the roots is a constant for all values of <r. The mean value of the real 
parts of the roots is k=n 

— y a k = — 1 1 —«= mean value of the roots (8) 

k-1 

The mean value is also a constant for all values of <r.* From Eqs. (7) and (8) it is seen that the mean 
value of the roots is equal to the mean value of the real parts of the roots and always has the same 
value. When an equation of the form of Eq. (1) is given, the mean value of the roots can always be 
calculated from Eq. (8) and plotted on the A complex plane. 

3) When <7, the constant part of Eq. (1), is set equal to zero, the roots of the equation are the roots of the 
polynomial part of Eq. (1); i.e., 

A t = aj + j2rr/3 1 = roots when cris zero (9) 


4) For very large values of cr, Eq. (1) becomes 

AP + * 0 ; A n * \o\€ in 

with the n roots 

Aj * ^H<»<’' + 2ffl)/n) ; i-0,1,2 .(n 

Equation (11) describes a set of radial lines at the angles 

tt * yn ' _5jt t , (2n - l)ff 


( 10 ) 


(ID 


( 12 ) 


These lines are the asymptotic values of the roots of Eq. (1). The mean value of the real parts of the 
roots remains the same whether <ris large or small. From Eq. (8), the intersection of the asymptotes 
lies on the real axis at the point (~y( n .j j/n,j0). 




asymptotes for n ™ 



3rr/3 


5rr/3 


asymptotes for n - 3 


Yeh (80) calls th. mean value the "centroid” of th. locus of roots. 

Derivation Summary 23-6. The locus of roots for the equation forms of a constant 

plus a polynomial. (Page 2 of 3) 
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For odd values of n, the negative real axis is always an asymptote since odd-power equations with 
positive real coefficients have at least one real negative root. Even-power equations have complex 
conjugate pairs for the limiting values of the roots, so the real axis is never an asymptote. 

b) Properties of the locus of roots 


1 he locus of roots for a given equation may be constructed by trial and error following the procedures 
outlined in the previous sections. The limiting conditions for a equal to zero and for positive real a equal 
to infinity can be plotted directly using the information of section b. Because of the symmetry condition, 
only half of the roots need be determined. Generally the half plane above the real axis is used. 

A trial locus of roots may be sketched in connecting the zero value of erroots and the infinite value of 
cr asymptotes. The angle of the tangent to the locus in the vicinity of die zero value of erroots may be cal¬ 
culated from Eq. (5b), since for A approximately equal to the k 1 * 1 root 

1= n 

n ” ^ ^ arg (A - A t ) = arg (A - A k ) = angle of the locus at the k 1 ^ root ^ ^ 

1=1 



By measuring the angles of the lines 
connecting all roots to the k c ^ root and 
summing them, the direction of the lo¬ 
cus is obtained for the k^ 1 root. By ex¬ 
ploring with trial points in the vicinity 
of the k^ 1 root and using the graphical 

_ method of Derivation Summary 23-1, a 

0 new point can be obtained where the 

angle condition of Eq. (5b) is satisfied. 
In this fashion, progressing along the 
trial locus sketched from the limiting 
values of cr and adjusting the trial lo¬ 
cus to the points as they are found, 
the entire locus can be determined. 


c) Trial method of constructing a locus of roots 

Derivation Summary 23-6. The locus of roots for the equation forms of a constant 

plus a polynomial. (Page 3 of 3) 
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EXAMPLES OF ROOT LOCI FOR SECOND*, THIRD-, FOURTH-, FIFTH-, AND 
SIXTH-ORDER EQUATIONS 

23.59. Simple examples of roots loci may be constructed for special situations. 
Examples for second-, third-, fourth-, fifth- and sixth-order equations are given 
in Figs. 23-18 through 23-25, using the information of Derivation Summary 23-6. 


SECOND-ORDER EQUATIONS 

23.60. Figure 23-18 gives a series of plots and accompanying discussion for 
a second-order equation when the polynomial roots are complex. 



Second-order equation: 

(A + 1 - i l)(A + l + jl) + <r = A 2 +2A+2 + <r=0 
Polynomial part ^ 

(A + 1 - jl)(A + 1 + jl) 

Roots 

A, = - 1 + jl, A 2 = - 1 - jl 
The mean value of the roots of Eq.(l) is -1. The asymp¬ 
totic values of the roots are two lines radiating from the 
point (— 1 .j 0) at angles n /2 and 3^/2. 



For any point on the asymptote above both polynomial 
roots, the angle of the line connecting the point to each 
polynomial root is n/2. The sum of the angles is n , so 
every point from the upper root outward along the asymp¬ 
tote is a possible root of Eq. (1). 


Fig. 23-18. Locus of roots for o second-order equotion when the polynomial roots are 

complex. (Page 1 of 2) 
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F or any point on the line between the polynomial roots, 
the angle of the line connecting the point to the upper 
root is - n/2 , while the angle from the lower root is n/2. 
The sum of the angles is zero. No point between the 
plotted roots is a possible root of Eq. (1). 



l or any point on the asymptote below both polynomial 
roots, the angle of the line connecting the point to each 
polynomial root is — n/2 . The sum is — n = n — 2n. All 
points on the asymptote below the lower root are possi¬ 
ble roots. This also follows from the symmetry property 
of the locus. 



Checking by trial shows that no other points on the A 
complex plane are possible roots of Eq. (1). The locus 
of the roots consists of the asymptotes extending from 
the polynomial roots. It shows that the roots always 
have negative real parts for all values of a. The arrows 
point along the direction of increasing a. 


Fig. 23-18. Locus of roots for a second-order equation when the polynomial roots ore complex. 

(Page 2 of 2) 
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23.61. The polynomial part of the second-order equation in Fig. 23-19 is char¬ 
acterized by one root equal to zero and the other equal to -2. The mean value of 
the roots is -1. The asymptotes for large values of a- form the straight line per¬ 
pendicular to the real axis at the point (- i,jo). For any point on the positive real- 
half axis, the angle of the line connecting each polynomial root is zero. No possible 

roots can appear on the positive real axis. 

Between the two plotted roots, any point 
makes an angle of v radians with the origin 
and zero with the other root. The net angle 
is 7T . Hence, each point between the plotted 
polynomial roots is a possible root of the 
equation. Points on the negative real axis 
to the left of the plotted roots form an angle 
of 2 tt and cannot be roots of the equation. 
The lines connecting any point on the asymp¬ 
totes to the plotted roots form two sides of 
a triangle with the real axis as a base. The 
angles of the sides of the triangle are sup¬ 
plementary, their sum always being equal 
to jt. This shows that every point on the 
asymptotes is a possible root of the equa- 

second-order equation when the roots are real. .. 

tion. Since trials will show no other points 
on the a complex plane satisfy the argument condition of Derivation Summary 23-6, 
the locus of roots is given by the heavy lines of the figure. The arrows show the 
roots for increasing values of <r. 

THIRD-ORDER EQUATIONS 

23.62. The roots of the polynomial part of the equation of Fig. 23-20 form the 
vertices of an equilateral triangle symmetrically placed upon the negative real axis. 
The mean value of the roots is -1. The asymptotes for cubic equations are three 
lines radiating at angles of n/ 3, ir and 5n/ 3. Since the two complex polynomial 
roots are symmetrically located about the real axis, it may be readily determined 
that the sum of the angles of the lines connecting the roots to any point on the real 
axis is zero. For all points to the left of the origin, the angle connecting them to 
the origin is n. By the argument condition of Derivation Summary 23-6, all points 
on the negative real axis are roots of the cubic equation of Fig. 23-20. The sym¬ 
metry of equilateral triangles shows that the perpendicular bisectors of the triangle, 
starting from the vertices, form the locus of the roots in the figure, which is shown 
in heavy lines. The roots for increasing values of <r are given by the direction of 
the arrows. Values of <r at significant points are plotted. When is greater than 



A (A + 2) + cr = A 2 + 2 A + <r = 0 

Fig. 23*19. Locus of roots for a 
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9, the locus shows that the cubic equation has two roots with positive real parts. 
It may be further noted that the single negative real root increases in magnitude 
as <r increases. When a- is equal to unity, the three roots of the equation are equal. 
In the vicinity of the three equal roots, a small change in a produces a large change 
in the distribution of the roots. 



Fig. 23-20. Locus of roots for o third-order equation with equilateral triangle roots. 


559 


23.63. Figures 23-21 and 23-22 show how the locus of roots is altered when 
the polynomial root pattern becomes less regular. In both instances, the negative 
real axis is one branch of the locus. When the imaginary parts of the polynomial 
complex roots are greater than those of the equilateral triangle roots (see Fig. 23-21), 
the root locus is completed by the portions of the two branches of a hyperbola 



Fig. 23*21. Locus of roots for o third-order equation when the imaginary parts of the complex roots 

are greater than those of the equilateral triangle roots. 
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symmetrically arranged above and below the real axis. The limiting value of a 
for negative real parts of the roots is 9.75. The mean value of the roots remains 
equal to-1 since only the imaginary parts of the roots have been altered. Figure 
23-22 shows the locus of roots when the imaginary parts of the complex roots are 
less than those of the equilateral triangle roots. One branch of the hyperbola centered 



Fig. 23-22. Locus of roots for o third-order equation when the imaginary parts of the complex roots 

ore less than those of the equilateral triangle roots. 
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on the real axis forms a branch of the locus, but only the middle portion of the 
other branch satisfies the argument condition. The limiting value of <r for negative 
real parts of the roots is reduced to 7.47. The mean value of the roots is still -1. 

FOURTH-ORDER EQUATIONS 

23.64. The roots of the fourth-order polynomial associated with the equation 
in Fig. 23-23 are the vertices of a square, one corner being at the origin-of the 
complex plane. Application of the procedures of Derivation Summary 23-6 shows 
that the roots locus consists of straight lines. Each branch begins at a vertex of 
the square and moves toward the center where the intersection with the real axis 
is at -1, the mean value of the roots. The locus moves out along the perpendicular 



Fig. 23-23. Locus of roots for a fourth-order equation. 
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bisectors of the sides, which are also the asymptotic values of fourth-order equa¬ 
tion loci. The limiting value of <t for all the roots of the equation to have negative 
real parts is 5. Note that here, too, the value of a in the vicinity of the equal roots 
changes very slowly for large changes in the distribution of the roots. 

FIFTH-ORDER EQUATIONS 

23.65. The fifth-order equation chosen for Fig. 23-24 has roots that form the 
vertices of a regular pentagon with one vertex at the origin. The root locus is 
formed of the perpendicular bisectors of the sides of the pentagon, as for the equi¬ 
lateral triangle of the third-order equation (see Fig. 23-20). The mean value of 
the roots is taken to be -1. The limiting value of <r for all the roots of the equation 
to have negative real parts is 4.1. 



Fig. 23-24. Locus of roots for o fifth-order equation. 
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SIXTH-ORDER EQUATIONS 

23.66. The regular hexagon whose vertices are the roots of the sixth-order 
equation given in Fig. 23-25 is associated with a roots locus that is in the pattern 
of the fourth-order equation. Each branch of the locus begins at one of the vertices 
and converges on the intersection point. The locus continues outward along the 
perpendicular bisectors of the sides of the figure. The mean value of the roots has 
been kept equal to -1. The roots are all equal at the point of intersection where a 
also is unity. The limiting value of <r for all the roots of the equation to have neg¬ 
ative real parts is 3.2. 



A(A + 1/2 - M/2V3KA + 1/2 + i I/2V3HA + 3/2 - j 1/2 V 3 )(A + 3/2 + jl/ 2 \^ 3 )(A ♦ 2) + a - 0 


Fig. 23-25. Locus of roots for sixth-order equations. 
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INTERPRETATION OF THE LOCUS OF ROOTS 

23.67. It is to be observed that the value of the constant part of Eq. (1) of 
Derivation Summary 23-6 for which all the roots have negative real parts de¬ 
creases in the series of examples illustrated as the order of the equation increases 
For the second-order equation, it is equal to infinity. It descends to 9 for the 
third-order equation, to 5 for the fourth-order equation, to 4.1 for the fifth-order 
equation, and to 3.2 for the sixth-order equation. In all these examples, the mean 
value of the roots is -1. For any given order, the limiting value of the constant 
may be changed by altering the real parts of the roots so that the mean value is 
changed. The two auxiliary third-order equation examples show that the imaginary 
parts also influence the limiting value of the constant by changing the symmetry 
of the polynomial root pattern. 

23.68. For any particular value of the constant, the roots of the equation are 
the points on the locus that are associated with this value of the constant. The real 
and imaginary parts of the roots are read on the coordinates of the complex plane. 
Damping ratios and frequencies may be interpreted from the equivalent polar co¬ 
ordinates by the method shown in Fig. 20-4. The roots with the least negative 
real part are determined by inspection. These roots are frequently called the 
dominant roots ,* or the principal roots, or the charac te ristic roots. When the func¬ 
tion is a characteristic equation in the denominator of a relating function, and the 
roots are a single pair of complex conjugate numbers, they are often known as the 
dominant pole pair of the relating function. 

LOCUS-OF-ROOTS METHOD FOR CONSTANT-PLUS-A-RATIONAL-FUNCTION 
EQUATION FORMS 

23.69. The extension of the roots locus method to more generalized functions 
is presented in Derivation Summary 23-7. The typical function shown in the al¬ 
ternate forms of Eqs. (1) and (2) is a constant plus a rational function. The defini¬ 
tion and discussion of rational functions given earlier in the chapter should be 
reviewed at this point. 

23.70. The magnitude and argument conditions in the forms of Eqs. (5a) and 
(5b), Derivation Summary 23-7, apply for any value of the variable that is a root 

of the equation. The graphical procedure for obtaining values of the rational func¬ 
tion for various points on the complex plane is given in the beginning of this chap¬ 
ter. It is particularized for the roots locus method in section d of the summary. 
The properties of the locus of roots for rational functions are given in section c 
to aid in drawing the locus. It should be noted that the number of asymptotic lines 
for large values of the adjustable constant is less than the order of the equation. 

The rest of the roots of the equation for large values of the constant are equal to 
the poles of the rational function. 

9 See Donahue (21) and (22) and Mulligan (55). 
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It is shown in Derivation Summary 23-4 that characteristic equations of the form 

1= n k = d 

Y ° Y ~ 0 


(i) 


1=0 


k = 0 


where cr is an adjustable constant, may equally well be written as a sum of a constant and a rational func¬ 
tion, namely i=n 

Y Yl* 


(T + 


1 = 0 


k=d 

Y *** 

k = 0 


0 


( 2 ) 


When the numerator and denominator polynomials of the rational function part of Eq. (2) are factored into 
first-order binomials, the equation is written as 


1= n 


n <a - a i> 


<r + 


1=1 


k=d 


= 0 


(3) 


n w - A k> 


k=0 


The constants \ [ and A k are identified as the zeros and poles, respectively, of the rational function in ac¬ 
cordance with section b of Definition Summary 23-1. 

a) Alternate forms of characteristic eq uations 

The roots locus method discussed in Derivation Summary 23-6 may be extended to include functions of 
the form of Eq. (3). It is assumed that the order of the numerator polynomial is greater than or equal to that 
of the denominator; i.e., n ^ d. Using the expression for the magnitude and argument of rational functions, 
Eq. (3) can be written 

1* n 


n > A - A ‘I ,['Y c, q ^x,i- l Y l a „ix-x k ,l 

1=1 _ € 1-1=1 1 k=l * J 


- cr 


k = d 




iff 


(4) 




k= 1 


Equating the magnitude and argument of each side of Eq. (4) gives 

1= n 

l A “ A ll l=n k-d 

-M ; Y arg (A - A t ) - y~] arg (A - A k ) - 


1=1 


(5a),(5b) 


k=d 


n > A - A "i 


i=i 


k» 1 


k«l 


Comparing these expressions with Eqs. (5a) and (5b) of Derivation Summary 23-6 shows that the magnitude 
and argument conditions for roots of characteristic equations have been generalized. The plot on the A 
complex plane that satisfies the argument condition is the locus of roots for all values of cr. The points 
corresponding to each particular value of crare located after the locus is plotted. 

b) Locus of roots based on the argument condition 


Derivation Summary 23-7. Locus of roots method for constant-plus-a-rational-function 

equation forms. (Page 1 of 3) 
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The properties of roots loci given in Derivation Summary 23-6 may be rewritten for application to Eq. (1) 
or Eq. (3) as follows: 

1) When the coefficients of the rational function are real, the locus is symmetrical about the real axis. 

2) From the assumption that the order of Eq. (1) is n, this equation has n roots and it may be written as 
the product of n first-order binomials; i.e., 

n k*d r« n 

23 ** + 23 I** - n (A - \) (6) 

1-0 k-0 r—1 

Expanding the right-hand side of Eq. (6) and equating coefficients of like powers of A shows that* 

r= n 

23 (_Ar) “ (?a) 


for n - d ^ 2 


r«l 
r« n 


for n - d * 1 


23 ( “V * X(n-1 ) + * whcQ 9d - 1 


(7b) 


r* 1 


r«= n 


for n «= d 


E <-*-> 


n-l) + *7(d-|) 


(7c) 


( 8 ) 


For the situation described by Eq. (7a) the sum of the roots is always constam,as for the equation 
form given in Derivation Summary 23-6. In situations given by Eqs. (7b) and (7c), the sum of the roots 
depends on the adjustable constant <r. Since roots occur in complex conjugate pairs, the sum of the 
roots is equal to the sumo! the real parts of the roots. For equations described by Eq. (7a), the mean 
value of the roots is also constant and may be plotted as a point on the real axis of the A complex plane. 

3) When <j is set equal to zero, the roots of Eq. (1) are the roots of the polynomial 

1 * n 

n* - o 

1-0 

These roots are identical with the zeros of the rational function in Eq. (3). 

4) For very large values of tr, Eqs. (1) and (3) become 

A ,n - d > + <r - 0 ; A (n * d > - \a\ti” 

with the roots 

Aj « M ,/(n - d, « J(*«»rt)/(n-d) , i - 0, 1, 2. (n-d- 1 ) 

Equation (8) describes a set of radial lines at the angles 

3 n 5rr 

n — d 


•— ■ • 

E 


(9a),(%) 


(10a) 


it 

n — d 


[2(n - d) - 1] rr 
n — d * n-3 


(10b) 


These asymptotic values account for (n - d) roots of Eq. (1). The mean value of these (n - d) roots is 
the common intersection point of the radial asymptotes. For large values of A, 

1" n 

- + <r - A (n * d) + (y (n _ n - »? (<M) ) A (n_d * 11 + <r (11) 


* — •• 

E 

1-0 

k-d 

E 
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9k A k 


Set A' - A ± a (maan) . Then Eq. (11) becomes 

* <»n-.) - »«!-!)><*'* - «■ 


• S©« Y.h (80). 


- + (. ♦ ,r (12) 


Derivation Summary 23-7. Locus of roots method for constant-plus-a-rational-function 

equation forms. (Page 2 of 3) 
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neglecting powers of A'less than (n - d - 1). When 

_ >tn-l) “ 7(d-l) 

(mean) n _ - (13) 

then Eq. (12) becomes 

A' (n_d) + o- « 0 (14) 

which is identical with Eq. (9a). This shows that the common intersection point of the radial lines is 
on the axis given by Eq. (13). Since 

1* n 

^(n-l) * £ (- ezj) * negative sum of the zeros of the rational function 
i«l 
k~d 

^(d-l) * £ (- a^) « negative sum of the poles of the rational function 
k-l 

the mean value of the asymptotic value of the roots is the difference between the sum of the zeros and 
poles divided by the difference between the number of zeros and poles. 

c) Properties of the locus of roots 

Procedures for constructing a locus of roots for a function of the form of Eq. (l)are quite similar to those 
discussed in Derivation Summary 23*6. The most direct method is by trial and error, based on the argument 
condition of Eq. (5b). The zeros and poles of the rational function part of Eq. (3) arc plotted on the A com¬ 
plex plane. The asymptotic values of the roots are drawn with the intersection point located by Eq. (13). 
The graphical procedure in section c of Derivation Summary 23-6 provides a test for each trial point, when 
it is noted that it is the difference between the sum of the angles of the zeros and the sum of the angles of 
the poles that must be equal to n for a possible root. The value of cris calculated after the locus of roots 
is drawn. 

d) Trial method of constructing a locus of roots 

Derivotion Summary 23-7. Locus of roots method for constant-plus-o-rational-function 
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EXAMPLES OF THE LOCUS OF ROOTS FOR A RATIONAL FUNCTION 

23.71. A simple example of the locus of roots for a rational function plus a 
constant is shown in Fig. 23-26. The equation in the figure shows the rational 
function to be a second-order polynomial over a first-order binomial. The roots 
of the numerator polynomial, which are the zeros of the rational function, are at 
the origin and the point (- i,jo). The root of the denominator binomial, the pole of 
the rational function, is at the point (- 2 ,j 0 ). The equation is of the second-order, 
which reduces to the first-order for very large values of the adjustable constant. 
The root locus consists of a line segment between the two zeros, a circle whose 
center is the pole of the rational function, and the entire negative real axis extend¬ 
ing from the rational function pole. When the adjustable constant is equal to zero, 
the roots of the equation are the zeros of the rational function. As the adjustable 
constant increases, the roots progress toward the intersection of the circle and 
the real axis as indicated by the arrows. For a- equal to 0.171, the two roots are 
equal. Greater values of the constant cause the roots to become complex as they 


568 


move out along the circle until they come back to the real axis when <r equals 5 . 81 . 
Hence, there are two values of the constant for which both roots are equal. Still 
greater values of <r cause one root to move in towards the plotted pole on the axis, 
while the other moves out towards minus infinity. 

23.72. Since the difference in the orders of the numerator and denominator 
polynomials of the rational function is unity for this example, the mean value of 
the roots is obtained from Eq. (7b) of Derivation Summary 23-7. This shows that 
the mean value depends on the /alueof the adjustable constant and cannot be plotted 
as a single point in this situation. The difference in the order of the numerator 
and denominator polynomials being unity, there is only one asymptote, which is the 
negative real axis. The other root tends to -2. 

23.73. The example of Fig. 23-27 illustrates the use of the locus-of-roots 
method for a complicated situation. The rational function is an eighth-order poly¬ 
nomial over a third-order polynomial. One of the zeros of the rational function is 
a positive real number; one is equal to zero; two are a complex conjugate pair 



Fig. 23-26. Locus of roots for a second-order-polynomial-over-first-order-binomial 

rational function plus a constant 
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with negative real parts; the remaining four are negative real numbers. The poles 
are all negative real numbers. When the adjustable constant is zero, the roots of 
the equation in the figure are the zeros of the rational function, one of which has a 



A (A + 3.52) (A — 0.92) (A + S.o) (A + 3.11) (A » 14.8) (A + 3.7,- j 13.0) (A + 5.7 + j 13.0) 

(A + 6.0) (A + 1.6) (A + 0.80) + <r- 0 

Fig. 23-27. Example of locus of roots for an eighth>order-over-third*order rational 

function plus a constant. 
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positive real part. The difference in the order of the component polynomials is 
five, so that from Eq. (7a) of Derivation Summary 23-7 the mean value of the roots 
is found to be -4.86. For large values of the constant, the order of the equation is 
reduced from eight to five. The asymptotes are those of a fifth-order equation. The 
remaining three roots for large values of the constant are equal to the poles of the 
rational function. 

23.74. As the constant increases from zero, it is seen that the two roots near 
the origin are both positive real numbers, but the other roots all have negative 
real parts. When the constant becomes a little larger, the roots near the origin 
become complex and fall on the oval enclosing the origin. For the constant equal 
to or greater than 0.82, all the roots have negative real parts until the constant 
takes on the value of 3.92 when a second pair of roots takes on positive real parts. 
Solutions of integro-differential equations associated with the characteristic equa¬ 
tion as defined by the equation in Fig. 23-27 have transient stability only when the 
adjustable constant has values between 0.82 and 3.92. The dominant pole pair lies 
on the oval for the smaller values of the constant and on the open curve for the 
larger values. For a small region between the constant equal to 1.98 and 3.92, both 
pairs of roots have nearly the same value for the real parts and both modes dom¬ 
inate. 

COEFFICIENTS OF TERMS OF TRANSIENT SOLUTIONS 

23.75. Solutions of linear integro-differential equations by the Laplace trans¬ 
form method are described in Chapter 16. A brief summary of the method is 
contained in section a of Derivation Summary 23-8. For normal solutions, the 
integro-differential equation goes over into the rational function in the Laplace 
transform variable shown asEq. (2) of the summary. The rest of the Laplace 
transform method depends upon factoring the denominator polynomial as in Eq. (3). 
The locus of roots method discussed in Derivation Summaries 23-6 and 23-7 pro¬ 
vides a method which gives the roots of polynomials plotted on the complex plane. 
When the roots of the denominator polynomial have been found, the Laplace trans¬ 
form expression is expanded into partial fractions as in Eq. (4), from which the 
running variable form is obtained. The coefficients of the partial fractions may 
be obtained from the relationship of Eq. (6). 

23.76. It can be seen from the discussion in Derivation Summary 23-1 that 
the value of the rational function of Eq. (6) may be calculated graphically when the 
poles and zeros are plotted. Since the poles and zeros may be available from a 
plot on the complex plane as a locus of roots for each polynomial, it is convenient 
to use a graphical method to obtain the partial fraction expansion. In addition, the 
graphical method is useful when the poles and zeros of Eq. (6) are numerically 
available, because of the relative simplicity with which complex numbers may be 
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( 1 ) 


The Laplace transform method for obtaining solutions of linear integro-differential equations is dis¬ 
cussed in Chapter 16. For a linear integro-differential equation reduced to standard form by the method of 
Definition Summary 14-1, i.e., i=n j= m 

y lV (1 > = <r s ^ 7 ?J° (J) 
i=-r J = -s 

the Laplace transform of the generalized normal solution, from Eq. (9) of Derivation Summary 16-2, i 

J=m 

9j* J 

- u(A) (2) 
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^en u(A) is a rational function, Eq. (2) may be expanded into partial fractions with coefficients determined 
by the methods of Derivation Summary 16-4. For the purposes of illustration only, it is assumed that u('t) 
is an impulse function with the Laplace transform B (lj) , as in Eq. (6) of Derivation Summary 16-3. Further, 
it also is assumed, for purposes of illustration only, that all the roots of the numerator and denominator 
polynomials of Eq. (2) are distinct. Under these assumptions, Eq. (2) becomes 
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The right-hand expression in Eq. (3) is a rational function in the variable A. The roots of the numerator 
polynomial, A^, are the zeros, and those of the denominator polynomial, X [9 are the poles of the rational 
function. In addition, there is a pole at the origin, of (s -r) multiplicity. From Eq. (14) of Derivation Sum¬ 
mary l6-3 f the partial fraction expansion of Eq. (2) is 

r k= s-r 1= n-K 
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with the corresponding running variable solution 
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a) Typical solution of a linear integro-differential equation by the Laplace transform method 


The coefficients in Eq. (5) may be evaluated by the method of Derivation Summary 16-4. From Eq. (5) of 
the cited summary, a typical coefficient is given by the expression 
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Derivation Summary 23-8. Graphical procedure for calculating coefficients of complete 
integro-differential equations from the Laplace transform expression. (Page 1 of 2) 
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where A k = k th root of the denominator polynomial of Eq. (2). 

Equation (6) may be evaluated by the graphical method of Derivation Summary 23-1 in accordance with the 
following procedure: 

1) Locate the poles and zeros of the rational function of Eq. (3) on the complex plane. 

2) Connect the poles and zeros to the k 1 * 1 pole by straight lines. 

3) Measure the lengths of the lines between the zeros and A k . These lengths represent the magnitudes 
of the numerator factors of Eq. (6). From section c of Derivation Summary 23-1, the product of these 
magnitudes gives the magnitude of the numerator in Eq. (6). 

4) Measure the lengths of the lines between the poles and A fc . The product of these magnitudes gives 
the magnitude of the denominator in Eq. (6). 

5) The ratio of the numerator magnitude obtained in step 3 to the denominator magnitude from step 4 
gives the magnitude of the coefficient represented by Eq. (6). 

6) Measure the angles of the lines between the zeros and A k . The sum represents the argument of the 
numerator of Eq. (6). 

7) Measure the angles of the lines between the poles and A k . The sum represents the argument of the 
denominator of Eq. (6). 

8) The difference between the angle sums of step 6 and step 7 is the argument of the coefficient rep¬ 
resented by Eq. (6). 

The procedure described in steps 1 through 8 is repeated for each coefficient of Eq. (5) to obtain a 
complete numerical solution. 

A similar procedure can be used (a) when multiple roots exist, (b) for solutions in which the initial con¬ 
dition function is not zero, and (c) for solutions in which the Laplace transform of the independent variable 
is a rational function. 

b) Gra p hical calculation procedure for the evaluation of the coefficie n ts of partial fraction expansions 

Derivation Summary 23-8. Graphical procedure for calculating coefficients of complete 
integro-differential equations from the Laplace transform expression. (Page 2 of 2) 


calculated graphically compared with slide-rule calculation. Numerical errors may 
be avoided more easily. 

23.77. The steps of the foregoing procedure are outlined in section bof Deri¬ 
vation Summary 23-8. It can be seen that the method is identical with that de¬ 
scribed in Derivation Summary 23-1 and is the equivalent of the purely numerical 
processes that must be employed to evaluate the rational function. 
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CHAPTER 24 


GRAPHICAL CALCULATION OF STEADY-STATE 
SINUSOIDAL RELATING FUNCTIONS* 


INTRODUCTION 

24.1. Steady-state sinusoidal frequency functions are often necessary. For 
example, steady-state sinusoidal relating functions are developed in Chapter 17 
as a special form of linear integro-differential equation relating functions. By 
this application, properties of a given integro-differential equation may be eval¬ 
uated from a study of the mathematical expression of the associated frequency 
function, as well as from representative graphical plots. Another important use 
is in determining the stability of differential equation solutions. The discussion 
of the argument principle in Derivation Summary 23-3 requires the evaluation of 
steady-state sinusoidal relating functions as part of the procedure. 

24.2. Quantitative representations of frequency functions may be obtained by 
numerical processes for each value of the frequency. This is generally a labo¬ 
rious procedure in a complicated situation, and is subject to many errors in the 
successive steps of the process. A systematic graphical procedure is developed 
in this chapter that expedites the rapid calculation of steady-state sinusoidal re¬ 
lating functions. The procedure is based upon the algebraic theorem stating that 
any polynomial with real coefficients may be factored into first- and second-order 
forms with real coefficients.** When the first- and second-order factors are re¬ 
duced to standard forms, standard curves may be used to represent the log mag¬ 
nitudes and the arguments as functions of the log frequency. Plots associated 
with an arbitrary steady-state sinusoidal relating function may be constructed by 
combinations of the standard curves. 

STEADY-STATE SINUSOIDAL RELATING FUNCTIONS 

24.3. Steady-state sinusoidal relating functions generally have the form 
given by Eq. (1) in Derivation Summary 24-1. Both the numerator and denomina¬ 
tor are sums of powers of the imaginary variable. The powers may be positive 
or negative integers. The most negative power may be factored out of the numerator 

• The procedures described in this chapter are based on those given in Lees (46). Earlier work on similar 
procedures is described in Brown and Campbell (6), James, Nichols, and Phillips (42), as well as in other 
texts on servomechanisms and automatic control systems. 

•• See the theorem quoted in section b of Derivation Summary 24-1. 
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summation and combined with a similar factor of the denominator. This leaves 
only a ratio of simple polynomials like Eq. (2) of the summary. In Definition Sum¬ 
mary 23-1, this form is called a rational function. Steady-state sinusoidal relating 
functions of the form given by Eq. (1) or Eq. (2) of Derivation Summary 24-1 

are steady-state sinusoidal rational functions in which the variable is an imaginary 
quantity. 

REAL POLYNOMIAL FACTORS 

24.4. Polynomials with real coefficients are defined as real polynomials. 
The algebraic theorem quoted in section b of Derivation Summary 24-1 shows that 
when real polynomials are factored into component expressions with real coef¬ 
ficients, only two kinds of factors are possible. Real linear factors are similar 
to Eq. (3) of the summary, while real irreducible quadratic factors have the form 
of Eq. (7). These are the only real factors of a real polynomial, and are equivalent 
to the statement that real polynomials can have only real or complex numbers as 
roots. This statement is used implicitly in Chapters 15 and 16 in the procedures 
for finding linear differential equation solutions, and again in Chapter 20 in the 
discussion of stability. 

REAL LINEAR FACTORS 

24.5. Real linear factors are discussed in section c of Derivation Sum¬ 
mary 24-1. The form given in Eq. (3) shows the real linear factor to consist of 
the imaginary variable plus a real constant that is a real root of the complete real 
polynomial. When the given polynomial is the numerator of a rational function, 
its roots are called zeros from the terminology of Definition Summary 23-1. 
Rational function denominator polynomial roots are known as poles. In accord¬ 
ance with the discussion in Chapter 20, real roots of polynomials may be equated 
to negative reciprocal characteristic times as in Eq. (5) of Derivation Sum¬ 
mary 24-1. Real linear factors may accordingly be written in the manner of 
Eq. (6), as the sum of the imaginary variable plus a reciprocal characteristic 
time. For the case of Eq. (6), the subscripts show the characteristic time to be 
associated with the k th numerator polynomial root or the k th rational function 
zero. When the real root of the first-order factor is zero, the function is con¬ 
sidered as a special class defined as a degenerate first-order function. 

REAL QUADRATIC FACTORS 

24.6. Real irreducible quadratic factors may be expressed as the product of 
two linear factors when the constant terms are a complex conjugate pair. Equa¬ 
tion (7) of Derivation Summary 24-1 shows a typical quadratic factor. Since the 
real and imaginary parts of the quadratic factor complex roots may be interpreted 


575 



Steady-state sinusoidal relating functions associated with linear integro-differential equations are de¬ 
fined in Chapter 17 and have the form 




CRF](j2ir/3) = <r 




X) ft O 2 ^) 1 


(i) 


l=-r 


The coefficients have been defined by the nondimensionalization procedure of Definition Summary 14-1 to 
make those of the highest powers equal to unity, that is, »? m = y n = 1. In addition, 

2nft = <y f = oj f T (fe() = nondimensional angular forcing frequency 

P = o> f = n f/n (ro() e T {ref) /T f = nondimensional frequency ratio 

T(ref) " arbitrary reference period selected when the original 
differential equation was nondimensionalized 

Equation (1) is also identified, from Definition Summary 23-1, as a rational function for which the variable 

is a purely imaginary quantity. A simple rearrangement makes this clearer. Factoring out (j2»r/9)- 3 from the 

numerator and (j2 npT from the denominator of Eq. (1) allows this equation to be rewritten in the form 

k=m 

2 ifc(j2.r/9> (k+ «> 

^^((n+r);(m+s)) c<r 0 ~ k ~~ S -:- (2) 


1= n 


(j2»r/5) ( - r >^yi(i2^)< 1 + r 

i=-r 


The numerator of Eq. (2) is a polynomial with real coefficients of the (m+s) th order. The denominator is 
the product of two factors: one a power of the variable, and the other a polynomial with real coefficients 

of the (n+r) order. Since the running variable in Eq. (2) is (\2nfl), the expression is defined as a steady- 
stat e sinusoidal rational function. " 

Relating functions in rational funct ion form 

Polynomials with real coefficients are defined as real polynomials . A theorem in algebra states: 

Every real polynomial is expressible uniquely, apart from arrangement and constant factors, 
as a product of real linear factors and real irreducible quadratic factors. The roots of the 
real linear factors are the real roots of the polynomial, and the roots of the quadratic fac¬ 
tors are pairs of conjugate complex roots of the polynomial.* 

b) Real polynomial factors 

A typical first-order, or real linear, factor of the numerator is written as 

- a ( num )( l ) k ] = “ G( 2 ) k ] = k'* 1 first-order factor of the numerator polynomial (3) 

where 

“(nurnldlk ■ a (z)k = rca * root of numerator polynomial of Eq. (2) 

, . . fh 


« ^ - — 

root of the k first-order numerator factor 


k th zero of Eq. (2) 


(4) 


-- — ~i | 

From the discussion given in Derivation Summary 20-4, real roots of polynomials may be represented 
as negative reciprocal characteristic times or 

a (num)( 1 )k = “ 7 -'- " a (z)k " “ (5) 

inum)( 1 )k '(z)k ' 


*"(z)k = ~ (7 ' )>C • r (z)k “ characteristic time of the k th first-order factor of the numerator polynomial 


* See Albert, College Algebra (2), p. 148. 

Derivation Summary 24-1. Standard factored form for rational functions and steady-state 

sinusoidal relating functions. (Page 1 of 3) 
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The expression of Eq. (3) may be written as 

*— 1 - fa* + • i 

L (num)( 1 )k J [ r ( 2 ) k J 

^en the real root is zero, first-order factors reduce to the variable itself. For this situation, the char- 

t,mC ' S ,n£,nUe - The faCl ° r _ is then defined as a degener ate first-order function. 

c) First-order factors of polynomials 


( 6 ) 


A typical second-order, or real irreducible quadratic, factor of the 


numerator is 


where 
A 


[] 2 n(3 \ nU m)( 2 )qHj 2 fr /9 - A ( num)(2) ql - [j2»r£ - X {z)q \[\2tr ft - A* z)q J 
q second-order factor of the numerator polynomial of Eq. (2) 


(7) 


(num)(2)q c ^ 


(z )q 

a (num)(2)q + j 2,T 0 (num)( 2 )q 


A X * 

(num)(2)q = A (z)q 


a (num)(2)q“ i 2 ' r ^( nuin )( 2 )q 


complex conjugate roots of numerator 
polynomial in Eq. (2) 

q 1 * 1 second-order factor complex 
conjugate roots 


(8) 


Alternatively.by identifying second-orde, facto, too,a in term, of damping r.tios a nd undamped angulat 
p‘e“ed 17“"""' “ D " iVa "°° SU " m “ ry 20 ‘ 5 ’ ,hC a " d P*"* °< roots may be ea- 


'(numHilq - “(s)q - ~ <(„„„){2|q '‘■(„|(„ u „|| 2 | q - - ( u)q . 


where 


2 ^(num)( 2 )q = 2r, Pu) q “ %l(nu m )( 2 ), ^ 1 -<( num )( 


2)q 


0 

(u 


(n)(z )q 


y/TTc 


(z)q 


(9a) 


(9b) 


£(nu«n)( 2 )q = £( z )q = damping ratio of the q th second-order factor 

of the numerator polynomial 

tu (n)(num)l 2 )q “ w (n)(z)q " ‘'(nllzlq^.f) “ nondimensional undamped angular natural 

frequency of the qth second-order factor 
of the numerator polynomial 

to (n)(z)q = undamped angular natural frequency of the q‘h 
second-order numerator polynomial factor 

T(ref) ■ arbitrary reference period 

The second-order factor now becomes 

(j2rr/3) 2 + 2< (z)q '« (n)(z)q (’,2nft) + '<uf n)Mq 
d) Second-order factors of polynomials 


( 10 ) 


n ° ,a ' IO V S “”1'°' d " ,0mina, °' -“k =y«.bols (den) and (p)used fo, denomin.tn, 

and pole, respectively. Application of the theorem quoted in section b of rhU 

the expression thlS summar y <° Eq. (2) yields 


[RF] 


((n+r);(m+o)) = a B 


k TT* r i q=nq ‘ 

r^rJ n «w**<**h. n .*ti**>* w.«. 


)q 


(i2nft) 


i^i --- 


'2 l 

to (n)(p)tJ 


( 11 ) 


Derivation Summary 24-1. Standard factored farm far rational functions and steody-stat. 

sinusoidal relating functions. (Page 2 of 3) 
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where 


nlf 

nqf 

dlf 

dqf 
k = ndf 


number of numerator linear factors 
number of numerator quadratic factors 
number of denominator linear factors 
number of denominator quadratic factors 


11 = product of factors with the index k 


k=l 


and 


(nlf) + 2(nqf) 


m + s 


(dlf) + 2(dqf) 


n + r 


Numerator factors are also defined as direct functions , while denominator factors are designated as in¬ 
verse functions . Factors raised to powers are called multiple functions. 

After the constant term in each factor is divided out, Eq. (11) takes on a form in which each constant 
term is unity; i.e., 

q=nqf 

r / ifl 

fp pi _ I 1/0.*', I TJ 7 I \ 0)i w , / 2 nl 

LKr J((n+r);(m+ 8 )) 


(2n) 


(s-r) 


k=nlf q=nqf 

+ '] P [('“(», 

l=dlf t=dqf 




w 


here 


( 12 ) 


k = nlf q = nq f 

0 * 0 " 


(n)(z)q 


8 i*=dlf t = dqf 

n n - 


(n)(p)t 


- - independent variable-dependent variable dimensional 

similarity factor (see section b, Definition Summary 14-1) 


1=1 


t=l 


(13a) 


Note that 

"n_ 

2ir 


Cl) T# . % Cit 


*n '(raf) _ 
2ft 


— n m P n B ^damped angular natural frequency-reference angular 
\t»t) frequency ratio (13b) 

Equation (12) is the standard factored form for the expression of rational functions when the variable is 
an imaginary quantity. Steady-state sinusoidal relating functions associated with linear integro-differential 
equations are frequently expressed in the form of Eq. (12) rather than Eq. (1). 

«) Rational f unction standard factored form 

Derivation Summary 24-1. Standard factored form for rational functions and steady-state 

sinusoidal relating functions. (Page 3 of 3) 


in terms of damping ratios and undamped angular natural frequencies by the ex¬ 
pressions in Eqs. (9a) and (9b), quadratic factors may equally well be written as 
in Eq. (10). Typical quadratic factors consist of the sum of a second power of the 
variable, a constant coefficient times the variable, and a constant term. The first- 
power coefficient is twice the damping ratio - undamped angular natural frequency 
product. The constant term is the square of the undamped angular natural fre¬ 
quency. Comparing Eqs. (7) and (10) shows that the constant term is equal to the 
product of the complex conjugate roots, while the first-power coefficient is the 
negative of their sum. 
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RATIONAL FUNCTION STANDARD FACTORED FORMS 

24.7. Factored rational functions have the general form given in Eq. (11) of 
Derivation Summary 24-1. Both numerator and denominator polynomials are 
shown expressed as the product of first- and second-order factors. Linear factors 
are written in the form of Eq. (6), while quadratic factors are expressed as in 
Eq. (10). The denominator also has a power of the imaginary variable as a factor. 
For purposes of generality, numerator factors are defined as direct functions , 
while denominator factors are termed inverse functions . Factors raised to powers 

are called multiple functions . A numerator linear factor raised to a power is 
therefore a multiple first-order direct function . 

24.8. It is necessary in the subsequent discussion to have the constant term 
in each factor equal to unity. When the rational function is a relating function 
associated with a nondimensional linear integro-differential equation, making the 
constant term equal to unity corresponds to nondimensionalizing the integro- 
differential equation to the form of Eq. (3) in Definition Summary 14-1 rather than 
the standard form of Eq. (4). The expression in Eq. (12) of Derivation Sum¬ 
mary 24-1 follows from Eq. (11). The terms in each factor are divided by a con¬ 
stant term associated with the factor. The new rational function constant coef¬ 
ficient assumes the product form of Eq. (13a). It is the dimensional similarity 
factor described in Definition Summary 14-1. The expression in Eq. (12) is defined 

as the rational fu nction st andard factored form . The properties of the standard 
factored form are: 

(a) All factors are either real linear factors or real irreducible quadratic 
factors. 

(b) In each factor, the constant term is unity. 

(c) In each factor, the variable is divided by the same constant. Generally, 

the constant divisor of a particular factor is different from the constant 
divisors of the other factors. 

24.9. The constant divisor of the variable in each factor is an important char- 
acteristic of the factor. For first-order factors, the constant divisor is equal to 
the reciprocal of 2* times the characteristic time associated with the root of the 
factor. In Eq. (5) of Derivation Summary 24-1, the negative reciprocal charac¬ 
teristic time is defined as the root of the factor. This is a zero for numerator 
rational function polynomials, or a pole for denominator rational function poly¬ 
nomials. The constant divisor for second-order factors is the undamped angular 
natural frequency associated with second-order roots of the factor divided by 2» 
Undamped angular natural frequencies are shown in Derivation Summary 20-5 to 
be equal to the magnitude of second-order factor roots. Equation (13b) shows that 
nondimensional undamped angular natural frequencies divided by 2n are equal to 
frequency ratios corresponding to the undamped natural frequencies. 
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BREAK POINTS 

24.10. The constant divisor of the variable in each factor is defined as the 
break point of the factor. Expressions for first-order factor breakpoints are 
shown inEq. (l)of Derivation Summary 24-2; expressions for second-order factor 
break points are given by Eq. (2). Break points of numerator factors are indicated 
by the subscript (num) for numerator, or (z) for rational function zero. Denominator 
factor break points carry the subscript (den) for denominator, or (p) for rational 
function pole. When no ambiguity exists, subscripts are dropped. When the con¬ 
stant divisor in each factor of Eq. (12), Derivation Summary 24-1, is replaced by 
the corresponding symbol for the break point, rational functions may be written 
in the form of Eq. (3) of Derivation Summary 24-2. First-order factors are char¬ 
acterized only by break points. Second-order factors require two parameters: 
break points and damping ratios. 

24.11. It is shown in the previous paragraph that first-order break points 
are inversely proportional to polynomial real roots. Polynomial or rational func¬ 
tion complex roots are specified by undamped angular natural frequencies and 
damping ratios. Second-order breakpoints are equal to undamped angular natural 
frequencies divided by 2 n. Break points and damping ratios, therefore, are the 
irreducible minimum number of parameters necessary to characterize a given 
polynomial or rational function in the same sense that roots characterize the given 
polynomial or that poles and zeros specify the given rational function. 

nondimensional rational functions 

24.12. The discussion in Chapter 17 shows that a steady-state sinusoidal 
rational function is a complex function with real and imaginary parts. It may also 
be written as the product of a magnitude and an imaginary exponential function, as 
in Eq. (4) of Derivation Summary 24-2. The imaginary exponent is the argument 
of the rational function; it has no dimensions. However, the rational function 
magnitude has the dimensions of the rational function. It is useful to nondimensionalize 
the rational function for later treatment. As described in section b of Derivation 
Summary 24-2, steady-state sinusoidal rational functions are nondimensionalized 

by choosing a reference amplitude ratio. The magnitude of the rational function 
may then be expressed in the form ofEq. (5) as the product of the reference ampli¬ 
tude ratio and the dynamic amplitude ratio — reference amplitude ratio ratio. 
Equivalent working variable forms are given in terms of Greek letters. 

24.13. The nondimensional rational function is defined by Eq. (7) of Derivation 
Summary 24-2 as the ratio of the rational function to the reference amplitude ratio. 

The nondimensional form is indicated by a prime preceding the symbol for the 
rational function. The constant coefficient in Eq. (3) is the dimensional similarity 
factor of the expression. From the discussion in Chapter 14 and elsewhere in the 
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text, it has been shown that the rest of Eq. (3) is without dimensions. The constant 

coefficient in Eq. (3) is therefore taken as the reference amplitude ratio. The 

nondimensional rational function form of Eq. (3) is given by Eq. (9). It consists 

only of the first- and second-order factors and the nondimensional variable raised 
to a power. 


LOGARITHMS OF RATIONAL FUNCTIONS 

24.14. The methods of graphical calculation to be described in this chapter 
use logarithmic forms of rational functions for reasons explained in later para¬ 
graphs. The logarithm of a nondimensional rational function like Eq (7) of Deri¬ 
vation Summary 24-2 is equal to the sum of the log magnitude of the rational func¬ 
tion plus the logarithm of the exponential function. However, the logarithm of an 
exponential function is the exponent itself when the log base is £. The logarithm 
of the rational function shown in Eq. (10) apparently implies that the log base is 
e. When the log base is taken equal to 10, each term on both the left- and right- 

hand sides is multiplied by a constant equal to the log of 10 to the base £ or 2 3026 * 

Inasmuch as every term is multiplied by the same constant, this constant may be 

cancelled out of the equation. The expression shown in Eq. (10) is therefore true 
for any log base. 

24.15. Since the logarithm of a product is the sum of the logarithms of the 
factors, the logarithm of the nondimensional rational function given by Eq. (9) is 
the expression in Eq. (11). This equation shows the logarithm of the rational func¬ 
tion to be the sum of the logarithms of the numerator factors minus the sum of 
the logarithms of the denominator factors. Each term in Eq. (11) is the logarithm 
of a complex number. From Eq. (10), it can be seen that the logarithm of each 
term is the sum of the log magnitude of the term and the square root of minus 
one times the argument of the term. The expanded form of Eq. (11) is shown as 
Eq. (12), where all the magnitudes and arguments of the factors are written out 
in full. The expression for the rational function log magnitude is given by 
Eq. (13a). It is the sum of the numerator factor log magnitudes minus the sum 
of the denominator factor log magnitudes. The rational function argument is 

shown in Eq. (13b) to be the sum of the numerator factor arguments minus the 
sum of the denominator factor arguments. 


generalized standard logarithmic rational function form 

24.16. An examination of the various expressions for steady-state sinusoidal 
rational functions, such as Eqs. (3), (9) and (11) in Derivation Summary 24-2 shows 
that only three basic types of functions with real coefficients occur. These are 
designated in section d of the summary as (a) degenerate first-order functions, 

See Handbook of Chemistry and Physics (81). 
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Steady-state sinusoidal rational functions are reduced to a standard factored form in Derivation Sum¬ 
mary 24-1. The general expression is given by Eq. (12) of that summary, in which the variable is the 
quantity In each factor of the rational function, the variable is divided by a characteristic constant 
of the factor, defined as the break point. For example, the break point of the k th numerator first-order 
factor in the rational function of Eq. (12), Derivation Summary 24-1, is 

kp)(num)(i)k = (M(z)(l)k = 2 „ 'r { )fc = break point °f the k th numerator first-order factor (1 
Similarly, for second-order factors, the expression for the break point is 


(Mr 


num)(2)q 


= (M (z 


)(2)q 


to (n)(z)q 
2 TT 


0(n)(z)q ■ break point of the q th numerator second- 

order factor ( 2 ) 


Denominator factors have break points indicated by the subscripts (den) or (p). 

In terms of the break point notation, Eq. (12) of Derivation Summary 24-1 may be expressed as 


k = nlf 


q= nqf 


[RF] 


((n+r);(m+s)) 


(s-r) 


>r _ 

,(bp) r 


(i^) 


(2rr) ( r> 1=dlf t^d^f -- — 

Rational functions expressed in breakpoint nota tion (3) 

Since the factors of Eq. (3) are complex numbers, each of them may be represented in polar coordinates 
by a magnitude and an argument. The rational function in Eq. (3) is a combination of complex numbers and 
is, therefore, itself a complex number for each value of the variable, as explained in Chapter 17. In sec¬ 
tion d of Information Summary 17-1, a sinusoidal relating function is represented as the product of a mag¬ 
nitude and an imaginary exponential function. Using the notation given in Definition Summary 13-6 of 
Chapter 13, as well as in Derivation Summaries 18-9 and 19-9 through 19-14, and in Definition Summary 23-1, 
rational functions derived from steady-state sinusoidal relating functions may be written as 

[RF] - (DAR)« ,(DR A) „ rj « (4) 

where 

DAR « p = dynamic amplitude ratio = rational function magnitude 
DRA « <f> = dynamic response angle -rational function argument 
Subscripts have been dropped from the rational function symbol because no ambiguity of meaning exists. 

If a reference value is chosen for the dynamic amplitude ratio, this quantity may be expressed as the 
product of a dimensional quantity and a nondimensional ratio, as in Eq. (21) of Definition Summary 13-6; 

DAR = (RAR) [(DAR)(RAR)R] - p - Pr p (5) 

where 

RAR - - reference amplitude ratio 

(DAR)(RAR)R o p = dynamic amplitude ratio-reference amplitude ratio ratio 
When the expression of Eq. (5) is substituted into the rational function in Eq. (4), the function becomes 

[RF] - (RAR)[(DAR)(RAR)R] € J(dra) „ v m (6) 

Define the nondimensional rational function as 

'[RF] . M! . [(DAR)(RAR)R].Hdra> ^ (7) 

When the reference amplitude ratio in Eq. (3) is taken as 

RAR - p t - —2 -- (8) 


1? - JL - pt'* 

Pt 


(2 rr) ( ** rl 

Derivation Summary 24-2. Reduction of steady-state sinusoidal relating functions 

to standard logarithmic forms. (Page 1 of 5) 
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then the nondimensional rational function of Eq. (3) is 


'[RF] . 1, 


T~T r <l“nqf 

Blcfc-in fej • ’Must)- 1 

‘■=dlf t=dqf " ------ 

""*• 0 kaiS=* ■] 


(9) 


(p)(»M j t = l L V '*' K/ (p)( 2 )t 
b) Nondimensional rational fu nctions 

The logarithm of Eq. (7) is 

log '[RF] - log [(DARXRAR)R] + j (DRA) . i„ g f, . log(I + ^ 

f" log <«™« - j (DRA). when tbe , ogalithm of E ,. (9) is obt . ioedi thc produc[s becon , e sums anJ 
the expression is 

k=nlf 

log [RF] « log ij 


( 10 ) 


£ - kt *'] 


q=nqf 




+ £ 

q=i 

log [A i* 

) 2 + 2 <m„ 

( i/3 > 

l> (b P>(il<2lT 

'(h p) ( 2 j j 2 )q y 


ledll 



- (s - r)log(jfi) - V'' 

loJ i0 

* ll 


1 = 1 

IM mum J 

t=dqf 




- £ 

t = l 

•og F / — i§ _' 

f * 2 <m, ( 

f i/9 \ 

[ V(bp)(p)( 2 )t > 

^ P) (p)(2)t/ 


+ 1 


] 


)*' 


( 11 ) 


Equation (10) shows the logarithm of a complex number to be the sum of the logarithm of its magnitude 

plus , times its argument. Hepce Eq. (11) is the sum of the logarithmic magnitudes plus the sum of j 
times the arguments; i.e., 


log [RF] «= log 


k ^l f /-7-k-nll 

k = 1 » '^^liKllk' V ftp)( 2 ,(,, k / 



/-- 

“ Lj Io * v 1 + ( 7t \ p V - j £ «“"Y._ £—Y 

‘- 1 » vM(p)<.,i/ {r; v^ b p>(p)(di / 


t-dqf 


t«=dqf 

“ j ? tan 
t=l 





fl 2 

+ 

/ 2 W 

L V( b p)(p)( 2 )t> 



\ ( b P^(p)(2 Jt 

r 2 ^p)t^^p)(p)(2)t 



i _£_J 

\ 2 



' (bP )(p)(2)t > 

) 




) 


( 12 ) 


Note that the sign ol the arc tangent la alwayo poeltlye fee positive hreok T l 

ir:izr °- Thu — dM -"» - ™ „ <.~,o, 
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Equation (12) is the standard logarithmic factored rational function form. 

From Eqs. (10) and (12), the log magnitude of a nondimensional rational function 


k=nlf 


log t(DAR)(RAR)R] a log p = ^ ^ log W i + ^ 


ft 

( b P)(z)(,] t 


q=nq( r~ - 

5 '•‘V 1 '(« 


(z)( 2)q 
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2 ^z)qft \ 

(M(z)(2)q / 
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-SV-( 


_ ft_ 

(b P)(p)(l 
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t edq f 

- ^ log 
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(bp) 


Cp) (2)t 


)T * ( 


2 <( P )t/3 

^p)(p)( 2 )t 


(s-r)log |/3| 
(13a) 


The argument of a nondimensional rational function is found to be 


k= nlf 


DRA *= 0 = 


k=i " b PJ(z)(i)k' 1=1 


1= d If 

tan" 1 /_£ 


(bp) 


(p)(i 


r) 


q= nqf 

£ 

qel 


■l[ 2 ^)q^ /( bp)(,H2)q 1 - V ?, ..«-»r 2C (P)«^ /(b P ) (p)(«tl_ /. n 

, _ / ft V fr' ” 7 \* " T 
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- 


^P^(p)(2)t 


(13b) 


Equation (13a) expresses the logarithm of the rational function dynamic amplitude ratio - reference am¬ 
plitude ratio ratio as the sum of the logarithms of the magnitudes of the first- and second-order function 
factors of the rational function. Equation (13b) gives the rational function dynamic response angle as the 
sum of the arguments of the component function factors. 

c) Reduction of rational functions to standard logarithmic form 


The running variable in Eqs. (3), (9) and (11) may be taken as j/9. Factors in Eqs. (3) and (9) and sum¬ 
mation terms in Eq. (11) have been arranged to have constant terms equal to unity. Where the running 
variable appears, it is divided by a constant, related to either a pole or a zero, defined as the break point 
(symbol (bp)). The k th numerator first-order function, for example, has the running variable divided by the 
quantity, l/2tr 'r (x)k , which may be represented by (bp) (z)( , )k . This concept is introduced for first-order 
functions in paragraph 18.96 of Chapter 18. The break point for a numerator second-order function is 
«%)(z)k/ 2ff » is equal to (b p) (z )(2)q , and so on. 

In addition to first- and second-order factors, Eqs. (3) and (9) show a factor in the denominator that is 
a power of the running variable. The root of the factor is zero and it has a multiplicity equal to the power 
of the factor. The corresponding term in the summation of Eq. (11) is the logarithm of the running variable 
multiplied by the power. The factor is defined as a degenerate first-order function. From the way it has 
been derived in Eq. (11), the break point of the function is unity. However, the degenerate first-order 
function may be expressed in more general terms with an arbitrary break point, as in Eq. (14), which fol¬ 


lows. 
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From Eq. (11), it is seen that, except for sign, there are three types of functions with real coefficients: 


FUNCTION 

1) Degenerate first-order functions: 


Md 


LOGARITHM OF FUNCTION 




(14a) f ( 14b) 


2) First-order functions: 


fcfc + *] 


,og v 1 +j 


“"(iBfc) a5aW,5b) 


3) Second-order functions: 






2 4- V 


(bp) 


+ jtan-»f 2 - <P/{ b P )( 2 ) ] 

d) B asic ra tional function types 


(I6a) f (l6b) 


The expression for the standard-form steady-state sinusoidal rational function in Eq. (9) may be gener¬ 
ated to use the fust- and second-order forms of Eqs. (14a), (15a) and (16a) with arbitrary exponents; i.e., 




1= n 




(17) 


The expression for the standard logarithmic form of the steady-state sinusoidal rational function in 

, may *' 11 b ' »nd second-order forms of Eqs. (14b), (15b) and 

v ivOj, i .e •, 

log '[RF] . log 1, . log/ 10 Y + V ln f r )/3 + ,-| P * 

W>PW 17l [(bp)im J 


where 


* t -[WU * 'Hrit) * 1 


(18) 


f ; p i' ^ ate arbitrary exponents that may have either positive or negative values 
[RF] is a rational function only when theke exponents are integers 

(bp),,, ‘ ‘ , a Lr«W 2 "' r '- (s '' a - ond 

(bpW ' (s " — 

A dev ' 1 »P"’«" 1 ■« 'bat loading ,o Eq. (13a) shows that rhe magnirude of Eq. (18) is 
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The argument of Eq. (18) is 

i= n 

DRA ta <fy — Ul + ^ ^ 


k= m 


tan 


1=1 


' (fife) • S 


2 4/3/(bp) 


1 "W.J 


(2)lc 


(19b) 


e) fe nero/, * et/ standard logari thmic steadystoto sinusoidal rational function form 

Each term in the summations of Eq. (19a) may be plotted with the log frequency ratio as the abscissa 

and the loganthm of the magnitude of the term as the ordinate. Similarly, each term of Eq. (19b) may be 

plotted with the log frequency ratio as the abscissa and the argument of the term as the ordinate. These are 
are defined as the log frequency plots of the function. 

F°, .xampU, the log frequency plots of the steady-state sinusoidal characteristics associated with the 

(0;0, ) equation shown in Fig. 18-9 may be identified as those of an inverse first-order function. Similarly 

the plots associated with the <0;0,1,2) equation given in Figs. 19-34 and 19-35 represent inverse second- 
order functions. 

When the log frequency plots that are associated with the function terms in Eqs. (19a) and (19b) are all 
drawn to the same scale, a graphical construction is indicated for logarithmic representation of rational 
functions having imaginary running variables. The log magnitude plot associated with '[RF](j/9) can be 
constructed by the purely graphical means of adding the ordinates of curves representing the log magni¬ 
tude component functions as indicated by Eq. (19a). The same graphical procedure may be used to obtain 
the argument plot of lRFJ(j ft) from the component function argument curves corresponding to Eq. (19b). 

The general principle of this method of graphical calculation may be stated in the following way: 

When the log frequency plots representing function terms in the standard logarithmic 
rational function form are drawn to the same scale, the log frequency plots associated 

with the rational function may be obtained by adding ordinates of the component func - 
lion log frequency plots. 

f ) Principe of the graphical construction of rational fun ction plots 

Derivation Summary 24-2. Reduction of steady-state sinusoidal relating functions 

to standard logarithmic forms. (Page 5 of 5) 

(b) first-order functions, and (c) second-order functions. The general expression 
for each function type and its logarithmic form are given by Eqs. (14), (15) and (16), 


respectively. The standard logarithmic steady-state sinusoidal rational function 
in a generalized form is the logarithm of a degenerate first-order function plus 
a summation of the logarithms of first-order functions and a summation of the 
logarithms of second-order functions. Each function may be raised to a power, 
as shown in Eq. (18). For rational functions, the powers in Eq. (18) must be 
either positive or negative integers. The log magnitude of the generalized rational 
function is given by Eq. (19a), and the argument by Eq. (19b). Direct functions are 
associated with positive exponents, while inverse functions are indicated by nega¬ 
tive exponents. The various functions are distinguished one from the other by 
their respective break points and damping ratios. 


PRINCIPLE OF GRAPHICAL CONSTRUCTION OF RATIONAL FUNCTIONS 

24.17. The basis of graphical calculations of nondimensional steady-state sinus¬ 
oidal rational functions has now been established. The results of the calculations 
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are represented by plots that show how the rational function log magnitude and argu¬ 
ment vary with log frequency ratio. For this reason, they are defined as iog fre¬ 
quency plots. Section f of Derivation Summary 24-2 describes a useful guiding 
principle in graphical construction: K 

When the log frequency plots representing function terms in the standard logarithmic 

rational function form are drawn to the same scale, the log frequency plots assoc.ated 

wtlh the rational function may be obtained by adding ordinates of the component log 
frequency plots. 

Log frequency plots may be calculated for each of the terms in the generalized 
standard logarithmic rational function form of Eq. (17) in the summary For ex¬ 
ample log frequency plots are given in Chapters 18 and 19 for first- and second- 
order functions. The curves in Figs. 18-9, 18-11, 18-13, 18-14 19-34 19-35 

variou “T 39 '/ 9 ' 45 ^ 19 ' 53 are aU pIotted to the same scale. These represent 
various simple representative combinations of the standard function types in 

section d ofDer,vationSummary24-2. The log magnitude curves and the argument 

curves of the rational function factors are plotted individually. Log magnitude 

curves are summed graphically to give the log magnitude of the rational function 

A similar operation is performed upon the argument curves. Detailed procedures 

are described in the remainder of the chapter for situations of different degrees 
of complexity. 6 

recommended d.mensions for the scales of log frequency plots 

24.18. The coordinates of log frequency plots associated with rational func- 

uons 3r© * 

1) Ordinate: log dynamic amplitude ratio - reference amplitude ratio ratio- 
abscissa: log frequency ratio 

log [(DARMRAR)R] . log g versus log (FR) . i og p (24 ! > 

2) Ordinate: dynamic response angle; abscissa: log frequency ratio 

„ DRA " * versus log (FR) . log p 

It is the practice in the illustrations of this chapter to use the left-hand ordinate 
to represent the log dynamic amplitude ratio - reference amplitude ratio ratio 
and to draw the associated curve as a solid line. The right-hand scale is used for 
the dynamic response angle, and the associated curve is drawn as a dashed line 
A curves associated with log frequency plots of rational functions are constructed 
with the base 10 used for calculating logarithms. The basic logarithmic scale 
unit is defined as the Logarithmic Ratio Unit, abbreviated as LORU. The dimen- 

s ons and arrangement of the scales are given in Fig. 24-1. They have been selected 

and 2 3 0 d" iEinaldraWingS ° f the frequency plots one loru equals 2.5 inches 

inch ^ re6S 0,16 inCh ' Th6Se dimenSi0ns are 'hosen to accommodate 

ch-scale cross-sect,on paper, readily available from commercial sources in any 
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Dynamic amplitude ratio - reference amplitude ratio ratio [<dar)<rar)r] 



log (FR) = log /3 (lorus) 



Fig. 24-1. Recommended dimensions for scales. 


size, with rulings of 20 degrees to the inch. All the illustrated log frequency plots 
have been reduced exactly one-half, to have the dimensions of 1.25 inches per loru 
and 40 degrees per inch. 

24.19. An effort has been made to maintain consistency in the dimensions of 
all plots and graphical aids so that quantities may be transferred graphically from 
one chart to another as required, without reduction to numerical values. When 
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lamic response angle dra 



antilogarithmic values are required, they may be obtained from the logarithmic 
scales included on the edge of the charts, or by use of LORU scales especially 
constructed for this purpose. A typical LORU scale is shown in Fig. 24-2. 



Fig. 24-2. Two-cycle loru scale. 

DIRECT FIRST-ORDER FUNCTIONS 

24.20. The log dynamic amplitude ratio - reference amplitude ratio ratio 
plot and the dynamic response angle plot associated with direct first-order func¬ 
tions given by Eq. (15a) of Derivation Summary 24-2 are calculated from the 
expressions in Eq. (15b); i.e., 

logC( dar)(rar)r] ( , } „ iog M(l) . ± log h + (24 . 3) 


iog/1,,, - i log fi + 




(24-3) 


(DRA) n , - 0 m - tan 


Xbp) 


hr) 


(24-4) 


24.21. The curves described by Eqs. (24-3) and (24-4)for positive coefficients 
of the function are shown in Figs. 24-3 and 24-4, in which the abscissa is the 
logarithm of the frequency ratio. The properties of the plots of the direct first- 
order function are listed in the following tabulation and may be verified from the 
figures as well as from the defining equations. 

~ Range of Variable Log,,,, Plot Pl ot 

log 0 « log (bp) (I1 log,,,, —0 0 degrees 

log p = log (bp),,, log,,,, = logV2 = 0.1505 = 45 degrees 

log p » log (bp),„ log,,,, —log p -log(bp),,, 90 degrees 


0,1, Plot 

♦ 0 degrees 
= 45 degrees 
-►90 degrees 


“ BER DYHAM ' C AMPUTUDE R *™-REFERENCE AMPLITUDE RATMo"^’ 

24.22. The properties of the first-order dynamic amplitude ratio - reference 

amplitude ratio ratio curve (log [<DAR)(RAR)R] curve) show that it is asymptotic to 

two straight lines. For very small values of log p, the straight line defined by the 
equation 

_ log t(DAR)(RAR)R] .» log /i = 0 with slope = 0 (24-6) 

• The symbol (bp), as used in this chapter, stands for the abscissa value of the break point. 
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is the asymptote of the curve. On the other hand, when log/3 becomes very large, 
the straight line 

log [(DAR)(RAR)R] « log n = log /9 - log (bp) m with slope = +1 (24-7) 

is the asymptote. The point of intersection of the two asymptotes has the co¬ 
ordinates 

log [(DAR)(RAR)R] « log/i = 0 ; log /9 = log(bp) m (24-8a), (24-8b) 

For this reason, the descriptive name " break point ,"* with the associated symbol 
(bp) ,** has been coined to designate it. The straight line defined by Eq. (24-8b) 
is called the line of the break point. 


DIRECT FIRST-ORDER DYNAMIC RESPONSE ANGLE CURVES 

24.23. The preceding tabulation (24-5) shows that the first-order dynamic 
response angle curve has parallel asymptotes for the extreme values of the vari¬ 
able, in contrast with the intercepting asymptotes of the log dynamic amplitude 
ratio — reference amplitude ratio ratio curve. The curve is symmetrical about 
the break point in that the portion of the curve between log p equal to minus infinity 
and the line of the break point has a shape identical with the portion extending from 
the line of the break point to plus infinity. The value of the dynamic response 
angle at the break point is 45 degrees for positive coefficients of the function. 

24.24. It should be noted that the shape properties of the first-order function 
plotted in logarithmic coordinates as in Figs. 24-3 and 24-4 are characteristic of 
the first-order form of the function. The breakpoint value, (bp) m ,** serves only 
to locate the curve with respect to the abscissa. Any single point of the curve 
could so locate it, but because of the mathematical connotations of the break point, 
as well as its simple geometric property, the break point has been chosen to define 
a given first-order function. The plots associated with two first-order functions 
with distinct break points are identical except for the location of the line of the 
break point for each function, and therefore the location of each curve on the chart. 
This characteristic of the shape properties is closely related to the definition of 
a first-order function by a single root as may be seen from Eqs. (3), (5) and (12) 
of Derivation Summary 24-1. 

FIRST-ORDER PROFILES 

24.25. The uniqueness of the shape of the first-order function is the basis of 
a straightforward procedure for calculating and plotting the curves associated 
with any rational function comprised of first-order forms with real coefficients. 

If two profiles are prepared for the case when (bp),,, is equal to unity, one to 
represent the log p vs log p curve, and the other to represent the <f> vs log p curve, 

• See Brown and Campbell (6). 

•• See footnote for Eq. (24-3). 
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as shown in Fig. 24-5, then the plots associated with any simple first-order func¬ 
tion may be obtained by tracing the appropriately located profiles on cross-section 
paper with the recommended rulings. 

24.26. Such profiles have been prepared at the Instrumentation Laboratory 

Massachusetts Institute of Technology. They are made of transparent plastic 

material, to the recommended scales of 2.5 inches per loru and 20 degrees per 

inch, and with an engraved line on each profile to indicate the line of the break 

point. To plot the log dynamic amplitude ratio - reference amplitude ratio ratio 

curve associated with a direct first-order function, place the first-order 

[(DARKRAR)R] profile on the cross-section paper, aligning the line of the break 

point of the profile with the line of the break point on the cross-section paper that 

corresponds to the selected first-order function. Adjust the profile to conform 

with the asymptotes described in the preceding tabulation (24-5), and trace the 
outline on the paper. 

24.27. To plot the dynamic response angle curve associated with a direct 
first-order function, place the first-order dynamic response angle profile on the 
cross-section paper, aligning the line of the break point on the profile with the 
line of the break point on the cross-section paper that corresponds to the selected 
first-order function. Locate the mid-point line engraved on the profile so that it 
coincides with the 45-degree ordinate, and the tips so that me is coincident with 
the zero-degree line for small values of log ft and the other is coincident with the 
90-degree line for large values of log f ). Trace the outline on the paper. 


INVERSE FIRST-ORDER FUNCTIONS 

24.28. The plots associated with the inverse first-order function 

(24_9) 

are very similar to those of the direct first-order function. The properties of 

this function are given in the following tabulation for positive coefficients of the 
function. 


Range of Variable 

Log (i ( . n Plot 

s6 ( . n Pl°t 

log « log(b P ) ( . n 
log£ = log (bp)J.,, 

log /3 » log (bp),.,, 

!og 0 

l°g(V,i = - logV2 = -0.1505 
log -[log ,3- log (bp),.,,] 

0,.,, —► 0 degrees 
= “45 degrees 

-90 degrees 

The straight lines 

(24-10) 


and 


log [(DAR)(RAR)R] - log p = 0 with slope = 0 


(24—1la) 


log C(DAR)(RAR)R] • loge - - [log 0 — log (bp) H) ] with slope = -1 (24-llb) 

are the asymptotes of the log dynamic amplitude ratio - reference amplitude ratio 
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(sruoj) rl 2oj = [H(MVM)Oiva)] 8oj 



r1 ~ [uoiVHKHVa)] oijbj ohbj apnjijduJE doudjdjdj — oijbj opnjijduiE oiuibuXq 
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Nondimensional frequency ratio fr « 

24-3. Plot of .he leg dynamic amplitude ratio - reference amplitude ratio ratio associated with the 

first-order binomial [l + j/3/(bp) (1) ]. 



<f> « VHQ ajSuB osuodsoj diujbuXq 
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Fig. 24-5. Examples of first-order profil 





ratio curve. Again, the point of intersection of the asymptotes is the point 
(log m = 0, log p = log (bp) ( . 1} ), and the line 

lo g0 = log (bp) ( _,, (24 - 12) 

is the line of the break point for the inverse first-order function. 

24.29. The plots associated with the inverse first-order function, shown in 
Figs. 24-6 and 24-7, are constructed with the use of the first-order profiles by 
observing the properties listed in the preceding tabulation (24-10) and the asymp¬ 
totes given by Eqs. (24-lla) and (24-llb). 

24.30. The inverse first-order function is discussed in Chapter 18 in con¬ 
nection with the steady-state sinusoidal response of the (0,0,1) equation. 


RATIONAL FUNCTIONS OF FIRST-ORDER FACTORS 

24.31. The log frequency plots associated with the rational function that is 
the ratio of two first-order functions are shown in Figs. 18-13 and 18-14. The 
form of this function is given by the equation 


where 




1 + j/3 [(bp) R] 

Mm, 




(24-13) 


[BPR] - 



v - breakpoint ratio 


(24-14) 


24.32. As an example of the use of first-order profiles for constructing log 
frequency plots, consider (bp),,, as equal to unity and (bp),.,, as equal to ten. The 
breakpoint ratio, v , is therefore ten. The steps in the construction of the log dyna¬ 
mic amplitude ratio - reference amplitude ratio ratio plot and the dynamic response 

angle plot for [RF],,.,, (see Fig. 24-8) are: 


1) Locate the lines of the break points. 


For the numerator, log/9 = log (bp) (1J = log 1 = 0 

For the denominator, log/9 = log (bp) ( I) = log 10 = 1 

2) With the use of the first-order function profiles, trace the logt(DAR)(RAR)R] 

and(DRA),,, plots associated with the direct first-order function that re- 
presents the numerator. 


3) With the use of the first-order function profiles, trace the log[(DAR)(RAR)R] 
and(DRA),.,,plots associated with the inverse first-order function thatre-" 

presents the denominator. 


4) Add the ordinates of the two log [(DAR)(RAR)R] plots of the first-order 
functions and connect the points so obtained by a smooth curve. This is 
the log [(DAR)(RAR)R] plot of the given rational function. 

5) Add the ordinates of the two (DRA) plots of the first-order functions and 
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«£ = log (bp). 
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Nondimensional frequency ratio fr = £ 

Fig. 24-6. Plot of the dynomic omplitude rotio - reference omplitude rotio ratio ossocioted with the 

first-order binomial [i + j/S/(bp) M ,]’ 1 . 








lo zP< log (bp) (1 



0 » vmq asuodsaj dtuibuAq 
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Nondimensional frequency ratio fr = ^3 
Fig. 24-8. Log frequency plots associated with the ratio of two first-order functions 









connect the points by a smooth curve. This is the (DRA) plot of the given 
rational function. 

This technique can be extended to the construction of the plots associated with a 

rational function equal to any arbitrary combination of factors as is shown in the 
sections that follow. 


DEGENERATE FIRST'ORDER FUNCTIONS 

24.33. Functions that are powers of the variable j /9 may be regarded as first- 
order functions. They are represented by the sloping straight-line asymptotic 
portion of first-order functions. 

24.34. For a direct degenerate first-order function which is equal to the 
variable j 0 , the logarithmic dynamic amplitude ratio - reference amplitude ratio 
ratio and dynamic response angle are: 

log [(DAR)(RAR)R] (0J * log ^ (0) = log/3 straight line of slope + 1 passing through 

the point (log n = 0; log/9 = 0) (24-15a) 

(DRA)« 0 , - ^(-o) = 90 degrees (24-15b) 

For an inverse degenerate first-order function, which is equal to the inverse 
variable l/j/3 , 

log[(DAR)(RAR)R] ( ^,-log/i ( . 0) = -log£—►straight line of slope - 1 passing 

through the point (log/* = 0; log/9 = 0) 

(24—16a) 

(DRA)(_ 0 , - 0(_ o) = - 90 degrees (24-16b) 

For ann th -order multiple degenerate first-order function, which is equal to (j/ 9 ) n , 

log [(DAR)(RAR)R] (oHn , - log /i (0)(n) = n log /9 (24-17a) 

(DRA) (0) ( n ) - 0( O )(n) = n tan ‘ (^j = n (90 degrees) 

If n is equal to plus two, the plots associated with (j/ 9) 2 are 
log[(DAR)(RAR)R] (0)(2J -log ^ (0)(2J = 2 log/ 3 —►straight line of slope + 2 passing 

through the point (log ? = 0 ; log /9 = 0 ) 

(DRA) (0)(2) - 0 IO)(2) = + 180 degrees (24-18b) 

If n is equal to minus two, the plots associated with (j/ 9)' 2 are 

logt(DAR)(RAR)R] ( ^ J(2 j - log/i { . 0)(2) = -2 log p —►straight line of slope -2 passing 

through the point (log P = 0 ; log/ 9 = 0 ) 

<DRA),. 0 ) (2) - * ( . 0)m = -180 degrees (24-19b) 

24.35. Plots of the functions noted in the preceding paragraph may be con¬ 
structed with a straight edge. It can be seen that the break point is that value of 

the Variable /9 at which „ ,, . * 

0 - (bp) (0 , or = i 

M,o, 


(24-17b) 


(24-20) 
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The "break point" of degenerate first-order functions is taken as the point where 
the variable $ is equal to unity. Figure 24-9 shows examples of degenerate first- 
order functions for which the break point is equal to one. Generally the break 
point may have an arbitrary value, as in Sample Calculation 24-2. 


DIRECT SECOND-ORDER FUNCTIONS 

24.36. Second-order steady-state sinusoidal relating functions are discussed 

in Chapter 19, where log frequency plots of several second-order equations are 
illustrated in Figs. 19-34,19-35, 19-38, 19-39, 19-45 and 19-53. In all cases, the 
plots show families of curves that vary with the damping ratio. 

24.37. The direct second-order function, represented by the expression 

(TbtJ + 2 <(b£-) + 1 (24-21) 

is characterized by two parameters: the damping ration, and the breakpoint value 

(bp) (2) . The break point for a second-order function is defined as the value of 0 
for which 


(bp) 


( 2 ) 


(24-22) 

24.38. For each value of the damping ratio, second-order steady-state si¬ 
nusoidal relating functions are represented by a pair of curves: one for the dynamic 
amplitude ratio - reference amplitude ratio ratio, and another for the dynamic re¬ 
sponse angle. Variation of the damping ratio is associated with a variation of the 
pair of second-order steady-state sinusoidal relating function curves. The dy¬ 
namic amplitude ratio - reference amplitude ratio ratio family of curves is 
represented by the expression 


log [(DAR)(RAR)R] m 



Dynamic response angle curves are given by the relationship 



(24-24) 


Properties of the direct second-order function, derived from these equations, are 
given in the following tabulation for positive coefficients of the function: 


Range of Variable 

Log M, 2 ) Plot 

<i ( 2 ) Plot 

log p « log (bp) (2 , 
log ft = log (bp), 2 j 
log 0 » log (bp) (2J 

log ,i m — 0 

log /i (2| = log 2 ^ 

log - 2 [ log 0 - log(bp) m ] 

0 (2J 0 degrees 

= 90 degrees 

0 (2) —180 degrees 


(24-25) 
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DIRECT SECOND-ORDER DYNAMIC AMPLITUDE RATIO - REFERENCE AMPLITUDE RATIO 
RATIO AND DYNAMIC RESPONSE ANGLE CURVES 

24.39. The tabulated limit values of direct second-order log [(DAR)(RAR)R] 
curves show that they are asymptotic to two straight lines. For very small values 
of log p , they are asymptotic to the line defined by the equation 

log [(DAR)(RAR)R] = log ^ = 0 with slope = 0 (24-26) 

For large values of the variable, the asymptote is the line 

log [(DAR)(RAR)R] - log /i = 2(log p - log (bp) (2) ) with slope = +2 (24-27) 

The point of intersection of the asymptotes is the break point. Asymptotic values 
of direct second-order dynamic response angle curves are listed in the preceding 
tabulation. The asymptote approaches zero degrees for very small values of the 
variable, and 180 degrees for very large values. It is equal to 90 degrees at the 
break point. The limiting values of the dynamic response angle curve are noted 
in Fig. 24-10, which is drawn for a damping ratio of 0.2. The companion dynamic 
amplitude ratio - reference amplitude ratio ratio curve is shown in this same 
figure. 

24.40. The shape properties are characteristic of the second-order form of 
the function for each damping ratio. Again, as for first-order functions, the break 
point serves only to locate the curve with respect to the abscissa. Plots for 
damping ratios less than one are unique and cannot be constructed from first- 
order function curves. Construction of plots associated with rational functions of 
first- and second-order functions is facilitated by the use of profiles of the second- 
order functions, in addition to the first-order function profiles previously men¬ 
tioned. A pair of second-order profiles for the damping ratio equal to 0.2 is 
pictured in Fig. 24-11. 

SECOND-ORDER PROFILES 

24.41. Second-order profiles, as well as first-order profiles, have been pre¬ 
pared at the Instrumentation Laboratory, Massachusetts Institute of Technology.* 
They are constructed of transparent plastic material, to the recommended scales 
of 2.5 inches perloruand 20degrees per inch. Each log dynamic amplitude ratio- 
reference amplitude ratio ratio profile has a breakpoint line engraved upon it. 
Each second-order dynamic response angle profile has a breakpoint line and a 
90-degree line engraved upon it. It is not feasible to have profiles available for 
all possible values of the damping ratio. Instead, a discrete number have been 
made for representative values of the damping ratio, ranging from 0.05 to 1.0. 
There are in all twenty-six profiles (see Fig. 24-12), two for the first-order func¬ 
tion and twenty-four for the second-order function. If it is necessary to have the 
plots of a second-order function for a value of the damping ratio intermediate 

• Profiles of this type arc now commercially available. 
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Dynamic amplitude ratio — reference amplitude ratio ratio (DAR)(RAR)R 
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Fig. 24-10. Plots associated with the direct second-order factor [i + 2 j <«/( bp) 

for < - 0.2. 
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24-11. Examples of second-order profiles. 
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ig. 24-12. First- and second-order profiles. 
















































































between two for which profiles are available, it is suggested that the plots be con¬ 
structed by interpolation. There is one critical point in the log dynamic amplitude 
ratio - reference amplitude ratio ratio plot, namely its maximum value and the 
value of the frequency ratio at which it occurs. These values can be obtained from 
Figs. 19-31 and 19-32 as a function of the damping ratio. 

24.42. To construct the log frequency plots associated with a given second- 
order function, select the pair of profiles whose damping ratio is nearest in value 
to that of the given function. Place the log dynamic amplitude ratio - reference 
amplitude ratio ratio profile on cross-section paper with the recommended rulings, 
aligning the line of the break point of the profile with the line of the break point on 
the cross-section paper that corresponds to the given function, and adjust the pro¬ 
file so that it conforms to the asymptotic values specified in the preceding tabula¬ 
tion (24-25). Trace the outline on the paper. Repeat the procedure with the dy¬ 
namic response angle profile, adjusting the profile so that for low values of the 
abscissa frequency ratio, the angle becomes zero degrees, and for high values of 
the abscissa frequency ratio, the angle becomes 180 degrees. Check the adjust¬ 
ment by means of the engraved 90-degree line. 


INVERSE SECOND-ORDER FUNCTIONS 

24.43. The plots associated with the inverse second-order function 


1 + 2 < 


wy * wyf 


(24-28) 


are very similar to those of the direct second-order function just outlined. The 
inverse function, like the direct one, is defined by the damping ratio. The as¬ 
sociated plots are located with respect to the abscissa by the breakpoint value 
(M(. 2 ) • The properties of the inverse function comparable to those of the direct 


second-order function are given in the following tabulation for positive coefficients 
of the function: 


Range of Variable 

Log M( . 2) Plot 

*(.» Plot 

log/9 « log(bp),_ 2) 
log/3 = log(b P ) { . 2) 

log 0 » log (bp) ( . 2) 

1{ * 0 
log #*(. 2 , = - log 2 £ 

log ^,. 2 , —— 2[log/3 -log(b P ) ( . 2 J 

<£,. 2 ) —- 0 degrees 
^<- 2 ) = -90 degrees 

0 ,. 2) —•- -180degrees 


(24-29) 


The asymptotes of the log [(DAR)(RAR)R] (2) plot are the straight lines 

log fi =0 with slope = 0 (24-30a) 

log n = -2[ log p - log (bp) ( . 2) ] with slope = -2 (24-30b) 

These curves are illustrated in Fig. 24-13, which is drawn for a damping ratio of 
0.2. They are constructed from second-order profiles by means of the procedure 
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Fig. 24-13. Plots associated with the inverse second-order factor [i + jj£/?/(bp) ( 2) - /3 2 /(bp) ( 2) ] 

for < - 0.2. 
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previously described, taking into account the limiting conditions listed in the pre- 
ceding tabulation (24-29). 


RATIONAL FUNCTION LOG FREQUENCY PLOTS 

24.44. Log frequency plots associated with any steady-state sinusoidal non- 
dimensional rational function may be constructed from first- and second-order 
profiles by using the principle expressed in section f of Derivation Summary 24-2. The 
technique is readily described by referring to Eq. (18) of that summary, where the 
logarithmic form of the function is written in the most general form. The equation 

shows the logarithmic form of steady-state sinusoidal relating functions that are the 

sum of the logarithm of a degenerate first-order function plus a sum of logarithms of 
first-order functions plus a sum of logarithms of second-order functions. The 
various functions are raised to powers that may be positive or negative, integral or 
fractional. When the powers are integral, Eq. (18) represents a rational function. 
However, the plotting procedure is equally applicable to the more general case. 

24.45. Degenerate first-order function log frequency plots are obtained with 
straight edges, as shown in Fig. 24-9. First- and second-order function log fre¬ 
quency plots are traced from the profiles suitable for each function. The method 
for locating and combining these curves is outlined in Procedure Summary 24-1 

24.46. Figures 24-14 and 24-15 are two examples of rational function log 
frequency plots constructed with profiles. The detailed steps in the construction 
are included in the sample calculations associated with these two figures, in order 
to illustrate the procedure (see Sample Calculations 24-1 and 24-2). The examples 
are used to illustrate other applications of the graphical methods in this chapter. 

As has been noted, the subscript on the breakpoint symbol (bp) in the previous para¬ 
graphs indicates the order and character of the associated function. The subscript 
in parentheses indicates the order of the break point; that is, it indicates whether 
the break point is degenerate first order, first order, or second order. The sec¬ 
ond subscript associates the break point with a given factor. 


ASYMPTOTIC APPROXIMATION OF A LOG DYNAMIC AMPLITUDE RATIO - REFERENCE 
AMPLITUDE RATIO RATIO CURVE 

24.47. When a simple approximation of the log [(DAR)(RAR)R] curve is suf¬ 
ficient, it may be obtained by sketching in for each factor the asymptotes described 
in previous paragraphs, and summing the ordinates of the asymptotes. In this 
procedure, the break points are calculated and located as before, and each 
log [(DAR)(RAR)R] curve is represented by the two asymptotic lines of the ap¬ 
propriate slopes intersecting at the break point. Figure 24-16 is an example of 
the asymptotic approximation of the log [(DAR)(RAR)R] curve for the illustrative 
function [RF], , which is shown more exactly in Fig. 24-14a. 
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Log frequency plots associated with steady-state sinusoidal rational functions may be constructed from 
first* and second-order profiles by the following procedure: 

1) Factor the rational function into first- and second-order functions, as in Eq. (11) of Derivation 
Summary 24-1. (An alternative procedure to factoring is described in Procedure Summary 24-3.) 

2) Reduce the component functions to the standard form of Eqs. (14), (15) or (16) of Derivation 
Summary 24-2, with the constant term of each factor equal to unity. 

3) Nondimensionalizc the terms of the factors by the selection of a suitable reference period, T (r( , ))t 
or reference frequency, rij ref j. The running variable becomes the nondimensional frequency ratio, 
ft, equal to n f /n (rej j. The choice of the reference period depends upon the particular application. 

4) Select a reference dynamic amplitude ratio and extract the nondimensional rational function, as 
in Eq. (9) of Derivation Summary 24-2. 

5) Calculate the break points of each function, either in uniform or logarithmic units. 

6) Locate and mark the lines of the break points of the functions. 

7a) Trace the log dynamic amplitude ratio-reference amplitude ratio ratio curve for each factor, using 
the appropriate profile. Each profile is located by the break point associated with the function. 

7b) Sum the individual log dynamic amplitude ratio - reference amplitude ratio ratio curves with 
dividers or other suitable means. Join the points to get a smooth curve representing the log dy¬ 
namic amplitude ratio - reference amplitude ratio ratio log frequency plot of the given function as 
represented by Eq. (19a) of Derivation Summary 24-2. 

8a) Trace the dynamic response angle curves for each factor using the appropriate profile located by 
the break point. 

8b) Sum the individual dynamic response angle curves. Join the points to get a smooth curve repre¬ 
senting the dynamic response angle log frequency plot of the given function as represented by 
Eq. (19b) of Derivation Summary 24-2. 

Procedure Summory 24-1. Construction of log frequency plots for steady-state sinusoidal 

rational functions from profiles. 


FUNCTIONS OF RATIONAL FUNCTIONS 

24.48. A method for the graphical construction of log frequency plots asso¬ 
ciated with a nondimensional rational function is described in the preceding discus¬ 
sion of this chapter. As given by Procedure Summary 24-1, the nondimensional 
rational function is factored into standard forms for which log frequency profiles 
are available. The procedure uses the standard logarithmic form of the function, 
expressed as a sum of the logarithms of the rational function factors. It is fre¬ 
quently necessary to obtain log frequency plots of functions of rational functions 
when factoring into standard forms is neither feasible nor desirable. Most generally 
these functions are the ratios of sums of rational functions. The general expres¬ 
sion for this type of function is 

£ [RF],U> 

[GF] (A) --±=1- (24-31) 

£ [RF], (X) 

1-1 

= k th numerator rational function 
= i^ denominator rational function 
= general function of rational functions 


where [RF] k 

[RF], 

[GF] 
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Dynamic amplitude ratio - reference amplitude ratio ratio <darxrar)R 



Nondimensional frequency ratio fr « fi 


Fig. 24-14a. Plot of the log dynamic amplitude ratio-reference amplitude ratio ratio associated with the 

illustrative function [RF],(j0). 













0.01 0.1 1 jQ 

Nondimensional frequency ratio fr » £ 

Fig. 24-14b. Plot of the dynamic response angle associated with the illustrative function [RF], (j/9). 
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Let the given rational function be 


[RF] 


(I) (4 ; 1) = a \ 


[l + (CT)j JO) f ] 


where 


(j<y f ) [l + (CT) 2 j&i f ] 1 + 2£ 3 - fo + 

L <U (n)3 V*W 


200 


0.2 


(CT), = 2 x 10* 1 second 
(CT), = 4.35 x 10‘ 4 second 


<t>( n ) 3 = 400 radians per second 


T _ 2 rr 

(n) 3 ~ -- 


1.57 x 10 ’ 2 second 


(n)3 


Log frequency plots associated with the rational function in Eq. (1) are obtained graphically by apply¬ 
ing the method of Procedure Summary 24-1 and Derivation Summaries 24-1 and 24-2: 

A. The rational function of Eq. (1), as given, is factored into first- and second-order component func¬ 
tions reduced to standard form. The first two steps of Procedure Summary 24-1 are not necessary in this in¬ 


stance. 


B. Apply step 3 of Procedure Summary 24-1. Take T( re{ j *= 10* 2 second so that n( re £) «= 10 2 cycles 
per second and 6>( re f) =2rr x 10 2 radians per second. The frequency ratio is 

/9 = = _!!<_ = L-il (2) 


(ref) 


(ref) 


The given rational function becomes 
t RF ^(I)( 4 ;l) 

1 + (2ff(CT), 


- <J\ 


.(' ^)1 [■ * 35 0 *) (£;)'] 


In terms of breakpoint notation, Eq. (3) may be written in the form of Eq. (3) in Derivation Summary 24-2; 


i.e., 


f] ( i)(4 ;1 


2rr n. 


_ l _ 

L( b P)( 0 )oJl- ( b P)(l> 2 J L (b P)<2>3 \^ b P )(2 )3' 


Break points are evaluated after the next step. 

C. Applying step 4 of Procedure Summary 24-1, take 


2 rrn 


0.32 


- 0.5 loru = RAR - p f 


(rof) 


The nondimensional part of the rational function in Eq. (4) is 


= reference amplitude ratio 


^ F](,,( 4 ; 1} = 


r 1 + _j£_i 

L M mi J 


r_j£_iri + _i£_i h + 

l(bp) ( o,oJl < b p)(i,a J 


2 <3 


(bp) 


(2)3 


4 ( —i£_V 

\ (bp)( 2)3 / 


From Eq. (17) of Derivation Summary 24-2, the generalized standard form of Eq. (5) is: 


' [RF] '-y 


( 0)0 


[n-!g-iri + —i/L-T'fi^, 
l (MmJ L < b P >(»)2 J . 


(bp) 


(2)3 


( ii-Vl' 1 

\( b p)#2»3 / . 


D. Step 5 in Procedure Summary 24-1 is to calculate the break points of Eq. (5) or Eq. ( 6 ): 
(bp)( 0)0 = break point of inverse degenerate first-order function « 1 ► 0 loru 


Sample Calculation 24-1. Construction of Fig. 24-14: Plots of the dynamic amplitude ratio- 
reference amplitude ratio ratio and dynamic response angle associated with the function 

'(R F],(j/3). (Page 1 of 2) 
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p)(1)1 = break point of direct first-order function 


1 


2rr(C T). n 


1 


6.28(2 x 10"*) 10' 2 


— = 0.008 


-2.1 lorus 


Mm 


(bp) 


(2)3 


1 "(ref) 

break point of inverse first-order function 

1 = _ 1 _ 

2rr(CT) 2 n (re j j 6.28(4.35 x 10* 4 )10 2 

break point of inverse second-order function 

T 


0.564 ioru 


Ci* 


(n) 3 


^(nHref) 


( n)(ref) 
(n) 3 


1 


(1.57 x 10" 2 ) 10 


— 0.2 loru 


E. The rest of the steps in Procedure Summary 24-1 are continued on Figs. 14a and 14b as follows: 

1) Locate and mark the lines of the break points. 

2) Label each break point. 

3) Locate the first-order log P profile on Fig. 14a. aligning the line of the break point of the profile 
with (Dp) (1)l (at log ft = - 2.1 lorus), the line of the break point of factor 1 given on the chan. 
Make sure the profile conforms with the asymptotes associated with direct first-order functions 
(see paragraph 24.22). Trace the profile when it is in position. 

4) Repeat step 3 for factor 2. Make sure the profile conforms with the asymptotes associated with 
inverse first-order functions (see paragraph 24.28). 

5) Using a straightedge, draw a line of slope = -1 through the break point (log/? = 0) to represent 
the log n plot associated with the factor (j/3)* 1 . 

6 ) Locate the second-order log p profile defined by < = 0.2 on Fig. 14a, aligning the line of the break 
point of the profile with the line of the break point of factor 3 (log/3 = -0.2) on the chart, conform¬ 
ing to the asymptotes of inverse second-order functions (see paragraph 24.43). 

7) With dividers, add up the ordinates for each value of log ft, to obtain the logp versus log ft curve. 

8 ) Repeat steps 1 through 7 for the dynamic response angle curve. 

In this example, the log dynamic amplitude ratio - reference amplitude ratio ratio and dynamic response 
angle plots have been constructed on separate charts for clarity. However, it is customary to draw both 
plots on one chart (sec Sample Calculation 24-2 and Fig. 24-15). 

Sample Calculation 24-1. Construction of Fig. 24-14: Plots of the dynamic amplitude ratio- 
reference amplitude ratio rotio and dynamic response angle associated with the function 

[RF]j(j/3). (Page 2 of 2) 


NONDIMENS 10NALIZATION OF FUNCTIONS OF RATIONAL FUNCTIONS 


24.49. Each rational function term of Eq. (24-31) may be individually non- 
dimensionalized by the method given in section b of Derivation Summary 24-2. 
The k n numerator rational function, for example, may be written as 

[RF]„ . (DAR) k , ,,DBA ’* . (RAR) k [(DAR)(RAR)R] k , ,(DRAI * 

,</>, j* k (24-32) 

a P k* e P(r)kF k « 


where (DAR) k =. Pk 

(RAR)fc a P( r )k 
[(DAR)(RAR)R] k * Pk 

(DRA) k - 0 k 


- dynamic amplitude ratio of the numerator rational func¬ 
tion 

= reference amplitude ratio of the k^ numerator rational 
function 

= dynamic amplitude ratio - reference amplitude ratio ratio 
of the kin numerator rational function 

= dynamic response angle of the k*h numerator rational 
function 
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Dynamic amplitude ratio - reference amplitude ratio ratio <darmrar)r 
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Fig. 24-15. Plots of the log dynamic amplitude ratio-reference amplitude ratio ratio and the dynamic 

response ongle associated with the illustrative function [RF]|j(j$ 
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The rational function 


[RF] 


( 11 ) ( 3 ; 1 ) 


[l + (CT) , j<u f ] 


where 

a n = 25 x 10 8 
(CT) 0 = 2 x 10‘ s second 


11 [(CT) 0 j^,] 2 [i +(CT) 2 j^ ( ] 


(i) 


(CT)j = 6 x 10' 4 second 
(CT), = 6 x 10* 3 second 


may be calculated graphically for positive values of o» ( by carrying out the steps in Sample Calculation 24-1, 
as follows: 

A. Same remarks apply as in step A, Sample Calculation 24-1. 

B. To nondimensionalize Eq. (1), take T (roJ) « 10' 2 second, or n^ r<?f ^ = 10 2 cycles per second. Intro¬ 
ducing these values into Eq. (1) gives 

[i +_i£_l 

L (M mi J 


[RF] 


(II)O; 1) 


II 


r & i 2 i 

i + ip 1 

-M (0 , 0 J 1 

(bp)(i )2 J 


( 2 ) 


For this situation, the break point of the degenerate first-order function is taken as different from unity. 

C. Choosing n*D e 

KAK a p r = a jj = 25 x 10 , the nondimensiona 1 rational function of Eq. (2) is 

-1 


IRF1 .. [*0 


1 + 


i/3 


u 


(bp) 

1 • 9 • 

D. The break points in Eq. (3) arc: 

(bp) t „ )o = break point of double inverse degenerate first-order function 


-j 


(3) 


2 rr( CT) 0 n (re() 6.28(2 x 10* s ) 10 2 

(bp) (J)1 = break point of direct first-order function 


79.4 


1.9 lorus 


2 rr(C T) j n (ref , 6.28(6 x 10* 4 )10 

(bp) ( i,2 = break P°* nt °* inverse first-order function 


2.65 


0.424 loru 


0.265 


-0.5*76 loru 


2r7(CT) 2 n (re() 6.28(6 x 10* 3 )10 2 

E. Continue the steps given in step E of Sample Calculation 24-1 and Fig. 24-14. 

Sample Calculation 24-2. Construction of Fig. 24-15: Plots of the dynamic amplitude ratio - 
reference amplitude ratio ratio and dynamic response angle associated with the function 

'[RF]„(j/9). 


th 


(24-33) 


24.50. From Eq. (7) of Derivation Summary 24-2, the k rational function 
is expressed as 

[RF] k - (RAR) k '[RF] k - *» (r)k \ 

when 

'[RF] k « '7 7k = p k < ,<iik = k th nondimensional numerator rational function (24-34) 

24.51. The denominator rational functions of Eq. (24-31) may be nondimen- 

sionalized in a similar manner. The expression for the general function now be¬ 
comes k-n 

£ (RAR) k [RF] k £ Pcr)k^lk 


[GF] (A) 


k-1 


g (RAR),'[RF], g Pft)i>i 
‘- 1 TIT 


(24-35) 


615 




Dynamic amplitude ratio - reference amplitude ratio ratio (darxrar)r 
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Fig. 24-16. Asymptotic approximation of the log dynamic amplitude ratio - reference amplitude ratio ratio 

associated with the illustrative function [RF]|(j/3) shown in Fig. 24-14a. 
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24.52. It is frequently useful to select a common reference amplitude ratio 
for all numerator rational functions and another common reference quantity for 
all denominator rational functions. The coefficient of each nondimensional rational 
function becomes in turn a nondimensional ratio multiplied by the common refer¬ 
ence quantity. Let the numerator reference amplitude ratio be 

jjj (RAR)(num) " P(r)(num) 

Define the k nondimensional rational function coefficient as 

'«• - P(r)k (RAR) k 


(24-36) 


P (r> ( num) (RAR) (num , 

Similarly let the denominator reference amplitude ratio be 

(RAR)(d*n) a ^lrl(den) 

The i nondimensional rational function coefficient becomes 

c P[ r)l _ (RAR)j 


(24-37) 


(24-38) 


(24-39) 


^(r)(den) (RAR) (den) 

The ratio of the numerator reference amplitude ratio to that of the denominator 
is defined by the quantity (RAR) 


(nun) 


(24-40) 


(RARWn, 

The quantity a in Eq. (24-40) may have dimensions. 

24.53. When nondimensional coefficients are introduced into Eq. (24-35), the 
general function becomes 


[GF](A) - <rJ- 


£ VtRF] k 


1= d 


(24-41) 


£ Orf], 

i 

The nondimensional general function is defined by the expression 


k ■ n 


'[GF] 


£ K '[RF] k 

L[GF] 


i«d 


(24-42) 


£ von 




24.54. Generally, log frequency plots associated with each of the rational 
function terms in Eq. (24-42) may be constructed graphically from profiles, as 
previously set forth. The sum of rational functions is not so easily obtained 
because the sum of logarithms represents the product of the antilogarithm values. 
Algebraic summation requires that the rational functions have uniform scale values. 
Moreover, since the rational functions are generally complex numbers, the addi¬ 
tion of two rational functions means that the real parts and the imaginary parts of the 

functions must be added separately. A general procedure is discussed later in this 
chapter for carrying out most of the necessary operations by graphical methods. 

24.55. Three special types of functions of rational functions occur often 
enough to merit special attention. These functions have the form 

1 ♦ *r'[RF] ; 1 + _Jr . a '[RF] 


'[RFJ 


+ a 


'[RF] 


(24-43a, b, c) 
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The expressions in Eq. (24-43) are characterized by being built up from only one 
rational function. For example, the first one is unity plus a rational function. 
When the rational function is given, each of the relationships is defined at the same 
time. This property of the expressions in Eq. (24-43) is the basis for special charts 
that permit the functions to be obtained quickly when the rational function is known. 


UNITY PLUS A RATIONAL FUNCTION 


24.56. In Chapter 23, the function that is represented by the expression 

1 + a'[ RF] (d;n) (24-44) 

occurs in connection with Nyquist's criterion. When the variable in the nondi- 
mensional rational function is purely imaginary, rational function log frequency 
plots may be drawn with the use of profiles. Values of the expression in Eq. (24-44) 
can be obtained with the aid of a special chart constructed for this purpose from 
the rational function log frequency plots. The theoretical basis of the chart is 
easily derived for more general expressions than rational functions. 

24.57. Let F U) be any function of the complex variable, a. The polar co¬ 
ordinates of F (a) for any value of the variable are its magnitude and argument, 
which are written respectively as R F and A F . These symbols imply graphical 
representation of the function on a polar plane. The Cartesian-coordinate form of 
the function in terms of its polar coordinates is 

F(a> = R r cos A f + j R f sin A f (24-45) 

24.58. Consider the plot of the expression 

|l + F(a)| = R (1 + f) ; R (l+F )= positive nonzero real constant (24-46) 

on the uniform-scale polar plane. Squaring both sides of Eq. (24-46), when F(a) 
has the form of Eq. (24-45), gives the equation 

(R r cos A f +1) 2 + (R F sinA F ) 2 = 1 + 2 R, cos A F + R r 2 = R 2 I+F) (24-4T) 
Equation (24-47) represents a circle of radius R (1+r) , whose center is at the point 

(— 1 * jO) (24-48) 

Each value of the positive constant, R (1+F) , corresponds to a new circle. In 
general, Eq. (24-47) represents a family of concentric circles whose center is at 
the point defined by (24-48). 

24.59. In a similar way, it can be shown that the expression 

arg[i + F(A)] = A (1+r) ; A (1+F) = real constant (24-49) 

corresponds to the radii of the circles of Eq. (24-47). When the Cartesian- 
coordinate expression of Eq. (24-45) for F(a) is introduced, Eq. (24-49) becomes 

i f R f sin A f 

L 1 + R f 


tan 


- A, 


!I+F ) 


(24-50) 


cos A f 

UNIFORM-SCALE POLAR PLANE CONTOUR SYSTEM FOR [l + Fj 

24.60. Figure 24-17a is a uniform-scale polar plane contour system rep¬ 
resentation of Eqs. (24-47) and (24-50) for constant values of the magnitude and 
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i°A 8 R 1 


tlo V'Zi L t %r SC y ALE t POLAR PLANE 13 a mode presenta¬ 
tion of the polar plane in which the coordlnatoB are recti¬ 
linear, In contrast to the UNIFORM-SCALE POLAR PLANE 

~ ord . lna, ® s concentric circles centered on the 
origin and a family of radii emanating from the origin. 

In© transformation. 

logR + jA = log(FU ,A ) 

defines the relation between a point with coordinates (R.A) 
on the UNIFORM-SCALE POLAR PLANE and a ^Tint wlVh 
coordinates (logR,A) on the LOG-SCALE POLAR PLANE. 

ORTHOGONAL COORDINATES of 
UNIFORM-SCALE POLAR PLANE 

ORTHOGONAL COORDINATES of 
LOG-SCALE POLAR PLANE 

If F(A) Is any function of the complex variable, the func- 

* 1 ° n [ 1 + F(A)] mapped on the uniform-scale polar plane can 
be represented by two families of curves (see the chart on 
tne right): 

(a) |i + f(A)| = R = MAGNITUDE 
1 VWI K d + F)- CONTOURS 

(b) arg[l + F(A)] = A,, , ARGUMENT 

(1 + F) CONTOURS 

The chart on the lower right presents the contours of 
l08R (l + F) 1311(1 A (l+F) BU P®rlmposed on the LOG-SCALE 
POL AR PL ANE. The log magnitude of the function [ 1 + F (A)] 

Is given by the intersection of the plot of the function F (A) 
with the log Rp^_pj contours. 

The argument of the function [l + F(A)] Is given by the 
Intersection of the plot of the function F (A) with the A 
contours. ^ 


constcmt 



a) Uniform-scale polar plane with 
(1+F) contour system overlay 


UNIFORM-SCALE 
POLAR PLANE 

POLAR COORDINATE SYSTEM 

R = constant 

CONCENTRIC CIRCLES 
center at origin 

A = constant _ 

RADII 

emanating from origin 


LOG-SCALE 
POLAR PLANE 


log R = constant 

STRAIGHT LINES 
parallel to jA axis 

A = constant 

STRAIGHT LINES 
parallel to log R axis 


(I + F) CONTOUR SYSTEM OVERLAY 


^(1 +pj = constant _ 

CONCENTRIC CIRCLES 

center at [r = 1 , A = 180°] 
radius = R {1+F) 

^(1 +pj = constant - 

RADII 

emanating from IR = 1 , A = 180°] 


tag F(i+pj = constant 

LOG MAGNITUDE CONTOURS 


A^j_j_pj— constant 
ARGUMENT CONTOURS 



1 loru = 2.5 inches 

b) Log-scale polar plane with 
(1+F) contour system overlay 

Fig. 24-17. Explanation of the log-scole polar plane with [1+F] contour system overlay. 
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argument of the function [l + F(a)] . It may be observed that when a function.F(A) 
is plotted on the uniform-scale polar plane it intercepts successive circles and 
radii of the [l + F (A)] contour system . The radius of each intercepted circle is the 
magnitude of one plus the value of the function F (A) at the intercept. The angle of 
the radius at the intercept is the argument of one plus the value of the function at 
the point. The circle that is just tangent to the plotted function curve is the circle 
whose radius represents the magnitude of an "extremum "of [l +F(a)] , and the angle 
of the radius at the point of tangency is the argument of the function at that point. 

LOG-SCALE POLAR PLANE CONTOUR SYSTEM FOR [l + F] 

24.61. The procedure noted in the previous paragraph may be transferred 
to the log-scale polar plane described in Definition Summary 23-2 of Chapter 23. 
In the log-scale polar plane, the circles and radii of Eqs. (24-47) and (24-50) are 
distorted by the transformation. An overlay is prepared from these equations by 
solving for R r . From Eq. (24-47), it is found that 

R F = - cos A F ± yj cos 2 A r + R 2 (i +F ) “1 (24-51) 

where 

R (i+f) = magnitude of [l + F(a)] 

or, taking the logarithm of both sides of Eq. (24-51), _ 

log Rp = log (-cos A r ± yj cos 2 A f 4 R( 2 , +f) " 1 1 (24-52) 

For each value of the quantity R (1+r) , a curve is plotted in the log-scale polar 
plane that corresponds to a circle in the uniform-scale polar plane. In this way, 
the family of circles associated with [l + F(A)| is transformed into a family of 
curves on the log-scale polar plane, as shown in Fig. 24-17b. 

24.62. By means of Eq. (24-50), the transformation for the [l + F] radii may 
be written as 

tan A (l+F) 

log Rp = log - (24-53) 

sin A r — cos Ap tan A (1+r) 

where 

A (l+F) = argument of f 1 h F(A)) 

With the aid of Eqs. (24-52) and (24-53), a contour system overlay for the log- 
scale complex plane may be calculated that represents constant values of the log 
magnitude and argument of [l +F(a)] . If it is recalled that the log-scale polar 
plane, as a conformal transformation, is just a new way of representing the uniform- 
scale polar plane, and that the same information is available in each mode of 
presentation, then no difficulty should be experienced in recognizing that the log 
magnitude and argument of the quantity [l + F (A)] , for each value of the variable, 
are determined by the intersection of the plot of the logarithm of F(A) and the 
transformed circles and radii in the contour system overlay. 

24.63. The log-scale polar plane has dimensional consistency with the log fre¬ 
quency plots when the log radius and angle scales are taken as those in paragraph 24.18. 
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It is recommended that the basic units be 2.5 inches per loru and 20 degrees per 
inch. Figure 24-18 is an illustration of the[l + F] contour system overlay on the 
log-scale polar plane in which the dimensions of the scales have been taken as 
exactly half the recommended basic units.♦ Keeping the dimensions consistent 
between the various charts permits the information to be transferred graphically 
from one chart to the next. Graphical operations minimize the number of numer¬ 
ical readings required and reduce the chances of error. 

24.64. It is explained in the discussion associated with Definition Summary 23-2 
that, since the argument coordinate of the log-scale polar plane is a linear quantity, 
it extends beyond 360 degrees for positive values of the argument and below zero 
for negative values of the argument. While functions whose arguments become 
greater than 360 degrees must be plotted over the portions with arguments less than 

360 degrees in the uniform-scale polar plane, the ambiguity does not exist in the log- 

scale polar plane. It may be easily verified that the log-scale polar plane [l + Fj 

contour system overlay pattern is repeated when the argument exceeds 360 degrees 

or becomes negative. Symmetry exists with respect to the real axis of this plane. 
GRAPHICAL CALCULATION OF [l + F] 

24.65. A procedure for calculating numerical values of [l + FJ when the func¬ 
tion F is a nondimensional rational function multiplied by a nondimensional coef¬ 
ficient, v [RF] (d;n) , with an imaginary running variable as in Eq. (24-31) consists 
of the following steps: 

1) Determine the log frequency plots associated with the nondimensional ra¬ 
tional function by the graphical method, using profiles. 

2) Plot the log-scale polar plane curve of the rational function by combining 
the two plots determined in step 1. 

3) Shift the origin of the log-scale polar plane on the real axis by log V. 

4) Using the [l + F] contour system overlay read off and tabulate from the 
intercepts of curves the values of log[l + v'[RF] (d;n) ] for different values 
of the variable. 

Step 2 of this procedure is facilitated by observing the scale conventions noted in 
the previous paragraphs. The information of the log frequency plots may be trans¬ 
ferred to the log-scale polar plane by dividers or other means when the scales of 
both charts are the same. Step 3 is a practical way of multiplying the magnitude of 
the nondimensional rational function by a nondimensional coefficient. The technique 
is described more fully in section c of Procedure Summary 23-1. 

24.66. An example of the graphical calculation of unity plus a rational function 
is shown i n Figs. 24-18 and 24-19. The illustrative rational function '[RF], , given 

• The overlays described in this and the succeeding paragraphs are commercially available as printed 
chans, constructed to the recommended scales, for use in graphical calculations. 
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argument of the function [l + F(a)] . It may be observed that when a function.F(A) 
is plotted on the uniform-scale polar plane it intercepts successive circles and 
radii of the [l + F(A)] contour system . The radius of each intercepted circle is the 
magnitude of one plus the value of the function F (A) at the intercept. The angle of 
the radius at the intercept is the argument of one plus the value of the function at 
the point. The circle that is just tangent to the plotted function curve is the circle 
whose radius represents the magnitude of an "extremum "of [l +F(a)] , and the angle 
of the radius at the point of tangency is the argument of the function at that point. 


LOG-SCALE POLAR PLANE CONTOUR SYSTEM FOR [l + F] 

24.61. The procedure noted in the previous paragraph may be transferred 
to the log-scale polar plane described in Definition Summary 23-2 of Chapter 23. 
In the log-scale polar plane, the circles and radii of Eqs. (24-47) and (24-50) are 
distorted by the transformation. An overlay is prepared from these equations by 
solving for R F . From Eq. (24-47), it is found that 

R F = - cos A F ± yj cos 2 Ap + R 2 (j+f) -1 (24-51) 

where 


R (1+f) = magnitude of [l + F(a)] 

or, taking the logarithm of both sides of Eq. (24-51), _ 

log Rp = log [-cos Ap ± yj cos 2 Ap 4 R ( 2 1+ p, - 1 ] (24-52) 

For each value of the quantity R (I+F) , a curve is plotted in the log-scale polar 
plane that corresponds to a circle in the uniform-scale polar plane. In this way, 
the family of circles associated with [l + F(\)| is transformed into a family of 
curves on the log-scale polar plane, as shown in Fig. 24-17b. 

24.62. By means of Eq. (24-50), the transformation for the [l + F] radii may 


be written as 


where 


log R f = log 


tan A ( , +r 


) 


[ sin A r - cos A f tan A (1+r) 


A (1+F) = argument of (1 + F(A) J 


(24-53) 


With the aid of Eqs. (24-52) and (24-53), a contour system overlay for the log- 
scale complex plane may be calculated that represents constant values of the log 
magnitude and argument of [l +F(A)] . If it is recalled that the log-scale polar 
plane, as a conformal transformation, is just a new way of representing the uniform- 
scale polar plane, and that the same information is available in each mode of 
presentation, then no difficulty should be experienced in recognizing that the log 
magnitude and argument of the quantity [l + F(a)] , for each value of the variable, 
are determined by the intersection of the plot of the logarithm of F (a> and the 
transformed circles and radii in the contour system overlay. 

24.63. The log-scale polar plane has dimensional consistency with the log fre¬ 
quency plots when the log radius and angle scales are taken as those in paragraph 24.18. 
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It is recommended that the basic units be 2.5 inches per loru and 20 degrees per 
inch. Figure 24-18 is an illustration of the [l + F] contour system overlay on the 
log-scale polar plane in which the dimensions of the scales have been taken as 
exactly half the recommended basic units.* Keeping the dimensions consistent 
between the various charts permits the information to be transferred graphically 
from one chart to the next. Graphical operations minimize the number of numer¬ 
ical readings required and reduce the chances of error. 

24.64. It is explained in the discussion associated with Definition Summary 23-2 
that, since the argument coordinate of the log-scale polar plane is a linear quantity, 
it extends beyond 360 degrees for positive values of the argument and below zero 
for negative values of the argument. While functions whose arguments become 
greater than 360 degrees must be plotted over the portions with arguments less than 

360 degrees in the uniform-scale polar plane, the ambiguity does not exist in the log- 

scale polar plane. It may be easily verified that the log-scale polar plane [l + F] 

contour system overlay pattern is repeated when the argument exceeds 360 degrees 

or becomes negative. Symmetry exists with respect to the real axis of this plane. 
GRAPHICAL CALCULATION OF [l + F] 

24.65. A procedure for calculating numerical values of [l + F] when the func¬ 
tion F is a nondimensional rational function multiplied by a nondimensional coef¬ 
ficient, V [RF] (d;n) , with an imaginary running variable as in Eq. (24-31) consists 
of the following steps: 

1) Determine the log frequency plots associated with the nondimensional ra- 
tional function by the graphical method, using profiles. 

2) Plot the log-scale polar plane curve of the rational function by combining 
the two plots determined in step 1. 

3) Shift the origin of the log-scale polar plane on the real axis by log V. 

4) Using the [l + F] contour system overlay read off and tabulate from the 
intercepts of curves the values of log[l + v'[RF] (d;n) ] for different values 
of the variable. 

Step 2 of this procedure is facilitated by observing the scale conventions noted in 
the previous paragraphs. The information of the log frequency plots may be trans¬ 
ferred to the log-scale polar plane by dividers or other means when the scales of 
both charts are the same. Step 3 is a practical way of multiplying the magnitude of 
the nondimensional rational function by a nondimensional coefficient. The technique 
is described more fully in section c of Procedure Summary 23-1. 

24.66. An example of the graphical calculation of unity plus a rational function 
is shown i n Figs. 24-18 and 24-19. The illustrative rational function '[RF], , given 

• The overlays described in this and the succeeding paragraphs are commercially available as printed 
chans, constructed to the recommended scales, for use in graphical calculations. 
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Fig. 24-18. Log-scale polar plane plot, with [1 ♦ FJ contour system overlay, of the log dynamic amplitude 
ratio-reference amplitude ratio ratio versus the dynamic response angle for the illustrative function a, [RF],. 




































Dynamic amplitude ratio — reference amplitude ratio ratio (darhrar)r 





Fig. 24-19. Plots, constructed from Fig. 24-18, of the log dynamic amplitude ratio - reference amplitude 
ratio ratio and the dynamic response angle associated with the function [1 + o, '[RFJ, ]. 
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by the two log frequency plots in Figs. 24-14a and 24-14b, is multiplied by a non- 
dimensional constant, a 1 , equal to 0.32. The function is presented as a single 
curve in Fig. 24-18, which shows the log-scale polar plane with a superimposed 
[l + F] contour system overlay. The nondimensional frequency ratio scale is 
indicated on the curve by a series of points each marked with the appropriate value 
of the frequency ratio. The looped section of the curve in the upper right-hand 
corner of the figure corresponds to the increasing values of the dynamic response 
angle and the corresponding decrease that takes place for small values of the fre¬ 
quency ratio in Fig. 24-14b. The remainder of the curve represents a decreasing 
dynamic amplitude ratio - reference amplitude ratio ratio and dynamic response 
angle as indicated by the displacement of the curve downward across the chart 
from right to left as the frequency ratio increases. The dynamic response angle 
approaches -270 degrees as a limit as the frequency ratio increases. 

24.67. By reading the values of log [(DAR)(RAR)R] and the dynamic response 
angle where the illustrative rational function intersects the [l + F] contour system, 
the plots in Fig. 24-19 are obtained. The frequency ratio scale corresponds to the 
scale marked off on the log-scale polar plane curve of Fig. 24-18. It should be 
observed that for small values of the frequency ratio, the (DAR)(RAR)R curve 
closely resembles the function [RF],. For large values of the frequency ratio, 
however, (DAR)(RAR)R of [l + F] becomes unity. This occurs because the rational 
function approaches zero as the frequency ratio becomes large. The dynamic re¬ 
sponse angle becomes -360 degrees for large values of the frequency ratio. How¬ 
ever, this is the same as zero degrees, or the dynamic response angle of a rational 
function equal to unity. 

GRAPHICAL CALCULATION OF [l+l/F] 

24.68. Graphical construction of log frequency plots associated with functions 
of the form 


may be performed by the same procedure described for functions of the form [l + F] . 
The log-scale polar plane representation is the simplest method when it is noted that 

log -i- = - log F = - log | F| - j log (arg F) (24-55) 

The [l + F] contour system overlay may be applied to the log-scale polar plane 
on which Eq. (24-55) is plotted. 

GRAPHICAL CALCULATION OF [F/(l + F)] * 

24.69. Another function of rational functions that frequently appears is rep¬ 
resented by the expression 

• [F/(l + F)] charts are described in Chapter 4 of James, Nichols, and Phillips (42) as "constant-phase- 
angle and constant-amplification contours on the decibel-phase-angle loop diagram," Drown and Campbell (6) 
call them "M-N Charts." 


[ 


F (A) 


] 


(24-54) 
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(24-56) 


[_WF 
L l + v 


'[RF1 


(d;n) 


■] 


which may be written in the more general form as 



(24-57) 


where F(a) is any function of the complex variable. 

24.70. The magnitude and argument of the expression (24-57) may be evaluated 
in a manner similar to Eqs. (24-45) through (24-53). However, the log-scale polar 
plane representation is easily derived from the [l + F] contour system overlay. 
Taking the log of the expression (24-57) gives 



F(a) 

1 + F (A) 



UF(A) 
F (A) 


log [l + F" 1 (A)] 


(24-58) 


Equation (24-58) shows that when the [l + F] log-scale polar plane contour system 
is relabeled, it may be used to evaluate expressions of the form given in (24-57). 
Figure 24-20 shows the new contours. It should be observed that the [F/(l + F)] 
contour system is obtained by rotating the [l + F] contour system 180 degrees 
about the line log R equal to zero. Positive contours of log[l + F] become negative 
log [F/(l + F)] contours, and vice versa. The illustrative rational function a : '[RF]j , 
when a, is equal to 0.01, is shown plotted in Fig. 24-21. Log frequency plots of 
the derived function, obtained by the procedure of paragraph 24.65, are presented 
in Fig. 24-22. In this instance, the new function has the (DAR)(RAR)R character¬ 
istics of the original relating function for the larger values of the frequency ratio. 


DETERMINATION OF ADJUSTABLE CONSTANTS 

24.71. The expressions (24-44) and (24-56) show the rational function part of 
the expression in each case multiplied by a nondimensional adjustable constant, 'o . 
It has been shown in section c of Procedure Summary 23-1 that when the rational 
function is plotted on the log-scale polar plane, the adjustable constant is included 
by shifting the zero on the log-radius scale by a distance equivalent to the logarithm 
of the constant. For each value of the constant, the contour system overlay is 
located at the new position of the zero. When it is necessary to locate the contour 
system so that the new function has a specified maximum value (determined by 
making the rational function plot tangent to the appropriate contour), the value of 
the adjustable constant is deduced by reversing the steps just described. The dif¬ 
ference between the origins of the contour system log-scale polar plane and the 
relating function log-scale polar plane is equal to the adjustable constant in lorus. 

24.72. The plots in Fig. 24-23 illustrate the application of this procedure. 
The examples are based on the rational function log-scale polar plane curve shown 
in Fig. 24-21. The required peak value of the derived [F/(l + F)] function is 0.1 loru. 
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I he transformation 

log R + jA = log (R* JA ) 

defines the relation between a point with coordinates (R. A) 
on the UNIFORM-SCALE POLAR PLANE and a point with 
coordinates (log R, A) on the LOG-SCALE POLAR PLANE. 
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a) Uniform-scale polar plane with 
F/(l + F) contour system overlay 



— const. 


b) Log-scale polar plane with 
F/(l + F) contour system overlay 


Fig. 24-20. Explanation of the log-scale polar plane with F/(l + F) contour system overlay. 
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j(DRA) = j <b 



Fig. 24-21. Log-scale polar plane plot, with F/(l 
ratio-reference amplitude ratio ratio versus the dyn 


4 F) contour system overlay, of the log dynamic amplitude 
amic response angle for the illustrative function a, [RFJj. 
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'[rf]j is given in Fig. 24-14. 
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Fig. 24-22. Plots, constructed from Fig. 24-21, of the log dynamic amplitude ratio - reference amplitude 
ratio ratio and the dynamic response angle associated with the function 'o, 'fRFl./Cl + a. 'fRFU. 
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Fig. 24-23. Variation af the paak value of log p ( F/(1 tF|] when the rational function nondimensianal 

coefficient is altered. 
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In Fig. 24-23a, which is identical with Fig. 24-21, the rational function nondimen- 
sional coefficient is equal to -2.0 lorus. This may also be determined by measur¬ 
ing the distance between the ordinate axis on the contour system and that of the 
rational function log-scale polar plane. The peak value of the function is 0.8 loru. 
It is determined by noting the contour to which the rational function plot is tangent. 
The corresponding log frequency curve shown in Fig. 24-23b is identical with the 
log magnitude curve in Fig. 24-22. When the rational function nondimensional co¬ 
efficient is decreased to -2.5 lorus, the plot resembles Fig. 24-23c, in which the 
rational function plot is displaced 0.5 loru to the left. The peak value is decreased 
to 0.1 loru, as may be observed in Fig. 24-23d. A further reduction of the coef¬ 
ficient to -3.0 lorus is represented by a translation of the rational function plot 
another 0.5 loru to the left. In this instance, the peak value is diminished to 
-0.4 loru. 

24.73. When it is necessary to determine the sign of the poles and zeros of 
the derived function, the procedures described in Derivation Summary 23-4 for 
application of the argument principle and Nyquist's criterion may be employed. 

CONSTRUCTION OF LOG-SCALE POLAR PLANE CURVES 

24.74. Log-scale polar plane curves may be derived in a relatively simple 
manner from the corresponding log frequency plots when the log-scale polar plane 
is superimposed on the log frequency chart, as in Fig. 24-24. Both types of rep¬ 
resentation are shown on the completed figure. Dimensional consistency is main¬ 
tained between the charts, thereby permitting the same scale to be used inter¬ 
changeably. A single point on the log-scale polar plane curve corresponds to 
two points on the log frequency plots, one for the log dynamic amplitude ratio - 
reference amplitude ratio ratio and one for the dynamic response angle. The log- 
scale polar plane curve eliminates the log frequency scale of the other two curves 
in Fig. 24-24. 

24.75. When the dynamic response angle ordinate scale is made common to 
both the log-scale polar plane curve to be constructed and the existing log fre¬ 
quency plot, the same ordinate appears in the two sets of curves for a given fre¬ 
quency ratio, and all that remains is to find the abscissa of the point for the log- 
scale polar plane curve. This abscissa value is the log dynamic amplitude ratio — 
reference amplitude ratio ratio for the given frequency ratio. The ordinate 
corresponding to this quantity on the log frequency plot for the given frequency 
ratio is laid off on the abscissa of the log-scale polar plane and the intersection 
of the transferred abscissa with the common angle ordinate is the required point 
on the log-scale polar plane curve. The transfer of the log [(DAR)(RAR)R] ordinate is 
facilitated by deflecting it about a 45-degree line drawn through the origin. By 
this method, the construction may be carried out with a straight-edge. 
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Fig. 24-24. Log-scale polar plane plot of 'a, '[RF], constructed from the log dynamic amplitude ratio - 

reference amplitude ratio rotio and the dynamic response angle plots. 
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24.76. The steps in the construction may be observed in Fig. 24-24. 
Log [(DAR)(RAR)R] and the DRA values on the log frequency plots for a particular 
value of the frequency ratio are shown encircled. The common ordinate of the 
dynamic response angle for this frequency ratio is indicated by a heavy line. The 
log dynamic amplitude ratio - reference amplitude ratio ratio is transferred in 
the direction of the arrows to the abscissa with the aid of the 45-degree line. The 
dynamic response angle ordinate is brought over to intersect the appropriate ab¬ 
scissa as shown by the arrow. The intersection for this point is encircled on the 
log-scale polar plane curve. The frequency ratio for this point is obtained by 
reading back through either the (DAR)(RAR)R curve or the DRA curve. 

24.77. This construction has the virtue of being quick and precise. The details 
of the log-scale polar plane curve may be elaborated as completely as desired with 
relatively little labor. The frequency ratio scale of the derived curve may be laid 
out after the curve is completed, to correspond to the original logarithmic scale. 

Interpolation between scale points can be made as exact as the original scales 
permit. 

GRAPHICAL CALCULATION OF GENERAL FUNCTIONS OF RATIONAL FUNCTIONS 

24.78. More general types of functions of rational functions than those dis¬ 
cussed in previous paragraphs are described in paragraph 24.48. The nondimen- 
sional form of these functions is 

E 'CRF] k 

(GF] - (24-59) 

E [RF ^i 

1- 1 

= nondimensional general function of rational functions 

= nondimensional rational functions of the numerator 
and denominator, respectively 

= nondimensional coefficients of the numerator and 
denominator rational functions, respectively 

The numerator and denominator of Eq. (24-59) are algebraic sums of nondimen¬ 
sional rational functions. Each rational function in the summations has the general 
form of Eq.(17), Derivation Summary 24-2, and is multiplied by a nondimensional 
coefficient. The component rational functions may be calculated by graphical means, 
including profiles and charts, but the general function requires additional graphical 
techniques. 

24.79. The nondimensional rational functions of Eq. (24-59) may be expressed 
in complex Cartesian coordinates. In this form, the equation becomes 


where 

'[GF] 

[RF] k and '[RF], 
and a, 
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Fig. 24-25. Resolving scale. 


k = n 


k «= n 


'[GF] 


Re tr k '[RF] k + j \ 't RF Jk 


k = 1 
l«=d 


k g 1 


£ Re ", '[RF], + i lm '°i '[RF], 


1=1 


1=1 


where 


(24-60) 


Re a [RF] = real part of nondimensional 

rational function multiplied 
by a nondimensional coef¬ 
ficient 

Im V [RF] = imaginary part of nondimen¬ 
sional rational function mul¬ 
tiplied by a nondimensional 
coefficient 


RESOLVING SCALE 

24.80. When nondimensional rational 
functions are available in the log frequency 

plot form, they are represented by their com¬ 
plex polar coordinates. The real and imagi¬ 
nary parts may be obtained by the resolving 
scale shown in Fig. 24-25. The design is 

based on the relationships between Cartesian 

and polar coordinates: 

Re [RF] , [(0AR)(RAR)R] |rf] cos (DRA) (hf] 

- „ (rf) c°s* [ rf) (24 _ 61a) 

Im '[RF] . [(DAR)(RAR)R] [rf] sin (DRA) [rf] 

" '■[RF] sin 0 (RF) (24-61b) 

In logarithmic form, these equations become 
logRe [RF] . log ^[ RF ] + log cos tf [Rr) 

, , , (24- 62a) 

loglm [RF] = log,i tRF j + log cos 0 [ RF ] 

(24-62b) 

24.81. Log M(rf) is given by one of the 
log frequency plots. It is only necessary to 
provide log cos 0 ( RF j and log sin 0 fRF ] to 
the same scale, namely 2.5 inches per loru. 

The resolving scale supplies this need, using 
information from the complimentary dynamic 
response angle — log frequency ratio curve. 
The method of application is outlined in Pro¬ 
cedure Summary 24-2. Figure 24-26 illus¬ 
trates the use of the resolving scale in a simple 
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Nondimensional frequency ratio fr - /3 Nondimensional frequency ratio fr - /9 

a) Application in first and second quadrants b ) Application in third and fourth quadrants 

Fig. 24-26. Example of the application of the resolving scale. 





















The resolving scale shown in Fig. 24-25 has four scales printed on a transparent plastic base: 

a) Loru scale 

b) Sine scale 

c) Cosine scale 

d) Tangent scale 

The loru and tangent scales are provided for convenience. Only the sine and cosine scales are needed to 
resolve quantities given in log-scale polar coordinates into log-scale Cartesian coordinates. The sine and 
cosine scales are placed in the center of the resolving scale with a slot between them just wide enough to 
accommodate a sharp pencil point. The scale is used in accordance with the following steps: 

1) Place the scale on the log frequency chart with the slot coincident with a particular abscissa. 

2) Bring the index (marked by arrows) to coincide with the log p curve. 

3) Determine the value of the dynamic response angle, 0, corresponding to the particular abscissa. 

4) Reduce the angle to the first quadrant by the usual trigonometric rules such that (0 - nff/2) £ 90° 
by suitable choice of the integer n. The applicable trigonometric rules for reducing the angle are 
expressed by the relationships: 

cos 0 «* -sin (0-90°) = - cos (0 - 180°) = sin (0 - 270°) 
sin 0 - cos (0-90°) = -sin (0-180°) «= -cos (0 - 270°) 

5) Enter the cosine scale with the reduced value of the dynamic response angle and mark off the log 
cosine of the angle. 

6) Repeat step 5 for the log sine of the reduced angle. 

Procedure Summary 24-2. Method for using the resolving scale. 


case. Log n is taken as a constant. The dynamic response angle is chosen as a 
straight line to show the use of the resolving scale in each of the four quadrants. 
For subsequent developments, it should be noted how the sign of the component is 
indicated. The resolving scale is applied to a sufficient number of points of the log 
frequency plots for smooth curves to be drawn for the real and imaginary parts of 
the rational function. The signs of the branches are indicated as positive or nega¬ 
tive by the appropriate symbol. 

24.82. Figures 24-27 and 24-28 show the illustrative rational functions a, '[RF] t 

and a u [RF]„ resolved into real and imaginary components by the procedure 

noted in the previous paragraph; a, is taken equal to 0.32 and * u equal to unity. 

The real and imaginary parts in each case are shown as curves with several branches 

The discontinuities of each curve indicate the points on the log plot where the value 

of the curve becomes zero and a change in sign occurs. The detailed steps in the 

construction are given in Sample Calculation 24-3, which applies specifically to 
the construction of Fig. 24-27. 

LOG FREQUENCY PLOTS OF FUNCTIONS OF RATIONAL FUNCTIONS 

24.83. The procedure of the preceding section is applied in turn to each of 
the rational function terms in Eq. (24-59) to obtain plots of the log real and log 
imaginary parts of the terms. In order to apply the relationship of Eq. (24-60), it 
is necessary to tabulate the antilogarithm values of these quantities, which may be 


635 




Dynamic amplitude ratio - reference amplitude ratio ratio <darxrar)r 





/ [rf]j is given in Fig. 24-14 
Oj = 0.32 -» -0.5 loru 


*<« f*[ RF ]i 




log (-lm) 


M 


30 ° 


l°g/3 


-3.0 
- 2.8 
- 2.6 
-2.40 
- 2.20 
- 2.00 
-1.80 
- 1.60 
-1.40 
- 1 . 20 
- 1.00 
-0.80 
-0.60 
-0.40 
- 0.20 
0.00 
0.20 
0.40 
0.60 




1.00 

1.20 

1.40 


(Re) a, '[RFIj 

(lm)'o{[ RF]j 

33 

-315 

38 

-203 

39 

-126 

40 

-80 

40 

-51 

40 
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40 

-20 

39 

-13 

39 

-9.4 

39 

-7.4 
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-7.1 

41 

-8.8 

44 

-14.5 

52 

-33 

-16.5 

-77 
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-6.4 
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1.0 
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Fig. 24-27. Resolution of the function a, [RF], into its real and imaginary parts 


















Dynamic amplitude ratio — reference amplitude ratio ratio (darhrar)r 
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Fig. 24-28. Resolution of the function *„ # [RF]„ into its reol and imaginary parts. 
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Apply ehc method of resolution of Procedure Summary 24-2 to the illustrative rational functions plotted 
in Figs. 24-14a and 24-14b. V 

Figure 24-2 7 shows the plots of p and 4 of the rational function '[RF],( j/3 ) of Figs. 24-14a and 24-14b 
multiplied by a constant, <r,, equal to 0.J2 — -0.5 lorn. The points a, which the resolution was per¬ 
formed are marked with a circle for the real part and a cross for the imaginary part. 

a) For log ft < -0.2, 4> lies between 0 and -90 degrees. 

The real pan is positive; the imaginary part is negative. 

b) For -0.2 < log ft < 0.04, lies between -90 degrees and - 180 degrees. 

The real part is negative; the imaginary part is negative. 

c) For log ft > 0.04, <t> lies between - 180 degrees and - 270 degrees. 

The real part is negative; the imaginary part is positive. 

d) For =-90 degrees, Re { '<Tj'[RF],} = 0, log(Re) '[RF]j| = - » 

This is indicated by the two asymptotic branches of the log (Re) curve. 

e) For = -180 degrees, Im |'a, '[RF],| =0, lo g(lm) {'a, '[RF]j| = - « 

This is indicated by the two asymptotic branches of the log (Im) curve. 

f) The antilogarithmic values of the real and imaginary parts of the function '<r, '[RF] r are given in 

tne (able on rig. 24-27. 1 1 ° 

Sample Calculation 24-3. Construction of Fig. 24-27: Resolution of the function a l '[R F] x (j/3) 

into its real and imaginary parts. 


read off with a loru scale. The numerator and denominator functional components 

are combined separately, as indicated by Eq. (24-60). Table 24-1 is an example of 

the method for a function that is the sum of the first illustrative rational function, 

resolved in Fig. 24-27, and one one-hundredth of the second illustrative rational 
function, resolved in Fig. 24-28. 


Table 24-1. Real and imaginary parts of the rational function terms of Eq. (24-60) for the function 
[GF] (j/3) = a , [RF], (j0) + 'o u '[RF] n (j0); a , = 0 . 32 ; ' o ,, = 0.01 


Log ft 

a, 'CF 

>F],(j/3) 

°n 'CRF]„(i/9) 

[GF](j/9) 

( lorus ) 

Re 

Im 

Re 

Im 

Re 

Im 

- 1.0 

40 

- 7.1 

- 6.0 x 10 3 

- 1.9 X 10 3 

- 5.96 x 10 3 

- 1.9 x 10 3 

- 0.8 

41 

- 8.8 

- 1.85 x 10 3 

- 10 3 

-1809 

-1008 

- 0.6 

44 

- 14.5 

- 5.3 x 10 2 

-435 

-486 

-450 

- 0.4 

52 

-33 

- 1.4 x 10 2 

-150 

-88 

-183 

- 0.2 

- 16.8 

-77 

-36 

-48 

- 54.8 

-125 

0 

-24 

- 2.1 

-10 

- 13.6 

-34 

- 15.6 

0.2 

- 6.4 

+ 1.8 

- 3.2 

- 3.35 

- 9.6 

- 1.55 

0.4 

- 1.65 

1.0 

- 1.1 

- 0.86 

- 2.75 

+ 0.14 

0.6 

- 0.43 

0.43 

- 0.4 

- 0.22 

- 0.83 

0.21 

0.8 

- 0.094 

0.165 

- 0.166 

- 0.057 

- 0.26 

0.108 

1.0 

- 0.018 

0.050 

- 0.06 

- 0.0146 

- 0.078 

0.035 

1.2 

- 0.0023 

0.012 

- 0.0235 

- 0.0036 

- 0.0258 

0.008 

1.4 

- 0.00041 

0.003 

- 0.0093 

- 0.0009 

- 0.00971 

0.0021 
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Log frequency plots for polynomials may be obtained by any one of three methods- 

2) ,c,ms io p " mi ‘ succcssiv ' appi,ca,ion <* +f > f/(. * f> con. 

may bI ^"" d '^ *»« — 
r:::: e,vcn in ■" " rst ran chap '" 24 Thc ° ih " ■« - 

Consider a fifth-order polynomial of an imaginary variable: 

<i0> s + Y,m* * Y,m’ * y 2 < iP) 1 f y, (i/3) + y 0 . IftjjB, 

A(.e, d/3) 3 is factored from the highest power terns, Eq. (1) may be rearranged into two terms: 

<i/3) 3 l(j/» 2 + Ml/3) + y 2 J + ly 2 (j/3) 2 + y,(i/3) + y 0 ) , f^, 

Equation (2) is put into a form suitable for the second method by (.coring out the fitst term: 

<i0) 3 [(i/3) 2 + y 4 (j/3) + y,] [l a >'2 ( '^ 2 - >T lift) * y„ j _ 


f 12 


( 2 ) 


<i/3) 3 t(i/3) 3 a X,(i/3) a y ) 


<32 


The firs, factor of Eq. (3) is associated with the log frequency plots obtained from the degenerate fir,,, 
order and second-order function product. The second factor is calcuiarcd by using the (l a F) contour sys- 
m over ay chan of F.g 24-17 after the log frequency plots o, the rations, function have been drawl with 
ced^e ^ * frequency plots of the two factors are combined as the final step of the pro- 

The third method may be applied directly to Eq. (2). Each of the terms consists of factors for which the 
assoc.a,ed log frequency plots may be obtained „om profiles. The plots associated with the two terms are 
combed by the res.lv,ng scale procedure described in paragraph 24.80. The real and imaginary pans of 
each term are obtained from the log frequency plots and converted into uniform scale readings. They are 
ge ra,rally added to obta.n the real and imaginary pans of the polynomial. The equivalent polar form 

p^g—: Wh '" COmP ° nCmS “ “ a PP ro Ptiate chans described in 

Appiic.tion of these methods more complicated situations is straightforward. Each case must be in- 
y '"“" d bUI> bV 3 PP'»P' i ‘»' *'»“Pi»«. expressions similar to.Eq. (21 may be obtained. 

Procedure Summery 24-3. Melhods of constructing log frequency plots of polynomiols. 


plots associated with polynomials 

24.84. The methods for obtaining plots of functions of rational functions may 

ma " e 2 4 ? H inthe n freqUenCyPl ° tS W,th Procedure Sum¬ 

mary 24-3 outlines three techniques for treating polynomials. The first is to factor 

polynomial and apply the profiles representing the factors by the method of 

to r permit e th Ummar f 24_1 ' Th6 terms of the polynomial 

permit the use of appropriate known contour system overlays. The third is to 

rearrange the polynomial to permit the use of the resolving scale technique The 

second and third methods obviate the need for factoring. Each situation must be 

considered on its own merits for the best combination of the three methods. 
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POLAR COORDINATE-CARTESIAN COORDINATE TRANSFORMATION CHARTS 

24.85. When it is necessary or convenient to show the derived function in 
graphical form, particularly in polar coordinates, the procedure is facilitated when 
special charts are employed for this purpose. The basis of these charts is the 
relationship between polar and Cartesian complex coordinates which has been 
employed, for example in paragraph 24.80, to construct the resolving scale. 

24.86. The conversion from Cartesian to polar coordinates may be accom¬ 
plished graphically with the assistance of any one of the several charts described 
in Definition Summary 23-2. For coordinate transformation, the charts bear 
special overlay coordinates and may be designated as: 

1) Uniform-scale polar plane with Cartesian complex coordinate system overlay. 

2) Log-scale polar plane with log-scale complex coordinate system overlay. 

3) Log-scale complex plane with log-scale polar coordinate system overlay. 

UNIFORM-SCALE POLAR PLANE WITH CARTESIAN COMPLEX COORDINATE 
SYSTEM OVERLAY 


24.87. On a uniform-scale polar plane that has a rectangular grid overlaid 
on the pattern of concentric circles and radii (see Fig. 24-29), a point may be 
designated either in polar or Cartesian coordinates, related by the expressions 


where 


R « JA = R cos A+jR sin A = x + j y 
x = R cos A , y = R sin A 


(24-63) 
(24-64a), (24-64b) 


R - radius vector of point; A = angle of radius vector measured in posi¬ 
tive sense 

x = real Cartesian coordinate; y = imaginary Cartesian coordinate 
Equation (24-64) is the expression of the transformation of the real and imaginary 
parts to polar coordinates. It can be seen that Fig. 24-29 is obtained by combining 
the uniform-scale polar plane with the uniform-scale Cartesian complex plane of 
Chapter 23. 


LOG-SCALE POLAR PLANE WITH LOG-SCALE COMPLEX COORDINATE SYSTEM OVERLAY 

24.88. The log-scale polar plane with log-scale complex coordinate system 
overlay, shown in Fig. 24-30, is obtained by the use of the relationships 

log R« JA = log R + j A (24-65) 

log x = log R + log cos A ; log y = log R + log sin A (24-66a), (24-66b) 

24.89. Equation (24-65) represents a conformal transformation by which 
the uniform-scale polar plane pattern of concentric circles with the center at the 
origin, and the associated family of radii, becomes a rectangular grid. The circles 
become vertical lines and the radii, horizontal ones. The circle of unit radius 
in the uniform-scale polar plane corresponds to the line for which log R is equal 




lo* R 


Fig. 24-29. Uniform-scale polar plane with. 
Cartesian coordinate system overlay. 


Fig. 24-30. Log-scale polar plane with complex 
coordinate system overlay. 


to zero. The area to the left of the log R equal to zero line corresponds to the 

rS “ T Umt C1FCle ° f tHe Unif ° rm - SCale P° lar P* a "e. while the area to the 
right of this line corresponds to the area outside the unit circle. 

sc, 24 '?' T ] he Cartesian com P lex coordinate system, when plotted on the log- 
scale polar plane, is no longer a rectangular grid, but a network of interlacing 
curved hues, corresponding to the relationships of Eqs. (24-66a) and (24-66b, 

f each constant value of the real part of the complex variable, there is a unique 
curve on the log-scale polar plane determined by the expression 

logR= log X- log COS A (24-fVn 

In particular, for „ equal to unity (log * equal to zero), there is the curve 

log R = — log cos A 

which is symmetrical about the log positive real axis. For every other valu'e^f 

the" o7 f Par n ‘I! 3550 " 316 ' 1 CUFVe defined by Eq ' (24 ‘ 67) haS the sa “>e shape as 
one for which the real part is unity, differing only by an additive constant. 

w, Jn' a ? Umf ° rm - scale P° Iar P* a -. ‘he positive real axis is identified 

p ^2 , Z6r0 anR ' e ‘ " eqUa ‘ t0 Z6r0) - The UneS defined ^ ‘he real 

part of the complex var.able being equal to a positive constant are a family of 

parallel lines all normal to the positive real axis. Similarly, in the log-scale 

polar plane, the curves defined by the logarithm of the real part of the complex 

var.able equal to a constant are a family of parallel curves all normal to the log 

the anile is ztm‘ hat ^ ^ ° n ^ l0g - SCale e° lar P la "* ** which 

.... j ™ 

uegree angle. The family of parallel lines for 
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which the real part of the complex variable is a negative constant is transformed 
into a family of parallel curves all normal to the log negative real axis. The posi¬ 
tive imaginary axis is identified as the radius of the 90-degree angle, and the 
negative imaginary axis with the radius of the 270-degree angle. With each of 
these axes is associated a family of curves of the same character as the positive 
real axis family of curves described in the previous paragraph. 

24.93. Thus, the semi-axes of the uniform-scale polar plane transform into 

four parallel lines on the log-scale polar plane, as shown in Figs. 24-29 and24-30 

and in the following tabulation, each line being the line of symmetry of a family 
of curves. 


Uniform-Scale Polar 

Plane Semi-Axis 

Re 

Axis 

Im 

Axis 

- Re 
Axis 

- Im 
Axis 

Re 

Axis 

Corresponding Value 
of the Angle A 

0 ° 

90° 

180° 

270° 

360° 

Corresponding Log- 
Scale Polar Plane Axis 

log Re 
Axis 

log Im 
Axis 

log (— Re) 
Axis 

log (- Im) 
Axis 

log Re 
Axis 


This tabulation may be extended, when necessary, for angles greater than 360 de¬ 
grees. A given function of the complex variable may be plotted on the log-scale 
polar plane in polar coordinates and its real and imaginary parts obtained from 
the overlay, or vice versa. 

24.94. The dimensions of the log-scale polar plane with a log-scale complex 
coordinate system overlay are maintained consistent with the log frequency profiles 
and the [l + F] and F/[i + F] charts. The log-radius scale is selected to have one 
loru per 2.5 inches while the angle scale is represented as 20 degrees per inch. 
This permits information from previous constructions to be transferred graphically 
with a minimum of reading of the values of the points. As reproduced in this 
chapter, however, all the aforementioned charts are half-scale. 

LOG-SCALE COMPLEX PLANE WITH LOG-SCALE POLAR COORDINATE SYSTEM OVERLAY 

24.95. A third type of chart that is convenient for transformations from Car¬ 
tesian complex coordinates to polar coordinates is the log-scale complex plane 
with polar coordinate system overlay (see Fig. 24-31).* The log-scale complex 
plane has been described in Definition Summary 23-2, and is based on the non- 
conformal transformation defined by the relationships 

* —<►log x ; y—►log y (24-69a), (24-69b) 

The four quadrants of the uniform-scale complex plane go over into four sections 
about the transformed origin, which are defined as the quadrants of the log- 
scale complex plane when the conventions of Definition Summary 23-2 are used. 


• Charts of this type are also described by Klipsch (45). 




I m 


The LOG-SCALE COMPLEX PLANE Is a mode of pre¬ 
senting the complex plane In which the coordinates are 
distributed logarithmically, In contrast with the UNIFORM- 
SCALE COMPLEX PLANE, whose COORDINATES are 
uniformly distributed. It Is not representable by a conform¬ 
able transformation. 

This chart presents the POLAR COORDINATE SYSTEM 
superimposed on the LOG-SCALE COMPLEX PLANE. The 
plot of a function of the complex variable, tabulated by its 
polar coordinates of phase and amplitude on the POLAR 
COORDINATE SYSTEM OVERLAY, will have Its real and 
Imaginary parts given by the rectilinear coordinates of the 
LOG-SCALE COMPLEX PLANE. The plot of a function of 
the complex variable, tabulated by Its real and Imaginary 
parts on the LOG-SCALE COMPLEX PLANE, will have 
Its phase and amplitude given by the POLAR COORDINATE 
SYSTEM OVERLAY. 

The axes of the LOG-SCALE COMPLEX PLANE are 
Infinitely remote. The four quadrants cannot be Joined on a 
finite chart. A blank strip separates each pair of quadrants 
to Indicate this. The axis Is indicated by the line In the 
middle of the strip for convenience. 



a) Uniform-scale complex plane coordinates 


Quadrant I Re, lm 
II —Re, lm 

III — Re, —lm 

IV Re, -lm 


UNIFORM-SCALE 
COMPLEX PLANE 


LOG-SCALE 
COMPLEX PLANE 


COMPLEX COORDINATE SYSTEM 


Re = constant 

STRAIGHT LINES 
parallel to lm axis 

lm = constant 

STRAIGHT LINES 
parallel to Re axis 


log Re = constant 

STRAIGHT LINES 
parallel to log lm axi3 

log lm = constant 

STRAIGHT LINES 
parallel to log Re axis 


POLAR COORDINATE SYSTEM OVERLAY 


(Re) 2 + (lm) 2 = R 


2 



CONCENTRIC CIRCLES 
center at origin 


tan 


-1 lm 





1/2 log [(Re) 2 + (1rn) 2 ] = log R 

CONCENTRIC CLOSED CURVES 
center at origin 

log lm — log Re = log tan A 


R = 100 



b) Log-scale complex plane coordinates. 


RADII 

emanating from the orlqln 

III log (—Re) log '— lm) 

IV log (Re) log (—lm) 


STRAIGHT LINES 
parallel in each quadrant to 
line log lm = log Re 


Quadrant I log (Re) log (lm) 

II log (—Re) log (lm) 


Fig. 24-31. Explanation of the log-scale complex plane with a polar coordinate system overlay. 
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The coordinates of each quadrant are 

Quadrant I: log x ; log y 

Quadrant II: log (-x) ; log y 

Quadrant III: log (-x) ; log (_ y ) 

Quadrant IV: log x ; log (_ y ) 


As explained in Chapter 23, the axes of the log-scale complex plane are infinitely 
remote because the logarithm of zero is minus infinity. This situation is indi¬ 
cated by leaving a blank strip between each pair of quadrants. A line is drawn in 
the middle of each strip to indicate the axes. 

24.96. The transformed polar coordinate system may be readily found. The 
equation of the circle of radius R in the uniform-scale polar plane is 

x2 = r2 - y 2 (24-70a) 

or 

±x « V R 2 - y 2 (24-70b) 

In the log-scale complex plane, Eq. (24-70b) becomes 

log(±x) = i- log (R 2 _ y 2 ) (24-71) 

The limiting values of this expression describe its geometric properties. For 

very small values of the imaginary part, the real part becomes almost equal to 

the radius of the circle. Similarly, for very small values of the real part, the 

imaginary part becomes almost equal to the radius. In the log-scale complex 
plane, the lines 

log x = log R and logy = log R (24-72) 


represent the asymptotes of the transformed circle. This argument also shows 
that there is a line of symmetry for the transformed circle in each quadrant, which 
in the first quadrant is 


log x = log y 


(24-73) 


The transformed circle is closed in the log-scale complex plane, just as in the 
uniform-scale plane, but the points of intersection with the axes are infinitely 
remote. The curve resembles a square with rounded corners (see Fig.24-31). 
The family of circles defined by the radius being a constant all have the same 
shape in the log-scale complex plane; they form a family of parallel curves dis¬ 
tributed along the axis of symmetry of Eq. (24-73). Interpolation between two 
curves is performed along the symmetrical axis. 

24.97. The log-scale complex chart shown in Fig. 24-31 has been prepared 
with the polar coordinate overlay having a logarithmic distribution. There are 
two logarithmic scales, one for the complex coordinates and one for the radial 
one. The dimension of the radial logarithmic scale has been chosen to be 2.5 inches 
per loru to be consistent with the other logarithmic charts. 
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Fig. 24.33b. Log*scale polo, plo, of the (unction '[GFJfjfl) , b, * i„ '[RF]„ (jf». 
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Fig. 24-34a. Log-scale complex plane plot of the function '[GF](j/3) = 'a,'[RF], (j/9) + a,, ' [RF],, (j0). 
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Fig. 24-34b. Log-scole complex plane plot of the function # [GF](j0) „ V, ^[RFJ,(j/9) + 'a„ '[RF] n (j/9) 
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24.98. The family of radii associated with the circles of the uniform-scale 
polar plane is expressed by the relationship 

tan A = (24-74) 

In the log-scale complex plane, this equation becomes 

log y = log x + log tan A (24-75) 

The relationship of Eq. (24-75) represents a family of nonuniformly distributed 
parallel lines in the log-scale complex plane. The lines have a slope of 45 degrees 
in the first quadrant, 135 degrees in the second, 225 degrees in the third and 
315 degrees in the fourth. They are all parallel to the lines of symmetry of the 
transformed circles. 

24.99. Figure 24-31 shows the details of the log-scale complex plane with 
polar coordinate system overlay. 

COMPARISON OF UNIFORM-SCALE POLAR, LOG-SCALE POLAR, AND LOG-SCALE 
COMPLEX CHARTS 

24.100. It must be borne in mind that all three types of charts discussed in the 
previous sections represent the same essential geometric picture; each emphasizes 
a different aspect of the polar plane by the choice of scale. In all cases, the plots 
show the function in terms of complex coordinates, and, when it is necessary to 
indicate the values of the running variable, they must be marked off on the curve 
itself since no separate scale is possible. 

24.101. The function given in Table 24-1 is shown plotted in Figs. 24-32, 
24-33 and 24-34. The uniform-scale plane of Fig. 24-32 has two scales in order 
to include as much of the curve as possible. The representation is still quite 
limited. The log-scale polar plane representation is given in two parts in 
Figs. 24-32a and 24-32b, the entire range of the radius being 10^ to 1. The log- 
scale complex plane plot is also given in two parts in Fig. 24-34 because of the 
great range of the radius. Figure 24-34a shows the plot for values of the radius 
between 10^ and 10, while Fig. 24-34b continues the curve shown down to 10”^. 
Extension to smaller values requires another change in scale. Generally, all plots 
are shown on one chart with repeated scales. The curves are shown on separate 
charts in the figures for purposes of clarity. 
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CHAPTER 25 


RELATING FUNCTION FORMS FROM 
PULSE FUNCTION RESPONSES * 


INTRODUCTION 

25.1. It is pointed out in the introduction to this volume that the problems 
of instrument engineering may be divided into four types: (1) direct analysis, 
(2) inverse analysis, (3) performance function analysis, and (4) design. The previous 
chapters deal with methods for solving the direct analysis problem, in which the 
integro-differential equations are known and it is required to find the complete 
solution wnen initial conditions are given and the forcing function is specified. The 
inverse analysis problem, in which the forcing function and initial conditions are to be 
found when the response and the differential equation are given, may be solved 
by procedures similar to those used for thedirect analysis problem. This chapter 
describes a graphical method for dealing with the performance function analysis 
problem. Design problems are treated in Volume ni. 

25.2. When only the input variation and the corresponding output variation are 
known, it is said that the functional relationship between the two variables is 
available in an i mplicit form. The performance function analysis problem is to 
extract the functional relationship between these variables and represent the re¬ 
lating function in a manner useful for further study, in a graphical, numerical or 
analytical form. It is assumed that the relating function is unique and deriv¬ 
able from a linear integro-differential equation as defined in Chapter 17 and there¬ 
fore amenable to the mathematical operations presented in the previous chapters 
The procedure is most simple when it is known that the given output response func¬ 
tion variation is a normal solution as defined in Chapter 17. For this situation 
initial conditions may be ignored, and the relationship between the input forcing func¬ 
tion and the output response function is given by Eq. (17-1) of Chapter 17; i. e „ 

RELATING FUNCTION = RESPO NSE FUNCTION 

FORCING FUNCTION 

25 .3. In practice, the conditions of normal solutions are obtained when the in¬ 
p ut variat ion, taken as the independent variable, and the output variation, representing 

* The material in paragraphs 25.5 through 25.27 is based on a paper bv «„, m m • 

Clementson (66). The material in paragraphs 25.28 through 25.32 is simihr to th d' B,aS,0 « ame - 

of Brown and Campbell (6). dlscuss ' on Chapter 11 


(25-1) 
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the dependent variable, have zero initial conditions. For example, when the per¬ 
formance function of an existing system must be determined experimentally, it 
may be tested by applying a pulse-like disturbance and observing the response. 
The input and output quantities are recorded simultaneously. The test is repeated 
until the duration of the input disturbance is appreciably shorter than the response. 
For these situations, the independent and dependent variables are known only as 
curves functionally dependent on the running variable. 

25.4. The technique presented in this chapter is to obtain the Fourier trans¬ 
form of the independent and dependent variables by the formula of Eq. (7) in Deri¬ 
vation Summary 12-1. The new expressions are continuous functions of the fre¬ 
quency, or the frequency ratio in nondimensional terms. Each function is written 
as the product of an amplitude ratio function and an imaginary exponential function. 
The exponent is the phase angle function . From the discussion in Chapter 17, the 
relating function is obtained by dividing the dependent variable Fourier transform 
by that of the independent variable. The ratio is characterized by a dynamic am¬ 
plitude ratio function and a dynamic response angle function . When the independent 
and dependent variables are not available as analytic expressions, it is necessary 
to use numerical or graphical procedures to effect the Fourier transformation of 
these quantities. Derivation Summaries 25-1 and 25-2 describe the theoretical 
basis for numerical methods. One method for carrying out a graphical Fourier 
transformation is outlined in Procedure Summary 25-1. Several other methods, 

which use computing machines, are given in the references noted later in the 
chapter (see paragraph 25.15). 

25.5. The inverse problem arises quite frequently; namely, to find the pulse 
function response when the steady-state sinusoidal relating function is available 
in graphical form. Mathematically, the procedure is described as the inverse 
Fourier transform , previously discussed in Derivation Summary 12-1 of Chapter 12. 
The technique for performing the inverse Fourier transform graphically or numer¬ 
ically is developed in Derivation Summary 25-3. The general expression for the 
inverse Fourier transform is reduced to approximation formulas by appropriate 
assumptions that are reasonable for any real situation. 

25.6. The two procedures of the direct and the inverse Fourier transform 
make up a pair of complementary techniques useful in experimental applications. 

A given system may be tested by applying a pulse of known shape and duration. 
The relating function is extracted by graphical or numerical Fourier transform 
approximations that reduce the response to forms amenable to analysis. By ob¬ 
taining the inverse Fourier transform of a given steady-state sinusoidal relating 
function derived analytically, the pulse response is obtained for comparison with 
one obtained experimentally. Frequently, the time devoted to experimental testing 
may be significantly reduced compared with that required for other test procedures. 
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Moreover, pulse methods of testing are not apt to wear out or damage equipment. 

25.7. For some situations, it is convenient to approximate a given response 

by either a first-or second-order type of relating function. In these circumstances, 

it is unnecessary to apply Fourier transform methods. The properties of first- 
and second-order relating functions may be deduced directly from the height of 
the first peak and its time of occurrence. Two types of pulse functions are de¬ 
scribed in Derivation Summaries 25-4 through 25-7. Oneoftheseis the rectangular 

pulse fun ction , and the other is the displaced cosine pulse function . Equations 

and properties of first- and second-order solutions are developed and discussed 

m the cited summaries. Figures presented at the end of the chapter show the 
character of the response curves. 


Ipproxi m Ido N ns FORM APPR0XIMATI0n formula based on STEPPED-CURVE 

25.8. Fourier transforms of functions are defined by Eq. (1) of Derivation 
Summary 25-1. This equation shows that the transformed function may be ex¬ 
pressed as the product of an a mplitude function and an exponential function whose 
exponent is a phase angle function. Both amplitude and phase angle functions vary 
with frequency ratio as indicated by the accompanying definitions. When a refer¬ 
ence amplitude is chosen for the amplitude function, the Fourier transform may 
be completely nondimensionalized, as in Eq. (2). The expression consists of the 
product of an am plitude ratio faction and the exponential function previously de¬ 
scribed. The integrand on the right-hand side of Eq. (2) shows that the function 
of the running variable is also divided by the reference amplitude to obtain the 
nondimensional form. The preprime convention to identify dimensionless vari¬ 
ables may be applied to the terms of Eq. (2). The definition of the nondimensional 
Fourier transform with the preprime convention is given in Eq. (5) 

25.9. The Fourier transform is applicable for those functions that satisfy 
the conditions set down bisection a of Derivation Summary 25-1. For most prac¬ 
tical situations, the functions encountered will meet the requirement of continuity. 
An occasional discontinuity does not violate this condition if it is properly treated 
Usually, the value of the function is taken as the average value at the discontinuity' 
Piecewise continuous functions are therefore included in the class of functions that 

are Fourier transformable. The second condition, expressed by Eq. (6) of Deri¬ 
vation Summary 25-1, that the integral of the magnitude of the function must be 
fm.te When the limits of integration of the running variable are infinite, is also 
tisfied in many practieat Situations. As explained in the summary, the condition 

of Eq. (6) ,s met when the function differs from zero only for a finite interval 

narToTth ‘h 168 " 110 " * fe3Sible °" ly the «»t.rval of the nonzero 

part of the function is relatively short. It is for this reason that the discussion is 
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Fourier transforms of functions are defined in Derivation Summary 12-1 by the integral relationship 

[FT]F('0 = F (/3) = F (a ,O)« ,(PAV< 0 ) . /~ F('t) € -i 2 ^/3('t)d(' t ) 


where 


(ref) 


(ref) 


frequency ratio ; <u (ref) = - 2 n = reference angular frequency 

iref) 


= reference period ; 


't = _1 


= nondimensional running variable 


F('t) 

F(/3) 

F (-)<*» 


(ref) 


function of nondirr.ensiona] running variable 

Fourier transform of function = function of frequency ratio 

amplitude of function ; (P A ) F = phase angle of function 


When a reference amplitude for the function is selected, the nondimcnsional expression of Eq. (7), Deri¬ 
vation Summary 12-1, is obtained; i.c., 

. (AR) f .'"**'•*». r_m_ ( -n^, dCl) 

h (a)(rcf) F (a){ref) 


where 


F (a)(ref) = reference amplitude of F(/}) ; (AR) F - _ F (a)^ 


amplitude ratio of function 


(a)(ref) 


Nondimcnsional expressions in Eq. (2) may be written with the preprime convention by defining the 
symbols 

' ^ P ~ nondimcnsional function of the nondimcnsional running variable 


'F(ft) 


(a) (ro £) 

F(fl) 


(a)(ref) 


nondimen'sional Fourier transform as a function of frequency ratio 


Using these definitions, Eq. (2) may be written in the form 

'F</9) - [FT)'F('t) = / 'F(-t)€-' ! ^('. | d(',) (5) 

— «o 

• 

Texts and treatises on Fourier transforms discuss the conditions that must be satisfied by functions 
that are Fourier transformable.* For the purposes of this chapter, it is sufficient to observe that continuous 
functions for which the integral 

/ ” | 'F('t)| d('t) (6) 


is finite arc Fourier transformable. Equation (2) is satisfied when the function in the integrand, in addi¬ 
tion to being continuous, goes to zero for sufficiently large values, both positive and negative, of the 
running variable. When the function is zero for values of the running variable less than or equal to zero, 
a numerical procedure is available for evaluating Eq. (1). 

Note: Some (unctions that do not satisfy Eq. (6) do have derivatives that are Fourier transformable. 

a) Definition of the Fourier transform 

• See Fourler Series and Boundary Value Problems by Churchill (1 4a), Fourier Methods by Franklin (28), and 
The Fourier Integral and Certain of Its Applications by Wiener (76). 

Derivation Summary 25-1. Approximation formulas for Fourier transforms using stepped-curve 

approximations. (Page 1 of 3) 
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( ™ ' A ‘V ■' ~r*— of continuous functions „ Q , arc Foutte, „ “ 

Z 'J ? ° W " by ,hC J Vme ’ ,hC ab5Cis “ is d ”' d ' d into in.etvals of widih \C). The 

« H I'“a““"" dS “ 1 - S M .). firs, tnterva, begins 

S A< 0 and """ ds *“ » * *< Ml), and so on. The bounds of the tntetvn, 


Lower bound of i rh interval = iA('t) - J_ \('f) 


Upper bound of i ,h interval = + X \('f) 


varUbll ,h ' 0U * h0U ' in ‘" Vl1 “ y bC ' ak ' n 35 ' h ' , ”‘ d - poi "' "•« ■*« *■* tunn 
variable , s «A( t). In this way the function is replaced by an approximate stepped curve. 


b) Approxi motjor^of a given curve by o stepped 


curve 




F(iA( t)) = mid-point value ot Junction in i 


Interval 




F('t) = 




function of running varlcil 


■inOIIHIilPl 


Mepped-Curve representation of 'F('t) 


ihb —mbM 



pramBnaigia 

OliyHHinmimimmm 


A('t) 


2 A('f) 


3 Aft) 


HK f) I K i+ t) ^ 

A('t 


1 V't) -| Aft) is the width of 


every interval 


C,,rr " Si0n "" F ° Un " " a " sto ™ “ E <1- (5) be written as a sun, of integrals 

[F T] 'F('t) . g 

The limits of each in.egtal term are the bounds of the inrerval. If the symbol F (i \(',» is a , H t 

mid-point value of the function in the i th interval then Fn row L ' dcf,ned 35 ,hc 

interval, then Eq. (8) ,s approximately represented by the 


ffT]'F(-t) . g -FfiiC), 

1=0 s/(l-'/a)A('t) 


summa- 


1= oo 


F(iA('f)) e' l ' l?7 /^ 1 - l ^>A( > t) _ infill* H)Aft) 

f=o )2nft 

€ 12*0 Aft )/2 _ t -l 2 nft.\{\ )/2 £^,_. 

- ~ -- £ F(iA(-t)),-ltn/J.M', 


( 10 ) 


(II) 


Derision Sutntnary 25-1. Apptoai.ofion fottnulos for Foutiet „c„sfo, m s using sfepped-cutve 

approximations. (Page 2 of 3) 
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T-rom Eq. (8) of Definition Summary 12-3, 


sin 2n P^) g i2g/3A(1)/2 _ e -j27r/3A('t)/2 


2 2j (12) 

Substituting Eq.(12)intoEq. (11)yields the stepped-curve approximation formula for the Fourier transform* 

. 2,r/3A('t) . 

sin --- 00 

'F</9) = [F T] 'F('t) „-'F(iA('t)) «-J2^/3 iA('«, A( - t) 


i.e. f 


2 


(13)) 


The coefficients of the terms in the summation of Eq. (13) may also be considered as the initial values of in¬ 
tervals of width \('t), of which the zero th interval begins at 't = 0 and extends to 't = A('t), and 


so on. 


The quantity 


€ J 2tr/3\('t)/2 _ c -j2ir/3A(1)/2 


sin (tf!!!) 


2j ( 


AftK 


) 




(14) 


is the Fourier transform of the unit rectangular pulse function that symmetrically straddles the origin from 

f “ “ A ' f ) /2 to ' f = \('t)/2. This may be verified from the Laplace transform of a rectangular pulse given 
in Fig. 16-1, when the Laplace transform variable is set equal to j2 nft and the values of the limits of the 
pulse arc as just defined. 

I he expression for the approximation to the Fourier transform of the given function in Eq. (13) is equal 

to the transform of the unit rectangular pulse function that occurs at the origin multiplied by a summation. 

The i' term of the summation is the product of the value of the function at iA('t) in the i th interval, the 

width of the interval, and an imaginary exponential function. The imaginary exponent is the negative 

product of 2 n times the frequency ratio and the value of the running variable equal to i intervals. 

Let 


1= TO 


L 


F(i.\( t))( J 2 n/i[ \( t) — Fourier transform summation of F('t) 

1-0 - [FTS] ’F('t) 

Then Eq. (13) may be written as , . 

.sin 

F(/i) »-— * [FTSJ'F('t)A('t) 


(15) 


When \('t) is sufficiently small so that 

sin 2 nfi \('t) 


2ir/3A('t) 

2 


(16) 


2nfl \('t) 


(17) 


2 2 

then the approximation for the Fourier transform of Eq. (13) reduces to the simpler form 

1= TO 

[FT]'F('0 J2 'FOA('t)) A (',) , [FTS]'F('t)A('t) (is) 

1 = 0 

Since the value of the function in the i th interval, 'F(iA('t)), is obtained from the curve representing the 

function, and for a specified value of the frequency ratio, ft, the exponent (2rr/9iA('t)) can be calculated, 

each term of the summation in Eq. (13) has a unique value expressed in complex polar coordinates. The 

value of the unit rectangular pulse Fourier transform for given values of fi and A('t) is available from 
Tabic 25-1 and Fig. 25-1. 

c) Stepped-curve a pproximation Fourier transform 

Derivation Summary 25-1. Approximation formulas for Fourier transforms using stepped-curve 

approximations. (Page 3 of 3) 
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Table 25-1. Sine of argument-argument ratio and associated functions. 


«r/SH) 

Sin ff /3('t) 

loe sin "/30) 

/sinir/3rt) 


nP('l) 

nfi 0) 

V rrpc t) 

0.01 

1.0000 

0.0000 

1.0000 

0.02 

0.9999 

-0.00004 

0.9998 

0.03 

0.9998 

-0.0001 

0.9995 

0.04 

0.9997 

-0.0001 

0.9993 

0.05 

0.9996 

-0.0002 

0.9991 

0.06 

0.9994 

-0.0003 

0.9986 

0.07 

0.9992 

-0.0004 

0.9982 

0.08 

0.9989 

-0.0005 

0.9977 

0.09 

0.9987 

-0.0006 

0.9972 

0.10 

0.9983 

-0.0007 

0.9968 

0.11 

0.9980 

-0.0009 

0.9959 

0.12 

0.9976 

-0.0010 

0.9950 

0.13 

0.9972 

-0.0013 

0.9943 

0.14 

0.9967 

-0.0014 

0.9936 

0.15 

0.9963 

-0.0016 

0.9927 

0.16 

0.9957 

-0.0019 

0.9913 

0.17 

0.9952 

-0.0021 

0.9904 

0.18 

A ft a 

0.9946 

-0.0024 

0.9891 

0.19 

A A A 

0.9940 

-0.0026 

0.9881 

0.20 

0.9933 

-0.0029 

0.9867 

0.21 

A Am 

0.9927 

-0.0032 

0.9854 

0.22 

0.9920 

-0.0035 

0.9840 

0.23 

0.9912 

-0.0038 

0.9827 

0.24 

0.9904 

-0.0042 

0.9808 

0.25 

0.9896 

-0.0045 

0.9795 


0.26 

0.27 

0.28 

0.29 

0.30 

0.31 

0.32 

0.33 

0.34 

0.3S 

0.38 

0.37 

0.38 

0.39 

0.40 

0.41 

0.42 

0.43 

0.44 

0.45 

0.46 

0.47 

0.48 

0.49 

0.50 

0.51 

0.52 

0.53 

0.54 

0.55 

0.56 

0.57 

0.58 

0.59 

0.60 

0.61 

0.62 

0.63 

0.64 

0.65 

0.66 

0.67 

0.68 

0.69 

0.70 

0.71 

0.72 

0.73 

0.74 

0.75 

0.76 

0.77 

0.78 

0.79 

0.80 


0.9888 

0.9879 

0.9870 

0.9860 

0.9851 

0.9841 

0.9830 

0.9819 

0.9808 

0.9797 

0.9785 

0.9773 

0.9761 

0.9748 

0.9735 

0.9722 

0.9709 

0.9695 

0.9680 

0.9666 

0.9651 

0.9636 

0.9620 

0.9605 

0.9589 

0.9572 

0.9555 

0.9538 

0.9521 

0.9503 

0.9485 

0.9467 

0.9449 

0.9430 

0.9411 

0.9391 

0.9372 

0.9352 

0.9331 

0.9311 

0.9290 
0.9268 
0.92 4 7 
0.9225 
0.9203 

0.9181 

0.9158 

0.9135 

0.9112 

0.9089 

0.9065 

0.9041 

0.9016 

0.8992 

0.8967 


-0.0049 

-0.0053 

-0.0057 

-0.0061 

-0.0065 

-0.0070 

-0.0074 

-0.0079 

-0.0084 

-0.0089 

-0.0094 

- 0.0100 

-0.0105 

-0.0111 

-0.0117 

- 0.0122 

-0.0128 

-0.0135 

-0.0141 

-0.0148 

-0.0154 

-0.0161 

-0.0168 

-0.0175 

-0.0182 

-0.0190 

-0.0198 

-0.0205 

-0.0213 

- 0.0221 

-0.0230 

-0.0238 

-0.0246 

-0.0255 

-0.0264 

-0.0273 

-0.0282 

-0.0291 

-0.0301 

-0.0310 

-0.0320 

-0.0330 

-0.0340 

-0.0350 

-0.0361 

-0.0371 

-0.0382 

-0.0393 

-0.0404 

-0.0415 

-0.0426 

-0.0438 

-0.0449 

-0.0461 

-0.0474 
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0.9759 

0.9741 

0.9723 

0.9705 

0.9663 

0.9665 

0.9643 

0.9621 

0.9598 

0.9575 

0.9550 

0.9528 

0.9502 

0.9475 

0.9454 

0.9428 

0.9397 

0.9371 

0.9341 

0.9315 

0.928S 

0.9256 

0.9226 

0.9196 

0.9162 

0.9129 

0.9099 

0.9066 

0.9032 

0.8995 

0.8962 

0.8929 

0.8892 

0.8855 

0.8819 

0.8782 

0.8746 

0.8706 

0.8670 

0.8630 

0.8590 

0,8551 

0.8511 

0.8468 

0.8430 

0.8387 

0.8345 

0.8303 

0.8260 

0.8219 

0.8173 

0.8132 

0.8087 

0.8039 


V npy\) 

0.0000 

-0.00008 

- 0.0002 

- 0.0002 

-0.0004 

-0.0006 

-0.0008 

- 0.0010 

- 0.0012 

-0.0014 

-0.0018 

- 0.0020 

-0.0026 

-0.0028 

-0.0032 

-0.0038 

-0.0042 

-0.0048 

-0.0052 

-0.0058 

-0.0064 
-0.0070 
—0^0076 
-0.0084 
-0.0090 

-0.0098 

-0.0106 

-0.0114 

-0.0122 

-0.0130 

-0.0140 

-0.0148 

-0.0158 

-0.0168 

-0.0176 

-0.0188 

- 0.0200 

- 0.0210 

- 0.0222 

-0.0234 

-0.0244 

-0.02S6 

-0.0270 

-0.0282 

-0.0296 

-0.0308 

-0.0322 

-0.0336 

-0.0350 

-0.0364 

-0.0380 

-0.0396 

-0.0410 

-0.0426 

-0.0442 

-0.0460 

-0.0476 

-0.0492 

-0.0510 

-0.0528 

-0.0546 

-0.0564 

-0.0582 

-0.0602 

-0.0620 

-0.0640 

-0.0660 

-0.0680 

-0.0700 

-0.0722 

-0.0742 

-0.0764 

-0.0786 

-0.0808 

-0.0830 

-0.0852 

-0.0876 

-0.0898 

-0.0922 

-0.0948 
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0.82 

0.83 

0.84 

0.85 

0.86 

0.87 

0.88 

0.89 

0.90 

0.91 

0.92 

0.93 

0.94 

0.95 

0.96 

0.97 

0.98 

0.99 

1.00 

1.01 

1.02 

1.03 

1.04 

1.05 

1.06 

1.07 

1.08 

1.09 

1.10 

1.11 

1.12 

1.13 

1.14 

1.15 

1.16 

1.17 

1.18 

1.19 

1.20 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1.28 

1.29 

1.30 

1.31 

1.32 

1.33 

1.34 

1.35 

1.36 

1.37 

1.38 

1.39 

1.40 


0.8916 

0.e891 

0.8865 

0.8839 

0.8812 

0.8785 

0.8758 

0.8731 

0.8704 

0.8676 

0.8648 

0.8620 

0.8591 

0.8562 

0.8533 

0.8504 

0.8474 

0.8445 

0.8415 

0.8384 

0.8354 

0.8323 

0.8292 

0.8261 

0.8230 

0.8198 

0.8166 

0.8134 

0.8102 

0.8069 

0.8037 

0.8004 

0.7970 

0.7937 

0.7903 

0.7870 

0.7836 

0.7801 

0.7767 

0.7732 

0.7698 

0.7663 

0.7627 

0.7592 

0.7556 
0.7S20 
0.7484 
0.744 8 
0.7412 

0.7375 

0.7339 

0.7302 

0.7265 

0.7228 

0.7190 

0.7153 

0.7115 

0.7077 

0.7039 


1.41 

0.7001 

1.42 

0.6962 

1.43 

0.6924 

1.44 

0.6885 

1.45 

0.6846 

1.46 

0.6807 

1.47 

0.6768 

1.46 

0.6729 

1.49 

0.6690 

1.50 

0.6650 

1.51 

0.6610 

1.52 

0.6570 

1.53 

0.6531 

1.54 

0.6490 

1.55 

0.6450 

1.56 

0.6410 

1.57 

0.6369 

1.5708 

0.6329 


-0.0486 

-0.0498 

-0.0510 

-0.0523 

-0.0536 

-0.0549 

-0.0563 

-0.0576 

-0.0589 

-0.0603 

-0.0617 

-0.0631 

-0.0645 

-0.0660 

-0.0674 

-0.0689 
-0.0704 
-0.0719 
-0.0734 
-0.074 9 

-0.0765 

-0.0781 

-0.0797 

-0.0813 

-0.0830 

-0.0846 

-0.0863 

-0.0880 

-0.0897 

-0.0914 

-0.0932 

-0.0949 

-0.0967 

-0.0985 

-0.1003 

- 0.1022 

-0.1040 

-0.1059 

-0.1078 

-0.1097 

-0.1117 
-0.1136 
-0.11S6 
-0.1176 
-0.1196 

-0.1217 

-0.1238 

-0.1259 

-0.1280 

-0.1301 

-0.1322 

-0.1344 

-0.1366 

-0.1388 

—0.1*410 

-0.1433 

-0.1455 

-0.1478 

-0.1502 

-0.1525 

-0.1548 

-0.1573 

-0.1596 

-0.1621 

-0.1646 

-0.1670 

-0.1695 

-0.1722 

-0.1746 

-0.1772 

-0.1798 

-0.1824 

-0.1850 

-0.1878 

-0.1904 

-0.1931 

-0.1959 

-0.1987 


0.7995 

0.7951 

0.7907 

0.7860 

0.7813 

0.7766 

0.7716 

0.7670 

0.7624 

0.7575 

0.7527 

0.7478 

0.7430 

0.7379 

0.7332 

0.7281 

0.7231 

0.7181 

0.7132 

0.7083 

0.7031 

0.6979 

0.6928 

0.6877 

0.6823 

0.6773 

0.6721 

0.6668 

0.6616 

0.6565 

0.6510 

0.6460 

0.6406 

0.6353 

0.6301 

0.6246 

0.6195 

0.6141 

0.6087 

0.6034 

0.5979 

0.5927 

0.5872 

0.5818 

0.5765 

0.5710 

0.5655 

0.5600 

0.5546 

0.5485 

0.5438 

0.5385 

0.5331 

0.5277 

0.5224 

0.5169 
0.5117 
0.5063 
0.5007 
0.4 955 

0.4902 

0.4646 

0.4795 

0.4740 

0.4686 

0.4635 

0.4582 

0.452S 

0.4475 

0.4422 

0.4369 
0.4 3^7 
0.4266 
0.4211 
0.4161 

0.4110 

0.4057 

0.4005 


V *B(' t) 


-0.0972 

-0.0596 

- 0.1020 

-0.1046 

-0.1072 

-0.1096 

-0.1126 

-0.1152 

-0.1178 

-0.1206 

-0.1234 
-0.1262 
-0.1290 
-0.1320 
—0.1 34e 

-0.1378 

-0.1408 

-0.1438 

-0.1468 

-0.1498 

-0.1530 

-0.1562 

-0.1594 

-0.1626 

-0.1660 

-0.1692 

-0.1726 

-0.1760 

-0.1794 

-0.1828 

-0.1664 

-0.1898 

-0.1934 

-0.1970 

-0.2006 

-0.2044 

-0.2080 

-0.2118 

-0.2156 

-0.2194 

-0.2234 

-0.2272 

-0.2312 

-0.2352 

-0.2392 

-0.2434 

-0.2476 

-0.2518 

-0.2560 

-0.2602 

-0.2644 
-0.2686 
-0.2732 
-0.2776 
-0.2820 , 

-0.2866 

-0.2910 

-0.2956 

-0.3004 

-0.3050 

-0.3096 

-0.3146 

-0.3192 

-0.3242 

-0.3292 

-0.3340 

-0.3390 

-0.3444 

-0.3492 

-0.3544 

-0.3596 

-0.3648 

-0.3700 

-0.3756 

-0.3808 

-0.3862 

-0.3918 

-0.3974 





Fig. 25*1. Plot of sine of argument — argument ratio. 

concerned with pulse-like functions for the independent variable. In situations 
where the dependent variable appearing in response to a pulse-type forcing func¬ 
tion does not become zero for large values of the running variable, it is frequently 
helpful to use some derivative of the dependent variable that does satisfy Eq. (6). 

25.10. For each value of the frequency ratio, the expression on the right- 
hand side of Eq. (5), Derivation Summary 25-1, is a definite integral with a unique 
value, usually a complex number, that may be evaluated for a given function by 
numerical integration. The discussion contained in the cited summary is based 

on a rectangular-stepped-curve approximation to the curve representing the given 

function. Derivation Summary 25-2 is a parallel treatment for trapezoidal ap¬ 
proximations. For a given function plotted as in the figure of Derivation Sum¬ 
mary 25-1, the running variable abscissa is divided into uniform intervals. Equa¬ 
tion (7) of the summary defines the limits of the specified intervals. The height 
of each step of the approximation is taken as the value of the function in the middle 
of the interval. The Fourier transform is expressible as an infinite sum of inte¬ 
grals, each corresponding to one of the specified intervals. When the value of the 
function is assumed to be constant and equal to the step height in the interval, the 
integral for the step may be evaluated as in Eqs. (9), (10) and (11). The last ex¬ 
pression shows the Fourier transform approximation to be the product of a func¬ 
tion of exponentials and a summation of terms dependent upon the representative 
values of the given function in the intervals. An alternate form is given by Eq. (13). 
The function of exponentials is shown in the discussion of Eq. (14) to be the 
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Fourier transform of a unit rectangular pulse function. The terms in the sum¬ 
mation are each a mid-point value of the given function times an imaginary ex¬ 
ponential function. Since the summation is characteristic of the given function, 
it is defined as the Fourier transform summation of the function by Eq. (15). 
The general expression for stepped-curve approximation Fourier transforms is 
given by Eq. (16). Equation (13) may be interpreted as the Fourier transform of 
a succession of rectangular pulse functions, all of the same width. When the 
width of the rectangles becomes sufficiently narrow, the value of the rectangular- 
pulse-function Fourier transform approaches unity and Eq. (18) shows that the 

Fourier transform of the given function reduces to the Fourier transform sum- 
mation of the function. 

25.11. When a new value of the frequency ratio is chosen, the same stepped 

curve approximation previously chosen may be used, but the value of the imaginary 

exponential factor of each term in the summations is changed, as well as the value 

of the Fourier transform of the unit rectangular pulse function. Details for a 

method of summing complex numbers suitable for this application are described 
in Procedure Summary 25-1. 


FOURIER TRANSFORM APPROXIMATION FORMULA BASED ON TRAPEZOIDAL 
APPROXIMATIONS 

25.12. Trapezoidal representations are generally better approximations to 

smooth curves than stepped curves. Comparison of the figure in Derivation Sum¬ 
mary 25-1 with Fig. a in Derivation Summary 25-2 illustrates this statement 
The trapezoidal approximation overlaps the given curve so closely it has been 
necessary to draw one above the other for the illustration. Section a of Derivation 
Summary 25-2 describes a method for replacing the trapezoid in each interval by 
two overlapping isosceles triangles whose altitudes are the values of the given 
function at the beginning of each interval. Figure b in Derivation Summary 25-2 
shows how the construction for replacing a trapezoid by triangles is effected. 

25.13. The steps in deriving an approximation formula based on a trapezoidal 

approximation are very similar to those for the stepped-curve approximation. 
The details are shown in Derivation Summary 25-2. Equation (2b) is the expres¬ 
sion for this approximation. It differs from Eq. (13) of Derivation Summary 25-1 
only in that the function multiplying the Fourier transform summation of the given 
function is the Fourier transform of a unit isosceles triangle rather than a unit 
rectangle. The interpretation and application of both formulas is almost iden¬ 
tical. Almost any pulse-function shape that fits the given curve may be used and 
yields the identical summation factor in the Fourier transform approximation. 

The resulting approximation has the Fourier transform of the arbitrary pulse 
function as a factor. y p 
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The approximation for the Fourier transform obtained in Derivation Summary 25-1 depends upon rhe rep¬ 
resentation of rhe given function by a s.epped curve. Trapezoidal represen.a.ions are generally closer ap¬ 
proximations to smooth curves, as may be seen by comparing Fig. a with the figure of Derivation Sum¬ 
mary 25-1. However, further modification is required to obtain a Fourier transform approximation based on 
the trapezoidal representation. 


M't) 


■2 AO)-, 
— 3 M't) 


'F(iV't)) = initial value of function for 



tA ('t) 


h A('t) 


M 0 is the width of every interval 


Fig. o. Trapezoidal approximation of 


a curve. 


Each trapezoid may be replaced by a construction similar to that of the next figure. Two isosceles tri¬ 
angles are shown with the same base length but different altitudes. The two triangles overlap, so that the 
second begins at the base of the altitude of the first, as shown in Fig. b, thereby providing a common 
port,on. The line connecting the apexes is the sum of the two intersecting triangle sides and represents 
the slanted side of the trapezoid. A sequence of such overlapping mangles all of the same base, A('t), per¬ 
mits the construction of the trapezoidal approximation to the given curve. The altitude of each triangle is 
equal to the value of the function at the altitude. 


Trapezoid 


I th isosceles triangle j 


/ 

/ 


(i -1) A('t) lA('t) (i + i)A('t) (i + 2)A('t) 

Fig. b. Replacement of a trapezoid by isosceles triangles. 
a) Representation of a given curve by ov erlapping triangular pulses. 

Derivation Summary 25-2. Approximation formulas for Fourier transforms using trapezoidal 

approximations. (Page 1 of 2) 
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wh ™ C fr,anf!lC ln ,hC ,tl ' ,nCt,rvaI is defined by tl.e isosceles triangular pulse function, |ITPFJ(. \( f)). 


fITP FJ(i \('t)) , o 


for r < (i - 1»\( t) 

F (* \(' t) )[—i— -(.-])] for (i - l)\('t) S 't £ , \(' t ) 


(la) 

(lb) 


(Id) 


- F(i\('t))[ ( i * i) - _!_] (o , n( - t) < S{i + in(l) (]c) 

= 0 for (i + 1) \('t) < 'f 

and F(iA('t)) is the value of the function for 't equal to iA('f). 

The «!*«*»» '« '>>' nondimensional Fourier transform in Eq. (5) ol Derivation Summary 25-1 is re- 
P need by a sum ol morals using isosceles rriangula, pulse luncrions for the trapexoidal approximation; 

y ^(i+l ) \(\) 

[ITPFJO \('t)) t 

(1-1) \l't) 


l#C# t 1=<* 

[F T] 'F('t) - £ 


(2a) 


sin 2 Tr/'i 


\('t) 


2nfi 


\('t) 


1= 


Y 'F(iA('t)) € -J2 »t/5iA(1) A (^ # ) 


1=1 


sin 2*/i 


A('t) 


2nft A(J) 

2 J 


(F TSJ 'F('t) \('t) 


(2b) 


The relationship given by Eq. (2b) may pe veritied by subs, itu, ion ol the expressions els „ (II Th 
"™ Eq. (2b) is the Fourier translorm summation „1 F('») delined by Eq , 15 , 7. 

Thequantity p , , by fcq. (15) of Derivation Nummary 25-*. 


sin 1 &MW 2 


2 J 


fF TJ [UITPFJ 


(3J 


The”h U Z°oVl a ' S ' , ' ,ddl ' S ' h ' ? in mUl,ipliCj * F0,Ui " ,rans ' 0m -—I- «< 'hc'givTmn 

The tern, ol the summatton ,s the product ol the initial value ol the lunction In, the i* interval the 

0 t ,ills',hT an ' m T7 " POn '" ,kl Th ' ' ma 8*oary exponent is the negate product 

2n times the (tequency ratto and the value ol the running variable equal to i intervals 

Again, as Derivation Summary 25-1, when A( t) is sulliciently small so tha, 

sin ^ 2/7/9 \('f) 

2 *- j - (4) 

■hen the approximation lor the Fourier translorm Eq. ,2b) reduces ,o the s.mpler lorm 

[Fn'F('t) g 'F<iA(-,)),-i^<t, 4( , ) . [pTSJ F('f)A('t) 


1=1 


(5) 


Which is similar to F.q. (18) of Derivation Summary 25-1. 

««. *. 

each term ol the summation in Eq. (2b) has a unique vllue exp.'.’^faM'' |' ^ 

value ol the uni, isosceles triangular pulse Four.e, mansions In, ,h ” COOrd ‘ na " s - 

able from Table 25-1 and Fig. 25-2. * Va ucs of P Md M'O is avail- 

b) Tr apezoidal appro ximation Fourier transform 

Derivnlion Summary 25-2. Approximo.ian formulas fa, Fourier Ironsforms using trapezoidal 

approximations. (Page 2 of 2) 
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FOURIER TRANSFORM SUMMATION FORMULAS 

25.14. The terms in the Fourier transform approximation summation formulas 
are complex numbers in polar form. Sums of complex numbers have been dis¬ 
cussed in Chapter 24 in connection with sums of steady-state frequency relating 
functions. Two methods of performing the summation are available: 

1) By vectors using the polygon method. 

2) By resolving the complex numbers into real and imaginary parts and sum¬ 
ming the real parts and the imaginary parts separately. 

25.15. The polygon method* is described in Procedure Summary 25-1 and is 
useful when a relatively few number of points are needed. The second method 
may be applied in different ways. Desk calculators with trigonometric tables have 
been found convenient. When punched-card computing machines, or other forms 
of digital computers are available, these may be used to replace hand operations. 
Electromechanical Fourier synthesizers have been developed for the specific 
purpose of calculating the Fourier transform approximation. The output of this 
type of machine is a record of the real and imaginary parts of the Fourier transform.** 

25.16. The actual steps necessary to effect the summation formula of a graph¬ 
ical Fourier transformation are detailed in Procedure Summary 25-1. Section a 
of the summary sets down the successive stages for the process. First, the in¬ 
terval is chosen and the running variable abscissa is divided into uniform intervals. 

The initial values of the given function for these intervals are tabulated. Second, 
the frequency ratio is selected. The product of 2n times the frequency ratio and 
the duration of the interval is computed. The negative of this quantity is the 

• See Karmen and Biot (43), page 338. This is called the Ashworth-Harrison method for harmonic analysis. 

•• See Bromberg (5), Cornell (17), Seamans, Blasingame and Clementson (66), and Seamans, Bromberg and 
Payne (67). 
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Fourier transform approximation formulas given in Derivation « • T --- 

tions of complex terms of the form D«,vat,on Summaries 25-1 and 25-2 include summa- 

i= oo 

- “ a " d -——- 

following steps: ' C ' r SUm 35 r *r*esemed by Eq. (1) includes ,he 

1) The given running variable nondimensionalized curve rerresenri 

hcn , t is negative, and tending to zero for laree v ,1 P '♦' g . a con,,nuous function (zero 
an arbitrary number of equal intervals. For the Example oAh’ '* ^ ^ ,hc absc,ssa 

but other situations may use different numbers The Lt. il " I SUrnn " ar >' 25 ,ntcrv als are sho*n, 
are read from the curve and are the coefficients of the UCS ° ‘ func,ion (or «ach interval 

2) hor a selected value of the ft fhC r ' SpeCt,VC ,Crms in ‘he summation. 

'»* i- Che « —lated. The negative of 

approximation of the Fourier transform. Uhen it does cxcce'i r£ 2 *°' Satisfaccor y 

niusc * >c niadc smaller. th,s cr,t,ca l number, the interval \('f) 

3) The imaginary exponent of the i ,h tern, of the * 

-ined by tnultiplyin, the a, S u m c„, o( "" S *“• “ «*- 

gument ol .he sum. * V > ^ addcd g^ph.cally yield thc mae „ l(u<i< . an(j ^ 

dr “ wn ,0 ' ,h ' ma dnirude (.'mplkude '(plT" °‘ '\'? S " ,00 ' h cu,v " 10 

quency ratio. * umcnt (phase angle) as a function of the fre- 

in Four,.. ,tons,or, onoro„w.n... 
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Fig. o. Function dofinod by a curv. showing ,h. wa ,io,,on 


with the running variable. 


Procedure Summary 25-1. Method lor obtaining values of the summo,in I . , c 

transform approximation formulas. (Po ge 1 0 f 2) ” ° C °' ° ° Uri 
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Imaginary axis 


Real axis 




Argument of the first term 
of the sum 

- 2I70ATO = - 12.6° ^ 


axis This section shows the application of the steps 

- ^ _ of section a to a given function represented by a 

' u \ * CUfVC whcn the summation of Eq. (1) is effected by 

F(2A( i2n P 2 ■ (f) the vector polygon method. By inspection, the 
^ j given function of Fig. a is Fourier transformable, 

F(3A('0)€ "J 2w 0 3 A(1) since il is continuous and the area beneath the 

/ curve is finite. The approximation methods are ap¬ 
plicable because the function is zero for negative 
values of the running variable, and tends to zero 
for large values. From step 1 of section a, the ab- 
V scissa of Fig. a is divided into 25 equal intervals. 

\ The initial values of the function for each interval 

\ s 310 shown in the accompanying table. By step 2, a 

n \ value of the frequency ratio is chosen to make the 

. \ argument of the first term of the summation equal 

\ \ to -12.6 degrees. The table shows the values of 

\ \ the arguments for the other terms in accordance 

\ \ w ‘th step 3. The vector polygon summation of 

\ T the terms in the table is given in Fig. b. 


1=25 


y >(ia('»))« -j2"/5iAc'«) 


24 ?2S 
* 3#22 

17 ^* 

16 


0.7 

14 13 


Magnitude of sum 
Argument of sum 
when 2ff/3A('t) 


0.66 
- 94.8 
12 . 6 ° 


Fig. b. Summation by the vector polygon method. 


Interval 

i I 

Initial 
value of 
function 

F (iA('t)) 

Imaginary 

exponent 

-2^/3iA('t) 

(degrees) 

i 

0.002 

- 12.6 

2 

0.015 

- 25.2 

3 

0.066 

- 37.8 

4 

0.104 

- 50.4 

5 

0.113 

- 63.0 

6 

0.111 

- 75.6 

7 

0.102 

- 88.2 

8 

0.090 

- 100.8 

9 

0.076 

- 113.4 

10 

0.064 

- 126.0 

11 

0.052 

- 138.6 

12 

0.043 

- 151.2 

13 

0.034 

- 163.8 

14 

0.027 

- 176.4 

15 

0.022 

- 189.0 

16 

0.016 

- 201.6 

17 

0.013 

- 214.2 

18 

0.009 

- 226.8 

19 

0.007 

- 239.4 

20 

0.005 

- 252.0 

21 

0.004 

- 264.6 

22 

0.003 

- 277.2 

23 

0.002 

- 289.8 

24 

0.001 

- 302.4 

25 

0.0005 

- 315.0 


b) Example of the method of obtaining values of the summation factor 

Procedure Summary 25-1. Method for obtaining values of the summation factor of Fourier 

transform approximation formulas. (Page 2 of 2) 
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interval are "'”' “” 

=T::r:i: n— - -— 

.. £',« zzziTzyr ,he taM “ ‘ h ~ “ — ■»» 

twenty-five intervals and the initial val Tt" 31 ^ fu ^‘ion is divided into 
ratio is taken so that the first exponent"*-12 6 degrees "xTe"' ^ 

ments are tabulated alongside the initio ■ , g ees - The successive argu- 

shows a vector polygon constructed from tested“"ht SeC °; d h f,gUre 

tors has the magnitude 0.66 and the argument -94 « deV t ° f ** VeC ‘ 

complex values of the summation formula factor for L IT t rePreSe "‘ ^ 
frequency ratio. P art icular value of the 

errors and limitations 

marts' devel °P ed *» Derivation Sum- 

error depends upon the frequency, and geneLTy is™ aPPr ° Ximati ° n does - The 
With Short periods compared with the duratio n Z ^ pulsTTro 

m Procedure Summary 25-1 is that 2 n , r ° Ugh rule - c “ed 

interval product must not exceed n/2. However ThZT '7° " aPPr ° Ximation 
instances where the useful range is less than ,h " ^ ‘ hat there are 

exact methods for evaluating the error are be’ * °" e glV6n ** th<? rUle ' M ° re 

writing. Where high accuracy is required it ha ^ U1VeStlgated at the time °f this 

Nervals in the approbation formuT as ' VZTT^ *° ^ Sh ° rt 

computing machines have proved practical for 

Rational functions associated with a riven . 

VARIATION GIVEN "DEPENDENT AND DEPENDENT 

r r : - 6 — 

able and the other for the corresnnnrtin a a f he '"dependent vari- 

graphical Fourier transformation is obtained^" both The "T' ^ " UmeriCa ‘ 0r 
ent variables in order to obtain the k ■ , a h th ‘ ndependent and depend- 
Wben the same approb^ ^ (25 - 1, ‘ 

Fourier transform summation characteristic of the f ^ C ° nSiStS ° f 3 
Fourier transform of a representative ml* , t var *able multiplied by the 

is common to the two transforms the ratio con""? 10 "/ ^ latt6r function 

Pu.se function transform cancels ’out "ebeTx t °? The 

able Fourier transform be P S10n for the independent vari- 
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(25-2) 


«<0) = [FT]u('t) = j[FT][PuF]A('t)j ‘g u(iA('t))«-J^iA<'t) 

1=1 


and that for the dependent variable be 


k = oc 

vC/J) = [FT]v('») = [[FT][Pu F]A('t)i £ v(kA('t)) < -' 2 "/ 3 kA<'i) 

kt=l 


(25-3) 


where [PuF] is a pulse function suitable for the application. When the pulse func¬ 
tion is identical in both equations and the quantity A('t) is taken to be the same in 
each, then the associated relating funtion is 




k = oo 

v(kA('t))«"J 2,r 0kA('t) 

W£) . k.i _ 

u(fl) 

22 «j(i A 

i= 1 


(25-4) 


Note that tire common factors in Eqs. (25-2) and (25-3) are removed in the ratio 
expression of Eq. (25-4). 


25.20. The form of Eq. (25-4) is that of an amplitude ratio function multiplied 
by an exponential function; i.e., 


[ RF ][ U ;v) “ ( AR )( u ;v]« 


J(PA) 


(u;v ) 


ft 


(25-5) 


The amplitude ratio function in Eq. (25-5) is identified as the dynamic amplitude 
ratio of the relating function between the given independent and dependent variables. 
The phase angle function is similarly the dynamic response angle associated with 
the relating function. Accordingly, 


( AR )[u : vl — (DAR) [u;v] ; (P A ) (u;v) —(DRA) (u;v) (25 _ 6) 

By selecting a reference amplitude ratio, Eq. (25-5) may also be written in the 
form 


fOPT / a n\ (DA R )[ i j(DRA) (u . v) 

LRFJ (u;v] - (AR) (r#l)Iu;v] j —-—, (u.v) 

' AK qr#I)[u;v] 


- ( AR )(rcf,[u;v][(DAR)(RAR)R] {u;v 


i(DRA) 


(u;v) 


(25-7) 


ILLUSTRATIVE EXAMPLE OF PROCEDURE 

25.21. An example of the method described in this chapter is shown in Figs. 25-3 
through 25-6. A typical pulse function and a corresponding response function are 
shown in Fig. 25-3. The pulse function illustrated is approximately a square-topped 
rectangle with a duration one-sixth that of the response. Both curves are zero for 
negative values of the running variable and return to zero for large values of the 
running variable. From the discussion of section a, Derivation Summary 25-1, it 
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Dependent variable 



Nondimensional running variable '/ = 1 

T (r«o 



Fig. 25-3. Representative pulse (unction input and the corresponding response, given in graphical for 


m. 
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Phase angle of input function 
Fourier transform approximation 


Fourier transform summation of input function 
amplitude 

Steppcd-curvc input function Fourier transform 
approximation amplitude 

Trapezoidal input function Fourier transform 
approximation amplitude 
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Note: The difference between the amplitude curves 
has been exaggerated for purposes of clarity . 
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-100 




-120 


-160 


-180 


-200 


- 220 ° 


- 2-10 


-260 


Fig. 25-4. 


V. c 

Frequency ratio fr » /j 

Fourier tronsform approximations for a representative input pulse function. 


is seen that both functions in Fig. 25-3 are Fourier transformable. The abscissa 
is divided into uniform intervals as shown in the figure. The pulse function is es¬ 
sentially included in the first two intervals while the duration of the response func¬ 
tion is divided into twelve intervals. The pulse actually begins a little before the 
zero value of the running variable, but less than half an interval early. This may 
be ignored within the approximation of the calculation. If it necessary to re¬ 
fine the approximation to include the true initial value, a new interval must be 
selected. The values of the two functions at the beginning of each interval are read 
off the curve for use in the summation formula part of the Fourier transform ap¬ 
proximations of Derivation Summaries 25-1 and 25-2. The duration of the uniform 
intervals is taken as the reference period. 
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25 22. The Fourier transform of the pulse function is shown in Fig. 25-4 as 
a function of the frequency ratio. The summation formula part of the Fourier 
ransform expressions is given by the uppermost of the amplitude curves- the in- 
ermediate amplitude curve corresponds to the stepped-curve Fourier transform 

IToZT Tth'T^ the l0WeSt ° ne iS f0r 3 tra P 0zoidal approximation, ft should 
be observed that there is very small difference between the three curves, which 

s been exaggerated for purposes of illustration. There is only one phase angle 

curve for the three methods of approximation; this curve is represented by the 

dashed line. The amplitude curve is almost constant for all frequencies. It is for 

this reason that short-duration pulse functions are useful in tests of this type. 

resJnd !o I 611 ' 6 25 ' 5 Sh ° WS the F ° Urier transform approximations that cor¬ 
espond to the response function of Fig. 25-3. Again it should be noted that the 

curlTh 6 betW6en three meth ° dS ° f a PP rox * mat * on is slight. The amplitude 
shows a peak when the frequency ratio is approximately equal to 0.08 The 

Phase angle curve is again represented by a dashed line that in Fig. 25-5 varies 
monotonically from zero to -200 degrees. 

Fig 25 T TW rati ° ° f “!? F ° Urier transf ° rms of the tw ° Actions is given in 
ig. 25-6 This corresponds to the sought-for relating function given by the ex¬ 
pression of Eq. (25-1). Only one curve each is shown for the amplitude ratio and the 
Phase angle, which now become respectively the dynamic amplitude ratio and the 
y mic response angle. A reference amplitude ratio is taken when the frequency 

dynamic^H h V S ° Hd CUrve ° f Fig ' 25-6 represents the nondimensiona.ized 
dynamic amplitude rat.o equal to unity at the reference frequency ratio value The 

ynamic amplitude rat.o - reference amplitude ratio ratio has a peak when the 

frequency ratio equals 0.076 and then drops off toward the zero level. The dynamic 

response angle is positive for small values of the frequency ratio and then descends 

approaching -OOdegrees asymptotically. When these curves are replotted on log-’ 

* ““c coordlnates « accordance with the procedures of Chapter 24 it is pos- 
S.b e to use the profiles described in that chapter to obtain an approximately an- 

bee e y eSS10n f ° r the relating function successive trials. This method has 

o, "ch f " ‘ heInStrumentation Laboratory,Massachusetts Institute 

of Technology, but will not be further described here. 

GRAPHICAL FOURIER TRANSFORMS IN SPECIAL SITUATIONS 

25.25. The methods described in the preceding sections for obtaining the 
ouner transform from function variations are quite general and may be applied 
o every suitable case. However, it frequently happens that in particular situations 

ii—rzn: “ “ ,t- r b -“- - - 
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Fig. 25-5. 


Fourier transform approximation for a representative response function. 
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Phase angle of response function Fourier transform (PA) 


Dynamic amplitude ratio — reference amplitude ratio ratio 



Frequency ratio fr o p 


Fig. 25-6. 


Steady-stale sinusoidal relating function associated with the representative 

output functions. 


input and 
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Dynamic response anj>l 



the output, this part of the response may be attributed to a second-order factor. 
The oscillatory part of the response is subtracted from the total function and the 
Fourier transform of each of the partial functions is obtained separately. Fig¬ 
ure 25-7 is an illustration of such a case. It shows a damped oscillation super¬ 
imposed on what appears to be a decreasing exponential function. 



25.26. The envelopes of the oscillatory component are drawn in, the actual 
location being estimated by eye. The mean curve of the two envelopes is the re¬ 
mainder function after the oscillatory part is removed. The next illustration, 
Fig. 25-8, shows the partial functions. The oscillatory component is considered 
to be zero at the origin and remains zero for a finite interval as shown. The re¬ 
mainder function begins at the origin. This treatment makes it easier to obtain 
the graphical Fourier transform. 

25.27. The oscillatory mode is examined as a second-order function, using 
the procedures of Chapter 19. From Table 19-2 and Fig. 19-4, it is found that the 
damping ratio is 0.05. The Fourier transform of the second-order function is 
obtained from the Laplace transform table in Chapter 16 when the real part of the 
Laplace transform variable is set equal to zero. Row 8 of Table 16-1, together 
with the Real Translation Theorem of Theorem Summary 16-1, applies to Fig. 25-8. 
The latter theorem refers to the transform of a function, like that of the figure, 
that is translated from the origin. The Fourier transform of the second-order 



Fig. 25-8. Oscillatory function separated into oscillatory and nonoscillofory components. 
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function is added to the transform of the remainder function, which may be obtained 
by the procedures previously described. 


INVERSE FOURIER TRANSFORMS 

25.28. The basis for finding inverse Fourier transforms by numerical or 
graphical methods is developed in Derivation Summary 25-3.* Thedefinition of the 
inverse Fourier transform is given by Eq. (la) of the summary, which shows it to 

be an integral relationship very similar to the definition of the direct Fourier trans¬ 
form given in Derivation Summary 25-1. The footnote on the first page of the 

summary describes the difference between the conventional definition of the inverse 

Fourier transform and the one employed in the summary. The factor of 1/2* does not 
appear in Eq. (la) of Derivation Summary 25-3 because the expression uses the 
nondimensional variables of frequency ratio and nondimensional running variable. 
Complete nondimensionalization is achieved by selecting a reference amplitude 
for the given function. Equation (lb)defines the nondimensional form of the inverse 
Fourier transform with the preprime convention. 


REDUCED INVERSE FOURIER TRANSFORMS 


25.29. It is helpful to alter the expression for the inverse Fourier transform 
before developing any approximation formulas. When it is assumed that the frequency 
function has the same magnitude for positive and negative values of the frequency 
ratio but that the sign of the argument for negative frequency ratios is the negative 
of the argument for positive frequency ratios, the inverse Fourier transform re¬ 
duction given in section b of Derivation Summary 25-3 becomes possible. Most 
frequency functions encountered in practical situations satisy these assumptions 
Another simplification is possible by restricting the application of inverse Fourier 
transforms, as well as direct Fourier transforms, to situations where the function 
of the running variable is zero for negative values of the running variable. The 
three conditions mentioned here are applied in section b of Derivation Summary 25-3 

25.30. The development leading to Eq. (4) of the summary shows how the in- 

verse Fourier transform may be expressed so as to have the range of the variable 
zero to plus infinity instead of minus infinity to plus infinity. The integrand con¬ 
sists of two parts: one dependent upon positive values of the frequency ratio and the 
other on negative values. The assumptions concerning the magnitude and argument 

of the fre quency function for positive and negative values of the frequency ratio 


b U m “ h “ ) ‘“Iculaubg i-erse Fourier transforms is given in Brown and o, mp . 

bell (6), Chapter li, based npnn a thesis by G. F. Floyd. The method described in Derivation Summary 25-3 
employs essentially the same assumptions concerning the properties of the frequency function as those in the 

ThC JF,P '“‘ ma ' ,0n ,0 "" ulj5 d " iv ' d Jilfe, from .hose in .he reference, since the 

h “ PP 7 ,, ’* ,,ng “ g ' VCn CUrVe SU "" n “ r >' <h»se used in the reference. „ is 

■mended m th.s chapter to emphasize the parallelism between direct and inverse Fourier transforms 
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Inverse Fourier transforms are defined in Derivation Summary 12-1 by the integral relationship:* 

[FT]- 1 F(/3) = F('t) = f F(/9)^ 27T 0rt>d/9 


(la) 


The terms used in Eq. (la) are defined in Derivation Summary 25-1. When 


= F (o)(ref) 'FW i F('t) - F 
the nondimensional form of the inverse Fourier transform becomes 


(a)(r 


ei,'F('t) 


[FT]' 1 'F(/3) = 'F('t) = f F(fi)e i2n P^dp 


(lb) 


a) Definition of the inverse Fourier transform 


Useful approximations for inverse Fourier transforms are obtained by altering the form given in Eq. (lb) 


[FT]' 1 F(p) = f 'F(f})e l2n Pt' x) dp + f 'F(p)e> 2 ”fr'"dp 

—OO A 


( 2 ) 


The range of the variable in the first integral in Eq. (2) becomes 0 to « when p is replaced by (- /9). 
The new expression is 

/ 'F(/3) 4 ' 2 "0<'«d/3 . -/ (3) 

00 0 

Substituting Eq. (3) into Eq. (2) gives 

F('t) = [FT]' 1 'F(p) = / |'F(/9)^ 2 ^) + 'FM)e-i^rojd^ (4) 

0 

Equation (4) may be further reduced by making certain assumptions about the frequency function. Assume 
that the magnitude of the function is the same for both positive and negative values of the frequency ratio 

l'F(/3)| = I "F(-/3)| (5) 

Assume also that the argument of the function for negative frequency ratios is the negative of the argu¬ 
ment for positive values of the variable, i.e., 

arg F (p) m -arg F(-/3) (6) 

Functions having the property of | F(^)| in Eq. (5) are defined as even, while those with the property 

of arg F (p) in Eq. (6) are odd . 

The Cartesian coordinates of F(/9) for positive P are 

Re F (P) = | F(/3)| cos (arg F(/9)) = real part of F(/9) (7a) 

Im F (p) = | F(p)\ sin (arg F(/3)) = imaginary part of F(/9) (7b) 

For negative values of p the coordinates are 

Re F (-P) = | F(-0)| cos (arg F(-/3)) - | F(/3)| cos (arg F(/3)) (8a) 

Im F (~P) = | F(-£)| sin (arg F(-/3)) » - | F(/3)J sin (arg F(/3)) (8b) 

Equations (7) and (8) show that 

_ Fe F(/3) - Re 'F(-/9) ; Im 'F(/9) - - Im 'F(-p) (9a),(9b) 

• The nondimenaional form of the conventional Inverse Fourier transform given by Eq. (9) of Derivation Sum¬ 
mary 12-1 is 

[FT]-‘F('w) = J- /"F('w)« , " (1, d'w 

2rr 

The lnvorso Fourier transform expression qivon by Eq. (1.) follows from this form since 'w = 2 np. 


(8b) 


(9a),(9b) 


Derivation Summary 25-3. Approximation formulas for inverse Fourier transforms. (Page 1 of 4) 
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IS erven. 


Equation (9a) shows that under the assumptions of Eqs. (5) and ( 6 ) the real part of the function i 
liquation (9b) shows the imaginary part to be odd. 

Since the magnitude of an imaginary exponential function is unity, the teal and imaginary parts are 

Re.-^'tl . cos ( 21 , 0 ( 1 )) ; . sin (j-tfC)) uOal.UOh, 

Introducing Cartesian coordinates into Eq. (4), it is found that 

"/ F(0)cos(2w/3('t)) -lm 'F(/3)sin(2ff/3('t))] 

+ j [Re F(£)sin(2»7/9('t)) + In, 'F (^)cos (2nfi('t))] 

+ t Re F(-^)cos(-2ir/3('t)) -/m 'F(-/3)sin (-2ir/3('t))] 

+ * F(-/5)sin(-2^('t)) + lm 'F(~ft)cos(-2nfih))]}dft 

The relationships of Eqs. (9a) and (9b) show that Eq. (11) becomes 

/ « 

F( t) " 2 f l R ' 'Rfi)cos(2nP('t))-lm F(/3) sin (2*/3('t))] d /3 


( 11 ) 


( 12 ) 


tthen it is assumed that 


F('t) = 0 for '♦ < 


(13) 


^furt^oSimplification of the inverse Fourier transform may be derived. I. Eq. (12). set 1 . - V Then , 


F( ^ “ ° " 2 f t R e F(0)cos(2it£(-' t,) - lm 'F(/3)sin (2rr/9 (-'t,))Jd/3 

liquation (14) shows that 


(14) 


Since 


/ [Re F(^)cos(2rr/9(-'t 1 ))]d^»/° [/m 'F(/3)sio(2ir/9 (-l,))]d /3 

0 

cos ( 2 n 0 (- '!,)) . c=. ( 2 ^( 1 ,)) ; sin( 2 ,tf(-. - sin ( 2 w /3 (',,)) 


(15) 


(16a),(16b) 


i.e., the cosine is an even function while the sine is odd, Eq. (15) becomes 

OO 

{ ^ - - / [t. 'FdSlsinfjo/SC.WdiS (17) 

Equation (17, shows tha, for positive values of 1 the integral of the product the real parts of the he- 
quency function and exponential function in the Fourier transform, under the assumptions of Eqs (5, ( 6 ) 

' h F ' ° f ' h ' ° f «*« imaginary parrs o, these function. Suh- 

«ng Eq. (17) into Eq.(12), after replacing 't, by 1 > 0, gives the expression 

'F('t) =4 f Re F03)cos(2ir/9('»))d/3 (18) 

The relationship in Eq. (18) gives the inverse Fourier transform of the indicated function onl h k 

::::::: °; —- ~..odd “ 

nondim^:::^:; of the — e — ««—- «*-. 

b) Reduce d nondirmnsional inverse Fourier transform 

Derivation Summary 25-3. Approximation formulas for inverse Fourier transform. (P oge 2 of 4) 
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When the real part of a given frequency function is approximated by a stepped curve similar to that 

s own the figure of Derivation Summary 25-1, the reduced nondimensional inverse Fourier transform of 
q. (18) may be represented by a summation. For this approximation 

’F('t) a V* r l+ 1/2lA P a 

( “ 4 2w /. F(/3)cos(2e/3('t))d / 3 


Let Re F<iA0) be the value of the function when /? » i A0, assumed to be the value of the function 

throughout the interval <i-l/2)A0 to (i + 1/2W0. Since i, is constant, it may be taken outside the 
integral, and Eq. (19) may be written as 


(19) 


1 = oo 


V/r,\ . v-v v (1 + 1/2)A/3 

F(,) " 4 2 ^ Re F( ‘ A P ) f cos(2e/3('*))d fi 

(i- i/2)A/3 


i=0 

i= 00 

4 ]T Re 

1 = 0 


( 20 ) 


F(iA/3)[ gjn (2ff (i + l/2)A/3('t) ) - sin(2;r(i - l/2)A/3 ('»)) 1 

L i^5 J 


( 21 ) 


The trigonometric identity for the sine of the sum of two angles is 

sin(A + B) = sin A cos B + cos A sin B 
Applying tq. (22) to the sine functions in Eq. (21) shows that 

sin (2ir(i + I/2)A/3('t)) - sin (2-rfi - l/2)A/3('t» = 2sin (in M. ('*)) cos (2niA/3('t» 
When Eq. (23) is employed, Eq. (21) becomes 

^ 1= OO 

F('») = 4 ^2 Re 'F(iA/9)cos(2*iA/9('t)) 

1=0 


( 22 ) 


(23) 


;in ^2»7 &P (l)^ 

2 n ('t) 

2 


A/3 


(24) 


The form of the reduced inverse Fourier Transform of Eq. (24) is very similar to the stepped-curve ap¬ 
proximation Fourier transform given by Eq. (13) in Derivation Summary 25-1. The summation in Eq. (24) 

'p ( ^° “ <h ' —— f5!£!l r summation of the frequency function with the symbol 

c) Stcpped-curve a pproximation reduced inverse Fourier transform 

Trapezoidal approximations for frequency function real parts may be derived in a manner similar to that 

given in the discussion in section a of Derivation Summary 25-2. The curve representing the real par. of 

a given function is approximated by chords connecting the end points of the curve in each interval as in 

Hg. a of Derivation Summary 25-2. Similarly, each chord may be replaced by the sum of the sides of two 

isosceles triangles as in Fig. b.of the cited summary. Each triangle is defined by the isosceles triangular 
function 

[I T F] (/3) = o for ft < (i - 1)A p 


Re F(iA/3)J^JL - (i - 1)J for(i-l)A/9£/?£iA/3 

Re F(iA/3)T(i + l) -JL] for i A/9 $P £(i + DA/3 
L \p J 


(25) 


" o for (i + 1) A/3 < p 

where Re F(iA/ 3) is the value of the real part of the frequency function at the beginning of the i th interval. 
Derivation Summary 25-3. Approximation formulas for inverse Fourier transforms. (Page 3 of 4) 
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Uhrn the real part of a given frequency function is approximated by a series of isosceles trian 1 
functions, the reduced inverse Fourier transform of Eq. (18) is * " 

v,,, ^ ( 1 + 1 ) A/3 

F(t)o4 Zr / ^ TFJ(/3 )cos {2nft('\))dft 

i=o (l-UAp 


( 26 ) 


1 = oo 

= 4 Y] Re F(iAft) < 

1 f* 

\ 1 - a - 1)1 

1=0 1 

\ (i-i) A/3 1 

L A/3 J 



(1+1) A/3 _ 


cos 


(2nfih))dft 


cos 


(2nft('t))dft 


1= c*a 


I 

i 


4 22 Re 


1 = 0 


L A/3 

—Qs (2*u\fih)) - cos (2nd -l)\ft('t)) - C os (2nd + Q Aflf't)) 

. M'i)) Aft 

I he trigonometric identity for the cosine of the sum of two angles is 

cos(A + B) = cos A COS B - sin A sin B 
Applying Eq. (29) it is found that 

cos(2rr(i-l)A0('t)) + cos (2rr(i + l)A/3('t)) = 2cos (2niA/9('f))cos ( 2 oA/3('t)) 
The trigonometric par, of Eq. (28, can be fad* simplified, since Eq . (3 0, shows rha, 

2cos (2m Aft('t)) - cos (2n(i - l).\ft('t)) _ cos (2/7(i + l)A/3('t)) 

“ 2cos (2*iAft('t)) [l - cos (2irA/3('t))J 

= 4 cos (2iriA/3('t)) J^sin ^ 2rr 2 

The trapezoidal approximation reduced inverse Fourier transform may therefore be expressed 


(27) 


(28) 


(29) 


(30) 


(31a) 

(31b) 


as 


i = OC 


F('t) - 4 ^2 'F(iA/3)cos(2/7iA/3('t)) 

1=0 


in (2» l£ ('t)) 

2/7 (',) 

2 


Art 


(32a) 


4 [IFTS]'F(/3) 


sin ^ M ('t)^ 


L 


2rr A£ (-t) 
2 


J 


A^ 


(32b) 


Th 
transform 


* approximation given by Eq. (32) is similar to the formula for rhe rranevo d r 
form of Eq. (2b) in Derivation Summary 25-2. P aPProxtmat.on Fourier 

E ‘‘( 32 ;° b ; "1 T "" S ? PCd ‘ CUrV ' °‘ E,. W) «d ,he trapezoidal 

Lq. (32) are identical except for a correction factor. In Eq. (24) it is 


approximation of 


sin ^2n ^ ('t)^ 


2/r (* f ) 

Table H-u' C0 "" ,i0n ,aC '°' ^ "" ■*"" * E,- ^Values of rhe (one,ions 

d) I^P C2 ° ldal opproximation inverse Fourier transform 


(33) 


are given in 


Derivation Summary 25-3. Approximation formulas for i 


inverse Fourier transforms. (Page 4 of 4) 
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may now be employed. These properties are given by Eqs. (5) and (6). Functions 
that have the property of the frequency function magnitude are even functions with 
respect to the frequency ratio, while those that have the property of the argu¬ 
ment are odd functions . 

25.31. The Cartesian-coordinate values of the frequency function are derived 
in Eqs. (7) and (8). As a consequence of the frequency function properties, Eq. (9a) 
shows the real part of the frequency function to be even, and Eq. (9b) shows the 
imaginary part to be odd. The real and imaginary parts of the imaginary exponential 
function are the cosine and sine of the exponent, respectively, as given by Eq. (10). 
The Cartesian-coordinate form of the inverse Fourier transform under the assump¬ 
tions of Eqs. (5) and (6) is given by Eq. (12). The new expression is twice the 
integral of the difference of two functions. The first function is the product of the 
real part of the frequency function and the real part of the imaginary exponential. 
The second function is the product of the imaginary parts of the same components. 

25.32. The final assumption that the function is zero for negative values of the 
running variable is expressed in Eq. (13). The subsequent development leads to 
Eq. (17), which shows that the integral of the product of the real part of the fre¬ 
quency function and the real part of the imaginary exponential from zero to plus infinity 
is equal to the negative integral of the product of 'the imaginary parts of these 
components over the same range of frequency ratio. Introducing Eq. (17) into 
Eq. (12) leads to the expression for the inverse Fourier transform given by Eq.(18). 
It is seen that under the given assumptions the integral now requires only real 
quantities. The integrand is the product of the real parts of the functions of the 
general inverse Fourier transform. Approximations for numerical or graphical 
calculation of inverse Fourier transforms are derived from Eq. (18). 

INVERSE FOURIER TRANSFORM APPROXIMATION FORMULAS 

25.33. Two types of approximations are given in Derivation Summary 25-3. 
The stepped-curve approximation for the reduced inverse Fourier transform is de¬ 
veloped in section c of the summary, while the trapezoidal approximation is shown 
in section d. The stepped-curve approximation is similar to the one obtained 
in Derivation Summary 25-1. The similarity may be noted by comparing Eq. (24) 
of Derivation Summary 25-3 with Eq. (13) of Derivation Summary 25-1. The sum¬ 
mation in the approximation formula of Eq. (24) is defined as the inverse Fourier 
transform summation of the given frequency function . The trapezoidal approximation 
is shown by Eq. (32), which is similar to Eq. (2b) of Derivation Summary 25-2. 

FIRST- AND SECOND-ORDER RESPONSES TO PULSE FUNCTIONS 

25.34. The previous discussion deals with general situations for which the 
relating function must be obtained. It frequently happens that a given pulse function 
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response may be identified as one associated with either a (0; 0,1) or a (0; 0,1,2) 
linear differential equation. The situation also exists where it is useful to approx¬ 
imate a more complicated relating function with either a first- or second-order type. 

In these instances, it is helpful to have first- and second-order pulse function re¬ 
sponse curves available in nondimensional form. By comparing a given response 
with the standard curves, the parameters of the given relating function may be 
readily determined. 

25.35. The discussion that follows relates to the response of first- and 
second-order equation forms to two types of pulses. The first pulse type is defined 
as the rectangu lar pulse function; it is illustrated by the figure in Derivation Sum¬ 
mary 25-4. Pulse functions of the first type are constant for the duration of the 
pulse and are characterized by two discontinuities: one at the beginning of the 
pulse, and one at the end. 

25.36. The second type of pulse is known as the displaced cosine pulse function . 
As shown by the figure in Derivation Summary 25-5, this type of pulse begins and 
ends smoothly. It attains a maximum value only once during the pulse interval. 

25.37. When the duration of a pulse is short compared with the parameters 
of the relating function, the pulse shape is not critical. However, as a practical 
matter, it is frequently easier to control the shape of a displaced cosine pulse func¬ 
tion than that of a rectangular one. Both types of responses are given for use 

in appropriate situations. 

FIRST-ORDER RESPONSE TO A RECTANGULAR PULSE FUNCTION 

25.38. The response of a (0; 0,1) equation to a rectangular pulse function is 
developed in Derivation Summary 25-4. The rectangular pulse function is defined 
by Eq. (4) of the summary and illustrated by the adjoining figure. It is a function 
that is zero everywhere except during the interval 0 toT p , when it has a value equal 
to the pulse height. When the running variable becomes equal to zero, the function 
instantaneously and discontinuous^ assumes its maximum value. At the end of 
the indicated interval it discontinuously assumes the value of zero. 

25.39. It is typical of pulse functions that the solution must be obtained in two 
parts. The first part of the solution is derived for the period when the pulse is 
different from zero. The second part corresponds to the response after the pulse 
vanishes. It is convenient to use the weighting function convolution integral method 
described in Derivation Summary 17-2 of Chapter 17 for solutions of this kind. 
The necessity of calculating initial values of the solution at the end of the pulse is 
thereby avoided. 

25.40. The (0; 0,1) weighting function convolution integral is expressed by 
Eq. (2) of Derivation Summary 25-4. The (0; 0,1) weighting function itself is given 
by Eq. (3) from the development in Derivation Summary 18-21 of Chapter 18. The 
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Methods for associating solutions with first-order differential equations with constant coefficients are 
given in Chapter 18. In the special notation of section e in Definition Summary 18-1, the (0;0,1) equation 
has the form 

'tv' + v = a u ( 1 ) 


where the symbols are defined in Definition Summary 18-1. 

Normal solutions may be obtained by the weighting function convolution integral method described in 
Derivation Summary 17-2. Illustrative examples for the (0;0,1) equation are shown in Derivation Sum¬ 
maries 18-21 through 18-25. From Eq. (3) of Derivation Summary 18-21, the (0;0,1) weighting function 
convolution integral is 


v(-t) ./ [WF] |0;0 _,,('t c )u('t - 't c )d('t c ) 


where 


-\V't 


[WF] {0 . 0 ,,('t c ) = ere c /'t = nondimensional running variable form of the (0;0,1) weighting 

function (3) 

'\ = nondimensional running variable 

't c = nondimensional convolution integral variable 

u('t - 't c ) = forcing function with running variable equal to ('t - 't c ) 

Let u('t) in Eq. (1) be a rectangular pulse function (rpf). 

I- t -1 U = 0 : 't < 0 1 


u ( ph ) 


U = U 


(ph) 


o s *t s Y. 


V'» 


t = o 


't = T 


where 


• — V I — | 

p U( ph ) *= pulse height ; I p = duration of pulse 

Uhen the running variable is (T — / t c ) f then the pulse function is 

u('t - 't c ) = 0 ; ('t - \) <0 or 't < 1 c 

”('» - V - «,ph) i 0 * ('» - \) * Y p or 't - Y p s X $ 't 

u('t - 't c ) =0 ; Y_< ('t -%) or X < '\ - Y p 


't < T 


From the conditions in Eq. (5), it is found that the (0;0,1) weighting function convolution integral of 
Eq. (1) for 't less than T p is 

't - \J 'r 

v('t) = / T -u('t - \) d('t c ) (( 


(6a) 


t -\/'t 


f — —> T - u (ph) d (\) " "" u (ph) f 1 - (or '» < T P < 6b) 


For 't greater than T p , Hq. (5) shows the integrand to be zero for 't c < (*t - T p ). Hence, the lower limit 
is ('t — T p ) instead of zero, or 


1 -V' f 
■('*> - /. — 




U (ph) d ('*c) 


r -('t-'T )/'r -\/ "r 

"‘W* P -« * 


1 for 't > T 


Choose 


V (re() “ ^(ph) 


Derivation Summary 25-4. Normal solution of the (0;0,1) equation for o rectangular pulse function 

input. (Page 1 of 2) 
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Define 


(ref) 


]( 0 ; 0,1 


KrpfMO) 


= (DVR) {0m i)(rpf)(o) “ dependent variable ratio for the (0;0,1) equation 


(DVR) (0;0 .. HrpfHoH't ^ 'T D ) 


when the input is a rectangular pulse function for 
zero initial conditions 

_ V'r - -('t/'T n )/('r/'T„) 


l -t 


1 - € 


(9a) 


-<'t-'T p )/'f . \/' r -[(l/'T.Ml/rr/'Tp) -<1/'T >/('r/'T ) 


(DVR1 , , , t " p '■' _ r m - • P' ' p - _ e p p (9b) 

' UVK J(0;0.1)(rpf)(0)(t>'T p ) " * * * * , 

Derivation Summary 25-4. Normal solution of the (0;0,1) equation for a rectangular pulse function 

input. (Page 2 of 2) 

details of the evaluation of the integral are shown in Eqs. (6) and (7). When a ref¬ 
erence value of the dependent variable is chosen that is equal to the dimensional 
similarity factor for the equation multiplied by the pulse height, as in Eq.(8), the 
nondimensional form for the rectangular pulse function response is given by Eq. (9). 
The first part of the solution, expressed by Eq. (9a), refers to the interval when 
the pulse is different from zero. The second part, given by Eq. (9b), shows the re¬ 
sponse after the pulse has ceased. These relationships show that the response in¬ 
creases toward the pulse height as a limit and then collapses exponentially after the 
pulse ceases. A critical point is the value of the dependent variable ratio at 
the end of the pulse. 

25.41. The character of the (0; 0,1) rectangular pulse function response may 
be observed in Fig. 25-9. The running variable in the figure is the time - pulse 
duration ratio. On this basis, all rectangular pulses appear the same. The max¬ 
imum value of the (0; 0,1) solution always occurs at the end of the pulse. The 
several curves show that as the duration of the pulse decreases with respect to the 
characteristic time (that is, as (PD)(CT)R, the pulse duration - characteristic 
time ratio, becomes smaller) the maximum value of the response also decreases. 
The relationship between the maximum value of the response and the rectangular 
pulse duration - characteristic time ratio is given by Fig. 25-10. The ordinate 
is the response peak - pulse height ratio, which is by definition the ratio of the 
maximum height of the response to the pulse height. A single measurement of the 
response permits the characteristic time to be read from Fig. 25-10 when the 
duration and height of a rectangular pulse, as well as the maximum value of the 
response, are known. 


FIRST-ORDER RESPONSE TO A DISPLACED COSINE PULSE FUNCTION 

25.42. Displaced cosine pulse functions are illustrated by the figure in Deri¬ 
vation Summary 25-5, and are defined by Eq. (1) of the summary. The function is 
zero outside of the interval between zero and'T p . However, in contrast with the 
rectangular pulse function, the displaced cosine pulse function begins and ends 
continuously and smoothly, reaching a maximum in the middle of the interval. 
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Fig. 25-9. Illustrative rectangular pulse function response curves associated with the (0;0,1) linear 

first-order differential equation with constant coefficients. 

25.43. The solution for the (0; 0,1) equation when the forcing function is a dis¬ 


placed cosine pulse function is developed in Derivation Summary 25-5. The 
weighting function convolution integral method is applied as in Derivation Sum¬ 
mary 25-4 to find the response equation. The displaced cosine pulse function is 
given byEq. (2) in a form suitable for use in the convolution integral. The desired 
solution is given by Eqs. (3) and (8). The solution during the initial part of the 
response is a combination of the first-order steady-state sinusoidal response and 
the first-order transient component. It is useful to modify symbols used for the 
steady-state sinusoidal response in Chapter 18 for use with the pulse response. 
The symbols defined by Eqs. (4a), (4b) and (4c) are adapted from the special nota¬ 
tion of Derivation Summary 18-10. The similar nature of the characteristic time - 
pulse duration ratio and the characteristic time - forcing period ratio is indicated 
by using the symbol alpha with the subscript p for pulse. 
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Fig. 25*10. Response peak - rectangular pulse height ratio as o function of pulse duration- 
characteristic time ratio for the (0;0,1) I inear first-order differential equation with constant 

coefficients. 

25.44. Dynamic amplitude ratio — reference amplitude ratio ratios are given 
by Eq. (4b) and dynamic response angles by Eq. (4c) exactly as for the steady- 
state sinusoidal response. The reference value for the dependent variable is taken 
inEq. (9) to be the product of the dimensional similarity factor and the pulse height. 
The normal response for the (0; 0,1) equation to a displaced cosine pulse function 
is given by Eq. (10a) during the nonzero interval of the pulse and by Eq. (10b) for 
values of the running variable after the pulse interval. 

25.45. Several examples of the (0; 0,1) displaced cosine pulse function re¬ 
sponse are shown in Fig. 25-11. Since the running variable is taken as the time - 
pulse duration ratio, the forcing function for all cases is represented by the single 
dashed curve. The responses given by the solid curves correspond to different 
values for the pulse duration - characteristic time ratio. As this ratio becomes 
smaller, the maximum value of the response decreases but the nonzero part of the 
response lasts longer. It is to be noted that the peak of the response always lies 
between the peak of the pulse and its termination. This provides two quantities 
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Let uft) in Eq. (1) of Derivation Summary 25-4 be a displaced cosine pulse function (dcpf). 
, U = 0 't < 0 


U = U a ^1 - cos ; 0 ^ 't S T ( 


u (ph) 


u = 0 


T p< 


( 1 ) 


U = amplitude of pulse ; T = duration of pulse 


t = 0 


't = T 


( P h) 


2 u = pulse height 


tt'hen the running variable is ('t - / t c ), the pulse function is expressed as 
u('t - \) =0 ; ft - \) <0 or 

..I'l u \ .. /, ___ - \) \ . n < r,* ) < 'T 


't < 't 


't - \) - Uo - 


COS 


LZ±L\ ; o £ ft-'t c ) * X or ft “X) S V '» 

T r\ / 


u(l - \) = o 


: 'T <('»-%) 


or 't c < ('t - 'T ) 


By introducing the conditions of Eq. (2) into the (0;0,1) weighting function convolution integral given by 
Eq. (2) of Derivation Summary 25-4, it is found that for 't < T p 


,,, s r, 2 ,ft-%)i,-v> 

’ft) = / <T\) a 1 “ COS d(\) 

° 


(3a) 


-<ru a «“ c/r 1 - 


COS 


Ml-'O . 2n- r M'f-'U 

/_ /_ sin /_ 


i + 




(3b) 


cru a « 


-'t/* 




COS 


2rrft) + 2 rr± 


sin 


T_ 


l + 


(*d 


+ cr u 


*(t:J 


(3c) 


Using the special notation of Derivation Summary 18-10, define 


a P - ~ y ~ S F - 

P 


From the trigonometric identity 


1 + (2 rra p ) 2 


; 0 - tan* 1 (-2rra ) 


(4a),(4b),(4c) 


cos (A + B) ■» cos A cos B — sin A sin B 


it is found that 


cos 


4- 2rra p sin ^^1 t (2>ra p ) 2 cos^ 2 ^ ^ - 


Introducing Eqs. (4) and (6) into Eq. (3c) 

vft) - -<ru a t m * / ' r nH2rra p ) 2 + a U Q 1 - n cos ^ 2 J^W - + for 't < T p 

According to the last of the conditions in Eq. (2), the integrand of the convolution integral is zero for 
't c < ft - T ). Applying the expression of Eq. (4b) shows that for 1 greater than T p 


Derivation Summary 25-5. Normal solution of the (0;0,1) equation for a displaced cosine 

pulse function input. (Page 1 of 2) 
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Derivation Summary 25-5. Normal solution of the (0,0,1) equation for a displaced 

pulse function input. (Page 2 of 2) 


cosine 


with which to determine the characteristic time of an arbitrary (0;0,1) response. 
The dependence of the ratio of the response peak to the pulse height, (RP)(PH)R 
upon the pulse duration - characteristic time ratio, (PD)(CT)R, is given by the 
solid curve of Fig. 25-12. The dashed curve of the figure shows the dependence 
of the pulse duration - response peak time ratio upon the same parameter. The 
curves are plotted on a nondimensional basis. 


SECOND-ORDER RESPONSE TO A RECTANGULAR PULSE FUNCTION 

25.46. Normal solutions of the (0;0,1,2) equation for a rectangular pulse 
function input are developed in Derivation Summary 25-6. The derivations are 
based on the weighting function convolution integral method. The second-order 
function type of convolution integral is presented in Derivation Summary 19-27. 
Equations (2) and (3) of Derivation Summary 25-6 are taken from the cited summary 
of Chapter 19. For the second-order differential equation, there are three possible 
situations with the three corresponding weighting functions as given by Eqs. (3a), 
(3b) and (3c). The three situations are distinguished by the damping ratio being 
less than, equal to, or greater than unity. 
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Fig. 25-11. Illustrative displaced cosine pulse function response curves associated with the (0;0,1) 

linear first-order differential equation with constant coefficients. 


25.47. The rectangular pulse function expressed in the form useful for the 
weighting function convolution integral is given by Eq. (4) of Derivation Sum¬ 
mary 25-6. The corresponding (0; 0,1,2) equation normal solution when the damp¬ 
ing ratio is less than unity is presented in section b of the summary. The first 
part of the solution, given by Eq. (5d), represents an increasing step function re¬ 
sponse. The second part, shown inEq. (7b)., is the difference between an increasing 
step function response initiated when the running variable is zero and a decreasing 
step function response initiated when the running variable is equal to the duration 
of the pulse. For pulses of long duration, the solution is simply an increasing step 
function response followed by a decreasing step function response. It is only when 
the pulse duration is short compared with the undamped natural period of the re¬ 
sponse that the pulse-like characteristic of the response appears. 


686 











Fig. 25-12. Response peak — displaced cosine pulse height ratio and pulse duration - response peak 
time ratio as functions of pulse duration - characteristic time ratio for the (0;0,1) linear first-order 

differential equation with constant coefficients. 


25.48. Rectangular pulse function solutions for the damping ratio equal to 
unity are derived in section c of Derivation Summary 25-6. Responses for damping 
ratios greater than unity are developed in section d. The reference value of the 
dependent variable is chosen as the product of the dimensional similarity factor 
and the pulse height, and is given by Eq. (15). When the dependent variable ratio 
is defined as the ratio of the dependent variable to the dependent variable refer¬ 
ence, as inEq. (16b), the nondimensional forms of the solution are obtained. Equa¬ 
tions (17) and (18) give the solution for damping ratios less than unity. Equa¬ 
tions (19) and (20) correspond to situations where the damping ratio is equal to 
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Methods for associating solutions with second-order differential equations with constant coefficients are 
given in Chapter 19. Using the special notation of section f in Definition Summary 19-1, the (0;0,1,2) 
equation may have the form 

V' + V = cru 




where the symbols are defined in Definition Summary 19-1. 

Normal solutions may be derived by using the weighting function convolution integral method described 
in Derivation Summary 17-2. Illustrative examples for the (0;0,1,2) equation are given in Derivation Sum¬ 
maries 19-27 through 19-30. From Eq. (2) of Derivation Summary 19-27, the (0;0,1,2) weighting function 
convolution integral is ' t 

v('t) = / [WF] (0 . 0 , 2) ('t c )u('t-'t c )d('t c ) ( 2 ) 

0 

The (0;0,1,2) weighting function may assume one of three forms (refer to Eq. (1) of Derivation Sum¬ 
mary 19-27),depending upon the damping ratio. When the nondimensional running variable is used, these 
forms are: 

C< l: [ W F]( 0 ; 0 .l. 2 )('t)(£<i) = . * ^ nlt) sin(V 1 - C 2 fc n ('»)) (3a) 


1 - 


<>" [WF3 (0;0# , #2)( ‘l )( <>- 1) = 4> n ('t)J 


here 


(3b) 


(3c) 


< + VC 2 -1 

V< 2 -1 


from Eq. (26) of Definition Summary 19-1. 
o) Weighting function forms of the (0;0,1,2) equation 


Let the independent variable u('t) be the rectangular pulse function (rpf) defined by Eq. (4) of Deriva¬ 
tion Summary 25-4. When the running variable is ('t - T c ) the rectangular pulse function is expressed by 
the following relationships: 
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The normal solution for damping ratios less than unity is evaluated by substituting Eqs. (3a) and (4) into 


the weighting function convolution integral of Eq. (2). When 't is less than T p t then 
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Derivation Summary 25-6. Normal solutions of the (0;0,1,2) equation for a rectangular pulse 
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Since the last of the conditions in Eq. (4) shows the integrand to be zero for 't„ less than 't - T , the 
expression for 't greater than T p is found by changing the lower limit of the integral in Eq. (5a) to 
't — T p . Accordingly 
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b) Rectangular pulse function solutions for damping ratio less than unity 


When the damping ratio is equal to unity, the weighting function form of Eq. (3b) applies. For 't less 
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c) Rectangular pulse function solutions for damping ratio equal to unity 


For damping ratio greater than unity, the weighting function is given by Eq. (3c). When 't is less than 
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en 't is greater than T p the lower limit of Eq. (11) becomes 't - 'T 


VVZ / r ^ VV1 U 

1 v T L J u ( P h) d (v 


and 


_v__ _ 1 / r -»/>/v) ft» n (1) 2 ■ '« n (1)l 

u ( P hi "■'-i L J 

+ "„<v V ] fQt > - T 

d) Rectangular pulse function solutions for damping ratio greater than unity 
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e) Summary of rectangular pulse function solutions 


Derivation Summary 25-6. Normal solutions of the (0;0,1,2) equation for a rectangular pulse 

function input. (Page 4 of 4) 


unity, while Eqs. (21) and (22) apply when the damping ratio is greater than unity. 
The nondimensional solutions are expressed in two ways. The first represents 
the solution when the running variable is taken as the undamped angular natural 
frequency - time product; the second form uses the time - pulse duration ratio 
as the running variable. 

25.49. Illustrative response curves for (0; 0,1,2) equation normal solutions to 
a rectangular pulse function input are shown in Fig. 25-13. The first plot (Fig. 25-13a) 
represents the responses corresponding to various values of the damping ratio 
when the duration of the pulse is equal to the undamped natural period. It may be 
seen that the maximum value of the response is associated with the first peak. 


When the damping ratio is low, that is, less than 0.5, the first peak occurs within 
the pulse interval. Higher damping ratio responses have their peaks at, or very 
near, the end of the pulse. Figure 25-13a shows that for rectangular pulses of 
relatively long duration (that is, of the order of magnitude of the undamped natural 
period) the first peaks associated with low damping ratio response curves occur 
sooner than the peaks associated with high damping ratios. The reason for this 
situation is that such rectangular pulses appear to be an increasing step function 
followed after a relatively long interval by a decreasing step function. For oscil¬ 
latory responses, the first peak occurs before the increasing step function has 
vanished. Highly damped responses have their peaks at the end of the pulse be¬ 
cause the maximum value of the increasing step function response has not been 


691 



attained when the decreasing step is applied. The high damping prevents overshoot 
in the response. 

25.50. Typical response curves when the pulse duration is one-tenth of the 
undamped natural period are shown in Fig. 25-13b. For this situation, the first 
peak occurs outside the pulse for low damping ratios. High damping ratio respon¬ 
ses have only one peak, which occurs at or just after the end of the pulse. The 
response curves exhibit the reverse of the behavior associated with long pulse 
duration responses. The lower the damping ratio, the later is the first peak. Fig¬ 
ure 25-13c shows the curves of Fig. 25-13bwith the horizontal scale expanded in 
order to demonstrate the character of the first peak more clearly. 



a) Response curves when the pulse duration is equal to the undamped natural period 

Fig. 25-13. Illustrative rectangular pulse function response curves associated with the (0;0,1,2) linear 

second-order differential equation with constant coefficients. (Page 1 of 2) 
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the undamped natural period 

Fig. 25-13. Illustrative rectangular pulse function response curves associated with the (0,0,1,2) linear 

second-order differential equation with constant coefficients. (Page 2 of 2) 


25.51. The location of the first peak of the rectangular pulse function response 
may be used to determine the parameters of (0; 0,1,2) relating functions. However, 
a second measurement is required because there are two parameters for functions 
of this type, as explained in Chapter 19. For the second measurement, it is useful 
to use the ratio of the first response peak to the pulse height. Figure 25-14 is a 
chart from which the damping ratio and undamped natural period may be deter¬ 
mined from rectangular pulse responses of (0; 0,1,2) differential equations. With 
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Fig. 25-14. Domping ratio and pulse duration-undamped natural period ratio as functions of response 
peak-pulse height ratio and pulse duration-response peak time ratio of first response peak for the 
(0;0,1 # 2) linear second-order differential equation response to rectangular pulse functions. 

the duration and height of the rectangular pulse known in terms of the response di¬ 
mensions, the time of the first response peak and its magnitude are measured on 
the response curve. The ratio of the pulse duration to the response peak time, as 
well as the ratio of the response peak to the pulse height, are evaluated. When 
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Fig. 25-14 is entered with these quantities, thedamping ratio and pulse duration- 
undamped natural period ratio are determined from the intersection of the coor¬ 
dinates and the curves of the figure. The solid curves refer to lines of constant 
pulse duration - undamped natural period ratio. The dashed lines correspond to 
lines of constant damping ratio. This chart provides an experimental method for 
determining second-order function parameters from rectangular pulse function 
responses. 

SECOND-ORDER RESPONSE TO A DISPLACED COSINE PULSE FUNCTION 

25.52. Derivation Summary 25-7 presents normal solutions of the (0; 0,1,2) 
equation when the independent variable is a displaced cosine pulse function. The 
pattern is similar to the previous derivations, since the weighting function convo¬ 
lution integral method is employed. 

25.53. In order to represent the solution in simple terms, the special notation 
for second-order forms used in Derivation Summary 19-10 is introduced. For 
example, in Eq. (5a) of Derivation Summary 25-7, the undamped natural period- 
pulse duration ratio is given the symbol beta with subscript p for pulse. It cor¬ 
responds to the frequency ratio used in steady-state sinusoidal responses. When 
thedamping ratio is less than unity, the dynamic amplitude ratio - reference am¬ 
plitude ratio ratio and dynamic response angle are defined for various values of 
the undamped natural period - pulse duration ratio by Eqs. (5c) and (5d), respec¬ 
tively. The displaced cosine pulse function response for low damping ratios is 
given by Eqs. (10) and (12). The same definitions are applicable when thedamping 
ratio is equal to unity. The response for this situation is given in section b of the 
summary. 

25.54. Displaced cosine pulse function responses for damping ratios greater 
than unity are given by Eqs. (26) and (28) of Derivation Summary 25-7. The def¬ 
initions of dynamic amplitude ratio - reference amplitude ratio ratio and dynamic 
response angle for this case are given by Eqs. (25a) and (25b). These definitions 
are provided in order to use the symbol v , which represents the ratio of the char¬ 
acteristic times for high damping ratios. 

25.55. Nondimensional forms of the solutions are shown in section d of Der¬ 
ivation Summary 25-7. The reference value of the dependent variable is equal to 
the product of the dimensional similarity factor and the pulse height. The pulse 
height is equal to twice the pulse amplitude. When the damping ratio is less than 
unity, Eqs. (31) and (32) represent the response. Equations (34) and (35) apply to 
situations for which the damping ratio is equal to unity. High damping ratio solu¬ 
tions are given by Eqs. (36) and (37). The nondimensional forms are written in two 
ways. The first uses the undamped angular natural frequency - time product as 
the running variable; the second has the time - pulse duration ratio as the variable. 
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Let the independent variable be a displaced cdsine pulse function (dcpf) as defined by Eq. (1) of Deri¬ 
vation Summary 25-5. When the running variable is ('t - \) the function is given by the relationships 


- \) = 0 ; ('| _ 'tj = o or 't < 't c 

= u a [ 1 “ cos - -t c )] ; o£('t-'t c ) £ 'J p or ('t -'T p ) S ^ £ 'f 

“('»-%) - 0 ; X< ('t - \) or 't c < ('t -'TJ 


Normal solutions of the (0;0,1,2) equation for damping ratios less than unity are found by introducing the 
expressions of Eq. (1) into the weighting function convolution integral given by Eq. (2) in Derivation Sum- 


— — w m ^ - - 

maty 25-6. The form of the weighting function is shown in Eq. (3a) of the cited summary. For this 
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Using the special notation of Derivation Summary 19-10, define 
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Derivation Summary 25-7. Normal solutions of the (0;0,1,2) equation for a displaced cosine 

pulse function input. (Page 1 of 7) 
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Substituting the indicated limits in Eq. (4) and introducing the symbol defined in Eq. (5a) it is found that 


or U 
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Rearranging and combining terms in Eq. (6) yields the expression 
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Eq. (7) may be written as 


<r U 


* 1-/1 cos 
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when the symbols of Eqs. (5b), (5c), (5d) and (5e) are employed. 

From the last of the conditions in Eq. (1), the integrand of Eq. (2) is zero for 't c less than ('t - 'T p ). 
Hence for 't greater than T p , the (0;0,1,2) weighting function convolution integral for tTless than one i 


convolution integral for £ less than one is 


- ^ 4 p /^s in (V7T7 2 K(%))u4.-co S £i^]^ 

Derivation Summary 25-7. Normal solutions of the (0;0,1,2) equation for a displaced 

pulse function input. (Page 2 of 7) 
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The integral in Eq. (11) may be evaluated in the same way as that of Eq. (2) to yield the expression 

t " ' vf==r[° -" 2)Sin (V^* “n ('») + *(fe) «« (VW 5 % (1) - * (lc) )] 

+ . J ( , _ ^ s . n (VTT77 ^(-, _' Tp ) + * ((c) ) 


~&l '' !sin (V 1 - < 2 '*>„('* -*Tp) - * (Icl )] (12) 

a) Displaced cos/no pulse function solutions for damping mtio loss than unity 

Normal solutions for damping ratios equal to unity are obtained by using the weighting function expres¬ 
sion in Eq. (3b) of Derivation Summary 25-6. For "t less than T p ,the solution is found from the expres¬ 
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Introducing the indicated limits into the expressions of Eq. (17) yields 
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When- t is greater than T p f the weighting function convolution integral is 
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Repeating the steps leading to Eq. (17), and introducing the limits shown in Eq. (19), produces the re¬ 
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b) Displaced co sine pulse function solutions for damping ratio equal to unity 
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When the damping ratio is greater than unity, it is necessary to introduce the weighting function expres¬ 
sion given by Eq. (3c) in Derivation Summary 25-6 into the convolution integral. For less than T 
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With the definitions of Eqs. (25a) and (25b) t the normal solution is 
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For 't greater than T p , solutions are obtained from the expression 
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c) Displaced cosine pulse function solutions for dampinq ratio greater than uni\ 
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where fi and <f> are given by Eq. (33) when £ m 1. 
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25.56. Examples of displaced cosine pulse function response curves are pre¬ 
sented in Fig. 25-15 for the (0; 0,1,2) equation. These illustrations are chosen to 
have pulse durations similar to those in Fig. 25-13 for the rectangular pulse func¬ 
tion responses. In Fig. 25-15a, the pulse duration is taken to be equal to the un¬ 
damped natural period. It may be observed that the first peak occurs within the 
nonzero portion of the pulse, just as for the rectangular pulse function responses. 
However, the peak of the pulse function occurs midway during the pulse. The first 
peak of each of the responses occurs after the pulse peak but before the end of the 
pulse. The peaks of the lower damping ratio response curves occur earlier than 
do those of the higher damping ratio curves. The first-peak values for damping 
ratios less than 0.5 are greater than the pulse height; those associated with larger 
damping ratios are smaller than the pulse height. 
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25.57. When the duration of the pulse is small compared with the undamped 
natural period, all peaks appear outside the pulse. A comparison of Fig. 25-1 5b 
with Fig. 25-13b shows a similarity of the two types of response curves when the 
pulse duration is one-tenth of the undamped natural period. The peaks for a given 
damping ratio occur at the same time. The height of the peak depends upon the 
shape of the pulse, and particularly upon the area, which determines the strength 
of the pulse. Pulse and impulse strengths are discussed more fully in Chapters 12 
and 17. Figure 25-15c is similar to Fig. 25-15b except that the horizontal scale 
is expanded to illustrate the nature of the first peak more clearly. The figures 
show that for short-duration pulses the peaks of low-damping-ratio responses oc¬ 
cur later than those of higher damping ratio responses. 



a) Response curves when the pulse duration is equal to the undamped natural period 

Fig. 25-15. Illustrative displaced cosine pulse function response curves associated with the (0,0,1,2) 
linegr second-order differential equation with constant coefficients. (Page 1 of 2) 
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Time — undamped natural period ratio t<np>r = — 

n 

b) Response curves when the pulse duration is equal to one-tenth of the undamped natural period 



c) Expanded-scole response curves showing only the first peak when the pulse duration is equal to one-tenth of 


the undamped natural period 

Fig. 25-15. Illustrative displaced cosine pulse function response curves associated with the (0;0,1,2) 
linear second-order differential equation with constant coefficients. (Page 2 of 2) 

25.58. The curves in Fig. 25-15 show that the ratio of the height of the first 
response peak to the pulse height, together with the ratio of the pulse duration to 
the time of the first response peak may be used to determine the parameters of 
second-order functions. Figure 25-16 is similar to Fig. 25-14. It has pulse 
duration - first response peak time ratio as the abscissa and response peak- 
pulse height ratio as the ordinate. By determining the point represented by these 
coordinates, the damping ratio and pulse duration — undamped natural period 
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Pulse duration — response peak time ratio (Pdhrpt)r ^ _L_ 

/ 

Up) 

Fig. 25-16. Damping ratio and pulse duration — undamped natural period ratio os functions of response 
peak-pulse height ratio and pulse duration - response peak time ratio of first response peak for the 
(0,0,1,2) linear second-order differential equation response to displaced cosine pulse functions. 

ratio may be read from the curves. The curves of constant damping ratio are 
shown as dashed lines, while curves of constant pulse duration - undamped natural 
period ratio are drawn solid. The figure provides a means for evaluating param¬ 
eters from experimentally derived information. 
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CHAPTER 26 


REPRESENTATION OF SOLUTIONS FOR 
DIFFERENTIAL EQUATIONS WITH NONLINEAR TERMS 

OF THE RATE-DETERMINED STEP TYPE 

INTRODUCTION 

26.1. Nonlinear terms often appear in differential equation forms, so it is im¬ 
portant to develop methods for finding solutions for equations that include terms of 
this kind. One of the few nonlinear term types occurring in differential equations that 
maybe handled by exact mathematical procedures is the rate-determined step term , 
defined in section a of Derivation Summary 26-1. Terms of this class are constant 
in magnitude and have an algebraic sign opposite to the sign of the rate of change 

of the dependent variable. In practice, rate-determined step terms are useful in 
the analysis of systems that include Coulomb friction* or relay-operated drives. 

26.2. This chapter includes discussions of various methods that are commonly 
applied for the solution of differential equations with rate-determined step terms. 
Particular emphasis is placed on second-order differential equation forms, although 
the procedures described may be applied in associating solutions with differential 
equations of any order that include rate-determined step terms. 

GENERAL METHODS FOR SOLVING DIFFERENTIAL EQUATIONS WITH RATE'DETERMINED 
STEP TERMS 

26.3. Rate-determined step effects may be accounted for in mathematical 
analysis by a number of different methods. Five of these methods, suggested 
in Fig. 26-1, are: 

1) Sequential solution method. In this method, the range of the running vari¬ 
able to be considered is divided into intervals bounded by points at which 
the first derivative of the dependent variable becomes zero. This situation 
is suggested in section a of Fig. 26-1. During any given one of these inter¬ 
vals, the rate-determined step term reduces to a constant with a fixed al¬ 
gebraic sign. The corresponding solution for the differential equation may 
be found by the procedures described in Chapters 15, 16 and 17.** Solu¬ 
tions for any sequence of intervals may be found by matching the Initial 
and terminal conditions for adjacent intervals by the procedure discussed 
_in Derivation Summaries 18-7 and 19-7. 

• Coulomb friction in mechanical systems is discussed in Volume ID. 

•• For an alternate procedure, see Shields (68). 
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Physical situations of various kinds may include an clement that may be represented by means of a 
constant magnitude associated with an algebraic sign that changes its sense each time the first deriva¬ 
tive of the dependent variable changes its sign. Factors of this type belong to the class of rate-deter¬ 
mined step terms . 

When the forcing function for the (0;0,1,2) second-order differential equation is a term of this kind, the 
basic equation form is 

~ ‘ “ ± b O U (rs) (1) 


0 2 v + o,v + O 0 v 


where 


° 0 » ° 1 » ° 2 and b,. are constants 

u (ra) = rate-determined step term (a term of constant magnitude) 

Hie positive sign for U (ra) applies when V is negative; the negative sign applies when V is positive. An 
additional condition on Eq. (1) is that V remains zero when it becomes zero with |v| equal to or less than 

l0>o/ a o )«(r.)l* 

The procedures described in Definition Summary 19*1 and Derivation Summary 19-2 may be applied to 
reduce Eq. (1) to the standard (0;0,1,2) nondimensional differential equation form of Eq. (2) of Derivation 
Summary 19-2. The result is 

V " + 2 <“n V ' + “n V = ± k 2ffU (r 8 | (2) 

The symbols of Eq. (2) arc defined in sections b and f-1 of Definition Summary 19-1. 

a) Sec ond-o rd er differential equation with a rate-determined step term 

Forced solutions of Eq. (2) arc any solutions of the complete equation. When v'is negative, the forced 
solution is 


♦ or U 


(rs ) 


Wlicn v'is positive, the forced solution is 


V * = -° rU (rs) 
b) Forced solutions 


(3) 


(4) 


Transient solution forms of Eq. (2) for damping ratios less than unity, equal to unity and greater than 
unity are given by sections c-1, e-2 and c-3 of Derivation Summary 19-1. A set of these forms suitable for 
present purposes is as follows: 


For £ < 1: 

v (.r) - 

'(FC) s «-'‘/'r 

cos ['ru('t) + V»,icJ 

(5) 

For £ « 1: 

V («r) = 


♦ '(FC) 7 ('t)fV> 

(6) 

For < > 1: 

V) - 

\FC) l e‘ i/ ' r 

♦ (FC ) 2 € -^(V'r) 

(7) 


cj Transient solution forms 

Combining the forced solution and transient solutions gives the complete solution forms with undeter¬ 
mined fitting constants as follows: 

When v'is negative 


For < < 1: V = tFC) s <‘ %/ r cos [cu('t) + + o-u (rs) 

For <-l: V - '(FC) 6 «-V'r + '(FC) 7 ('t)*‘ x/r ♦ <rU (r 


S ) 


( 8 ) 


(9) 


Derivation Summary 26-1. Decreasing step function solutions for second-order differential 
equations with rate-determined step terms by means of transient solution sequences. 

(Page 1 of 3) 
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For £ > 1: V 
When v'is positive 


- "(FC),f"* t/ * r ' + (FC).*’‘' < " t/>l1 + „ u 




(rs) 


( 10 ) 


-V'r 


For << 1: v = (FC) s € cos ['<u('t) + '0 (fc) ] - o-u 


For C= 1: V = '(FO^-V'r + '(F C), ('t) «*' l/ ' r - cru 


(rs) 


(rs) 


' , * 


For<>l: V =. (FC),« " T ' + '(FC) 2 €* ,,r,/ ' r ' 1 - a u 




(rs) 


(ID 


( 12 ) 


(13) 


d) Complete solution forms with undetermined fitting constants 


Assume the initial conditions: 

V = V ( o)o and v' = 0 when 't = 0 ( 14 ) 

as indicated in Fig. 26-la. 

Note: For £< 1, V will be oscillatory with solutions divided Into a series of half cycles with the final value 
of V for one half cycle actlnq as the Initial value for the next half cycle. In the symbol v (0)Q , the 

first zero of the subscript Identifies the represented value of v as an Initial value. The second zero 
of the subscript Identifies the Initial value as being associated with the first Interval, beginning at 
t = 0; l.e., the zero half cycle. The general symbol Is V (0)m , where the subscript m shows that the 
symbol Is associated with the m ,h half cycle. 

When the initial conditions of Eq. (14) are introduced and attention is restricted to the running variable 
interval between 't = 0 and (the running variable value at which v'= 0 for the first time after 

the initial instant), the procedure outlined in Derivation Summary 19-3 for determining fitting constants 
leads to the following solution for the £ < 1 form of Eq. (8): 


V 

. V ( 0)0 Jo 


cos 




( 0)0 

dependent variable ratio 


+ _^i£si 

V ( 0)0 


(15) 


where 


-rjj) 

The relationships listed in Table 19-1 show that Eq. (16) may be written in the form 

... / < 


(16) 


'0,(c) = tan-M- - 1 - \ 

\ V i -< 2 * « n / 


= tan 




V i-< 


) 


(17) 


The first derivative of Vis given by the expression 


v' 


K * / 




r cos 0 (fc) 


Cl) 


V (0)0 “ <7 " U (rs) 


-l/'r.s 


cos '0^7 


) 


sin ['tu('t) + '0 ( f c )J 


(18) 


The validity of Eq. (15) ends when v'becomcs zero for the first time after 't = 0. This occurs when 

- -A- (19) 

OJ 

For this value of the running variable, 


[ V <Q) = v . V CQ)l . _ A _ <7U (rs) \ € -ir/ cur + 

L V (0)oJl v (0)0 ('t = jj / 0>) v (0)0 V V (0)0 / 


cru 


(rs) 


( 20 ) 


(0)0 Jl L ’(0)0 J( t =n/ o)) ’(0)o \ ‘(ojo / ’(0)0 

Note: Because of the reversal In sign of v at 't = rr/ 'o, the value of V (0) ,/v (0)() Is a peak value. 

e) Complete solution for the interval from 't = 0 until V = 0 at = rr/ a> for damping ratio less than unity 

Derivation Summary 26-1. Decreasing step function solutions for second-order differential 
equations with rate-determined step terms by means of transient solution sequences. 

(Page 2 of 3) 
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^ V (o/ V ( 0 )o ^ \ ls ,he terminal value of the zcro th interval in 't and is also the initial instant for the first 
interval at which v'changes from its negative value of the zero 1 *' interval to a positive value. 

Uith the expression of Eq. (20) as the initial value, the equation for the complete solution form of Eq. (11) 


1 > 

f. -Y—1 1 ( 1 - <rU (r«) V .n/'gj'r 

|_ V ( 0) 0 J I cos V-*(, c) V v (0H / 


2 <r u 


(rs) 


0)0 


* t -d/'r-n/u >l cos ['*,('() „ ' 0(|c) _ „] . . < ’>»> (2 , 

V (C )0 

f) Complete solution lor the i nter val from '\ = n/ ’c, u ntil v'= 0 at 't = 2 n /'cj for damping ratio 

less than unity 

The procedure illustrated in sections e and f for the zcro th arxl first periods may be extended to an in¬ 
definite number of intervals between reversals in tlie sign of v'to develop an expression for the peak 
values that occur at running variable values : 


( 21 ) 


too 


't = ; m = 0, 1, 2 . . . 

<U 


( 22 ) 


The expression of the peak value of V 0 /v at the beginning of the m th interval is 






(rs ) 


( 0)0 


^ - u\n/ 'tu V 


<ru 


(rs) 


f 1 + 2 U* ff/ " 7 + t 


/ » * 
o J r 


+ ... 4 £ 


— (rr * - 


( 0)0 


1 )n/ 'o rjJ ^ 


(23) 


g) General expression for peak volues of the dependent variable ratio with damping ratio between 

zero and unity 


UIkmi (lie damping ratio, of Eq. (2) is zero, Eqs. (16) and (17) show chat 


= 0 


^ '* v i - < 2 

and all the exponents of the exponentials become zero so that these exponentials reduce to unity. With 
this equation introduced, Eq. (23) becomes 

[vH , - <-D m (i - <2 

L V (0 )0 J(m)(£=0) ' (0)0 / 

I') Special expression for peak volues of the dependent variable ratio with damping ratio equal to zero 


(24) 


(25) 


Uhen the damping ratio in Eq. (2) is equal to unity and the initial conditions are v and v' = 


at 't = 0, the solution for Eq. (9) is 


V - rr U 


(rs) 


v o - «-W(r.) 


* * / ■ r / 

- t/ r 4 t c - t/ r 


(26) 


i) Complete solution for damping ratio equal to unity 
When the damping ratio is greater than unity, the initial conditions v = v and 0 at "t 


0 when 


used in Eq. (10) give 


V - <rU 


(rs) 


v o - ^„ S ) 




(27) 


/) Complete solution for damping ratio greater than unity 

Derivation Summary 26-1. Decreasing step function solutions for second-order differential 
equations with rote-determined step terms by means of transient solution sequences. 

(Page 3 of 3) 
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a) Solution by sequence of transient solutions 



Under the assumption of steady-state conditions, v Q may be determined by using the initial conditions at 
't - 0 that v - v Q and v'- 0 and the terminal conditions at - it that v - - v Q and v'- 0. Application 

of the procedure using the initial and terminal conditions shown on the diagram is valid only if v/v a does 
not become zero at points other than than the peaks. 

b) Exact solution for tho steady-state response to o sinusoidal forcing function by matching initial 

and terminal conditions for half-cycio intervals 

Fig. 26-1. Methods for representing the effects of rote-determined step terms. (Page 1 of 2) 
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Rat ^-determined etep term repre¬ 
sented by the Fourier series 
expansion for a square wave 


*«ro - 


'<o t CD = o 


^r») = n 


L, ft) = 2 ,7 


Representation of racc-dcccrmincd step term effects for steady-state sinusoidal response by the Fourier 
series expansion for a square wave. 

c) Approximate solution for the response to a steady-state s inusoidol forcing function and 
rate-determined step term represented by the Fourier series expansion for a square wove 

Kate-determined step term effects may be approximated by the addition of an equivalent damping ratio 
component for use in any method for finding steady-state solutions. 

d) Fgui_valent darnping ratio component method for representing the steody-sto te sinusoidal response 

eff eet of rate-determined step terms 

: >t l ! 


o u 


(rs) 


Plots with the dependent vari¬ 
able as the abscissa and the 
rate of change of the dependent 
variable as the ordinate are 
phase plane plots. 


o u 


(rs) 


(rof) 


(ref) 


e) Phase plane plots for representing the effects of rate-determined step terms 

Fig. 26-1. Methods for representing the effects of rate-determined step terms. (Page 2 of 2) 


Steady-state half-cycle initial and terminal condition matching method. 
Exact steady-state solutions corresponding to sinusoidal forcing functions 
may be found by matching amplitudes at the beginning and end of atypical 
half cycle of the response at which the initial and terminal values of the 
rate of change of the dependent variable are zero. This method is suggested 
in section b of Fig. 26-1. 
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3) Fourier series square wave method . For steady-state sinusoidal solutions, 
the effects of the rate-determined step term may be represented by the 
Fourier series expansion of Data Summary 12-1 for a square wave, and the 
corresponding response to a sinusoidal forcing function found by the methods 
described in Chapters 15 and 16. This method is suggested in section c of 
Fig. 26-1. 

4) Equivalent damping ratio component method. For steady-state sinusoidal 
solutions, the effects of the rate-determined step term may be taken into 
account by an equivalent damping ratio component to replace the step term 
itself. With this equivalent damping ratio component introduced, solutions 
for the differential equation may be found by the methods described in 
Chapters 15 and 16. The equivalent damping ratio component method is 
suggested in section d of Fig. 26-1. 

5) Phase plane method . Phase plane plots with the dependent variable as ab¬ 
scissae and the rate of change of the dependent variable as ordinates may 
be used to represent solutions that include the effects of rate-determined 
step terms. Phase plane plots are suggested in section e of Fig. 26-1. 

The remaining sections of this chapter describe these five methods in turn. 

SEQUENTIAL SOLUTION METHOD 

26.4. The procedure for finding solutions for differential equations that include 
a rate-determined step term is demonstrated in Derivation Summary 26-1 for the 
transient response of the (0; 0,1,2) second-order differential equation. The princi¬ 
ples used are those developed in Chapter 15 and specifically applied to second- 
order differential equations in Chapter 19. The only special feature required for 
the treatment of equations with a rate-determined step term is that the over-all 
solution be broken up into a sequence of intervals selected so that the step term is 
constant during each interval. With this resolution of the over-all problem, solu¬ 
tions for the intervals may be found by ordinary methods, and may be connected in 

a sequence by matching initial and terminal conditions at the boundaries between 
successive intervals. 

26.5. The final results when this procedure is applied to a decreasing step 
function are given by Eqs. (15) and (21) of Derivation Summary 26-1, which apply 
to situations for which the damping ratio is less than unity, and by Eqs. (26) and (27), 
which apply for damping ratios equal, to and greater than unity, respectively. 
Equation (23) is an expression for finding the ratio of the m th peak to the initial 
peak (the O^peak) for the decreasing step function transient response of equations 
with damping ratios between zero and unity and including rate-determined step 
terms of arbitrary magnitude. Equation (25) is an expression for the ratio of the 
m th peak to the 0^ peak when the damping ratio is zero. 
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26.6. The curve of Fig. 26-2a shows a typical decreasing step function response 
for the (0; 0,1,2) second-order differential equation when the damping ratio is equal 
to zero. In this plot, the dependent variable ratio with the 0 th peak as the reference 
is used for the ordinate and the argument angle of the response equation is used as 
the abscissa. The magnitude of the rate-determined step term ratio (or simply 
rate step ratio ) is shown by dotted lines parallel to the axis of abscissae. The in¬ 
tervals corresponding to the sequence of matched solutions that start at each point 
where the slope of the dependent variable curve goes through zero are also shown 
in Fig. 26-2a. 

26.7. The response curve of Fig. 26-2a shows that the difference in height be¬ 
tween successive peaks (i.e., for one half cycle of oscillation) is twice the rate step 
ratio. This means that the envelope of peaks is formed by straight lines that, for 
each cycle of the response, slope toward the axis of abscissae by an amount equal 
to four times the rate step ratio. In accordance with the assumed characteristics 
of the rate-determined step term (see section a of Derivation Summary 26-1), the 
response curve becomes a straight line parallel to the abscissa axis after the first 
point at which its slope becomes zero within the region enclosed by the rate step 
ratio magnitude lines. 

26.8. It is interesting to note that for zero damping ratio a critical value of 
one-third exists for the rate step ratio in the sense that for this condition the first 
peak reduction of twice the rate step ratio just prevents the response curve from 
passingoutsidethe lower rate step ratio limit, so that the response becomes con¬ 
stant at the lower level of the rate step ratio. When the rate step ratio is greater 
than one-third, the response becomes constant at some level within the rate-step- 
ratio-bounded region. 

26.9. Figure 26-2bgives two second-order decreasing step function transient 
response curves for rate step ratios of 0.6 and 0.43, and a damping ratio of zero. 
The effect of the increased rate step ratio in reducing the response to a constant 
level with a smaller change in the response curve is apparent by inspection of the 
curves of Fig. 26-2. 

26.10. Figure 26-3 is an illustrative family of second-order decreasing step 
function transient response curves for zero damping ratio and rate step ratios 
varying from 0 to 0.4. The sense and magnitude of the rate-determined step 
term is indicated by a dotted-line square wave oscillating up and down between the 
rate step ratio limits as the oscillation cycles occur. 

26.11. Figures 26-4 and 26-5 give families of second-order decreasing step 
function response curves for damping ratios of 0.1 and 0.2, respectively. Each 
family includes plots for rate step ratio values from Oto 0.2. Inspection of these 
curves shows that when the damping ratio is not zero and the rate step ratio is also 
not equal to zero the envelope of the response curve oscillations is no longer a 
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straight line. Comparison of Eq. (21) of Derivation Summary 26-1 with Eq. (19) of 
Derivation Summary 19-3 shows that the addition of a rate-determined step term 
changes the envelope of the oscillation from the simple exponential that exists when 
no rate-determined step term is present to a curve of a more complex type. The 
actual relationship between the magnitude of the m^ 1 peak and the magnitude of the 


714 


















(0; 0,1,2)(dsf) 

C = 0 ; \ 


o u 




- = Rate step ratio 

V ( 0)0 

£ = DR = Damping ratio = 0 


Fig. 26-3. Decreasing step function response for the (0;0 f l,2) second-order differential equation 

with a rate-determined step term and a damping rotio of zero. 



(0;0,l,2)(dsf) 

C = o.i n 



°%s) 

V ( 0)0 


Rate step ratio 


£ =s DR = Damping ratio 


0.1 


Fig. 26-4. Decreasing step function response for the (0;0,1,2) second-order differential equation 

with a rate-determined step term and a damping ratio of one tenth. 




- = Rate step ratio 

V ( 0)0 

C, =* DR = Damping ratio = 0.2 


Fig. 26-5. Decreasing step function response for the (0;0,1,2) second-order differentiol equation 

with a rate-determined step term and a domping ratio of two tenths. 




initial peak is given by Eq. (23) of Derivation Summary 26-1 when the damping ratio 
is not zero and the rate-determined step term is also not zero. This expression 
reduces to that of Eq. (25) of Derivation Summary 26-1 when the damping ratio is zero. 

26.12. When a curve of the second-order response to a decreasing step func¬ 
tion is available, it may be required to find the damping ratio and rate step ratio of 
the equation involved. This determination may be carried out by measuring the 
peak ratios* of three peaks spaced n half cycles apart with the middle peak desig¬ 
nated as the peak. The result of these measurements is 

tH ; hr-1 ■ fV- 

lO)Oj(m-n) T (0)0 J m L T (0)0 

26.13. In terms of these three values, the damping ratio for the given curve is 
given by the expression 


(26-1) 

(m 4-n) 


m nC, 



' V (m-n) + V m ' 
. V m + V (m+n). 


(26-2) 


where 

C * damping ratio 

26.14. In terms of the peak ratios of Eq. (26-1), the logarithmic decrement 
(symbol LD ) defined in Table 19-1 is 





V (m-n) + V m 
- V m + V (m + n) 


(26-3) 


In terms of the logarithmic decrement, the rate step ratio is given by the ex¬ 
pression 


<r U 


(ra) 


^-m(LD/2) __ 


m 


y-] 

L (0)0 Jm 


1 -€ 


-LD/2 


( 0)0 


[l — e ■n>|LD/2) ] [j +( -I-D/ 2] 


(26-4) 


26.15. These equations are derived by writing a general expression for the 
general peak ratio (v/v {0)0 J m and subsequently the (m - n) th and (m + n) th peak 
ratios. If the ratio (v (m . n) + v m )/(v m + v (m+n) ) is formed, this quantity is found to be in¬ 
dependent of the rate step ratio and dependent only on the damping ratio. With the 
logarithmic decrement 

LD - 2n < 

V l-C 2 

used as a measure of the damping ratio, Eq. (26-3) is the result of the procedure 
outlined. Substitution of the now known value of LD (or < ) in the expression for 
^(ojolm leaves the rate step ratio as the only unknown. Equation (26-4) is the 
solution for the rate step ratio. 


* By definition, the peak ratio for any given peak is the ratio of the curve amplitude at the given peak to 
the amplitude of the 0 1 * 1 peak. 
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26.16. Kennedy* has described a graphical procedure for determining the 
damping ratio and rate step ratio from a given decreasing step function oscillatory 
response curve by a trial-and-error method. From Eq. (26-4) it is found that 


(- l) 


rr» 


L V (0)0 


t g °(rs) 

. m V ( 0)0 


(ro) 1 +t 


-LD/2 


1 - ( 


-LD/2 


l 


1 + ^f££i 


1 + < 


-LD/2 


£ -m ' L C 


4 J 


v 

(C 


1 - ( 


-LD/2 


(26-5) 


The first quantity on the left-hand side of Eq. (26-5) represents the peak values 
of the oscillatory response curve. The second quantity is a constant that is the 
product of the rate step ratio and a function of the logarithmic decrement. The 
quantity on the right-hand side of the equation is a constant multiplied by a de¬ 
creasing exponential function. Kennedy's method depends upon obtaining the con¬ 
stant term in Eq. (26-5) by successive trials, so that when the constant is added 
to the peak values of the actual oscillatory response the result is a series of points 
on a decreasing exponential curve. 

26.17. The linear scale plot of Fig. 26-6 shows that when the rate step ratio 
is zero, the oscillatory response curve has a purely exponential envelope, while 
for zero damping ratio, the envelope is a straight line. A combination of damping 
ratio and rate-determined step produces an envelope that lies between the straight 
line and the exponential. By transferring the curves to semilogarithmic coordi¬ 
nates, as in Fig. 26-7, the exponential curve becomes a straight line, while the 
other two lines become downward-curving lines. These two methods of plotting 
provide a simple way of distinguishing between purely damping ratio curves and 
purely rate step ratio curves. 

26.18. Figure 26-8 illustrates the result of adding trial components express¬ 
ible by the constant term of Eq. (26-5), that is, expressible by the equation 


(Added component) 


cru 


(rs) 


1 + * 


-LD/2 


( 0)0 


1 -€-LD/2 


(26-6) 


to the values of the given curve representing the envelope of peaks, to produce 
a straight line on semilogarithmic coordinates. When a proper value of this 
component has been found by trial and error, the slope of the resulting straight 
line is negative and has a magnitude equal to one-half of the logarithmic decrement. 
The rate step ratio is subsequently obtained by the use of Eq. (26-6). 


STEADY-STATE HALP-CYCLE INITIAL AND TERMINAL CONDITION MATCHING METHOD 

26.19. When a sinusoidal forcing function is applied to a differential equation 
that includes a rate-determined step term, the steady-state response depends on 
the ratio of the rate-determined step term to the amplitude of the forcing function. 
In symbols, this rate step ratio is u (fB) /u a . When the rate step ratio is small com¬ 
pared with unity, it is reasonable to expect that the steady-state response will be 
very nearly like the response that would exist if no rate-determined step term were 

• Sec Kennedy (44). 
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Fig. 26-6. Linear scale plots of peak amplitude ratio as a function of peak number for the de¬ 
creasing step function oscillatory response for the (0;0,1,2) second-order differential equations 
with damping ratio only, with a rate-determined step term only, and with both damping ratio and 

a rate-determined step term. 


Rate-determined step term only 


■^*P°ne n t io , 
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Combination of damping ratio and 
rate-determined step term 


Damping ratio only; slope = — 


Peak number m 


Fig. 26-7. Logarithmic ordinate — linear abscissa plots of peak amplitude ratio as a function of 
peak number for the decreasing step function oscillatory response for the (0;0,1,2) second-order 
differential equations with damping ratio only, with a rate-determined step term only, and with 

both damping ratio and a rate-determined step term. 
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Fig. 26-8. Graphical determination of damping ratio and rate-determined step term only from the 
semilogarithmic plot of peak amplitude ratio as a function of peak number for the decreasing 
step function oscillotory response for the (0;0,1,2) second-order differential equation. 


present. On the other hand, as the rate step ratio becomes larger, the response will 
deviate from the sinusoidal form through a phase in which the slope of the response 
curve is zero not only at the sinusoidal peaks but also at points between these peaks. 
Responses with stops between the steady-state sinusoidal peaks are difficult to 
analyze and are not usually important for practical purposes. For these reasons, 
the discussion of this chapter will be restricted to situations with steady-state re¬ 
sponse slopes going to zero only at steady-state sinusoidal peaks. 

26.20. Den Hartog* gives a thorough discussion of exact methods for finding 
the steady-state sinusoidal response associated with second-order differential 
equations with combined damping ratio and rate-determined step term effects. In 
his discussion, Den Hartog interprets the second-order differential equation in 
terms of mechanical systems having mass, elasticity, viscous friction, and coulomb 
friction. The viscous friction is associated with damping ratio, and the coulomb 
friction determines the rate-determined step term. The exact method for finding 
the steady-state sinusoidal response as it is developed by Den Hartog depends on 
the assumption of symmetry between the positive and negative peaks of each half 
cycle. Under this assumption and the additional condition that the response has no 

• See Den Harrog (18). 
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stops between the sinusoidal peaks, so that the sign of the rate-determined step 
term is unchanged between peaks, the response equation may be found by equating 
the magnitude of the initial amplitude to the magnitude of the terminal amplitude. 

26.21. Derivation Summary 26-2 outlines the procedure for finding the response 
associated with the (0; 0,1,2) second-order differential equation with a sinusoidal 
forcing function and a rate-determined step term. The differential equation to be 
solved is given as Eq. (1) of Derivation Summary 26-2. The steps for finding the 
solution for this equation are similar to those described in Derivation Sum¬ 
maries 19-1, 19-9 and 19-10. The solution includes a steady-state sinusoidal re¬ 
sponse term and a transient term made necessary by the reversal in sign of the 
rate-determined step term at the sinusoidal peaks where the slope of the response 
changes its direction. Equations (8), (9), (29), (30), (33) and (34) of Derivation Sum¬ 
mary 26-2 include all the information necessary to write an exact expression for 
the solution of Eq. (1) when no stops occur between half-cycle peaks. However, the 
resulting equation would be very cumbersome and not of great interest for practical 
purposes. On the other hand, Eq. (33) for the cosine of the dynamic response angle 
andEq. (34) for the response amplitude ratio minus the rate step ratio are generally 
useful. 

26.22. The amplitude-ratio-describing form of Eq. (34) consists of two terms. 
The first of these terms has the rate step ratio as a factor multiplying a complicated 
expression depending on the damping ratio and the frequency ratio. This expres¬ 
sion is plotted in Fig. 26-9 for several values of the damping ratio. The second 
term of Eq. (34) is a radical whose first term is the square of the nondimensional 
amplitude ratio for the (0; 0,1,2) equation without a rate step term, and whose 
second term is a function of damping ratio and frequency ratio with the square of 
the rate step ratio as a multiplying factor. Figure 26-10 gives plots of the second 
term for several values of the damping ratio when the rate step ratio is unity. 

26.23. Equation (34) of Derivation Summary 26-2 shows that the amplitude 
ratio when the rate-determined step term is not zero differs from the amplitude 
ratio when the rate-determined step term is zero by a subtractive term under the 
radical and by a negative term outside the radical. Figures 26-9 and 26-10, noted 
in the previous paragraph, give plots of the factors that depend upon damping ratio 
and frequency ratio and act as multipliers for the rate step ratio. 

26.24. Derivation Summary 26-3 is a development of the exact steady-state 
solution for the generalized second-order differential equation (i.e., the (2,1,0; 0,1,2) 
equation) with a rate-determined step term and a steady-state sinusoidal forcing 
function. The procedure for finding this solution follows the pattern described in 
Derivation Summary 26-2, and the results as given by Eqs. (21), (22) and (24) are 
like the expressions of Eqs. (32), (33) and (34) of Derivation Summary 26-2 except 
that M , the rate-determined step term amplitude ratio for the (0; 0,1,2) equation, is 
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U'hen a sinusoidal forcing term with arbitrary phase V> is added to the (0;0,1,2) differential equation that 
has step terms with rate-determined signs, the form of Eq. (3) of Derivation Summary 19-10 becomes 

V” + 2 <6» n V y + w*V = 'ta^tru a cos [ «u f ('t) + "0] + w‘<ru (r! ., (1) 

where 

u (ra) = race-determined step (enn (positive sign is used when v'is negative; negative sign is used 
when V is positive; U rr , is constant in magnitude) 

For example, when v'is negative, Eq. (1) becomes 

V " + 2 <V, v ' + “n v = U a cos[' 6jj ('t) + '0] + ' W *<rU ffs , (2) 

a) Differential equation with a sinusoidal forcing term and a rate-determined step term 


When the effect of the a U (ffl) term is relatively so small that there are no stops in V between peaks, the 
forced solutions for hq. (1) are: 

For v' negative: 

v l c p<ru a cos + '0 + V>] + <ru )r!;) (3) 

For v positive: 

V, = ,i,r u, 3 cos (w,('t) + '0 ♦ V>] ~ ^U, ro , (4) 

where from Derivation Summary 19-10 

■ _ -■ ^- ■ ~ 1 0 - tan’ 1 ^ ^ DR = damping ratio (5),(6) 

V (i -fi*) 2 4 Hep) 2 1 


(5),(6) 


"I n f T r 


P = -H- = FR = freq 


Cij n 
n n 


uency ratio 


b) Forced solutions 


v = 


Uhen the transient solution form of Eq. (17) of Derivation Summary 19-10 is used, the complete solu¬ 
tions for Eq. (1) are: 

For v'ncgativc: 

v = (FC)jfc 1 r cos '<a( t) 4 (FC) 4 «'’ r sm (u('f) 4 (|(T U Q COS [o (| ('f) 4 '0 4 'i ft] 4 cru |fo) (8) 

For v'positive: 

v = (PC)jC * r cos tu(t) 4 (FC) 4 e f r sin + /itrUjCos 4 '<f> 4 Vi] - <ru r .. ] (9) 

c) Complete solutions 

Equations (8) and (9) arc valid when v'is not zero. If v' becomes zero only ar peak values of v during 
the steady-state cycle, then considerations of symmetry show that positive and negative peak values are 
equal and represent the amplitude of oscillation. 

Uhcn the peak, V a , occurs at some typical value '<u tj , a peak of equal magnitude and opposite sign will 
occur at cu 'tj ♦ rr. At peak point cu t the slope v'will be zero. It will also be zero at \o 't + n . When 
the peak is + V Q at ca t| , the slope V will be negarive from gj 'tj to o 't^ + n . These circumstances are 
illustrated by the accompanying figure. In the figure, Eq. (8) applies over the interval from cu 't to 

' 'L 1 

«l 4 f7. 

For working convenience, (he running variable value 't, may be chosen as zero, so thai (he inidal 
conditions ore 

v = v a , v'= 0 ; 'to('t) = o ( 10 ) 
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and the terminal conditions are 


V = -v a , v'= o ; 'ty('t) 

'a>{' t) = u't, ; v' = 0 


(ID 


U't) 


v'is always negative 
in this interval 


'cu('t) = '(j) 't } + 77 ; v' = 


d) Initial and terminal conditions 

The boundary conditions of liqs. (10) and (11) may be used to determine the two fitting constants (FC) 
and '(FC) 4 ,( v> + , 0), and v a , which arc required to determine completely all essential factors of Eq. (8). 
When the boundary conditions are introduced, the following equations may be associated with Eqs. (8), (10) 
and (11). Two of these equations depend on the first derivative of Eq. (8); i.c., 

V'= - '(FC), (!)<-'<''-cos o,('t) - '(FC), 

- '(FC),(i)«-'> / ''sin o,('t) + '(FC), W^co. U'l) 

- P "f »■". si" la, (’0 + + '$] (12) 

Vlhen 'ojf ('t) = 0, then 't = 0, V = V Q t V' = 0, and 

(PC ) 3 -f 0 + p <ru (cos '(f> + V) - = -<rU, r<5 . (13) 


- trll 


(rs) 


'(FC) 3 




- '(fc) 4 + 




crl) a (sin '0 + V/) + 0 = 0 


When ' cj { ('t) = v, then 't = n/ <y f , V = -V a , v'= 0, and 

'(FC) )£ -”^C05 (VEH 

♦ iFC) ( ,-»W.i„ (VEH„) 

- fi<ru c os('<£ + V>) 


+ v a - -°’ u (r 8 ) 


(FC), f-=L 

LV i - 


cos 


(43T.). (V3T.)1 


* '(FC ),.+ </P { »in (lH 

L V i - c 2 v 


0 - 






sin ( 'tf> + '*p) + 0 


(13) 

(14) 


(15) 


(16) 
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In Eqs. (13), (14), (15) and (16), the following transformations, based on the relationships of Table 19-1, 
arc used: 


= w n yjl -C 2 ; C “ — 1 , ; '(Of = ft 'to 


r 


ft '<o 


(17),(18),(19) 


" V W-C 2 '<o n r 
Adding Eqs. (13) and (15) gives 


l-< 2 


'to n 


LlAlrr 

ft 


f / / 

r <jj 


__ rr = __ = n £ 

ft'<o n 'r ~ ft 

( 20 ),( 21 ),( 22 ) 


(FC) 3 i + f -”t/ftcos ( -- -** n ) + lFC),r"C/0 


i -C 2 


77 ^ = — 2 <r u 


(ro) 


(23) 


Adding Eqs. (14) and (15) gives 


'(FC) 


V i-< 


1 + e -”C/ft 


cos 


1 -<r 2 


77 ) + ft 


i -< 2 A ) 


- '(FC), |l — < sin (’-V- 1 -< 2 t) - , 

( IVT^r ' P > 

The pattern of Eqs. (23) and (24) is 

°ll ( FC >3 + a !2 ( FC )< = -2<ru (r0) 

<* 2 i '(FC), + o 2I '(FC), = o 

Oamcr’s rule, as outlined in Derivation Summary 15-4, shows that 




0 (24) 


(25) 

(26) 


'(FC), 


— 2 crU( r8 )Q 22 


° 1 I 0 I 2 
a 21°22 


(FC), 


2<rU (rs )°21 

a .l °12 

°2I 0 22 


(■27),(28) 


Substitution of the coefficients of Eqs. (23) and (24) gives 


- 2 <r U 


(ra) 


'(FC), - 


jl -t-Oft _L=sin ( 


- 

ft / 


cos 


- C 2 „\1 I 


1 + 2t~ n £/ft cos (* + ( m2n 0ft 


(29) 


(FC), 


+t '^ c ° 5 (^?")] 


1 + 2<' 77 £ // ficos ^ — 1 1 1^-1 + t-™£/ft 


(30) 


Solving Eq. (14) for sin('0 + V/) shows that 

sin ( '<f> ♦ V) - jgULfrC), - —'(FC),1 

m 0 «-u o \rrr 7 T ,3 J 

Substituting in hq. (31) for (FC) 3 and (FC) 4 in accordance with Eqs. (29) and (30) gi 
sin ('0 + V) “ - 2 ” (fa I _L 1 _ \ ft / 


(31) 


ves 


(32) 


2" <//3 
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Using the trigonometric relationship sin 2 A + cos 2 A = 1 shows that: 


cos ('<*> + 'i!/) = — 



2 J U M\ 2 1 1 


f -2nC/p 


sin 2 ( 


Vk 

p 




< 


1 + 2* n t/Pcos ^ V 1 ^ Cj it) + < -2»t£//3 


(33) 


With (FC) 3 , (FC) 4 and ('<£ + "0) known, proper substitutions in Eq. (8) give an expression for V as a 
function of 't when the damping ratio, £, the frequency ratio, /3, and the rate-determined step term are 
specified. This expression is complicated, but it represents an exact solution for the steady-state varia¬ 
tion of v. It is usually of greater interest, however, to set up an explicit equation for the amplitude V Q . 
This equation appears when the expressions of Eqs. (29) and (33) are introduced in Eq. (13); i.e., 


V a _ U (rs) 


°- U a “a 


" 



- 

1 - 

c 

~.('V Tr 7V) 


1 ? 

Lv i - < 2 

V p ) V p )\ 


1 Am 

1 + 2 c*" 

UP cos ( 

n ) + r 2n < / P 




(34) 


An important special case of Eqs. (32) and (34) appears when the damping ratio £ is made equal to zero. 
The corresponding equations are 

n 


U 


sin('0 + '0) -- q 


(rs) 1 


sin 


P 


a up 1 + cos -H. 

P 


(35) 


<ru 



_ ( (rB) i _!_ P _ 

-ft 


(36) 


where 


r 1 -ft 2 

f) Amplitude equation for zero damping ratio 


(37) 
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replaced by #* ( u (ril) - 0) , the amplitude ratio for the (2,1,0; 0,1,2) equation with no rate 
step term. The development of Derivation Summary 26-3 shows that when the dif¬ 
ferential equation form differs from the (2,1,0; 0,1,2)formof Eq. (l)bythe absence 
of one or more terms, the results of Eqs. (21), (22) and (24) are valid if/i (U( > =0) for 
the particular case considered is substituted for #i (u „ 0) for the (2,1,0; 0,1,2) 
equation. 
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Fig. 26-9. Plots of rote step amplitude factor as a function of frequency ratio for various values of 

the damping ratio. 



Fig. 26-10. Plots of rate step amplitude ratio correction factor as a function of frequency ratio 

for various values of the damping ratio. 
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Equation (6) of Derivation Summary 19-9 gives the generalized form of the (2,1,0;0,1,2) second-order 
differential equation as 

v" + 2£'« n v' + '<o n 2 v = <r s [v {0 . 0) 'o*v + v {X . X) 2Co>y + ^ 2 . 2) u"] (1) 

where i / ( o.o)* , '( i- 1 ) an< * ^( 2 - 2 ) 310 dimensionless factors that may be made to match special forms by the 
choice of proper values. 

It is shown in Derivation Summary 19*9 that the steady-state sinusoidal response function for Eq. (1) may 

be written in the form , 

J 0(td) 1 1 CUf(t) 

v = <^(id)« (ld, U = cr s p (Id) c < ld >u a € (2) 

fthen the correspondence between imaginary and sinusoidal forms represented in Definition Summary 13-3 
is applied, Eq. (2) may be written as 

V = ^(idjWa cos [«,('») + '0 (id) ] (3) 

In Eqs. (2) and (3), the identified nondimensional amplitude ratio, p, (see section e of Derivation Sum¬ 
mary 19-9) is associated with the (2,1,0;0,1,2) differential equation by context. 

a) Sleady-state sinusoidal response for the (2,1,0;0,1,2) second-order differential equation 


When differential equations of other than the (2,1,0;0,1,2) form are considered, it is no longer possible 
to identify p and '</> by context. The system of identifying subscripts described in section e of Derivation 
Summary 19-9 is available for associating particular expressions for p and '6 with given equation forms. 
When it becomes important to distinguish between expressions for p and '<£> associated with forms like 
those of Eqs. (1) and (2), which do not contain rate-determined step terms, a subscript (u^ rs j = 0) may be 
added when a rate-determined step term is absent and a subscript (U( rs j ^ 0) added when a term of this 
kind is present. 

Listed below are examples of the notation suggested above, combined with the expressions for p and 
d> derived in Derivation Summaries 19-9 through 19-13- In each case, p and '<j> arc treated as working 
variables defined by context, and the corresponding self-defining symbols (sec section c of Derivation 
Summary 19-9) have complete subscripts. It is understood that p and '<*> arc not completely defined as 
working symbols in any given case, but must be identified before any specific forms may be written. 
Casc_l_: The (2,1,0;0,1,2) equation (refer to Derivation Summary 19-9). 

In Eq. (1), when ^ 0 . 0) > 0; >0; i/ (2 . 2 ) > 0 and u^ rs ) = 0 (refer to Derivation Summary 26-2), then 

’ [(DAR) < RAR > R L.,.0:o.,. 2„ u „„ = „ ) = zero rate-determined step term (2,1,0;0,1,2) 

(rs) nondimensional amplitude ratio 

= zero rate-determined step term (2,1,0;0,1,2) 
dynamic amplitude ratio - reference amplitude 


( 2 ,1,0;0,l,2)(u (ra) s0) 


ratio ratio 


(rn ) 


(r«) 


P<r)(u ( , 8 )=0) “ RAR = reference amplitude ratio = cr Q 
, 0 (u (r-) = o > = (DRA)( j, i,o ; o,l,2)(u ( j = o) = ,an '' --- + tan* 1 - 

*10-0) “ * / (2-2)/ 5 1 - P 2 

= zero rate-determined step term (2, l f 0;0, l f 2) dynamic 
response angle 

Case 2: The (0;0,1,2) equation (refer to Derivation Summary 19-10). 


In Eq. (1), when i/ (0 . Q) > 0, 




0 - 0 ) > °» •"( 1 - 1 ) = 0, and ^ (0 . 0) cg = cr, the corresponding equation is 

* 2.. 0 o s') I <oAX) 

V + ^4 6i n V + G) n V = = 6J*<rU a C 

■o,- KDAR)(RAR)R] (0;0 , 2)( - _ 1--= = 

V(1 -/3 2 ) 2 + UCft) 2 


0 2 * 2 JCclf(t) 

= (d n (rV a € 


(rn ) 
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where /i( U(ra) = 0 ) an< * <^have the forms given in section b for the values of cg # ^ (0 . 0) , and 1^2-2) 

corresponding to any given differential equation, and 


+ V " (DRA >U«,(„ ( r m) ^0) 


( 20 ) 


(DRA) (ld)(u ^o) ■= identified (by the form of the differential equation) dynamic response angle 
(rs| for the rate-determined step term second-order differential equation 

= additional dynamic response angle component due to the rate-determined step 
term for the second-order differential equation 

The form of Eq. (19) is identical with that of Eq. (3) of Derivation Summary 26-2 except that /X( u _ Q j 

appears instead of /i. This means that the results of Eqs. (32), (33) and (34) of Derivation Summary 26-2 

are unchanged except for the replacement of p by _ 0 j; i.e., 

(rs) 




’ ia - ~ 2 -u 


(rs) 


a ^(u 


(..,=«> p Vi-<r ! i 


COS 


1~C 


l-B 2 


r n +6 *2 n{/p 

P ( 2 D 


C ° S ^,r./0) = ---- 




€-™OP sin 2 




1 + 2 (‘"OP 


i_L < 2 n 

P 


COS 


i-< 2 


+ e^Op] 2 


( 22 ) 


^ (u <r-)^ 0) 


[(DAR)(RAR)R] 


(ld)(U( rB ) A 0) 


(23) 


identified dynamic amplitude ratio - reference amplitude ratio 
ratio with a rate-determined step term 


Combining Eq. (23) with Eq. (34) of Derivation Summary 26-2 shows that 


. -r"C'P < sin . . CO, V-'-i:. 

.. . - *o _ , U (r.| P P 

'V-^ 01 ~s; Zn—n - 




c- 2 ”</P s in 2 


l-< 2 


__1 ____ (1 _ U ( rs ) 

1_ < 2 ^1+2 e~ n £/P cos —t 2 n + € -2/r</0j 2 u a 


(24) 


d) Dynamic response angle and dimensionless amplitude ratio for a sec ond-order differential equation 

with a sinusoidal forcing function and a rofe-c/ofemiinet/ ste p term 
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FOURIER SERIES SQUARE WAVE METHOD 

26.25. In addition to the development of the exact solution for steady-state 
sinusoidal responses associated with second-order differential equations that include 
a rate-determined step term and are subjected to a sinusoidal forcing function, Den 
Hartog applied a Fourier series expansion for the square wave to the same problem. 
When the response curve is free from zero-slope points between sinusoidal peaks 
of the solution, the effects of a rate-determined step term may be represented by 
the square wave Fourier series given in Eq. (3) of Data Summary 12.1. This re¬ 
presentation is not strictly accurate if the series has a finite number of terms, 
but it has the great advantage of eliminating the sign changes on the rate-determined 
step term, which present a difficulty in carrying out the exact solution. The sum¬ 
mation of trigonometric terms in the series automatically reverses its sign at in¬ 
tervals of — on the first-order angle scale. This means that when the square wave 
series is used to replace the rate-determined step term for steady-state solutions, 
the straightforward solutions that may be written down immediately from the 
results given in Derivation Summary 19-9 will give dynamic response angle and 
amplitude ratio information without including transient components and without 
solving a boundary value problem. 

26.26. The approximation associated with the use of the Fourier series square 
wave to describe rate-determined step term effects becomes better as the number 
of terms is increased. Equation (3) of Derivation Summary 26-4 shows that the 
convergence of the series for the rate-determined step term is relatively slow. On 
the other hand, Eqs. (16), (17) and (20) show that the series components that represent 
the effect of the rate-determined step term on the response contain an amplitude 
ratio as a factor in each term. These amplitude ratios decrease rapidly as the 
order of the term considered becomes larger, so that in general the square wave 
approximation gives a result, so far as the response expression is concerned, that is 
better than the original representation for the rate-determined step term itself. 

26.27. The amplitude ratio expression of Eq. (20) of Derivation Summary 26-4 
has features that are generally similar to those of Eq. (24) of Derivation Sum¬ 
mary 26-3. The essential difference is that the functions of damping ratio and 
frequency ratio that appear in the equations as multipliers for the rate step 
ratio are replaced in the former equation by summations whose terms are func¬ 
tions of the damping ratio and the frequency ratio. 

equivalent damping ratio component method 

26.28. Jacobsen* and Milne** havedeveloped methods for finding approximate 
solutions of second-order differential equations that include rate-determined step 

• Sec Jacobsen (40). 

•• Sec Milne (53). 
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When steady-state conditions exist for the generalized second-order differential equation with a sinu¬ 
soidal forcing function term and a step term with a rate-determined sign, a constant-magnitude step term 
changes its sign at the points where v' = 0. When the only points where this occurs are the peaks V = V Q 
(i.c., when no "stops” occur in v'between the peaks corresponding to the sinusoidal forcing function 
term), the rate-determined step term may be represented by the square-wave Fourier series of Eq. (3) of 
Data Summary 12-1. 

Under the "no intermediate stop” assumption, the first-order term of the rate-step representation will 
have the same interval as the sinusoidal forcing term. This situation is illustrated by the accompanying 
figure. 


+ crU 


(rs) 




'cu, ('t) = 0 



to. ('t) = rr 


'aij('t) = 2 tt 


0 = 3 ; 


where '<o, = 2n h, = angular frequency of the sinusoidal forcing term. 

The sinusoidal forcing function with arbitrary phase '0 is 

j( €0,(1) +'0] r , . , 

U « U Q < or U = U Q cos ['co,('t) +'0J 


(D,(2) 


The corresponding square-wave representation of the rate-determined step is 


r= no 




(r in all its values is a positive odd integer). 
Dcfine „ 'to. h. 'T 


Pi = ;— = 7 — = - -= first-order frequency ratio 

gj h T 

n n 


Lee 'oj (ref J —^- 6 J n in the frequency ratio definition; then 

ft = -— a ”d ft r = rft. = r 1 * 1 -order frequency ratio 

“(ret) 

a) Fourier series representation for a rate-determined step term under steady-state sinusoidal conditions 


* • 


(ref) 


When the Fourier series representation for the rate-determined step term is placed in the generalized 
second-order differential equation, the form becomes 


ra 00 


V" + 2 c <O n V' + t 0 2 n V = or[ 


'(0-0) “n U + *'(1-1) 


2 <'to n u'+ u u , 2) U") + o-u (ra) i 1 sin r'to, ('t) 


(r in all its values is a positive odd integer). 

When the forcing function has the form of Eq. (2) and a is defined as or p. (00) , <jr u { ,.,, or c£ ^ (2 . 2) , de¬ 
pending on the case under consideration, the steady-state solution for the square-bracket term on the 

Derivation Summary 26-4. Fourier series square-wave steady-state sinusoidal solution for the 
generalized second-order differential equation including step terms with rate-determined signs. 

(Page 1 of 3) 


732 


right-hand side of Eq. (5) has the form developed in sections a and b of Derivation Summary 26-3. This 
form is 


V (f)(sin) l l ( ldHu. ,=-0) 

s r ) 


o-u Q cos(w ( ('t) + V'dd)(«, =0) + 

i r 6 ) 


where 


^(ldMu... , = 0) 


«.ru ) 


= dimensionless amplitude ratio for the identified form of che sinusoidal forcing 


rerm 


^(id)(u -o) “ dynamic response angle for the identified form of the sinusoidal forcing term 


The typical r ( *‘-order term of the I 


ourier series is 
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The steady-state solution for this term is 
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dimensionless amplitude ratio for the (0;0,1,2) equation aith ft - t/j and u f ,. = 0 

, -20 
777^7 

- dynamic response angle for the (0;0,1,2) equation with ft = r/^ and u ff . ) =■ 0 


- can 


( 10 ) 


In accordance with the principle of superposition, the steady-state sinusoidal solution for Eq. (5) 


r~ -•*. 
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= f'ddjiu , = „i‘ ru . cos (wi( #t ) + V'dd) 
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(r in all its values is a positive odd integer) 
where 

\'j = rate-step phase angle (due to presence of u r > ! term) 
The angle is determined by imposing the conditions 
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v = V _ ; v' - o uhen 't = 0 
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From Eq. (11), 


r= oc 


v ' = " f'ddx-. = 0 ) <rU o ' t, f sin ('^('t) + ^(ld)(u„ , = o) + + <ru ! r=) r J] /I f w,cos (r '*,,('0 + '0 r J 
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(r in all its values is a positive odd integer) 

Uhen 't = 0, substitution of the condition v' = 0 in Eq. (1 3) show s that 


r— oc 


0 = /'lidHu = 0 ) s,n l^(ld)(u .*0) 


U (rs) 4 \ ' /. 

■u7irL ,,fCOS * 


(14) 


Solving Eq. (13) for sin l '0(|d)(„ ( «o) 


+ '6) gives 


r= 


S,n l V>(idl(u 


(r« 1 




/i<ld,(u tra)*°) a 


U (rc ) 4 \ ' * 

IT - tL "'" 5 °' 


(15) 


Uhen 't -0, and the value of Eq. (15) is substituted in Eq. (11), che value for is given by an expres¬ 
sion of the form 

Derivation Summary 26-4. Fourier series square-wave steady-state sinusoidal solution for the 
generalized second-order differential equation including step terms with rote-determined signs. 

(Page 2 of 3) 
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r=oo 


P(id){u (r-) * 0 ) 


crU 


# ‘W)(“ ( r. ) -OJ co# l^ ( 1 d)(u (r . r o) + VI + 7^7 sin 


(16) 


Using the relationship cos 2 ^ = V 1 - sin 2 0 to find cos [ V»(i<j)(u (r j = o) + shows that 



The defining relationship of Eq. (10) shows that the angle '<£ r may be represented graphically by the ac¬ 
companying figure. 



From the preceding figure and Eq. (9), 

sin V> t =-- 


cos V> f 


~ 2 

(1 - (r/3,) 2 ] 2 + (2 <r0,) 2 

i-WV 2 

[1 - (r/3,) 2 ] 2 + (2<r/3,) 2 


f» r (-2<r/3,) 


firU-W*] 


Substitution of the expressions of Eqs. (17), (18) and (19) in Eq. (16) shows that 


M ( ld >< u ( r .)*°) ~ o-U, 


2 rgg °° 

A] [£ .}U-(.A)*]] 


n= oo 




From Eqs. (15) and (19), 

* • ssbs 


(18) 


(19) 


( 20 ) 


( 21 ) 


(In all the above equations, r is a positive odd integer in all its values.) 

b) Fourier series square-wave steady-slate sinusoidal solution 


Derivation Summary 26-4. Fourier series square-wave steady-state sinusoidal solution for the 
generalized second-order differential equation including step terms with rate-determined signs. 

(Page 3 of 3) 
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terms. These methods depend upon replacing the effects of the rate-determined 
step term by an equivalent damping ratio component that, in effect, adds a second 
first-derivative term to each of the first-derivative terms already present in the 
differential equation. The basic reason that this procedure is effective is that un¬ 
der the defining conditions for the rate-determined step term, its algebraic sign is 
always the negative of the algebraic sign of the first-derivative term on the left-hand 
side of the differential equation. This means that the problem of changing signs on 
the rate-determined step term is automatically solved. It remains to establish a 
magnitude for the rate-determined step term equivalent damping ratio component 
(symbol < (ra) ) that properly accounts for the effects of the rate-determined stepterm. 

26.29. Derivation Summary 26-5 gives a development of expressions associated 
with the steady-state sinusoidal response of the (2,1,0; 0,1,2) generalized second- 
order differential equation (Eq. (1) of Derivation Summary 26-5) when the effects 
of a rate-determined step term are represented by an equivalent damping ratio com¬ 
ponent. The defining expression for the magnitude of the rate-determined step term 
equivalent damping ratio component is given asEq. (5) of Derivation Summary 26-5. 
This defining equation is based on making the integral with respect to the dependent 
variable of the first-order term on the left-hand side of Eq. (1) equal to the integral 
of the rate-determined step term with respect to the dependent variable. The inte¬ 
grals of the defining equation are taken over a complete cycle of the steady-state 
response. These integrals are easily evaluated when it is assumed that the re¬ 
sponse variation has a sinusoidal form. Under this assumption, the defining equa¬ 
tion for the equivalent damping ratio component has the form of Eq. (9) of Deriva¬ 
tion Summary 26-5. The corresponding value of the equivalent damping ratio is 
given by Eq. (10). 

26.30. When the rate-deter mined stepterm equivalent damping ratio component 

(symbol < (r , , ) is added to the damping ratio for a zero rate-determined step term 
(symbol < {u _ , ), the result is the resultant damping ratio for the nonzero rate- 

determined step term (symbol < (u ^ 0 , ). When this resultant damping ratio is intro- 

duced, Eq. (1) of Derivation Summary 26-5 becomes Eq. (11) of that summary. 
The dynamic response angle and amplitude ratio associated with the steady-state 
sinusoidal response of Eq. (11) are identical with the forms of Eqs. (29) and (30) 
of Derivation Summary 19-9 and are given as Eqs. (14) and (15) of Derivation Sum¬ 
mary 26-5. Equations (10) and (18) of Derivation Summary 26-5 show that the 
rate-determined step term equivalent damping ratio component that appears in 
the right-hand sides of Eqs. (14) and (15) contains the nonzero rate-determined step 
term amplitude ratio as a factor. This means that no explicit expression for this 
amplitude ratio is possible. However, it is possible to form the expression of 
Eq. (19) of Derivation Summary 26-5, which is a quartic in the (2,1,0; 0,1,2) non¬ 
zero rate-determined stepterm amplitude ratio. Theoretically, this equation might 
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The ( 2 , 1 . 0 ; 0 , 1 , 2 ) differential equation with a rate-determined step term has the form 

v " + 2 £'^n v ' + '« y n V = ,7 st |/ (o- 0 )' w n U + ^ 1-1) 2 £ "n U ' + * / (2-2> U "l ± ' <a n <rU (rs) < X ) 

where U( fs ) is a rate-determined step term with the properties described in section a of Derivation Sum¬ 
mary 26-1. 

When u is a sinusoidal forcing function with the form 

U = u a € J<1J£(t) or u = U a sin a) f ('t) (2) 

and the steady-state response is so nearly sinusoidal that it may be satisfactorily expressed as 


V = ^ or V = v a sin ['<y ( ('t) + '<f>] 


(3) 


the effects of the rate-determined step term may be approximated by additions to the first-derivative terms 
on both sides of Eq. (1) to introduce the linear and rate-step term equivalent damping ratio, 

( f S ) 

This ratio is defined by the relationship 

(4) 


where 


^“(r.)* 0) = ^ u (rs) = °> + ^ (rs) 


< (u _ 0 ) = linear damping ratio component (i.e., the damping ratio associated with Eq. (1) when 

C(r S ) = equivalent damping ratio component associated with the effects of the rate-determined 
step term 

The defining equation for £( r s) * s so chosen that the magnitude of the integral over a complete cycle 
of the rate-determined step term with respect to the dependent variable is equal to the magnitude of the 

corresponding integral for the first-derivative term on the left-hand side of Eq. (1). This defining equation 

• 

is 


2 c 


(rs) 


W /v'd 


"n /^ U (rs) dv 


(5) 


In accordance with the definition of section a of Derivation Summary 26-1, the sign of o-U (rs) will be 
reversed at the peak of each half cycle, remaining unchanged between peaks. This means that the integral 
on the right-hand side of Eq. (5) may be evaluated as the sum of two half-cycle components. The change 
in V over a half cycle is twice the response amplitude; that is, the limits arc +V Q and -v a when the initial 
value of V is positive and -V Q and + V Q when the initial value is negative. Because of symmetry, the value 
of the integral is the same for all half cycles. 

For the purpose of evaluating Eq. (5), the phase angle '<£ that appears in Eq. (3) is immaterial and may 
be omitted, so that Eq. (3) may be written as 

V = V Q sin 'oj t ('0 (6) 

From Eq. (6), 

v'= v a 'oj, cos cu f ('t) and dv = V Q cos ['tu, ('f)J d [w f ('t)J (7),(8) 

With the substitutions indicated above and C( ro ) and 'aj n both inherently positive, 

. I 

(9) 


2 £(rs) w n 

277 

f V a 2 'ojf cos 2 l'(o f (7)] d [v» f ('!)] 

■ 2 «n 

V a 

/ * u (r.) d * 


0 


~ V a 


Evaluating the integrals of Eq. (9) and solving for C( ta ) gives 


/ =41 

’(rs) — - 


a U 


(rs) 


2 0 


( 10 ) 


* The symbols below the lnteqral signs show that tho Inteqral is to bo taken over ono completo cycle of the do- 
pendent variable response. 
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When the equivalcnt-damping-ratio approximation of Eqs. (4) and (10) is used to replace the rate-determined 
step term in Eq. (1), the result is 

V + 2 ^ u (r Q >* 0) ^ + = ^^(O-O) «n U + ‘ / (M) 2 ^ (rs /0)V + l '<2-2) U "} HD 

o) The (2 , 1, 0,0, 1,2) equation with on equivalent damping ratio component opproximat ion for the effects 

of a rate-determined step term 


Under the assumption that (or properly chosen conditions ^ ^ may he treated as a constant, the 

steady-state solution for Eq. (11) may he found hy the procedure developed in Derivation Summary 19-9. 
Uhen this procedure is applied, the form of the solution is 


v = p r /i« K '« 1 = p r /isin [w*('t) + 0 ] 


From Eqs. (29) and (30) o( Derivation Summary 19*9, when 


(hen 


F(2,1.0,0, l,2)(u (ro) * 0) 


p r = 


^(0-0) *'(2-2)/^'^ + ^(1-1 ) 2 ^(u, rn) ^ 0)/^ 


(1 - fl 2 ) 2 + (2< 




a nd 


2 . 1,0 ; 0 , 1.2 Hu / 


- tan 


^'-n^(u (rD ,^o) 


* <t)P 


+ tan 




< r n l 


*'<0-0) 




1 - (i 2 


Squaring both sides of Eq. (14) and using (he expression of Eq. (4) for ( give 

f J U, 1 ,o;0,1,2 Mu (ra) ^ o) 


- V. 


10-0) ( 2 - 2) 




11-1) 2 S( u 


Its ) 


+ Ki*i) 2 ^ 2 12 C (u = 0 )^(ro) + S(?s|l 


(ra ) 


11 - ! V ‘ V * 12 W + <2^> 2 I2<,. = 0 |<lr,) * <U 


lf3f 


Ira) 


By definition 


f 4 (2.1 # 0;0.1.2)(u jrft) *o) “ 




Equation (10) may therefore he rewritten in the form 

4 1 u (ro) <rU i _ 4 1 U (rs) 

^ ,ro) n 2(1 U , « - ’« " 


rr 2(1 U, 


E(2.1,0:0,1,2 Mu j fB j £ 0) 


( 12 ) 


(13) 


(14) 


(13) 


(16) 


(17) 


(18) 


VIhen Eq. (18) is used (o eliminate £ (f . from Eq. (16), (he equation for p (2 |, 0 -o.l 2 )(u * 0 , has 'he form 

• i • • • (ro) 

P*2, 1,0;0, 1,2 )(u (fI) j/fc 0) + 2 ^(u )tn) = 0 )^^(o; 0 .l ,2 l(u (r3) = 0 ) — -y 2.1,0 ;0.1,2 »(u (fB} * 0) 


+ F( 2 o; 0 ,l. 2 )(u |rn) = 0 )(~~) ( u <f ~ ') f 1 ? 2 . 1 . 0 ; 0 .l. 2 )(u (rBl ,to) “ P*2 .1.0 ; 0 .1 .2 )(u (f0 , = 0 ) P{2. 1. 0 ; 0 , l. 2 )(u |f# , * 0 ) 


- ,,2 


( i (0;0.l.2Mu (ro) = 0) l/ U-l) 2(2 ^(u (r3l = 0)^ , -7 F <2 , 1,0.0, 1.2) (u (rs / 0 ) 


E(o;0.1,2Mu (rn) = o) l/ (l 




(19) 
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where 

^( 0 ; 0 ,l, 2 )(u =0) = . . 1 ( 20 ) 

Vd-^ + (2i, U(r>r0 ,^ 

b) Amplitude ratio for the steady-state response associated with the (2,1,0/0, 1,2 ) equation when a 

rate-determined step term is approximated by an equivalent damping ratio 

Equation (19) may be applied to find the value of p for any combination of i/ {0 _ 0) , and v (2 _ 2) values 

by properly changing the identifying subscript on the symbols with a (2,1,0;0,1,2) subscript; the (0;0,1,2) 
subscript remains unchanged for all cases. 

Equation (19) shows that when vj j_ j, is not equal to zero, the expression for the dimensionless amplitude 
ratio is a quartic equation that is usually difficult to apply in practice. On the other hand, when is 

zero, Eq. (19) reduces to a quadratic of the form 

K?.. / . + rtl.,2 4 u (rs) .. 


^(2,0:0, l,2)(u (fs j ^ o) + 2 ^ 2 ^ { u {p8) = 0 )^]/ i f 0 ; 0 ,l,2 ) ( U(ra) = 0) — f*(2,0;0.l,2)(u (rs) *0) 


u 2 ( 4 \V U(r °A 2 _ ,,2 

f i ( 0 ; 0 ,l, 2 )(u (rEj = 0 )^—J Pli.QiO.l. 


2)(U(r 8 , = 0> 


c) Amplitude ratio for the steady-state response associated with the (2,0;0,l,2) equation 


( 21 ) 


Two special cases of Eq. (21) arc especially important: 

Case 1 : ^(2-2) - »'(l-|> = 0; **0.0, = 1 

For these conditions, Eq, (21) reduces to 


f i fo;0.1.2)(u (r 8 ) ^o) + 2 ^ 2 ^(u (r8) = 0)^^( 2 0 ;°.1.2)|u (ri) «0| **<0;0.1.2)(u {ps) ^0) 

+ # i fo;0.1.2)(u (r8) = 0 )(4-) ( " ^fo; 0 . 1 . 2 )(u (r8) = 0 ) = 0 

Equation (22) may be solved for /i (0 . 0 j 2 )(u r 0 ) use *l ,c < l uac ^ rat ^ c formula. The result is 
P<0;0 ( l t 2)(u (ra) fb0) = f 1 (0:0.1.2)(u (f 8 ) »0> 2 P ^(u (f8 ,= 0) ^(0.0,1.2 )(u (f „ , = 0) \ 

+ V 1 + (" 7 ) 2 (t 7 1 ) (2 ^^ (r ., = o)^o;o... 2 ,(u (r8) = o) - D} 


( 22 ) 


(23) 


In Eq. (23), the positive sign is chosen for the radical because, in accordance with the defining equations, 
the amplitude ratio must always be positive. 

The dynamic response angle corresponding to Eq. (23) may be written from Eq. (15), using the relation* 
ships of Eqs. (4) and (18), as 

12 C 0 + 4 (rs) _i_ 

[ ^(rs)* 0 ’ n U Q / i <o;0,l,2)(u ( >0) J 

<W... " ‘ - l^P 2 - - 

For the special case when ^ _ 0) =. 0, Eqs. (23) and (24) become 


/ i (0;0,l.2)(u (f 8 ,jfc0)(£ (O(r>jlB0) = 0 ) - j _ p 2 


-( 4 /M 


(25) 
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-(0;o.i.2,(u (rs) ^ 0 ,(C ( - 0) = o> 

1*0] 


= tan 


- /4V/W(r. 


(rs) V 

) 


sin' 1 -± ini 

V " u a 


- 3SC 2: ,/ « 2 - 2 )* 1 : 11 - 11=0 ; ^ 0 . 0) =0 
For these conditions, Eq. (21) becomes 


F( 2 ;0 


+ fir 2 ) - ' , | 2 2.-O.I.2.l«„ - 0 


(27) 


Equation (27) may be solved by the quadratic formula and the ex 


pression for /r (2 . 0<1<2 , ., written as 


i re j 


F( 2;0, 1 ,2 )(u (r# j ^ o) : F< 2;0.l,2)lu «o» “ 


lr - ) ' -1 U (rs) 

/q (0;0,1,2 )(u <fB j = 0)~ -jj 


2 <(u 


* V(—iF 1 )‘ 1 - ^(4) 2 (4f) ; 

From Eq. (15), the dynamic response angle corresponding to the amplitude rat.o of Eq. (2b) is 

- fa.* 4- -1_ 1 


(28) 


^(2;0,l.2)(u (fB) ^ o) " ,an ‘‘ 


n u 


1 - ft* 


— J -1 

;0, 1 , 2 )(u ffa ,r j J 


(29) 


For the special case of , = 0. Eqs. (28) and (29) become 


( i (2;0.1.2>,u, r6 |^ 0 )(<. 


and 




1 -ft* 


»■ - (f PH 


(30) 


^(2;O.I.2)(u (ral ^o)(< (u 




= 0) 


= tan 


_ i_ U (rc) 

- g U ° - = sin“ 4 /- J. ^ j\ 


(3D 


d)A _„ P liwde rolio end dyn o mic r esponse cn 9 (c fe r s,nadys,a,e sinusoid./ response a ssociated w „ h 

the special coses of the (2;0.1.2) taJ^iTn 


r 1 V*" = *■ ‘V* “ °’ and ,(0 * 0 ’ = *’ the ^ ic of Eq. (19)reduces 

to a form that may be solved conveniently if attention is restricted to the case of C _ n „ , 

these conditions, ,u <ra) = 0 * ' n er 


1 + 


F(1.0;O.I.2)(u (fB)i fco)(< 


,u (ra) = 0) 


iSR) 


(i - a 2 ) 2 


(32) 
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and 


1 


'•£<l.0j0.I.2)(u (rs) ^0)<£ (u 


= 0 , = tan 

<u Cr S )= °> 


*<*m' - 


(33) 


'*&«*) - 1 

e) Amplitude ratio and dynamic response angle for the steady-state sinusoidal response associated with 


the special case of the (1,0;0,1,2) equation for which C,. = 0 

-lu (rs) -o)- 
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be solved for the amplitude ratio, but this procedure would, in general, be so difficult 
that it would be worth while only in special cases. On the other hand, if the one-one 
coefficient ratio is zero, sothatthe (2,1,0; 0,1,2) equation reduces to a (2,0; 0,1,2), 
a (2; 0,1,2), or a (0; 0,1,2) equation, the amplitude ratio expression reducestothe 
quadratic form of Eq. (21) of Derivation Summary 26-5. This quadratic is solved in 
section d of Derivation Summary 26-5 for the (0; 0,1,2) equation and the (2; 0,1,2) 
equation. The results are summarized in Eqs. (23), (24), (28) and (29) of Derivation 
Summary 26-5. The special forms taken by these equations when the damping ratio 
for a zero rate-determined step term is zero are given in Eqs. (25), (26), (30) and (31). 

26.31. Figure 26-11 is a linear-scale family of amplitude ratio curves plotted 
from Eq. (25) of Derivation Summary 26-5 with frequency ratios as the abscissae. 
Each curve of this family, drawn for a specified rate step ratio, starts at zero fre¬ 
quency ratio, goes to infinity at unity frequency ratio, and is asymptotic to zero for 
large frequency ratios. Except for the infinite value at unity on the abscissa scale, 
this behavior is generally similar to that shown in Fig. 19-28 for the amplitude 
ratio. Dashed lines are plotted on Fig. 26-11 to indicate the regions of validity for 
the curves. In the region below the upper dashed validity line on Fig. 26-11, the re¬ 
sponse curve has at least one zero-slope point during each half cycle in addition to 
the zero-slope point occurring at the sinusoidal peak. Den Hartog* has shown that 
this additional zero slope may appear as an extension of the zero-slope point at the 
sinusoidal peaks into a finite interval, or as one or more zero slope regions during 
other parts of the cycle. For this reason, the response is said to have stops in 
the region below the upper validity line. The lower dashed line on Fig. 26-11 is a 
validity limit introduced by Jacobsen,** and is the line along which the rate- 
determined step term equivalent damping ratio is equal to unity. Above this line, 
the steady-state response is considered to be a free oscillation; below this line, 
each cycle will have intermediate stops. 


• See Den Hartog (19). 
•• Sec Jacobsen (40). 
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(°- ( ° n)< 7)(0 * '" J, n){r 'i ' 0 : 0 ) 



9 mn‘ W SC ° ' P ° ,S 6 s, ^y-='<"e sinusoidal amplitude ratio associated with the 

(0;U,1 2) differential equation when the linear damping ratio component is zero and o rote- 

determ,ned step term is represented by on equivalent damping ratio component. 

26.32. The two validity limit curves are different because the lower curve is 

based on an approximate solution while the upper curve is derived from the exact 

solution under the assumption of no-stop response. A reasonable interpretation of 

the validity limit curves is that amplitude ratio values are substantially correct 

in the region above the upper validity limit, are approximately correct in the 

region between the two curves, and have considerable errors in the region below 
the lower curve. 

26.33. Figure 26-12 gives the family of dynamic response angle curves as¬ 
sociated with the amplitude ratio plots of Fig. 26-11. Equation (26) of Derivation 
Summary 26-5 shows that this angle is independent of the amplitude ratio A con¬ 
sideration of the zerodamping ratio plot in the dynamic response angle curve family 
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Fig. 26-12. Lineor scale plots of the steady-state sinusoidal dynamic response angle associated 
with the (0;0,1,2) differential equation when the linear damping ratio component is zero and a 
rate-determined step term is represented by an equivalent damping ratio component. 

of Fig. 19-29 shows that in the limit of very small rate step ratios, the angle for 
frequency ratios less than unity will be constant at some negative value near zero. 
The same figure indicates that the angle will be constant at some value near minus 
180 degrees for frequency ratios greater than unity. This means that the plots of 
Fig. 26-12 are straight lines parallel to the frequency ratio axis with values between 
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zero and minus 90 degrees for frequency ratios less than unity, and with values be¬ 
tween minus 90 degrees and minus 180 degrees for frequency ratios greater than unity 
The limiting value of the rate step ratio for which the dynamic response angle has 
a possible value is n/ 4, which corresponds to a constant angle of 90 degrees. Any 
large value of the rate step ratio gives a value of the sine greater than unity, which 

means that the corresponding solution does not exist. The dashed lines on Fig. 26-12 

represent the same validity criteria just discussed for the amplitude ratio curves. 

26.34. Figure 26-13 is an amplitude ratio curve family based on Eq. (30) of 
Derivation Summary 26-5 for the (2; 0,1,2) differential equation with the linear 
damping ratio component equal to zero and with various values of the rate step 
ratio. Except for the fact that the amplitude ratio curves start from zero for 
values of the frequency ratio greater than unity, the family of Fig. 26-13 is 
generally similar to the amplitude ratio family of Fig. 19-42. The point at which 
an amplitude ratio curve changes from the zero level in the plot of Fig. 26-13 cor¬ 
responds to a change in the radical of Eq. (30) of Derivation Summary 26-5 from an 

imaginary value to a real value. The frequency ratio value at which this occurs is 
the breakaway point and occurs when 


(break away) 


■ V 


(26-7) 


For frequency ratios less than the breakaway value, the equivalent damping ratio 
method gives no steady-state sinusoidal response, but it is to be expected that 
smooth sinusoidal response variations will appear when the frequency ratio value 
exceeds the breakaway value by some reasonable margin. 

26.35. Figure 26-14 is the dynamic response angle family based on Eq (31)of 
Derivation Summary 26-5 for the (2; 0,1,2) differential equation with the linear 
damping ratio component equal to zero and with a rate-determined step term re¬ 
presented by an equivalent damping ratio component. Except for the considerable 
distortion due to the fact that no angle exists for frequency ratios less than the break¬ 
away value, the curves of Fig. 26-14 are asymptotic to minus 180 degrees for high 
frequency ratios in a pattern that is generally similar to the pattern of Fig. 19-47 

26.36. The amplitude ratio curve family of Fig. 26-15 is based on Eq (32) of 
Derivation Summary 26-5 and illustrates the steady-state sinusoidal behavior of 
the (1,0; 0,1,2) system with the linear damping ratio component equal to zero and 
with a rate-determined step term represented by an equivalent damping ratio 
component. The plots of Fig. 26-15 have the same general pattern as the pattern 
of the amplitude ratio curves of Fig. 19-49 except for the considerable distortion 
introduced by breakaway effects. For the equation involved, the amplitude ratio 
before breakaway is unity. This means that for any given value of the rate step 
rat.o, breakaway occurs at that value of the frequency ratio for which the numerator 
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and denominator of Eq. (32), Derivation Summary 26-5 

the numerator of Eq. (32) equal to the denominator shows 
is located at 


, become equal. Setting 
that the breakaway point 


ft 


(breakaway) ~ 



(26-8) 


The breakaway points where the amplitude ratios of Fig. 26-15 depart from the 
unity level are based on this equation. 

26.37. The curve family of Fig. 26-16 gives the dynamic response angles that 
correspond to the amplitude ratio curves of Fig. 26-15. The curves of Fig 26-16 
are based on Eq. (33) of Derivation Summary 26-5. 


PHASE PLANE METHOD 


26.38. Phase plane plots are made with the rate of change of a given variable 
for their ordinate and the variable itself as the abscissa. Plots of this kind have 
been developed for use in representing solutions to nonlinear second-order dif¬ 
ferential equations by Minorsky,* Andronov and Chaikin,** and Weiss.*** The 
background theory and procedures for applying phase plane plots to second-order 
differential equations that include rate-determined step terms are outlined inDeri- 
vation Summary 26-6. The approach used in that derivation summary is: 

1) Transform the variables appearing in the differential equation to * and x- 
with the elimination of the running variable. 


2) Integrate the transformed equation to find generalized solutions. 

3) Establish phase plane plots to represent solutions of step 2 when the rate- 
determined step terms are zero. 

4) Use segments of the phase plane plots of step 3, with centers displaced along 

the abscissa axis by amounts proportional to the magnitude of the rate- 

determined Step term concerned, to represent solutions when the rate- 
determined step terms are not zero. 

26.39. Section a of Derivation Summary 26-6 gives the form of the second- 
order differential equation including a linear damping term (symbol < ) and a rate- 
determined step term (symbol ) when the variable is changed from , to x 
which is , plus or minus the rate-determined step term. With this new variable' 
Eq. (7) of Derivation Summary 26-6 gives a single form of the equation whose solu¬ 
tions are to be represented with the provision that the sign on the rate-determined 
stepUrm in the definition of x is to be matched to the sign conditions of Eq (2) 


• See Minorsky (54). 

•• See Andronov and Chaikin (3). 

••• See Weiss (72) and (73). 
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( 2 ) 


The (0;0 1.2) differential equarinn . i[h a ra.e^etcnnined step tenn has the form of Kq. (2) of Oernauon 
Summary 26-1; i.c., 

v + 2 <'<u n v% '^ V = ±o^<ru lrs) (lj 

Wh . CrC <rU,rs »’ ,hc rate *^ cfcrn, *ncd step term, is constant in magnitude and positive when v'is negative 
and negative when v is positive. 

liquation (1) may be written as 

v" + 2 £< a n V ' + '^n(v ±<7U (rs) ] = o 

where <7U |rs) ,s negative when v'is negative and positive when v'is positive. 

Change the variable in Eq. (2) to X (±)f so that 

X (±) = V ± «ru (r6) 

where the signs arc determined by the rules stated above. Differentiating Eq. (3) gives 

x (±) = v' ; X ( '; } = v" 

*‘ ch c,,c su bstitutions of Eqs. (3), (4) and (5), Eq. (2) becomes 

X (±) + 2 <"n X (t) + ^n x (i) = 0 

In using Eq. (6) lo find solut.nns to, Eq. (2). <ho subs.i.ur.ons of Eq. (3) „«d no. be made un.il final «. 
suits are written. This means that Eq. (6) may be simplified to 

x " ♦ 2 <'c ri x' ♦ 'c>;x = 0 (7) 

lor the purpose of finding solutions. 

o) Sjcond-ordo, diltoro„„ol eqool.on „,rf , the domp.ng ra„o no, e qual ,o ao.o and , he ,o,o-de,o,m.nod 

step term not equal to zero 

In solving Eq. (7), use the variable y defined by the equation 


(3) 


(4),<5) 


(6) 


y=— or x = x y 

The differential of x' is 

dx' = x dy + y dx 

Substituting the expressions of Eqs. (8) and (9) in Eq. (7) gives 

xy dy ♦ (y2 + 2<' Wr ,y ♦ '<^)dx = o 

so that 

y dy 


( 8 ) 


(9) 


_d x 

v 2 * 2 < '<u„ y * v 2 * ’ 0 


( 10 ) 


(II) 


(lien 


I torn page 10 of A Short Tabic of Integrals , by B. O. Peirce (58), when 

X*cx 2 +bx+o ; q=4o C -b : 


/— - 

J * Vq 


2 tan* * jCX +b 


Vq~ 


and f x dx = _I_ log X - b f dx 

X 2c 2C 


( 12 ) 


(13).( 14) 


Comparing Eq. (12) with Eq. (11) shows that 

c-i ; b = 2 ^ 'a, • 


0 3 w n 


and 


VT= 2 o n VT^7 


(15),(16) 


Integration of Eq. (11), using Eqs. (11) through (16) aal the fact that / d x/x = log X , give 
^-log (y^ ♦ 2 £ to n y ♦ 'oj* ) - - i - tan*' * * < 


V 1 -< 


-n vn 


c 2 


■V logx = log(FC) 


(17) 


Derivation Summery 26-6. Phase-plane representations for second-order differential equation 
solutions with the linear damping component not equal to zero and o rote-determined 

step term not equal to zero, (Page 1 of 10) 
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( 18 ) 


Using Eq. (8) to eliminate y, taking antilogarithms, and rearranging the terms of Eq. (17), give 

V(*') ! + 2<r'a,„x'x + = (FC)e«/ Vl-£ 2 >« 

where (FC) is a fitting constant and 

9 = tM -> - X ' + <>» x 

«„* 

Equations (18) and (19) may be represented graphically as shown in Fig. a. 


'v Vk 7 


x 7 

c I 

x 3 L« 

V 1 ^ 


(19) 


x ' + Cco n x 


' c 

* ,3 


pg «= radius 


w n x 


i -c 


_o 

\e- Q ) 


Fig. a. Graphical representation of 
Eqs. (18) and (19) 


Fig. b. Orthogonal coordinates for a logarithmic 

spiral 


( 21 ) 


Note that _ 

p g - V («'* <o n x) ! + c»„x V 1 - <“)* (20) 

Expanding the squared terms under the radical gives 

p e - V (*V + 2 C' % X'« ♦ V’x 1 ( 21 ) 

Comparison of Eqs. (18) and (21) shows that Eq. (18) may be written in the form 

p. - (FC).«/Vi-< I W (22) 

Equation (22) is the typical equation for the logarithmic spiral (see R. G. Hudson, The Engineers * Manual 
(37), page 28.) 

The fitting constant (FC) may be determined from the magnitude of Xwhen x' + £ to n X is zero; i.e., 

X - X 0 ; x" + £'<o n X = 0 when 0-0 (23) 

Using these conditions in Eqs. (20) and (22) shows that 

(FC) - vi, <20 


n o 


Dividing both sides of Eq. (22) by p gives 

(0* o) 


( 0 = 0 ) 


( *'* <'“»* Y + (JLY . , 

kx.VT^ W 


(25) 


Derivation Summary 26-6. Phase-plane representations for second-order differential equation 
solutions with the linear damping component not equal to zero and a rate-determined 
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where 


x ' + 


0 - , M -. “--0 


(26) 


Equations (25) and (26) show that the orthogonal coordinates for the logarithmic spiral of Eq. (22) may 
be taken as 7 

X ' + <-n X . X 


“ n X 0 V 1 -< 2 *0 

I hcsc coordinates arc illuscraced in Fig. b. 

b) Logarithm ic-spiral representot.on for second-order differential equation solut.ons 

The phase-plane repr esentatio n corresponding to Fig. b of section b appears when the curve is 

plotted with xV '“\> X 0 V 1 ~C as ordinate instead of (x' + < o n x)/x 0 V I ‘ < 2 . This trans- 
formation is accomplished as follows* 

_* L _ < X 

(27) 


o) r x 

n o 


logarithmic cplral in 


^n X 0 


phase plane plot; 
a distorted spiral In 



vr: 


“n X o 


Vi -c V 1 -< 


2 x o 


VK 


The graphical significance of Eq. (27) is illus¬ 
trated in Fig. c. 

The figure shows that at each point the loga- 
rithmic spiral in the 

x/x o • ( x + C ^ n x )/oi n x o V 1 “ C 2 plane is 


0> n x 0 1 “ C 2 ln crror by an amount equal to the corresponding 
Logarithmic spiral P°* nl on *be error line, which is a straight line 


error line 


Vi-< 



Correct leno 

Logarithmic spiral 
correction line 

Fig. c. Transformation from a logarithmic spiral to 
a phase plane representation 


With a slope of + </ \/ 1 - < 2 . Any given point 
of the phase-plane plot may be graphically de¬ 
rived from the corresponding logarithmic spiral 
point by algebraically adding the ordinate of 
the correction line for the given point to the 
logarithmic spiral. When these corrections arc 
applied, the phase plot on the 
x/x 0 ; *'/ cj n x 0 1 - £ 2 plane appears. 


c) Derivation ol iho phoop-plono pip, from lpl>0 , represenM „ oos „f „^ nd . ord „ 

differentia l equation solutions 

For special cases in which the rate-determined step term oU (ro) is zero. Eq. (3) shows that 

X <±) ** V (28) 

Therefore, the logarithmic spiral and phase-plane representations of sections b and c hold, and Eqs. (25) 
and (26) become 


0 


(0-o) 





(29) 


Derivation Summary 26-6. Phase-plane representations for second-order differential equoti 
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and 


0 - tan“ 1 6Jfl V ° 


, v o V i ~c 


(30) 


Logarithmic spiral representations for various damping ratios labelled in terms of the working variable V 
are shown in Fig. d. The phase-plane plots derived from them as described in section c are shown in 
Fig. e. 

d) Logarithmic spiral and phase-plane plots in terms of the working variable V 


and 


For special cases in which C = 0 and crU (rs) = 0, Eqs. (29) and (30) reduce to 

te)' * (*y ■ ■ 


(31) 


6 = tan' 1 —? V ° 


(32) 


Equation (31) shows that when v/v Q is taken as the abscissa and v'/ o> n V Q as the ordinate, the logarithmic 
spiral and phase-plane representation of section c reduces to a single circle of unit radius, as shown in 
Fig. f. I 


> U C 


» 

Fig. f. Logarithmic spiral and phase-plane representation of the (0;0,1,2) second-order differential equation 
solution with both linear damping ratio and rate-determined step term equal to zero. 

e) Phase-plane plot when the damping rotio is zero and the rate-determined step term is zero 


For special cases in which £ = 0 but crU (rB , ^ 0, Eq. (3) requires that Eq. (29) reduce to the form 

( _ii__y + / v + gU(ra> j -1 

V (Vq + ffU (rg| )/ \ V 0 + orU (rm)J 


(33) 


when V is positive. 


Derivation Summary 26-6. Phase-plane representations for second-order differential equation 
solutions with the linear damping component not equal to zero and a rate-determined 
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and 


1 


( _*1_Y + / V -" U ( r .)\ 2 , 

' "n ( V 0 ~ \ V 0 ‘ <rU (ra) / 

w ben y' is negative . 

Equation (33) r.presents a circle in terns o( the coordinates v'/ '« v and v/v„ with radi 
1 + <rU( r8 )/v Q and center at 


(34) 


us 


"n V o 


0 


<rU 


i££i 


(35) 


b Eqs. (33) and (35), the values of V, nus. be so chosen rha, is aero, corresponding the star, 

of an interval with unchanging sign for <ru (rB ). 

Similarly, Eq. (34) represents a circle in terms of the same coordinates but with radius 1 -trU /v 
and center at < rs ) ° 


v' 


"n V 0 


+ —(».l 


(36) 


Equations (33) and (34) are interpreted in Fig. g. 


First segment; 
v'ls positive 
_V_„ v 


I£LL —1+2 
( 0)0 


The terminal point of the phase plane 
plot occurs when v'becocnes zero with 

0)0 lnSlde ,he bmd ± CTU (rsAo,0 



Second segment; 
V * is negative 
_v V 


Fi S . g. Phase-plane representation of the (0,0,1,2) seconded., diff.t.nfiol . quotion IO | uMon w|(h 

the linear damping ratio equal to zero. 


f) Plot when the domp/ng ratio is zero and the rofe-deferm/ned 


step term is not zero 


Derivation Summary 26-6. Phase-plone representations for second-order differential equation 
solutrons With the linear dempmg component not equal to „ro ond o rale-determined step 

term not equal to zero. (Page 7 of 10) 
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Phase-plane plots may be interpreted in terms of the running variable because, when the damping ratio 
is zero, solutions for Eq. (2) may be written in the form of Eq. (17) of Derivation Summary 19-1 as 

v + <ru (rs) = '(FC) 3 cos « n (7) + # (F C) 4 sin G> n ('t) ( 37 ) 


when v'is positive, and 

v “ °' u (rs) = '(FC) 3 cos 'co n ('t) + '(FC) 4 sin w n ('t) 

when v' is negative. 

The fitting constants (FC ) 3 and (FC ) 4 are determined by the initial conditions 

v'= 0 ; v + <ru (fs) = v Q + <ru (rs) , when 't = 0 

for Eq. (37) and 


v '“ 0 5 V - °- U (r 8 ) = v 0 “ °- U (rs) . when =0 


for Eq. (38). Differentiating Eqs. (37) and (38) shows that 


v = “ (FC ) 3 aj n sin 'coj't) + (FC ) 4 cos 'co n (' t) 


Substitution of initial conditions shows that 


V + or U 


(rs) = tv 0 + <ru (rs) ] cos o> n ('t) 


v ' = -lv 0 + <rU (tB) ) cu n sin w n ('t) 


when v'is positive, and 


V - <rU 


(rs) 


K ~ <rU (rs)l 


cos 


-n ('») 


V' = - [v 0 - o-u (rB) J 'oj n sin o> n ('t) 


when v'is negative. 


(38) 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


From Eqs. (42) and (43), the angle between the v/v Q axis and the radius vector from (- a U (rs j/v 0 , 0) to 


a point on the curve is 


tan 


^n V 0 
V + <rU,. 


cos 




tan" 1 --— - = tan" 1 [-tan cj ('t)J = - (l) 

j / ^ \ * * • • 


(46) 


Equation (46) is interpreted in Fig. h. 


During the interval corresponding to the zero 1 * 1 segment (which starts from v/v^ Q)Q ■ 1; v'=* 0 and for 


which v' is negative), the angle - <u n ('t) is the angle that the radius line from the (+ crU (rB) /v {0)0 ; 0) 
point to any given point on the phase plot makes with the positive v/v (Q)0 axis. 

During the interval corresponding to the first segment (which starts from v ( 0 )i / ^ v ( 0 ) 0 ; ® anc * * or w ^ich 
v'is positive) the angle — '<u n ('t) is the angle that the radius line from the (“ °" u ( r8 )/ V (o)o ’ ®) point to 
any given point on the phase plot makes with the negative v/v (0)0 axis. 

During the second segment (which starts from V ( 0 ) 2 ^ V ( 0)0 • ® anc * * or which v'is negative), the angle 
(V is similar to — (')) during the zero 1 ^ segment. 

g) Relationship of the running variable to the ph ase-plane plot when the damping ratio is zero and 

the rate-determined step term is not zero 

Derivation Summary 26-6. Phase-plane representations for second-order differential equation 
solutions with the linear damping component not equal to zero and a rate-determined 

step term not equal to zero. (Page 8 of 10) 
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Fig. h. Plot of Fig. g interpreted in terms of the running variable. 

tthen the damping ratio is not zero and the rate-determined step term is not zero, combining Eq. (3) with 
Eqs. (25) and (26) gives 


Jj2_ . 

(0=o) 



v' + £'<u n (v ± <ru fr J 


L'^ n (v 0 ± cru (rs) 


1 1 ] 2 + V ± o-U(r 0 ) ] 2 

JVT^ T J v ° 1 trU(r8) . 


(C/V» ~<Z 2 )0 


(47) 


0 


can 


-1 


V'+ <'o n [v ± <ru (ra) ) 


' a n ( V 0 ± °~ u (r a )) V I 

V ± ^ U (ra) 


where 


V o ± 


(48) 


the positive signs on crU (rsJ are used when v'is positive; 

the negative signs on <7U {rs) are used when v'is negative. 

Figure i shows the graphical interpretation of Eqs. (47) and (48) in terms of the phase-plane diagram 
derived from the logarithmic spiral of section b modified by the method described in section d. 

The phase-plane plot segments are identical with the corresponding phase-plane plot segments drawn 
by the method of section c. 

Derivation Summary 26-6. Phase-plane representations for second-order differential equation 
solutions with the linear damping component not equal to zero and o rote-determined 

step term not equal to zero. (Page 9 of 10) 
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First segment, between the first 
v'= 0 point,(v (0)1 /v (0)0 . 0) and 

the second V*= 0 point, 

^ V (0)2 //v (0)0 l °)' with orl< ? ln 
(—<TUj rs y/v (0J0 , 0). This segment 

Is Identical in shape with the first 
segment of the £ = 0.1 curve of 
Fig. e. However, due to the shift 
of the origin to (- <TU (rs> /v (0)0 , O). 

the radius as measured from this 
origin is reduced by 2 <r u ( r3 )/ v (0)0 

as the curve passes through 

( v <o)Ao.o-°>- 7 



£ » DR = Damping ratio = 0.1 


O’ u 


= Rate step ratio = 0.091 


( 0)0 


Stop point occurs when 
v'= 0 within the 

± ® u (r«/ v C0>0 limi ' a 


(0)1 

'( 0)0 


Zero' segment, between the 
initial (zoro th )v' = 0 point, (1,0)/ 
and the first v' = 0 point, 

tyoU^OJO* 0) ' wlth orlc * ln at 

(+ <rU (rs/ V ( 0 ) 0 * 0)# ™° curve 
Is identical In shape and magni¬ 
tude with the zero th segment of 
the £=0.1 curve of Fig. e. 


(rs) 


( 0)0 


( 0)2 

'< 0)0 


^ = 0.091 


( 0)0 


v/v, 


( 0)0 


v/v 


( 0)0 


Second segment, between the 
second v'= 0 point, (v ( 0 ) 2 /V (0)0 , 0), 

and the third v' = 0 point, 

^ V (0)3^ V (0)0 ' °)* wi,h or,<jln at 

(+ <ru (rs/ v < 0 ) 0 ) ‘ Thls se< ^ men, 

Is identical in shape with the 
second segment of the £=0.1 
curve of Fig. e. However, due to 
the shift of the origin back to 

(+ <rU (r*/ v <0)0' °)* ,ho fadlus a * 

measured from this origin is reduced 

2<ru (n Aoio 08 ,h ® curv ® 

passes through (v ( 0 ) 2 A (0)0 . 0) . 


Fig. i. Phase plane representation of the (0;0,1,2) second-order differential equation solutions with 
the linear damping ratio component equal to 0.1 and the rate step ratio equal to 0.09/ . 

h) Phase-plane plot for the second-order differential equation with the linear damping component 


not equal to zero and a rate-determined step term not ecfijal to zero 

Derivation Summary 26*6. Phase-plane representations for second-order differential equati 
solutions with the linear damping component not equal to zero and a rote-determined 

step term not equal to zero. (Page 10 of 10) 


26.40. Section bof Derivation Summary 26-6 outlines the transformations and 
integrations necessary to show that the result may be represented by a logarithmic 
spiral in terms of the ratios x/x 0 and (x' + £'«, n x)/'*, n x 0 yj 1 -< 2 . Section eshowshow 
these coordinates may be transformed to the phase plane coordinates x/x 0 and 
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x '/ ,( °n x o V 1 ~ £ 2 by algebraically adding to each logarithmic spiral point the ordinate 
of the corresponding point on the logarithmic spiral correction line . This correction 
line is a straight line passing through the origin with a slope of - C/y] 1 -< 2 . 

26.41. It is noted in section d of Derivation Summary 26-6 that when the rate- 
determined step term is zero, the variable x reduces to the dependent variable v. 
This means that, in the given situation, the representation of the solutions toEq.(l) 
of Derivation Summary 26-6 are logarithmic spirals like those for various damping 
ratios shown in Fig. d of the summary. Figure e gives accurately plotted phase 
plane representations for solutions of the same equation. This family of curves 
is derived from the curves of Fig. d by the procedure described in section c. 

26.42. Section e of Derivation Summary 26-6 shows that when the linear damp¬ 
ing ratio is equal to zero and the rate-determined step term is also zero, the phase 
plane plot reduces to a circle of unit radius. Section f of Derivation Summary 26-6 
shows that when the linear damping ratio is zero, but the rate-determined step term 
is not equal to zero, the phase plane plot (Fig. g) is made up of a sequence of circular 
segments with centers that shift from + <ru (ra) /v (0)0 to - o-u (r8) /v (0)0 as the sign of 
v '/"n v (ojo shifts from negative to positive. 

26.43. The initial point for the zero th segment is located at v/v, * equal to 

f K (0)0 ^ 

unity on the v/v 0 scale. Thecenterfor the zero "segment is located at + <ru (f8 /v (0)0 , 
and the segment continues through the negative region of v'/'*, n v (0)0 until a semi¬ 
circle is completed at the point v (0)1 / V(0)0 . The first segment starts at this 
point as a semicircle through the positive region of v'/'<u n v (0J0 until v'/' Wn v l0) ,. 

becomes zero at v (0)2 /v (0)0 . The second segment starts at this point and completes 

a semicircle whose terminal point on the v'/w n v (0)0 axis is the "stop" point for the 
solution represented. 

26.44. The discussion of section g of Derivation Summary 26-6 shows that the 
radius vector from the center of each of the semicircular segments of the phase 
plane representation rotates in a negative direction with an angular velocity '« n 
This means that the running variable is associated with the phase plane represen¬ 
tation in the same way that the running variable is associated with the complex 
plane representation of Fig. 12-3. 

26.45. Section h of Derivation Summary 26-6 describes the use of the "shifting 
origin" method of section f and segments of phase plane plots between successive 
v'-o points for representing (0; 0,1,2) differential equation solutions when the 
linear damping ratio is not zero and the rate-determined step term is also not zero. 
Figure i illustrates the result of applying the "shifting origin" method described in 
section h to the 0.1 damping ratio curve of Fig. e when the rate-determined step 
term has a magnitude of 0.091 on the v/v (0J0 scale. 

• The subscript (0) on the symbol v in the denominator shows that on initial value is considered. The fol¬ 
lowing subscript 0 shows that the initial value considered is for the zero'* 1 segment. 
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CHAPTER 27 

NUMERICAL ANALYSIS BY THE 
NUMBER SERIES TRANSFORMATION METHOD * 

Albert M ad wed 


INTRODUCTION 

27.1. The number series transformation method is an operational method for 
the solution of linear and nonlinear integro-differential equations. Its use permits 
the analysis and synthesis in the time domain of physical systems whose perform¬ 
ance can be described by a set of linear and nonlinear integro-differential equa¬ 
tions. Solutions of problems found by using the operational procedures that are pre¬ 
sented in this chapter are approximate in the true mathematical sense, but for most 
engineering applications they can be considered as exact. 

27.2. This method was introduced in 1947 by A. Tustin^ 70 ^ of England. Fur¬ 
ther developments were made in 1950 by A. Madwed^2) at the Instrumentation 
Laboratory, Massachusetts Institute of Technology. Since the publications of the 
works of Tustin and Madwed, the method has been the subject of papers by R. G. 
Piety( 6 °) and F. W. Bubb.< 7 > 

27.3. The method has four important advantages. First, the problems involved 
in analyzing and synthesizing systems are solved in the time domain, and do not 
require the transfer of the problem from the time domain to the frequency domain and 
then back to the time domain as in accepted methods today. Second, the method 
permits the analysis and synthesis of nonlinear systems, which opens new fields 
in instrument and control engineering. Third, the actual mathematical operations 
involved in solving problems are simple addition, subtraction, multiplication and 
division of real numbers. Fourth, the method is easy to master and apply because 
it is an operational method that uses many of the well-known engineering operational 

techniques presented earlier in this volume. 

27.4. For convenience, the information of this chapter is presented in two 
main parts. Part A deals entirely with the fundamentals upon which the number 
series transformation method is based. Part B gives applications of the method to 
linear and nonlinear integro-differential equations. 

A. FUNDAMENTALS 

DEFINITION OF NUMBER SERIES TRANSFORMATIONS AND UNIT FUNCTIONS 

27.5. The fundamental idea behind the number series transformation method is 
the concept of representing a function f(t) by a number series, where f(t) is the 

• The material of this chapter is essentially that given in Madwed (52). 


760 



dependent variable and t is the running variable. If the running variable t is time, 

the number series is usually called a time series . As a simple illustration of this 

concept, consider the problem of representing a continuous function f(t) by a num¬ 
ber series. 

27.6. One number series method of representing f(t) is by a series of numbers 
equal to the values of f(t) at t - . . . - mAt, . . . , 0 . . . , nAt . . . ; hence 

f(t) - . . . , f(-mAt), f(— (m - l)At), . . . , f((n - l)At), f(nAt) , . . . (27-1) 
If At is chosen small enough, it is possible to plot f(t) from its number series. This 
method of specifying the function, however, is very inconvenient to use in any me¬ 
thod of analysis. More convenient methods are feasible if special functions are defined. 

27.7. For example, consider the unit triangular pulse function [UTPF]('t),* 
which is illustrated in Fig. 27-la. The unit triangular pulse function is zero every¬ 
where except in the interval - A('t) £'t £ A('t). In this interval, [UTPFJ ( t) has the 
shape of an isosceles triangle whose apex is located at 't = 0 and whose altitude is 
equal to l/A('t). The area enclosed between the unit triangular pulse function and 

the 't axis is equal to unity. Formal equations for [UTPF] ('t) are also presented in 
Fig. 27-la. 

27.8. The unit triangular pulse function can be translated from zero on the 't 
scale to 't k on the 't scale by changing the argument of the function from 't to 

- 't k ). This action is illustrated in Fig. 27-lb. 

27.9. A triangular pulse in the function f('t) at 't - \, denoted by the sym¬ 
bol [TPF]f ( t k ), is illustrated in Fig. 27-lc. The area enclosed by [TPF] f('t k ) and 
the 't axis is defined as the triangular pulse function strength [TPFS]f('t k ). There- 
fore, [TPF]f('t k ) can be written as 

[TPF]f('t k ) - f('t k )A('t k )[UTPF]('t - 't k ) - [TPFS]f('t k )[UTPF]('t - 't k ) 

(27-2) 

27.10. Any continuous arbitrary function f('t) may be represented by a set of 
adjacent triangular pulse functions, all of which have the same width. When f('t k ) 

is represented in this manner for analytical purposes, then by definition this approx¬ 
imation of f('t) is called the triangular number series transformation of f('t) and is 

denoted by the symbol [TNST]f('t). This transformation is illustrated in Fig. 27-2 
and explained in the following paragraphs. 

27.11. The altitude of the triangular pulse function located at 't = kA('t) is 
f(\). The sum of the section a-c of the triangular pulse function located at 

"t = (k - 1) A('t) and the section b-d of the triangular pulse function located at 
't = kA('t) is the line a-d, which is the chord approximation of f('t) in the interval 
between t « (k - l)A('t ) and 't = kA('t). Therefore, the sum of all the triangular 
pulse functions from 't - to 't - +« gives the chord approximation of f('t). 

• The symbol 't represents the nondimensional running variable and is equal to fn (ref) . In this 

chapter, the techniques of nondimensionalization introduced in Chapter 14 will be used whenever 
possible. 
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Fig. 27-1. Unit triangular pulse function. 


27.12. From the definition of [TPF]f('t k ) and [TPFS]f('t k ) presented in 


Fig. 27-2, it follows that 


[TPFS]f('t k ) 


A('t) 


(27-3) 


and the k c ^ triangular pulse function in f('t k ) is 

[TPF]f('t k ) = f('t k ) A('t) [UTPF]('t - 't k ) = [TPFS]f('t k )[UTPF]('t - 't k ) 

(27-4) 
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f(\) - f(k\(-t)) 



From the illustration, it can be seen that the sum of line a*c of the triangular pulse located at 
't «■ (k-l)A('t) and line b-d of the triangular pulse located at 't - kA('t) is equal to line a-d. Therefore, it 
follows that the sum of all the triangular pulses in the illustration gives the chord approximation of f('t). 
This approximation to f ('t) is by definition the triangular number series transformation of f ('t), denoted by 
the symbol (TNST]f('t). In equation form, this transformation is 

[TNST]l('t) - £ [TPF]f('t k ) 

k--ao 

k=» 

- £ , ('* k )4('t) [UTPF] ('• - lc A('»)) 

k= -oo 
k = oo 

. Y. [TPFS] f(k A('t)) [UTPF]('t -ki('t)) 

k»-« 


Fig. 27-2. Illustration of the triangular number series transformation of f('t), [TNST]f('t). 


763 


Because the triangular pulse locations are at intervals of A('t) with the first in¬ 
terval measured from 't = 0, 

't k = kA('t) (27-5) 

Therefore 

[TPFS]f('t k ) = [TPFS] f(kA('t)) = f(kA('t))A('t) (27-6) 

and 

[TPF] f('t k ) = f(k A('t)) A('t) [UTPF]('t - kA('t)) 

= [TPFS]f(kA('t)) [UTPF]('t - kA('t)) (27-7) 

27.13. By definition, the triangular number series transformation of f('t), repre 
sented by the symbol [TNST]f('t), is the triangular pulse function representation 
of f('t), which is the sum of all triangular pulse functions [TPF]f('t k ) spaced at 
A('t) increments. In equation form, this transformation is 


k= oo 


[TNST] f('t) = £ [TPF]f('t k ) 


(27-8) 


k = -oo 


Substituting Eqs. (27-3) and (27-4) into Eq. (27-8) yields 

k=oo 


[TNST]f('t) = 

k= -oo 

f('t k )A('t)[UTPF]('t -'t k ) 

(27-9) 

II 

IM; 

[TPFS]f('t k )[UTPF]('t - 't k ) 

(27-10) 

k= oo 

■ £ 

k = -oo 

A('t) f(kA('t)) [UTPF]('t - kA('t)) 

(27-11) 

k= oo 

= Y [TPFS]f(kA('t)) [UTPF]('t - kA('t))(27-12) 

k = -oo 

As the magnitude of A('t) is decreased, the triangular number series transformation 


> i ' » -- -- — \ - § —II — - ~ w 

d('t), the triangular pulse function summation becomes a summation of impulse 
functions and the transformation is identical with f('t). 

27.14. The inverse triangular number series transformation of [TNST]f('t) is 
denoted by the symbol [TNST] 1 i [TNST]f('t)i and is equal to f('t). That is, if 
f('t) when transformed is k=» 

[TNST]f('r) = Y a k [UTPF]('t -kA('O) (27-13) 

k = -oo 

where 

a. = f('t k )A('t) (27-14) 


then 


rrNST ]- 1 i[TNST]f('t)j = f('t) 


(27-15) 
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27.15. In addition to the unit triangular function, there are other forms of unit 
functions that can be of use in the number series transformation method. In spe- 

cifying the unit function to be used in the number series transformation, there are 
four items to be considered: 

1) The form of the unit function: for example, the unit triangle. 

2) The location of some reference point of the unit function along the 't axis. 

3) The magnitude of some characteristic dimension of the unit function on the 
ordinate axis. 

4) The magnitude of some characteristic dimension of the unit function on the 
't axis. 


27.16. The unit functions that are useful in the number series transformation 
method are the unit triangular pulse function [UTPF]('t), the unit rectangular 
pulse function [URPF]('t), the unit step function [USF]('t), and the unit ramp function 
[URF]('t). These functions are illustrated and defined in Fig. 27-3. When a func¬ 
tion f('t) is transformed into a number series, it is indicated by the following no¬ 
tation, in accordance with the type of transformation used: 

[NST]f('t) = f('t) transformed to a number series 

[TNST]f( t) = f('t) transformed to a number series in terms of unit trian¬ 
gular pulse functions 

[RNST]f( t) = f('t) transformed to a number series in terms of unit rec¬ 
tangular pulse functions 

[SNST]f( t) = f( t) transformed to a number series in terms of unit step 

functions 

[(Rp)NST] f( t) = f( t) transformed to a number series in terms of unit ramp 

functions 

The transformation of a number series [NST]f('t) back to f('t) is symbolically rep¬ 
resented by the notation [NST] { [NST] f('t)j. 


27.17. The method of determining the terms of [TNST]f('t), [RNST]f('t), 
[SNST]f('t), and [(Rp)NST]f('t) is illustrated in Fig. 27-4. The terms of 
[TNST]f('t) and f(Rp)NST]f('t) are chosen so that the function f('t) is approxi¬ 
mated by a series of straight lines between the value of f('t) at 't = nA('t) and 
't = (n + l)A('t). Therefore, n =oo 


[TNST]f('t) = A('t) *(nA('t)) [UTPF]('t -nA('t)) 


(27-16) 


n= -oo 


n= oo 

[(Rp)NSTJf('t) = J2 WnA('t)) - f((n - 1)A('»))] [URF]('t - nA('t)) (27-17) 

n= -oo 

The terms of [RNST]f('t) and [SNST]f('t) are chosen so that the area under the 
number series transformation of f('t) up to 't = nA('t) is equal to the area under 
f('t) up to 't = nA('t). Therefore, 


[RNST]f('t) = q(nA('t))[URPF]('t-n('t)) 


(27-18) 


n= -oo 
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In formal terms, 


= 0 when - A('t) * 'X 

't + A('t) 


[UTPF] ('t) 


(A('t )) 2 

A('t) -'t 


when 0 — 't ^ - A('t) 


when A('t) ^'t ^ 0 


(A('t)) 2 

= 0 when ^ A('t) 

When the argument of [UTPF]('t) is changed from '\ to ('t — 't k ), the effect is to translate the unit tri¬ 
angular pulse function from 't = 0 to 't = 't k . In Fig. 27-1, it is shown that a triangular pulse function 
in f('t) at 'X = is 

[TPF] f(\) - f(\) A('») [UTPF]('t-'t k ) 

= (TPFS]f('t k ) [UTPF] ('t -'t k ) 

where [TPFS]f('» k ) is the triangular pulse function strength in f('t) at 't = / t k which is equal to the area 


abc. 


a) Unit triangular pulse function 


Unit rectangular pulse function area 

f BJRPF]('t)d('») = i 


Rectangular pulse function 

inf(l)at 't-'t k ls(RPF]K'» k ) 




In formal terms, 


- 0 


[URPF]('0 


when 0 ^ 'X 
when A('t) > '1 >0 


A('t) 

a 0 when 'X ^ A('t) 

When the argument of [URPF]('t) is changed from 'X to ('t - 't k ), the effect is to translate the unit rec¬ 
tangular pulse function from 'X = 0 to 't = 't k . A rectangular pulse function in f('t) at 't - 't k is 

Fig. 27-3. Illustrations of the unit triangular and unit rectangular pulse functions and the unit 

step and unit ramp functions. (Page 1 of 2) 
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[RPF]f('l k ) . f('t k ) A('t) [URPF]('t - 't k ) 

- [RPFS]f('t k )tURPF]('t-'t k ) 

where [RPFSlf('t k ) is the rectangular pulse strength in f('t) at 't m "l k that is equal to the area abed. 

b) Unit rectangular pulse function 


Dimensionless 
scale 


1 


[USF]('t) 


t 


Step (unction in f(l) at 't = 

[SF]f('t k ) -1- 


o 



't 


't — o 

In formal terms, 

[USF]('t)( = 0 wh ' n '* *° 

l “ 1 when 't ^ 0 

When the argument of fUSF]('t) is changed from '♦ to ('t - 't k ), chc effect is to translate the unit step 
function from 't « 0 to 't «* 't k . A step function is f('t) at 't = 't k is 

[SF]f('t k ) o f('t k ) [USF]('t - 't k ) 

I rom the definition of a unit rectangular pulse function, it follows that a unit step function can be ex¬ 
pressed as a summation of rectangular pulse functions; i.e., 


n 


[USF] ('0 . A('t) £ [URPF]('t - n A('0) 

n*=o 

c) Unit step function 


Dimensionless 
scale 


1 


-A('t) 0 

In formal terms, 


| [URF]('0\ t 

Ramp (unction in 

KD< 

T ‘ 

[RF]('t k ) ) 

i\ 


/ 



/ 

f('t 


't 


't k -A('t) '» k 


't 


/ 0 when - A('t) * 1 

[URF]('t) = | ['t + A('t)]/A('t) when 0^'t*-A('t) 

1 when 't ^ 0 

When the argument of [URF]('t) is changed from 't to ('» - 't k ), the effect is to translate the unit ramp 
function from 't = 0 to 't - 't k . A ramp function in f('t) at 't = 't k is 

fRF]f('t) -f('t k ) [URFJ ('» - -t k ) 

From the definition of a unit triangular pulse function, it follows that a unit ramp function can be expressed 
as a summation of triangular pulse function; i.e., 


ns 


[URF] CO - A ('») £ [UTPF ] Cl - n A('0) 

n «0 

d) Unit ramp function 


Fig. 27-3. Illustrations of the unit triangular and unit rectangular pulse functions and the unit 

step and unit ramp functions. (Page 2 of 2) 
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n=oo 


rTNST ] f('t) = A('t) ^ f(nA('t))[UTPF]('t - n A('O) 


n = 0 


«'t) 


// ^ 


/ 


i\ 

i\ 


y 

A 


A , 


\ / 

\ / 

A 


\ / 
\ / 

X 

/ \ 


\ / 
\ / 


A('t) 2 A('t) 3 A('t) 4 A('t) 5 A('t) 

Triangular pulse number series transformation of f('t) 


[RNST]f('t) = q(„A('t)) [URPF]('t - „ A('t)) 


n =0 


(n+l)4(t) 

where q(nA('t)) = f f('t)d('t) i 

v «=n/l('t) 


f('t) 


hX- 






0 A('t) 2 A('t) 3 A('t) 4 A('t) 5 A('t) '» -► 

bj Rectangular pulse number series transformation of f('t) 

Fig. 27-4. Illustrations of the triangular, rectangular, step, and ramp number series transformations 

of the function f('t). (Page 1 of 2) 
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[(Rp)NST]f('t) = Y, ff 


n=0 




M't) 2 A('t)3 A('t) 4Apt] 5 aT0 

c) Ramp number series transformation of f('t) 


[SNSTjf('t) - _L_ Y Cq(nA('t)) - q((n - 1)A('»))] (USF]('t - „4('l)) 

* ' n*=0 I 

, , (n+l)4rt) , 

where q(n A('t)) = f f('t)d('t) .—, 

J A(\) -J- 



A('t) 


2 A( / t) 3 A('t) 4A('t) 5 A('t) 

d) Step number series transformation of f('t) 


Note: The triangular pulse and ramp function number aeries trana format Ions of the function f('t) replace the function 
by a series ol straight line, between the values of f('t) at 't = nA('t) and 't = (n + l)A('t). The rectangular 
pulse and step function number series trans forma tiers of a function f('t) replace the function f('t) by a step 
curve such that the area under f('t) and the number scries transformation of f('t) are equal In each A('t) lncre- 
mont. ' 7 

Fig. 27-4. Illustrations of the triangular, rectangular, step, and ramp number series transformations 

of the function f('t). (Page 2 of 2) 
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n= oo 


[SNST]f('t) = _L_ ^ [q(nA('t) - q((n-l)A('t))] [USF]('t - nA('t)) (27-19) 

, n= -oo 


where 


q(nA('t)) = 


Jn+D^K't) 

/ f(-t)d('t) 

n A ( t) 


(27-20) 


27.18. In summary, if [UF]('t) is defined as a general unit function, then 


n= oo 


[NST]f('t) = g(nA('t)) [UF]('t - nA('t)) 


(27-21) 


n= -oo 


where g(nA('t)) is a measure of f('t) at 't = nA('t) associated with [UF]('t - nA('t)), 


TRIANGULAR NUMBER SERIES TRANSFORMATION FOR A DISCONTINUOUS 
FUNCTION 

27.19. One of the disadvantages of taking the triangular number series trans¬ 
formation of a function f('t) is the impossibility of accurately representing by a 
summation of triangular pulses a function that has discontinuities. This disad¬ 
vantage can be overcome by using a unit left triangle pulse, [ULTP]('t), and a unit 
right triangle pulse, [URTP]('t). These unit triangles are illustrated and defined in 
Fig. 27-5. 

27.20. By use of the unit left triangle pulse and the unit right triangle pulse, 
a function defined by the equation 

( 0 when 0 ^'t 

f('t) = < 1 + 't when mA('t)^'t^ 0 (27-22) 

1 0 when 't ^ mA('t) 

can be transformed to a triangular number series as 

/ n= m 

[TNST]f('») = A('t) ) J2 (l + nA('t))[UTPF]('t - nA('t)) 

( n = 0 

- [ULTP]('t) - (l + mA('t))[URTP]('t-mA('t)) 

(27-23) 

MATHEMATICAL OPERATIONS FOR NUMBER SERIES TRANSFORMATIONS 

27.21. In order for the number series transformation method to be useful in solv¬ 
ing problems, it is necessary that the common operations of addition, subtraction, 
real multiplication, real division, real convolution, integration, and differentiation 

of the number series transformation of functions be possible and easily accomplished. 
Also, it must be possible to take the Fourier and Laplace transformations of the 
number series transformations of functions. It is demonstrated in the following sec¬ 
tions that these mathematical operations are accomplished without difficulty. 
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Fig. 27-5. 


Illustrations of the unit right and unit left triangular pulses. 
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ADDITION, SUBTRACTION, REAL MULTIPLICATION, AND REAL DIVISION OF 
NUMBER SERIES TRANSFORMATIONS 


27.22. When two or more functions are added, subtracted, multiplied, or di¬ 
vided, the operation involves the performance of these operations on the scalar 
value of the functions at each value of the running variable. The same condition 
must hold for the number series transformation of functions except that the opera¬ 
tions are only performed at each value of 't = mA('t) where m is an integer. There¬ 
fore, 


n= oo 


[NST]f,('t) ± [NST]fj('t) = [g j(nA('t)) ± g 2 ( n A('t))] [UF]('t - nA('t)) 


n= -oo 


n= oo 


(27-24) 


[NSTjfjf'O • [NST]f 2 ('t) = ^2 fai(nA(T)) -g 2 (nAh))J[UF]('t-nA(T)) 


n= -OO 


n= oo 


(27-25) 


[NST]fj ('t). 


i-, . V g ,(o A('t». 


1 


n = -oo 


— [UF]('t-nA('t» 

g 2 (nA(t)) (27-26) 


[NST]f 2 ('t) 

It can be easily shown that the operations of addition, subtraction, multiplication, 
and division are commutative, distributive, and associative. 

27.23. As an illustration of the preceding mathematical operations, consider 
the following two number series: 

[NST]f,('t) = 2 [UF]('t - A('t)) + 3[UF]('t - 2 A('t)) + o + . . . 


[NST]f_('t) = i [UF]('t - A('t)) +o.5 [UF]('t -2A('t)) +o + . . . 


(27-27) 


(27-28) 


Then, from Eqs. (27-24), (27-25) and (27-26): 

[NST]f,('t) + [NST]f 2 ('t) = 3 [UF]('t - A('t)) + 3.5 [UF]('t - 2A('»)) + o + . . . 

(27-29) 

[NST]fj('t) - [NST]f 2 ('t) = i [UF]('t - A('t)) + 2.5 [UF]('t - 2 A('t)) + o + . . . 

(27-30) 

[NST]fj('t) • [NST]f 2 ('t) = 2 [UF]('t - A('t)) + i.5 [UF]('t - 2 A(T)) + o + . . . 

(27-31) 

= 2 [UF]('t - A(T)) + 6 [UF]('t - 2 A("t)) + 0 + . . . 

(27-32) 


[NST]fj('t) 


l 


[NST]f 0 ('t) 


27.24. In the use of the number series transformation method, it is not neces¬ 
sary to carry the symbols [UF]('t - nA('t)) in writing the number series. Only the 
scalar quantities of [NST]f('t) need be written, as long as it is understood that a 
particular unit function is associated with each term in the series and that the 
number series start at the same value of the nondimensional running variable, 't. 
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CONVOLUTION INTEGRAL AND THE CROSS MULTIPLICATION AND CROSS 
DIVISION NUMBER SERIES OPERATIONS 


27.25. Consider the convolution integral 


F('t) = /* F, ('»- e )F 2 ('t - 't c )d('t c ) * 


where 


(27-33) 


*)» Fjf't) and P 2 ('t ) are functions that have Laplace transforms 
t c = convolution integral nondimensional running variable 
By using the number series transformation method, it is possible to determine a 
good approximation to the convolution integral by a very simple operational pro¬ 
cedure. In order to explain this procedure, it is first necessary to take the number 
series transformation of Fj('t) and F 2 ('t); i.e., 


[NSTjF,('t) = ^2 g,(nA{'t)) [UF]('» -nA('t)) 

n = 0 


(27-34) 


[NST]F 2 ('t) = g 2 (nA('t)) [UF]('t -nA('t)) 

n = 0 


(27-35) 


where g,(nA('t)) and g 2 (nA('t)) are the values associated with Fj('t) and F 2 ('t), re¬ 
spectively, and 't = n A |'t) and [UF]('t) is an impulse type of unit function, such 
as the unit triangular or unit rectangular pulse functions. 

27.26. The number series transformation [NST]Fj('t) expresses Fj('t) as a sum¬ 
mation of impulse-like functions. Each one of these impulse-like functions gives 
rise to a solution of the convolution equation. By virtue of the principle of super¬ 
position, the solution F('t) of the convolution integral at 't = mA('t) is approximate¬ 
ly equal to the summation of the contribution to the solutions due to all impulses 
that make up the number series transformation of Fj('t). Therefore, 


m= o© 

[NST]F('t) = £ 9i(mA('t)) [NST]F 2 ('» 

m = 0 


Substituting Eq. (27-35) into Eq. (27-36) gives 


mA('t)) 


(27-36) 


[NST] F('t) - E E 9| ( m A('t)) g 2 ('f - (n -m)A('t)) [UF]('t - nA('t)) 

n = 0 m=0 (27-37) 

The coefficient of [UF]('t - nA('t)) in Eq. (27-37) is the same as the coefficient of 
in the multiplication of the two power series 


P i = ^2 9i (n A('t)>-^ n (27-38) 

n = 0 


• The convolution integral introduced in Eq. (4) of Theorem Summary 16-1 is discussed in 
Chapters 16 and 17. 
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(27-39) 


n=oo 


P 2 = 9 2 (nA('t ))i n 


n=0 


21.21. Because of this similarity between the terms of the series in Eq. (27-37) 
and the terms of the power series resulting from the multiplication of Pj and P 2 , it 
is possible to define a calculation procedure called cross multiplication such that 


n= oo m= n 


X X 9i( m A('t) g 2 ('t - (n-m)A('t)) [UF]('t — nA('t)) 

n= ° m=0 = [NST]F,('t) x [NST]F 2 ('t) (27-40) 

where the symbol x between [NST] F,('t) and [NST] F 2 ('t) indicates the procedure 
of cross multiplication. This calculation procedure is demonstrated and explained 
in Calculation Summary 27-1.* 

27.28. Substituting Eq. (27-40) into Eq. (27-37) and taking the inverse number 
series transformation gives 

F('t) - [NST]' 1 i [NST]F,('t) x [NST]F 2 ('t)| (27-41) 

which when substituted into the convolution integral gives 

[NST]' 1 {[NST]F,('t) x [NST] F 2 ('t)j = f F,('t)F 2 ('t - 't c )d('t c ) (27-42) 

0 

The approximation indicated in Eq. (27-42) becomes more exact as Aft) becomes 
smaller. In the limit when A('t) approaches d('t), 


[NST]’ |[NST]F,('t) x [NST]F 2 ('t)| = f F,('t c )F 2 ('t - 't c )d('t c )** (27-43) 

0 

27.29. In practical applications of the number series transformation method, the 
function F 2 ('t) is taken as the solution of the convolution integral when Fj('t) is one 
of the unit functions illustrated in Fig. 27-3, such as [UTPF]('t) or [URPF]('t). If 
[F 2 ('»)]„ is used to denote this type of function, then 

[NST]F('t) = [NST] [F 2 ('t)] u X [NST]F,('t) + error (27-44) 


when the error is the solution of the convolution integral when the F 1 ('t c ) is the 
difference between F,('t) and [NST]Fj('t). In most practical problems, if A('t) is 
chosen so that Fj('t) - [NST]Fj('t) is negligibly small, then the error in Eq. (27-44) 
can be considered negligibly small. 


27.30. Two number series can be cross multiplied only if they are expressed 
in the same type of unit function and start at the same value of 't. From the cross 
multiplication method, it can be shown that for two number series that start at 
't = a A ('t) 

[UF]('t - mA('t)) x [UF]('t - nA('t)) = [UF]('t - (m + n -a) A('t))*** 

_ (27-45) 


• * • 


For a more detailed discussion of cross multiplication, see Madwed (52), Chapter I, section 4. 
This equation is true only when A(*t) approaches d('t). 

This equation is derived in Madwed (52), Chapter I, section 4. 
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The calculation procedure demonstrated and explained below is defined as the cross multiplication of the 
two number series 

n=oo 

[NST]f-('t) - ]T g)(nA('t))[UF]('t - »A('i)| (i, 

n=0 

n=oo 

[NST]F 2 ('|) = ^ g 2 (nA('t» [UF]('t - nA('t)) ( 2 ) 

n *=0 


symbolically represented as [NST]F, ('t) x fNST]F 2 ('t). 


column 

0 

1 

• • • 

0 

row 0 

9 j(o) fUF]('») 

g,(A('t) fUFX't-A(t)) 

• • • 

g a (m A('t) fUFX't - m A('t)) ♦ . . . 

row 1 

g,(o) fUFX't) 

g,(A('t)fUFX ♦ - A('t)) 

• • • 

g,(«D A('O) fUFX't - mAf't)) ♦ ... 

row 2 

g,(o)Q a (o)fUF](») 

g,(o)g,(A't))fUFX't - A('t)) 

• • • 

% 

g,(o)g 2 (m A('t)) fUFX't - « M'*)) * ... 

row 3 

• 

• 


g,(A t)g 2 (0) [UFX'» - A('»)) 

• • • 

g,(A('t)g 3 (m - l) A('t)[UFX'f - mA('f)) ♦ . .. 

• 

• 

row m ♦ 1 



• • • 

g,(m \('t))g,(o) fUFX't - a A('t)) ♦ ... 

• 

row m ♦ 2 

g,(o)g a (o) fUFX't) 
_1 

( g,(°)gj(\( l)) ♦ ) rypy.. ..» 
{fl,(A('t))g 1 (o)...j lUFJ(,_A( ,W j 

* • • • 4 

_1 

(g,(o)g 2 (« A('*))» 

| g,(mA('t))g J (o)j | 


The terms of the number series [NST]Fj('t) and [NST]F 2 ('t) are written in rows 1 and 0, respectively. The 
scries g ,(o) [NST]F^C'f) is entered in row 2 starting at column 0. In general, the series 

g,(mA('t))(NST]F}('t - mA('t)) is written in row (m + 1) starting at column m. The sum of the column from 
row 2 through row (m + 1) is entered in row (m + 2). The series in row (m + 2) is equal to the cross multi¬ 
plication fNST]Fj ('t) x [N$T]F 2 ('t) where 

n=oo m= n 

[NST]F;('t) * [NST]Fj('t) - £ Z 9 '('• - <« -“) [UF]('t - „ A('l)) (3) 

n «0 mn 0 


Calculation Summary 27-1. Cross multiplication of [NST]F,('t) and [NST]F 2 ('t). 



Therefore, if a number series [NST]F('t) is cross multiplied by [UF]('t -mA('t)), 

the " [UF]('t - mA('t)) x [NST]F('t) = [NST]F('» -mA('t)) ( 27 - 46 ) 

which shifts the function F('t) to the right mA('t) units. Similarly, 

[UF]('t + mA('t)) x [NST]F('t) = [NST] F('t + mA('t)) (27-47) 

which shifts the function F('t) to the left -mA('t) units. 

27.31. The identification of number series cross multiplication with the con¬ 
volution integral is very important because it establishes that cross multiplication 
is an operational procedure and permits the development of an operational method 
for handling the analysis and synthesis of systems.* 


• The development of this operational method for handling the analysis and synthesis of sys 
terns is presented in Madwed (52), Chapter I, section 4. 
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27.32. Another way of showing how cross multiplication can be used in an 

operational method is by identifying cross multiplication with Laplace transform 

theory. From the work of Laplace, it is known that the convolution integral of the 

functions Fj('t) and F 2 ('t) gives the same result as the inverse Laplace transforms 

of the product of the Laplace transforms of Fj('t) and F 2 ('t). In terms of the nota¬ 
tion 

tt-T] F('t) = F(A) = Laplace transform of the function F('t) (27-48) 

0-T] F(A) = F('t) = Inverse Laplace transform of the F(A) (27-49) 

the foregoing relationship can be written 


[LIT' [[LT]F,('t) • [LT]F 2 ('t){ = /' F^'tJF.f't - %)d('t c )* ( 27 - 50 ) 

0 

Comparison of Eqs. (27-43) and (27-50) shows that 

tt-T]" iCl—T]F,('t) • [LT]F 2 ('t)j - [NST]" 1 j[NST]F,('t) x [NST]F 2 ('t)J (27-51) 

Equation (27-51) clearly demonstrates the close similarity between the number 
series transformation method and the Laplace transform method, and permits the 
use of most operational techniques employed in the Laplace method for an anal¬ 
ysis using the number series transformation method. The important advantage of 
the number series transformation method over the Laplace method is that the num¬ 
ber series transformation method remains in the time domain while the Laplace 
method requires the transfer of the problem from the time domain to the complex 
domain and then back again to the time domain. 

27 ‘ 33 ' If [NST]F('t) = [NST]F,('t)x [NST]F 2 ('t) (27-52) 

and [NST] F('t) and [NST]F 2 ('t) are specified, then Eq. (27-52) can be solved for 
[NST] Fj('t). The process of solving for [NST]Fj('t) is called cross division** and 
is expressed symbolically as 

_ [N STJFCt) _ p /^\ 

[NST]F 2 ('t) " LNb,Jh i (t) 

where, in general, n=<» 

[NST]F m ('t) = ^ 9m (n A('t)) [UF]('t - nA('t)) 


(27-53) 


n = 0 


The coefficient of [NST]F('t) at 't = nA('t) in the operation 

[NST] F('t) = [NST]Fj('t) x [NST]F 2 ('t) 

is the same as the coefficient in the polynomial P that is equal to the product 
of the two polynomials and where 


(27-54) 


n= <x> 


f? - 22 g,(nA('t)U" 


(27-55) 


n 


• See Gardner and Barnes (30) for derivation of this equation. 

*• For a more complete discussion of the process of cross division see Madwed (52), Chapter I, 
section 5. 
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The calculation procedure demonstrated and explained below is defined as the 
number series 


cross division of the two 


[NST]F(-0 - £ g(oA('t))[UF]('f-oA(-t)) 


(1) 


n =0 


m 


n =0 


symbolically represented as 


[NST]F a ('t) . £ 9j (nAfl)) DJF] ('t - nA('t)) 

INSTJF('t) 

[NST]F 2 ('0 

f2L WF](-,) [u F]( .,. 

* 2 (g 2 (oj) 


( 2 ) 


g 2 (0) tVlFJ('t) . g 2 ( A('l)) [UFK't - A(l) .... I 9(0) [UFK'O . g(A('t)) [UF]h - Ah)) .... 

g(°) tUFj('») [UF]h - Ah)).... 


♦ jg(Ah)) -«^ { ^ll[UF]('f-Ah)) + ... 
<• g 2 ( 0 ) j 

Umv 

* g,(o> ) 




The number series [NST]F(7) and [NSTJF 2 ('t) are written as the dividend and divisor, respectively. 
The first term in the quotient is [g(0)/g 2 (0)J [UF]('t), »bich is obtained by dividing the first term of the 
dividend by the first term in the divisor. The divisor is cross multiplied by (g(0)/g 2 (0>] [UF]('t), and the 
resulting number series is subtracted from the dividend as shown. This subtraction gives a number series 
starting at 't = A('t) that serves as the new dividend. The second term in the quotient is the first term of 
the new dividend divided by the first term of the divisor as shown. This process is repeated n times to 
give the cross division of [NST]F('t) by [N$T]F 2 ('t). 

Calculation Summary 27-2. Cross division of [NST]^ ('t) by [NST] F ('t). 


n=oo 

P 2 = ^2 92 (nA('t))i n (27-56) 

n = 0 

Therefore, in cross division the scalar value of [NST]Fj('t) at 't = nA('t) is equal 
to the coefficient of J n in the polynomial FJ, which is equal to the division of the 
two polynomials P and . The cross division process is demonstrated and explained 
in Calculation Summary 27-2. 

27.34. Two number series can be cross divided only if they are expressed in 
terms of the same type of unit functions and start at the same value of 't. if the 
number series start at 't = aA('t), then from the cross division method it can be 
demonstrated that 


Big - »->-*»• 

In addition, it can be easily demonstrated that the processes of cross multiplication 
and cross division are commutative, distributive, and associative. 


• This equation is developed in Madwed (52), Chapter I, section 5. 


777 


DEFINITION AND DERIVATION OF NUMBER SERIES INTEGRATING OPERATORS 

27.35. In many problems, it is necessary to determine the number series trans¬ 
formation of the n c ^ integral of a number series [NST]f('t); i.e., 

[NST] /*.../* [NST]f('t)d('t) n 

0 0 

This can be accomplished in a single operation by using a number series integrat¬ 
ing operator of order n, denoted by the symbol [NST] (l/p n ) and defined as 

[NST]-L x [NST]f('t) = [NST] / ... / [NST]f('t)d('t) n (27-58) 

p n 0 0 

All the number series in Eq. (27-58) must be expressed in terms of the same type 
of unit function. By cross multiplying any number series [NST]f('t) by the n c ^- 
order integrating operator [NST](l/p n ), the number series transformation of the n c ^ 
integral of [NST]f('t) can easily be derived. 

DERIVATION OF NUMBER SERIES INTEGRATING OPERATORS OF ORDERS ONE 
THROUGH FIVE 

27.36. A method of deriving the number series integration operators can be 

developed from the definition of the number series integrating operator given by 
Eq. (27-58). If both sides of Eq. (27-58) are cross divided by [NSTjf^t), it follows 
that 't 't 

[NST] f. ... f [NST]f('t)d('t) n 

[NST] -L = -2-2_ 

P" [NST] f('t) 

Let [NST]f('t) = [UF]('t); then Eq. (27-59) can be written as 


(27-59) 


't 't 


[NST] X 

P n 


[NST] / ... / [UF]('t)d('tf 


(27-60) 


[UF]('t) 

By evaluating Eq. (27-60), it is possible to determine the number series [NST](l/p n ). 

27.37. Consider the special case where n = 1 and [UF]('t) = [UTPF]('t). After 
substituting these values for n and [UF]('t) into Eq. (27-60), it follows that 


[TNST] JL = 
P 


[TNST] / [UTPF]('t) d('t) 


(27-61) 


[UTPF]('t) 

The unit triangular pulse function [UTPF]('t) and the first integral of [UTPF]('t), 
i.e., jft [UTPF]('t)d('t), are illustrated in Fig. 27-6. From this figure, 

[TNST] /' [UTPF]('t)d('t) 

[UTPF]('t - nA('f))J 

(27-62) 


j[UTPF]('t) + 2 [UTPF]('t - A('t)) 


• • • 


+ 2 


• To save space, the symbol [NST] -X will be written [NST](l/p n ) when it occurs within 


a paragraph. 
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By substituting Eq. (27-62) into Eq. (27-61) and making use of Eq. (27-57) to 
evaluate the term [UTPF]('t -m A('t))/ [UTPF]('t -n A('t)), Eq. (27-61) becomes 

[TNSTji- = ^ j[UTPF]('t) 

+ 2 [UTPF]('t - A('t)) + . . . + 2 [UTPFj('t -nA('t)) + . . . | (27-63) 

By cross multiplying the right-hand side of Eq. (27-63) by the series 

[UTPF]('t) - [UTPF]('t - A('t)) 

[UTPF]('t) - [UTPF]('t - A('t)) 

the operator [TNST](l/p) is obtained; i.e., 


[TNSTli- - [UTPF](-t) + [UTPF]('t - A('t)) 
P 2 [UTPF]('t) - [UTPF]('t - A('t)) 


(27-64) 
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27.38. To illustrate the use of the integrating operator, find the first integral 
of the triangular number series transformation of the function f('t) as shown in 
Fig. 27-4. This number series representation of f('t) is 


[TNST]f('t) = A('t) Y f(nA('t)) [UTPF]('t -nA('t)) + . . . (27-65) 

n = 0 

The triangular number series transformation of the integral * [TNST]f('t) d('t) 
is given by the equation 


't 


[TNST] / [TNST] f('t) d('t) = [TNST]J- * [TNST] f('t) 

0 P 


(27-66) 


Performing the cross multiplication indicated in Eq. (27-66) shows that 


[TNST] 


/ [TNST]f('t)d('t) 

0 


(A('t)) 2 Y, {«*('»))+.. . 

n = 0 


+ f((n - l)A('t)) 


+ f(n4(;t )), | [UTPF]('t - nA('t)) 


(27-67) 


The n c ^ term in Eq. (27-67) is exactly equal to the area under the number series 
transformation of f('t), between the values 't = 0 and 't = nA('t). The magnitude 
of Eq. (27-66) at 't = nA('t) is equal to 


n “ oo , 

A('t) Y [f(A('t))+- + f((n-DA('t)) + f(n ^' t)} - ] 

n = 0 

If the trapezoidal rule for the numerical evaluation of definite integrals is applied 
to the problem of evaluating Jj 1 } f('t)d('t) where f('t) is illustrated in Fig. 27-4, 
the result is: 

4m f('t)d('t) = A('t) [f(A('t)) + . . . + f((n — X)A(*t)) (27-68) 

Comparison of Eq. (27-68) with the magnitude of the n c ^ term in Eq. (27-66) shows 
that the evaluation of [TNST](l/p) x [TNST]f('t) gives the same result as obtained 
by applying the trapezoidal rule to evaluate^ 1 f('t)d('t). 

27.39. The triangular number series integrating operator [TNST] (l/p n ) when 
n = 2, 3, 4 and 5 can be derived from Eq. (27-60) by following the same procedure 
used in deriving the number series integrating operator when n = 1. If the unit func¬ 
tions [URPF]('t), [USF]('t) or [URF]('t) were used in place of [UF]('t) in Eq. (27-60), 
then the form of their number series integrating operators could be derived. It has 
been shown* that the forms of the number series integrating operators are unique 
and do not depend upon the type of unit functions used in the number series trans¬ 
formations. 

• A complete discussion of number series integration operators is presented in Madwed (52), 
Chapter I, section 6. 
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27.40. The general number series integrating operators of orders one through 
five are presented in Table 27-1. For purposes of simplicity, the operators are 
written without the unit functions [UF]('t - nA('t)). For example, [NST](1 /p ) is 


written as 


[NSTJ-L = -M't) [1 + 1] 
P 2 [1-1] 


(27-69) 


which means 


[NST]-i- = ^t) jjJF] ('t) , t [UF]('t - M't)) 

P 2 [UFJ('t) - [UF]('t - A('t)) 

Also the symbol ll - 1 ] n means the cross multiplication of |[UF]('t) - [UF]('t-A('t))j 
n times by itself. 

27.41. In order to integrate triangular number series involving [ULTP]('t-m A('t)) 
and LURTP]('t -mA('t)), it is necessary to know the operators [TNST](l/p n ) 

x [ULTP]('t -mA('t)) and [TNST](l/p n ) x [URTP]('t - m \('t)). These operators are 
derived by a method* similar to that used in deriving [NST](l/p n ). The operators 

[TNST]( 1 /p n ) X [ULTP]('t -mA('t)) and [TNST](l/p n ) x [URTP]('t -m \('t)) are 

presented in Table 27-2 for orders one through five. 

27.42. From Tables 27-1 and 27-2 it can be shown that 

[TNST]_L_ = [TNST] i x [ULTP]('t) + [TNST]^_ x [URTP]('t) (27-71) 

p n p 1 p n 


DEFINITION AND FORM OF NUMBER SERIES DIFFERENTIATING OPERATORS 

27.43. A number series differentiating operator of order n is denoted by the 
symbol [NST]p n and defined by the equation 

[NST]p n x (NST]_L x [NST]f('t) = [NST]f( t) (27-72) 

p n 

From Eq. (27-72), it can be seen that the effect of cross multiplying a number 
series [NST] f('t) by [NST] (1 / p n ) can be cancelled by cross multiplying the 
number series [NST ](1 /p n ) x [NSTjf('t) by [NST]p r ‘. This defi nition is analogous 
to the mathematical statement that 

JL f ... /Vt)(d('t)) n = f('t) (27-73) 

d('t) n 0 0 

when f('t) is continuous for values of 't greater than zero. 

27.44. It can be seen from the definition of the number series differentiating 
operator that if a number series [NST ] f('t) is cross multiplied by the number series 
integrating operator [NST]( 1 /p n ) to give [NST](l/p n ) X [NST]f('t), then the num¬ 
ber series [NST] f('») can be obtained by cross multiplying [NST](l/p n ) x [NST] f('t) 
by the number series differentiating operator. Therefore, the number series dif¬ 
ferentiating operator must be equal to the reciprocal of the number series inte¬ 
grating operator. 

• The derivation of the number scries integrating operator for unit right and left triangular 
pulses is presented in Madwed (52), Appendix 8. 
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Table 27-1. General number series integrating operators of orders one through five 


[TNST]J- 

P 


[TNST] _L _ 


[TNST] J. 

P 3 

[TNST] _L 

P 4 

[TNST] _L 


A('t) [n-i] 

2 [l-l] 

(A(-t)) * 2 [l + 4 + l] 

6 [l-l] 2 

(A('t)) 3 [1 + 11 + 11 + 1] 

24 [l-l] 3 

(A('t)) 4 [1 + 26 + 66 + 26 + l] 

120 [1 - l ] 4 

(A('t)) 5 [l + 57 + 302 + 302 + 57 + 1] 
720 [1 - l] 5 


(1) 


( 2 ) 


(3) 


(4) 


(5) 


Note: The abbreviated form used for the right-hand side of the equations in Tables 27-1 and 
27-2 is introduced for notational simplicity and should be interpreted as follows: 

[1-1]" = [UFK'O - [UF]('t - Art))] X ... X [ [UF]('t) - [UF]('t - A('t))] 

[a + . . . + a n ] = [a 0 [UF]('t) + . . . + a n [UF]('t -n A('t))] 


Table 27-2. Triangular number series integrating operators of orders one through five 

for unit right and unit left triangular pulse functions. 



[ULTPK't) 




[TNSTJ-L X 
p n 


A('t) [1] 


2 [1-1] 
(A('t)) 2 [1+2] 


6 [l-l] 2 


(A('t)) [1+8 + 3] 


24 [1 - l] 3 

(A('t)) 4 [1 + 22 + 33 + 4] 


120 [1 - l ] 4 

(A('t)) 5 [1 + 52 + 198 + 104 + 5] 


720 [1 - l] 5 


0URTP]('t) 


[TNST]-1- x 
P n 


A('t) [0 + 1] 


2 [1-1] 


(A('t)) [0+2 + 1] 


6 [l-l] 2 

(A('t)) 3 [0 + 3 + 8 + 1] 


24 [l-l] 3 

(A('t)) 4 [0 + 4 + 33 + 22 + 1] 


120 [l-l] 4 

(A('t)) 5 [0 + 5 + 104 + 198 + 52 + 1] 


720 


[l-l] 5 
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- 

fable 27-3. Number series differentiating operators of orders one through five. 

n 

[NST]p n 

i 

I + 

^^4 

2 

6 [l-l] 2 

(A('f)) 2 U+4 + 1] 

3 

24 [ 1 — 1 ] 3 

(\('t)) 3 [i + n + a +1] 

4 

►—* 

to 

O 

1 

(A('t)) 4 [1 + 26 + 66 + 26 + 1] 

5 

720 [l-l] 5 

(A('t)) 5 + 57 + 302 + 302 + 57 + 1] 

1 _ _ 

Note: The abbreviated notation used above should be interpreted as follows: 

[1 - ll n = (lUFl('t) - [UFJO - mA('t))] x ... x ( (UFl('t) - (UFirt - m \('t))] 
K + '-- +a J = [a 0 [UFJO) + . . . + a n [UFK't - nA('t))] 


27.45. By inverting the number series integrating operators listed in Table 27-1, 
the expressions for [NST]p n when n = l, 2, 3, 4, 5 are obtained. The operators 
INST] p n are listed in Table 27-3. 


COMPARISON OF FOURIER AND LAPLACE TRANSFORMS OF FUNCTIONS WITH 
THE FOURIER AND LAPLACE TRANSFORMS OF THE NUMBER SERIES 
TRANSFORMATIONS OF THESE FUNCTIONS 

27.46. In order for the number series transformation method of transforming 
a function to be valid, it is necessary that the Fourier and Laplace transforms of 
the number series transformation of the function be a good approximation to the 
Fourier and Laplace transforms of the function. As an illustration of the fact that 
this requirement is satisfied, consider the number scries 


[NSTjf('t) = ]T 

n = 


g (nA('t)) [UF]('t -n A('t)) 


(27-74) 


The Fourier transform of [NST ] f('t) is denoted by the symbol [FT] ![NST]f('t)j and 
is expressed by the relationship 
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(27-75) 


n= oo 


[FT] i[NST]f('t)l = ^ g(nA('t)) [FT]?[UFJ('t-nA('t))} 


n= -oo 


From Fourier transform theory, 

[FT] ] [UF]('t - nA('t))| = e -J«n4('t) [ FT ] { [UF]('t)} (27-76) 

Therefore, substituting Eq. (27-76) into Eq.- (27-75) and multiplying the right-hand 
side of Eq. (27-76) by A('t)/A('t), gives 

[FT] j [NST]f('t)i = V g(nA('t))«-J“"4('«) [FT] j[UF](T)j A l/t) (27 . 77) 

nti A('t) 

The fundamental unit functions [UF]('t) has areas equal to unity and resembles a 
pulse centered at 't = 0. Therefore, as A('t) approaches d('t), the quantity 
[FT] \ [UF]('t)i approaches unity. Also, as A('t) approaches d('t) the quantity 
g(nA('t))/A('t) approaches f( n A('t)). Therefore, as A('t) approaches d('t), Eq. (27-77) 
can be written as 

[FT] i[NST]f('t)i = /f('t) € -^('*>d('t) (27-78) 

The right-hand side of Eq. (27-78) is the definition of the Fourier transform [FT]f('t). 
Therefore, if A('t) is very small 

[FT]f('t) = [FT]([NST]f('t)) (27-79) 

27.47. In a similar manner, it can be shown that the Laplace transform of 
[NST] f ('t) can be written as 


[LT] i[NST]f('t)i = £ g(nA('t))« - s "A('t) [LT] i[ A U ff' t)! A(T) 


n = 0 


(27-80) 


and in the limit as A('t) approaches d('t), 


OO 


[LT] ! [NST]f('t)i = / f('t) € -('t) d( ' t) 

= [LT ] f('t) 


(27-81) 


GENERATING NUMBER SERIES 

27.48. Consider the triangular number series transformation of the function 

| 0 when 't < 0 

That is, n =oo 

[TNST]f('t) = [UTPF]('» - nA('t)) - [ULTP]('f) (27-83) 


when 't ^0 


(27-82) 


n = 0 


Using the correspondence between polynomials and number series,* the polynomial 
corresponding to the number series, 

• The correspondence between polynomials and number series is presented in connection with 
with the previous discussion of cross multiplication and cross division. 


784 



n= oo 


[UTPF]('t - nA('t)) 


can be written as 


n = 0 


n= oo 


E (•»" 


n = 0 


This polynomial can be generated by the fraction 1/(1 -'t). Therefore, the number 


series 


n = oc 


£ [UTPF]('t - nA('t)) 


n = 0 


can be generated by the number series [UTPFj('t)/ 5 [UTPF]('t) - [UTPF]('t - 

27.49. If the notation [GTNS]f('t) is introduced to denote the triangular pulse 
lunction generating number series of [TNST]f('t), then 

[GTNS]f( t) = ”[0fPF]('t) - U [UTPF]('t - A('t)) " tULTP]( ' ,) (27-84) 

In practical problems, it is more convenient to use generating functions of infinite 
number series instead of the infinite number series itself for obvious reasons. 

27.50. By using the correspondence between number series and power series, 
it is possible to convert power series to generating number series. In addition, the 
following rules are useful in writing generating number series [GNS]f('t): 

Rule 1 

[GNS](f,('») + f 2 ('t) + ...) = LGNS]f,('t) + [GNS]f 2 ('t) + . . . (27-85) 

Rule II 

[NST]f,('t) + ■ ■ ■ + [NST]f n (' Q _ [GNS]f,('t) +. . . + [GNS]f„('t) 

[NST]f (n+ ,)('t) + . . . + [NST]f m ('t) “ [GNS]f (n+ ,,('») +. . . + [GNSJU'O 

Rule 111 (27-86) 

[GNS] !Cf('t)j = C [GNSjf('t) ( 27-87) 

where C is a constant. 

27.51. A few of the generating triangular number series of the more common 
functions used in engineering are listed in Table 27-4. A more complete set of tri¬ 
angular pulse function generating functions is given in Table 1-2 of Madwed.< 52 ) 

27.52. Table 27-5 lists the generating rectangular pulse number series of some 
of the more common functions used in engineering. A more complete set of generat¬ 
ing rectangular number series is presented in Table I-l of Madwed.( 52 > 

LAPLACE TRANSFORM OF NUMBER SERIES* 

27.53. The number series transformation of a function f('t) can be written in the 

form 

It is assumed in the presentation of the material in this section that the reader has a working 
knowledge of the theory and application of the Laplace transform. For a discussion of Laplace trans- 
form theory, see Chapter 16. 
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Table 27-4. Generating triangular pulse number series of the function f ('t) 


Row f('t) when 't > 0 


Unit step 


('t)‘ 


a( t) 


a( 4) sin w('t) 


6 € a ( U cos w('t) 



'»c ar,) 


[GTNS] H't) 
M't) 


j~ - [ULTP]('t) 

A('t) [o + l] 

[l - IF 

(A('t ) 2 [o + i + i] 

[l-iF 


[1] 

[l-C a4( ' ,! ] 


- [ULTP]('t) 


[o +t °4('» sin wA (> t )] 

[l - 2c aA l'V cos wA('t) +t 2a4 ('t)] 

_ [l -€ q ^ ( cos wA(^t)] 

[l -2€ a4( ' 4) cos wA('t) + «2a4('t)] 

[0-f A('t)C a4r,) l 

[i - c aA< ,) ] 2 


- [ULTP] ('t) 


Note: The abbreviated notation used above should be interpreted as follows: 

K + • • • + = [°„ [UTPF]('t) + . . . + a n [UTPF]('t 


-nA('t))] 


K + a i3 


= K + a il x (°o + a i] 


n= oo 


X °n LUF]('t - nA('t)) 

[NST]f('t) _ 


n = oo 


(27-88) 


b n [UF]('t-nA('t)) 


n = 0 


If f('t) has a Laplace transform, then the Laplace transform of [NST]f('t) can be 


written as 


n=oo 


X* O n C snJ l'" 

[LT] { [NST] f('t)i = -[LT] \ [UF]('t)j (27-89) 


n*= oo 


X b „ e ' 3n/1< ' , 


n = 0 


Equation (27-89) can be shown to be true by comparing the expanded form of 
Eq. (27-89) with the Laplace transform of the expanded form of Eq. (27-88). 
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Table 27-5. Generating rectangular pulse number series of the function f('t) 


Row f( t) when > 0 


[GRNS] 1Q1 
A('») 


unit step or constant 


2 't 


Art) [i + i] 


('t) 


(A('t)) 2 [1+4 + 1] 


a('t) 


) [i 


a Art) inC 


€ a( sin w('t) 


6 a * ^cos vv('t) 



't c° ( *’ 


M'O 

whe 


) fl - 2 €a4( cos wA('t) - € 2a4('t)] 

^ sin wA('t)-w[ { ^('» cos wA('t) - 1 ] 
[ ' () sin wA('t) + we a4( ''l _ cos w 


A('t)(a 2 + w 2 ) [l - 2c a4( «> cos wA('t) 


here 

A = a ( € a ^ (/ 0 cos w A('t) - 1) + W€ a4 

B = a€ a ^'*>(cos wA('t)- wrf^rt) sin w 

fi-d-A) c o4,/ ”] 

_B _ 

A('t)[l-C a4r0 ] 2 


Note: The abbreviated notation used above should be interpreted as follow 

[a 0 + . . . + aj = [o q [URPF]('t) + ... + a n fURPF] 


(a. + a,] 


= [o + a,] x [a 0 + a,] 










27.54. Very little is to be gained by using the Laplace transform in conjunc¬ 
tion with the number series transformation method of solving integro-differential 
equations. The important use of the Laplace transform for the number series method 
is in the determination of the performance function of linear constant-coefficient 
physical systems as is shown in Madwed/ 52 ) Chapter X, section 2. 


B. APPLICATIONS OF THE NUMBER SERIES METHOD 


27.55. In Part A, the philosophy and mathematical techniques of the number 
series transformation method have been presented. In Part B, the number series 
transformation method is applied to linear and nonlinear integro-differential equa¬ 
tions, and to sets of linear and nonlinear integro-differential equations. 


LINEAR CONSTANT-COEFFICIENT INTEGRO-DIFFERENTIAL EQUATIONS 

27.56. The general number series transformation method of solving linear 
constant-coefficient integro-differential equations can be clearly demonstrated by 
solving the first-order differential equation 

o dv 


where 


d('t) 


+ a 0 v = a 0 u 


(27-90) 


v = dependent variable 

v(0) = value of the dependent variable v at 't = 0 

u = independent variable with only one discontinuity, namely at 't = 0 
u(0) = value of u at 't = 0 

Integration of both sides of Eq. (27-90) with respect to 't from the limits 't = 0 to 
't = 't gives 't \ 

°i v +°o / V( K'0 = a 0 / ud (' f ) + a , v(0) (27-91) 

o o 

where v(0) can be considered as a step of magnitude v(0). Before Eq. (27-91) can 
be solved by the number series method, it is necessary that the functions v and u 
be transformable into number series. For all functions of practical interest, this 
condition is satisfied. 

27.57. Substitution of the number series transformation of u and v into Eq. (27-91) 
gives ' t ' t 

°i [NST]v + a 0 / [NST]vd('t) = a Q / [NST]ud('t) + a, [NST]v(0) (27-92) 

o o 

or, with the definition of the number series integrating operator given byEq. (27-70), 

a, LNST]y + Q 0 [NSTjJ-x [NST]v = a 0 [NST]_L x [NST]u + a, [NST] v<o> (27 . 93) 

At this point, it is necessary to choose a type of number series to express [NSTjv 
and [NST]u. It is found convenient in practical examples to use the triangular type 
of number series because the pulse strength of the n c ^ term in the series [TNST]f('t) 
is equal to A('t) times the magnitude of f('t) at 't = nA('t). Therefore, 
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[TNST] V = A('») J2 v(nA('t)) [UTPF]('t -nA('t)) - A('») v(0) [ULTP]('t) 

n=0 (27-94) 


n= oo 


[TNST]u = A('t)) u(nA('t))[UTPF]('t-nA('t)) - A('t)u(0) [ULTP]('t) 


n = 0 


(27-95) 


In order to simplify the analysis, let u n and v n equal A('t) u(nA('t))[UTPF]('t-n A('t)) 
and A('t) v(n A('t)) [UTPFj('t-n A('t)), respectively. 

27.58. Substituting the number series integrating operators [TNST](l/p) and 
[TNST](l/p) x [ULTP]('t) and the generating triangular pulse number series for a 
unit step into Eq. (27-93) gives 


a i (v 0 + • • • + v n + . . . ] + a Q _ 


\('t) [i + i] 
2 [ 1 - 1 ] 


x [v Q + . . . + v n + . . . ] 


a, * - 1 —’ -■ 1 ^ x [u 0 + . . . + u n + . . . J + A( / t)o 1 v(0) ^ + 


2 [1-1] 


[1 - 1 ] 


+ a n A('t) (v(0) - u(0)) (27-96) 


[1 - 1 ] 


Solving Eq. (27-96) for [v Q + ... + v n + . . . ] gives 

A('t) [1 + 1] 


[v 0 + ... + v n + . . . ] = 


L a 0 


2 [1-1] 


+ 0 + . • • 


+ M'O [i + i] 
2 [1-1] 


x [U Q + . . 


+ U n + 


•••] 


A('t)/— v(0) + 2:^2) (v(0) - u(0))lil±^l 
1 a o 2 / [1 - 1] 


A_ 

_ a o 


+ 0 + . . • 


+ A ('t) [l+ll 
2 [ 1 - 1 ] 


(27-97) 


Simplifying Eq. (27-97) by cross multiplying numerators and denominators by [l - l] 
gives 

1] 


v('t) - [TNST]- 1 1A ip 


B] 


[u o + ... + u„ + . . . ] 

+ V 11 + 0] _ A .\('t) u(0) [ 1 + 0] 


[l -B] 


[l - B] 


} 


(27-98) 


where 


A = 


1 


; B 


2a 


A('t) o 


+ 1 


1 - A('t) 

20 » 

1 +_^_ A('t) 
2 a, 


(27-99 );(27-100) 
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Equation (27-98) is the number series solution of the first-order linear constant- 
coefficient differential equation given as Eq. (27-90). If [TNSTju = [UTPF]('t-nA('t)) 
and v(0) = 0, then the cross product of A [l + l]/[l - B] x [TNSTju would be the 
solution of Eq. (27-90) to a unit function located at ('t-nA('t)). From the shift 
theorem given by Eq. (27-45), this cross product means the shift to the right of 
nA('t) units for the number series A[l + 1 ]/ [l - B]. Therefore, the number series 
A[l + 1 ]/ [l - B] is the solution of Eq. (27-90) for a unit function at 't = 0. The 
term v Q [l + 0]/ [l - B] in Eq. (27-98) is the solution of Eq. (27-90) for u('t) = 0 
and the initial condition v('t) = v(0) at 't = 0. The remaining term of Eq. (27-98), 
namely - \ [AA('t) U(0)[l + 0]/ [l - B]J is an integration correction term for the case 
when u('t) has an initial value, and comes from the integration [TNST](l/p) 

X u 0 [ULTP]('t). 

27.59. It is of interest to note the similarity between the number series trans¬ 
formation method and the Laplace transformation method. From Laplace theory, the 
solution of Eq. (27-90) is 




1 

T A + 1 


[LT]u('t) + Tiffill 

T A + 1 ) 


(27-101) 


where 



(27-102) 


The term [LT] fl/(T A + l)i is the unit impulse response of Eq. (27-90). The 
term [LT] IT v(0)/(T A + l) ) is the solution of Eq. (27-90) for v('t) = v(0) at 't = 0. 
Comparison of Eqs. (27-98) and (27-101) shows that the response v('t) to a given 
input u('t) is obtained by taking the inverse transformation of the operational pro¬ 
duct of the transformation of the input u('t) and the transformation of the solution 
of Eq. (27-90) to a unit function form of u('t). In the Laplace method, the unit func¬ 
tion is a unit impulse. In the number series method, the unit function form is the 
unit function used in the number series transformation. 

27.60. When the Laplace method is used to solve linear constant-coefficient 
integro-differential equations, the Laplace transformation of the equation solution 
is usually found in the form 


[LT] v 


where 


5 s 27 ’fk ^ 

k=-s _ 

1= n 

57 yi * 1 

i=-r 


[LT]u - [ICF] (UiV) (A) 


(27-103) 


A = nondimensional Laplace transform variable 


* The derivation of this equation is presented in Derivation Summary 16-2. 
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OCF] (u . y) 



Laplace transform of the independent variable — dependent 
variable initial condition function 


y l - coefficients of the dependent variable terms in the standard- 
form linear integro-differential equation 

7k = coefficients of the independent variable terms in the standard- 
form linear integro-differential equation 

By partial fraction expansion, the polynomial fraction in Eq. (27-103) can be ex¬ 
panded into elementary types of polynomial fractions. Then,by reference to stan¬ 
dard tables of Laplace transformations,^ inverse transform of these fractions 
can be written. The sum of these inverse transforms is the solution v('t). 

27.61. When the number series transformation method is used to solve linear 

constant-coefficient integro-differential equations, the solution is usually found in 
the form k= m 

Y, d JUFJ('» - kA('t)) 

[NST]v = -- x [NSTJu + [ICNS] ( 27 - 104 ) 

£ c. [UF]('t- iA('t)) 

1 = 0 

where 

[ICNS] = an initial condition number series 

Cj = constants that are functions of A('t) and the coefficients of the de¬ 
pendent variable terms in the integro-differential equation 

d k = constants that are functions of A('t) and the coefficients of the in¬ 
dependent variable terms in the integro-differential equation 
Then, by partial fraction techniques, [NST]v can be expanded into elementary 
forms* that can be associated with various functions by tables similar to those 
presented in Tables 27-4 and 27-5. The sum of these functions then would give the 
solution of the integro-differential equation. This method involves the factoring 
of the denominator in Eq. (27-104), which offers difficulty in higher order problems. 

27.62. If it is desired to obtain numerical results for a problem, it is not nec¬ 
essary to follow the aforementioned method to obtain v('t) from Eq. (27-104). All 
that is necessary is to carry out the cross division, cross multiplication and addi¬ 
tion operations indicated in the equation. When this is done, the number series so¬ 
lution of the integro-differential equation is 


[NST]v = ^2 g(n \('t)) [U F]('t - nA('t)) 

n = 0 


(27-105) 


The inverse transformation of [NST]v gives digital information that specifies v('t). 
Thus, the number series transformation method reduces the solution of linear 




A method of factoring number series is presented in Madwed 


(52), Chapter IV, section 3, part B. 
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constant-coefficient integro-differential equations to the simple numerical opera¬ 
tions of addition, subtraction, multiplication, and division of real numbers. 

27.63. Before this method can be used to solve a problem, it is necessary to 
choose a value for A('t). The upper limit on A('t), denoted as [A('t)]( max j, is the 
smallest value that will permit an accurate number series transformation of the in¬ 
dependent variable u('t) in the particular integro-differential equation under con¬ 
sideration. As noted previously, when A('t) approaches zero, the number series 
method becomes as accurate as the analytical methods. Hence, A('t) must lie be¬ 
tween [A('t)] (mtix ) and some small number very close to zero. From experience, it 
has been found that if the characteristic equation of a differential equation is 

a A n + . . . + 1 = 0 (27-106) 

n 

then very good accuracy results if 

A('t) «-La*' n (27-107) 

Therefore, in any given problem, A('t) should be equal to (l/5)a,i /n or [A('t)]^ max j, 
whichever is lower.* 

27.64. To demonstrate these ideas, consider the number series solution of 
Eq. (27-91) for the conditions 

= 1 ; u('t) = { i ’ 'I > 0 1 V(0) = ° (27-108) 


From Eq. (27-107), A('t) = 0.2 for these conditions. Substituting these quantities 
into Eq. (27-98) gives 

[TNST] v('t) = 0.0909 A('t) /- LLjLJJ -x[l + l+ ... + l+ ...] - LUlOJ -1 

l[l - 0.8182] [1 - 0.8182]/ 


From Table 27-4, 

[1 + 1 + ...+ 1 +...] = — + 

[1 - 1 ] 


Therefore, 


[TNST]v('t) = 0.0909 A('t) 


_ [0 + 2 ) _ 

[1 - 0.8182] x [1 - 1] 


(27-109) 

(27-110) 


(27-111) 


At this point, Eq. (27-111) can be expanded into partial fractions by writing the 
number series [a Q + Oj + ... + a n ] as [a Q y n + a 1 y^ n l) + • • • + a n T Hence, 
0.0909 A('t)l[0 + 2 ]/[ 1 - 0.8182] x [l - l]} is written as 

0.0909 A('t) l2y/(y - 0.8182)(y - 1)1** and expanded into partial fractions as 
A('t){y/(y - 1) - y/(y - 0.8182)1. Converting back to the number series form gives 

[TNST]v('t) = A('t) /Ii-iJLL -U_L0]_| (27-112) 

l [1 - 1] [1 - 0.8182]/ 


• This specification on A(^t) should serve only as a guide; it is not foolproof. 

•• For a discussion on the expansion of polynomials of this type into partial fractions, 

Gardner and Barnes (30), Chapter VI. 
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Table 27-4 shows that the terms on the right-hand side of Eq. ( 27-1 12 ) are a unit 
step function and an exponential; therefore, 

v = [TNST] 1 [TNST] v('t) = i -e - 1• °° 3 ( t ) ( 27 - 113 ) 

The analytical solution of Eq. (27-90) for this problem is 

v('t) = 1 - € -K t) (27-114) 

If a larger value of A('t) were chosen, for example, 't = 0.4, the number series so¬ 
lution would be 


v('t) = 1 - € ' 1 -° 13( " n (27-115) 

Comparison of the number series solutions to the problem with the analytic solu¬ 
tion demonstrates the excellent accuracy possible with the number series trans¬ 
formation method. In both cases (A('t) = 0.2 and 0.4), the form of the number series 
solution is correct. In the case of A('t) = 0.2, the time constant of the equation is 
0.997, which is in error by 0.3 percent. When A('t) is doubled to give A('t) = 0.4, 
the time constant is 0.9865, which is in error by 1 .35 percent. 

27.65. In this problem, the numerical values of v('t) at A('t) increments can be 
obtained directly without resorting to a partial fraction expansion and transform 
tables. To illustrate this method, consider Eq. (27-111) when A('t) = 0.2. After 
simplification of the denominator, this equation can be written as 

[TNST]v('t) = (0.2 )[0 +• 0.18181 (27-116) 

[1 - 1.8182 + 0.8182] 

When the number series [0 + 0.1818] is cross divided by [l - 1.8182 - 0.8182], 

Eq. (27-116) becomes 

[TNST] v('t) 


= 0.2(0 + 0.182 + 0.330 + 0.452 + 0.55 1 + 0.632 + 0.700 + . . . + 1 + . . . ] 
Therefore, the value of v('t) at 't = nA('t) is the (n + l) st term in the number series 
divided by A('t) = 0.2. When A('t) = 0.4, 

[TNST] v('t) = 0.4(0 + 0.334 + 0.556 + 0.705 + . . . + 1 + . . . ] (27-117) 


27.66. A comparison of the three solutions in tabular form shows that: 


't 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

• • • 

OO 

Exact 

0 

0.181 

0.330 

0.451 

0.551 

0.632 

0.699 

• • • 

1 

Number series 
when A('t) = 0.2 

0 

0.182 

0.330 

0.452 

0.552 

0.633 

0.700 

• • • 

1 

Number series 
when A('t) = 0.4 

0 

— 

0.333 

— 

0.556 


t ■ 

0.704 

• • • 

1 


This example serves to demonstrate the general techniques of applying the number 
series transformation method to the solution of linear constant-coefficient integro- 
differential equations. 

27.67. A formal summary of the number series transformation method for the 
solution of the linear constant-coefficient integro-differential equation 
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'a n TjL +. . . + 'a, 

d('tf 


't 't 


d('t) 


+ a„v + 


'»i / vd('t) + ... + 'a. r / ■• ■/ vd('t)T 


= b s / • • • / ud('tf + ... + 'b , f ud('t) + b 0 u 


+ 'b, -d" -.+ ...+ 'b 

d('t) m d('t) r 


(27-118) 


is as follows: 


1 ) Integrate the equation with respect to 't between the limits 't = 0 and 

't = 't n times, where n is the order of the highest derivative. By doing so, 
the initial conditions are introduced and the equation is in integral form 
ready for transformation into number series form. 

2) Take the number series transformation of the integral equation resulting 
from step 1 by using the basic ideas presented in this chapter. After sim¬ 
plification, this step gives 


[NST]v 

The term 


J2 d k [UF]('t - kA('t)) 

± =- ° - -- x [NST]u + [ICNS] 

£ Cl [UF]('t - iA('t)) 

1 = 0 

k = m 

X) d k [UF]('t - kA('t)) 

k = 0 


(27-119) 


^ c, [UF]('t -iA('t)) 

1=0 

is the number series solution of Eq. (27-118) when the initial conditions 
are all zero and u('t) = [UF]('t). The term [NST]u is the number series 
transformation of the forcing function u('t) with no correction made for the 
initial value of u('t). This number series can be written in abbreviated form 
by using Table 27-4 or can be written from a plotted curve of u('t). The 
term [ICNS] is the number series solution of Eq. (27-118) due to a given 
set of initial conditions. 

3 ) Simplify the result of step 2 by performing the indicated number series 

operations of addition, subtraction, cross multiplication, and cross division. 
These operations involve only the simple mathematical operations of addi¬ 
tion, subtraction, multiplication, and division of real numbers. The result 
of this step is n= ° ° 

[NST] v = ^ g(nA('t)) [UF]('t — nA('t)) (27-120) 

n = 0 
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4) Take the inverse number series transformation of [NST]v. If the triangular 
pulse function number series are used, the inverse transformation merely 
means recording the values g(nA('t)) divided by A('t), which are the values of 
the number series solution of v('t) at A('t) increments. If unit rectangular 
pulse function or step function number series are used, [NST]v is plotted 
and a smooth curve is faired according to the ideas presented in Fig. 27-4 
for taking the rectangular pulse function or step function number series. If 
ramp function number series are used, the value of the number series so¬ 
lution of v at 't = mA('t) is equal to 

n= m 

Y g(nA('t)) 

n = 0 


UNIT FUNCTION RESPONSE FUNCTION 

27.68. In the presentation of the number series transformation method of solv¬ 

ing linear constant-coefficient integro-differential equations, it has been shown 
that k= m 

Y d k [UF]('t - kA('t)) 

[NST]v -Js=» -X [NST]u + [ICNSJ (27-ni) 

i = m 

Y [UF]('t - iA('t)) 

1 = 0 

It is apparent that the number series solution [NST]v of a linear constant- 
coefficient integro-differential equation has two parts. The first part is a function 
of the integro-differential equation and the forcing function u. The second part is 
a function of the integro-differential equation and the initial condition of v and u. 

27.69. Consider the solution of Eq. (27-121) when the initial condition number 
series [ICNS] is equal to zero and the independent variable u is equal to a unit 
function [UF]('t); i.e., 


Y d k [UF]('t - kA('t)) 

[NST]v = - 

Y c, [UF]('t - iA('t)) 

1=0 


Y d * [UF]('» -kA('t)) 

[UF]('t) - 

i= n 

Y c, [UF]('t - iA('t)) 

i=o (27-122) 


This solution is unique because i: depends only on the integro-differential equa¬ 
tion. The solution of the integro-differential equation for any forcing function u 
can be obtained easily by cross multiplying this unique solution by the number 
series transformation of u. 

27.70. Because of its uniqueness and usefulness, this special solution of 
Eq. (27-121) is called the unit function response function and is denoted by the 
notation [UFRF]('t). Therefore, 
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( 27 - 123 ) 


k= m 

X d fc [UF]('t - kA('t)) 

[UFRF]('t) = ±=° _ 

i= n 

Cl [UF]('t - iA('t)) 

i = 0 

The unit function response function corresponds to the relating function and weight¬ 
ing function, which are defined and discussed in Chapter 17 in connection with the 
classical and Laplace transform methods of solving integro-differential equations. 

If the Laplace transformation of [UFRF]('t) is taken, it can be shown that 
[LT] [UFRF]('t) is a good approximation to the transfer function discussed in 
Chapter 17. This fact is the basis of a method presented by Madwed* for determin¬ 
ing the transfer function of linear constant-coefficient systems from test data. 

27.71. If the integro-differential equation is linear but has variable coefficients, 
it is possible to specify a unit function response function, but the function is not 
unique. It is necessary to specify the unit function response for unit functions lo¬ 
cated at 't = mA('t) when m = 0, . . . , n; that is, [UFRF]('t - mA('t)). When a given 
equation is solved for [UFRF]('t - mA('t)), the solution of the equation to almost 
any forcing function u can be determined in the following manner. First, the forcing 
function u is transformed into a number series [NST]u that is equal to 

n= oo ^ 

9(nA('t)) [UF]('t - nA('t)) 

n = 0 

Then, by application of the principle of superposition, the solution of the equation 

is n = oo 

g(nA('t)) [UFRF]('t -nA('t)) 

n = 0 

NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 

27.72. The solution of nonlinear integro-differential equations by the number 
series method parallels in many ways the number series solution of linear constant- 
coefficient integro-differential equations. To illustrate the development of number 
series solutions of nonlinear integro-differential equations, consider the equation 

°>^7T7 + °o( v ) = U (' f ) (27-124) 

d('t) 

where 

v(0) = value of the dependent variable v at 't = 0 

u('t) = independent variable with only one discontinuity; namely, at 't = 0 

u(0) = value of u('t) at 't = 0 

Oj (v) and a 0 (v) are given functions of v 

• See Madwed (52), Chapter IV, section 2. 
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27.73. Integration of both sides of Eq. (27-124) with respect to 't from th 
limits 't = 0 to 't = 't gives 


where 


E(v) + / a 0 ( v )d('t) = /’ u('t) + [E(v)J 

o 0 

E(v) = / a (v)dv 


(27-125) 


(27-126) 


[E(v)] ( ' t = 0) (= E( v) when 't = 0) is considered as a step function 
If Eq. (27-124) has a solution, then v, a Q (v), and E(v) can be expressed as func¬ 
tions of the running variable 't. Therefore, a Q (v) and E(v) can be transformed to a 
number series. Substituting the number series forms of u('t), a. (v), and E(v) into 
Eq. (27-125) gives 

[NST] E(v) + / [NST] a 0 (v)d('t) = f [NST] u d('t) + [NST] [E(v)] ( - t=0| 

° ° (27-127) 

By using the number series integrating operator given by Eq. (27-70), 

[NST]E(v) + [NST]i x [NST]a 0 (v) = [NST]^ 


+ [NST]o„(») = [NST] i; x [NST]u + [NST] [E(v)] r , =0) 


If, for illustrative purposes, the number series is expressed in terms of the unit 
triangular pulse function, then 

[TNST]E(v) = A('t) V [E(v)],' t _ n/ j )) [UTPF]('t - nA('t)) 


n = 0 


- A('f)[E(v)] rt=0 ,[ULTP]('t) 


(27-129) 


n= oo 


[TNST]a 0 (v) = A('r) Y, M v )],W,'.,,[UTPF]('t-„A('t)) 


n = 0 


- A('t) [a 0 (v)] ( ' t=0) [ULTP]('t) 


(27-130) 


n= oo 


[TNST]u = A('t) Y u(nA('t))[UTPF]('f-nA('t)) - A('t)u(0) [ULTP]('t) 

(27-131) 


n = 0 


[TNST] [E(v)] ( - t _ 0) = A('t) [E(v)],' t=0 , 


[UTPFK't) 


[UTPF]('t) - [UTPFJC't - A('t)) 

- A('t)[E(y)] ( . (=0) [ULTP]('t) (27-132) 

27.74. For simplicity, the following notation is adopted: 

u n = A('t)u(nA('0) [UTPF]('t - nA('t)) (27-133) 

a o(v n ) = A('t) [a 0 (v)] ( ' t=nZ j ( ' t)) [UTPF]('t -nA('t)) (27-134) 

E(v n ) - A('t) [E(v)] ( ' t , n4( ' t)) [UTPF]('t - nA('t)) (27-135) 


Substitution of the number series integrating operator into Eq. (27-128) gives 
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X 



• • +. E(v n )] 

A('t) [i+l] 

2 [1 - l] 


A('t) [1 + 1] 
2 [ 1 - 1 ] 



[°o K) + • . . + a Q (v n )] 

uj + A('t) [E(v)] rt _ 0) 

1 0) [1 - 1 ] 


MU)' { [a 0 (v)] ( - t=0) _ u(0)| 

2 [1 - l] 


(27-136) 


Cross multiplying Eq. (27-136) by [l - l] and equating terms at 't = nA('t) gives 

i E(v) + a 0 (v)i 

l 2 ; 


( t=nA ( t)) 


. A('t) 


(27-137) 


[°n + U (n-1)] + { E(v) “ °o( V )} 

1 Vt=(n-lM('t)) 

27.75. Equation (27-137) is called the regression equation corresponding to 
the nonlinear differential equation given as Eq. (27-124). The regression equation 
relates the value of v at 't = nA('t) to known quantities and values of v at 
't = (n - l)A('t). By defining 

qj(v) = E(v) + a Q (v) 


q 2 (v) = E(v) - AQl a Q (v) 

U(n) = Mll[u n + U (n _ n ] 

2 


(27-138) 


(27-139) 


(27-140) 


Eq. (27-137) can be written as 

[q 1 (v)] ( ' t=n ^ ( ' t)) = U(n) + [^ 2 ( v )J('t=(n-i)d('t)) (27-141) 

To solve Eq. (27-141), it is necessary to plot q j (v) and q 2 (v) as functions of v and 
to tabulate the values of U(n). 

27.76. Assume that v(0) to v(n-l) have been determined. From the plot of 
q 2 (v) as a function of v the value of [q 2 ( v )]('t=(n-i)A ('t)) can be f° u nd. Then, by ad¬ 
ding U(n) and [q 2 (v)] ( ' t=(n _ l)A ( ' t)) , the value Lq^v)] ( - t=n ^ ( ' t)) is determined. By 
referring to the plot of q,(v) as a function of v, v(n) can be determined. By repeating 
this process, all values of v(n) from n = 0 to n = «> can be determined for any type of 
u('t). 

27.77. Completely graphical techniques developed for solving regression equa¬ 
tions that are derived by the number series method from nonlinear differential equa¬ 
tions, for any set of initial conditions and any type of forcing function u('t), are 
presented by Madwed/52) 

27.78. The nonlinear differential equation 

_dv_ + 2V 2 = u('t) (27-142) 

d('t) 

is solved in the following paragraphs in order to demonstrate the number series meth¬ 
od. By comparing Eqs. (27-142) and (27-124), it is apparent that 
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( 27 - 143 ) 


a j(v) = 1 

a 0 (v) = 2 v 2 



Substituting these identities into Eq. (27-128) gives 

[NST]v + [NST] 1 x [NST] 2 v 2 = [NSTji- x [NST]u + [NSTjv(O) (27-144) 

as the number series transformation form of Eq. (27-142). By using the steps out¬ 
lined previously for solving Eq. (27-124), the regression equation corresponding to 
Eq. (27-144)is 


[v + A('t)v 2 ],. t=n4r ,„ = [u n + U (n . u ] + [v - A('t)v 2 ] rt=(n . lMr , 


27.79. Consider the special case of Eq. (27-142) when 


)) 

(27-145) 


v = 0 at 't = 0 


u('t) = step of magnitude 2 
A('t) = 0.1 

For this case, the regression equation becomes 

[v + 0 . 1 v*]rt_ 4 rt)) = 0.2 + [v- 0 . 1 v’] r ,. (n . lMrt „ 

The exact solution of Eq. (27-142) for this case is 

v = tanh 2('t) 


(27-146) 

(27-147) 


Solving the regression equation for v(n) and the analytical solution for v(n) gives 


1 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

• • • 

oc 

Number 

Series 

v('t) 

0 

0.196 

0.378 

0.535 

0.662 

0.761 

0.834 

0.885 

0.922 

0.947 

1 

0.964 

• • • 

1 

Exact 

v('t) 

0 

0.197 

0.380 

0.537 

0.664 

0.762 

0.834 

0.885 

0.922 

0.947 

0.964 

• • • 

1 


27.80. If A('t) is doubled, the regression equation becomes 


[v + 0.2 v 2 ] ( ' t=n4( ' t)) - 0.4 + [v - 0.2v 2 ] ( ' t=(n _i M( , t)) (27-148) 

Comparing the solution of Eq. (27-148) with the analytical solution gives 


't 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

* • • 

OC 

Number Series 
Solution v('t) when 
A('t) = 0.2 

0 

0.372 

0.657 

0.832 

0.923 

0.965 

• • • 

1 

Exact v('t) 

0 

0.380 

0.664 

0.834 

0.922 

0.964 

• • • 

1 


799 






























This example demonstrates the practical accuracy that can be obtained in the so¬ 
lution of nonlinear differential equations by the number series method. 

27.81. The extension of these ideas to the number series solution of the n £ b- 

order nonlinear integro-differential equation 

2 . 't 


d v +... + 'a ————«■ + 'o L (v) + 'a (v)v + f 'a (v)d('t) + 

n d('t) n 2 d('t ) 2 d('t) { 


• • • 


+ / • • • / 'a_ r (v)d('t) r 


= b_. / 

0 


t 


f ud('t) s + . . . + b_j f ud('t) + b 0 u 


o 


+ 'b. + . . . + 'b m AjL 

d('t) d('t) r 


(27-149) 


can be summarized as follows: 

1) Integrate the equation n times with respect to 't, between the limits 't = 0 
and 't = 't, where n is the order of the highest derivative. This operation 
introduces terms to account for initial conditions and converts Eq. (27-149) 
to an integral equation that can be transformed into a number series form. 

2) Convert the integral equation resulting from step 1 to a number series equa¬ 
tion by using the principles of number series transformation and operations 
presented in this chapter. In order to accomplish this transformation, it is 
necessary to assume that the integro-differential equation has a solution 
that can be transformed into a number series form. Based on this assump¬ 
tion, it is possible to assume that the nonlinear terms can be expressed as 
functions of the running variable 't and therefore can be written as a num¬ 
ber series. 

3) Determine the regression equation corresponding to the number series equa¬ 
tion resulting from step 2. The regression equation is derived by first cross 
multiplying the number series equation by a number series so that all the 

denominator terms are cancelled, and then equating the coefficients of 
[UF](n A('t)) on the right- and left-hand sides of the equation. This regres¬ 
sion equation can be written as 


k = n+r 

fok( V )Vt = (m-kM('t)) 

k = 0 


[FIC] ( ' t=m d ( ' t)) + (U) ( ' t =md('t)) 


(27-150) 


where 


n = highest order derivative of v in Eq. (27-149) 

r = highest order integral of V in Eq. (27-149) 

q k (v) = functions of the dependent variable V and constants, one 
of the constants being A('t). When '» < 0, these functions 
are zero because v = 0 when < 0. 
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FIC = function of the initial conditions of Eq. (27-149) and con¬ 
stants, one of the constants being A('t). This function 
only has values when 0 < ^ (n + l).\('t) 

U = function of independent variable or forcing function u and 

A('f) 

[ Vt=m4('t)) = value of the function enclosed in the brackets at 't = mA('t) 

4) Solve the regression equation, Eq. (27-150), in order to determine v(m) 
when m = 1 through To accomplish this, plot q k (v) as a function of v 
for k = 0, . . . , n + 1, . . . and tabulate the values of FIC and U for '\ = 0, 

\( t), . . . , (n + 1) \('t). Assume that the solution has been found up to 
't = (m - l)A('t); therefore, the values of v(m - 1 ), v(m - 2), . . . , v(0) are 
known. From the plots of q k (v) as a function of v, the summation 

k = n+r 

2 tak( V )Vt = (m-k )A('t)) 

k= 1 

can be evaluated. The regression equation states that 

k = n+r 

[q 0 ( v )] ( ' t=m/1 1 -,,) = [(Fic) + u] ( ' t=m4( - t)) - ^2 [qk( v )](' t = (m -k)4('t)) (27-15D 

k = l 

Therefore, by substituting the value of the summation and [(FIC) + U],' t=rr4( '„ 
into Eq. (27-151), [q 0 (v)] ( ' t=mZl ( ' t)} is evaluated. Reference to the plot of 
q 0 (v) as a function of v, shows that the value of the abscissa where the or¬ 
dinate is equal to [q 0 (v)] ( ' t=m4 ( ' t)} is the value of v at 't = m \('t), which is 
v(m). In this way the values of v at A('t) increments can be calculated for 
any type of forcing function u. 

27.82. By applying the ideas presented in these four steps, many types of non¬ 
linear integro-differential equations can be handled by the number series transfor¬ 
mation method. For example, the nonlinear integro-differential equation in which 
the coefficients of the n th derivative of v to the r th integral of v are all a function 
of the (n - l) st derivative of v can be solved for the (n - l) st derivative of v. Then 
by integrating the (n - 1 ) st derivative of v („ - 1 ) times, the solution, v, of the equa’- 
tion can be determined. For further details of the number series transformation me¬ 
thod of solving nonlinear problems, the reader is referred to Madwed,(52) Chapter III. 

27.83. Because a linear constant-coefficient integro-differential equation is a 
special case of a nonlinear equation, the method for solving nonlinear equations that 
is presented in the preceding four steps can also be used for solving linear equations. 

INTEGRO-DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS AND 

NONLINEAR COEFFICIENTS ILIENTS nd 

27.84. In addition to handling linear constant-coefficient and nonlinear integro- 
differential equations by the number series transformation method, it is also possible 
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to handle integro-differential equations that are linear but have variable coefficients, 
or that are nonlinear and have some variable coefficients in addition to nonlinear co¬ 
efficients. This fact can be demonstrated by solving the differential equation 



+ '*>,('») + '°o('t)°o(v)v 

d( t) 



(27-152) 


by the number series method. The technique used here is very similar to the method 
outlined previously for nonlinear integro-differential equations. First, Eq. (27-152) 
is converted to an integral equation; second, the integral equation is written as a 


number series equation; third, the regression equation corresponding to the number 
series equation is derived; and, fourth, the regression equation is solved for a par¬ 
ticular problem. 


27.85. For convenience, the following notation is adopted: 


b 0 ('t) = 'a 2 ('t) + - 


d('t) 




d M'>) 1 . (A('»)) 2 f d 2 'a 2 ('t) d'a^'t) 




d('t) 


] 


d('t) 

(27-153) 



(27-154) 

(27-155) 

(27-156) 


- {I 


t) 'a.('t) 


] 


(A('0) : 


f'o 0 ('t) 'a 0 (v) 


d 2 'a 2 ('t) d 'a,('Q 1 b(#t)) 

d('t) J ° 


(27-157) 


U(nA('t)) 


+ A('t) 'a.('t) — ] + [u(nA('t)) + 2u(0)] 

d('») /(',= 0) 6 

[u(nA('t)) + 4 u((n - l)A('t)) + u((n - 2)A('t»] ; n^2 
6 (27-158) 


27.86. With this notation, the regression equation corresponding to Eq. (27-152) 
becomes 

[b 0 ('t)v + b 3 ('t) 'a 0 (v)v] ( ' t=n4( ' t) | = U(nA('0) - v + 4 b 3 ('t)a 0 (v)v] ( ' t _( n - 1 )4(1), 

- [b 2 ('»)v + b 3 ('») 'a 0 (v)v],(27-159) 

The functions b Q ('t), b^'t), b 2 ('t), b 3 ('t) and U(nA('t)) can be determined after spe¬ 
cifying the coefficients of the differential equation, ll('t), the initial conditions, 
and A('t). From the regression equation, it is apparent that if the values of v at 


■ 
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t - (n “ DA('t) and (n - 2)A('t) are known then all the quantities in the equation 
are known except the values of v and a o (v) at 't = nA('t). Therefore, the regres¬ 
sion equation can be solved for the value of v at 't = nA('t). To start this process 

v(0) is given and v(A('t)) is calculated from the regression equation when n - l 
and v(-A('t)) = 0. 

27.87. From this presentation of the solution of Eq. (27-152) by the number 

series transformation method, it follows that many different types of integro- 

differential equations with nonlinear coefficients and coefficients that are a 

function of 't can also be solved without much difficulty by the number series 
transformation method. 


SETS OF SIMULTANEOUS INT EG R O-D IF F E R E NT IA L EQUATIONS 

27.88. Consider the problem of solving a set of integro-differential equations. 
The general set that is considered here may or may not include linear constant- 
coefficient integro-different ial equations, linear variable-coefficient integro- 
differential equations, and nonlinear integro-differential equations with or without 
some constant coefficients and linear variable coefficients. In addition to the 
integro-differential equations, there may be other relationships between the 
variables in order to form n equations for n dependent variables. 

27.89. The following notation is adopted for purposes of discussion: 

n = highest order derivative in an integro-differential 
equation 


r 


u,('t) 

v d ('t) 


[UFRF] d ('t) 
[UFRF] d ('t - mA('t)) 



= highest order integral in an integro-differential 
equation 

= an independent variable 

= a dependent variable 

= a dependent variable from one equation with serves 
as an independent variable for another equation of 
the set 

= a solution of one of the linear constant-coefficient 
integro-differential equations when the independent 
variable is a unit function located at 't = 0 

= a solution of one of the linear variable-coefficient 
integro-differential equations when the independent 
variable is a unit function located at 't = mA('t) 

= a term in the regression equation determined from 
the number series solution of one of the nonlinear 
integro-differential equations with or without some 
constant coefficients 
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Mv d /0 


FIC 




a term in the regression equation determined from 
the number series solution of one of the linear vari¬ 
able-coefficient integro-differential equations 

a term in the regression equation determined from 
the number series solution of one of the nonlinear 
integro-differential equations with some variable 
coefficients and with or without some constant 
coefficients 

a function of initial conditions in the regression 
equation determined from the number series solution 
of any type of integro-differential equation; has pos¬ 
sible values when 0 ^ 't ^ n + 1 

a term in the regression equation of the number series 
solution of an integro-differential equation that is a 
function of the forcing function 

constants used in the regression equation of the num¬ 
ber series solution of a linear constant-coefficient 
integro-differential equation 


27.90. The number series method permits the transformation of the set of 
integro-differential equations to a set of number series equations and their 
corresponding regression equations. The general types of number series equations 
and their regression equations will have the following forms: 

1) For a linear constant-coefficient integro-differential equation, 

[NST] v d ('t) = [UFRF] d ('t) X [NSTkPl) (27-160) 


(27-161) 


and the regression equation corresponding to this equation is 

Jt— m 

v d (mA('»)) = Yj [UFRF] d UA('t)) • U, ((m -^)A('f)) 

If the integro-differential equation is given, the regression equation can be 
written J=n+r 

V d (mA('t)) = [Ui('t) + (FIC)] ( ' t=mA( ' t)) - ^ k 1 v d ((m -^)A('t)) (27-162) 

J= i 

2) For a linear variable-coefficient integro-differential equation, if 


[NST] Ul ('t) = J2 9|(nA('0) [UF]('t -nA('O) (27-163) 

n = 0 


[NST]v d ('t) - Y 9. (»*('»)) [UFRF] d ('t -nA('O) 

n = 0 
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then 


(27-164) 



If the integro-differential equation is given, the regression equation can be 
written as 


V.(mA('t)) = 




)) 


k= n+r 

hk( *) V d ( / t)] { 't = (m-k ) 4( / t) ) 


(27-165) 


k = l 


3) For a nonlinear integro-differential equation with some variable coefficients 
and constant coefficients 

[q 0 (v d ,'t)] (W4rt)) = [Uj('t) + (FIC)] ( ' t=m4( ' t) , 


k = n+ 1 

" M v d.'0] ( ' t=(m . kMrt „ (27-166) 

k= 1 

If there are no variable coefficients, the 't is dropped in the symbol 

q k 

27.91. If an integro-differential equation in the set does not have Uj but has 

v i as the independent variable, then Eqs. (27-160) through (27-166) can be rewritten 
with Vj in place of u r 

27.92. In writing the set of number series equations and their regression equa¬ 
tion, it is not necessary to have the integro-differential equation except for the non¬ 
linear types. For the linear types, the requirement is that [UFRF]('t) and 

IUFRFJ('t - mA('t)) be known. The dependent variable u t ('t) in any of the number 
series equations may be expressed analytically or by plotted information. Also, 
the nonlinear coefficients and the coefficients that vary with the running variable 
't can be expressed analytically or by graphical specifications. These facts con¬ 
cerning the specification of the integro-differential equation and its coefficients 
and independent variable make the number series method very general and useful 

in engineering studies of systems represented by a set of integro-differential equa¬ 
tions. 


27.93. In solving a set of integro-differential equations for one of the dependent 
variables, the first step involves combining equations in order to reduce the number 
of unknown variables. When this is done, the integro-differential equations that re¬ 
main and all other relationships between the variable that are required to form n 
equations for n unknowns are converted to number series equations and regression 
equations. 

27.94. A regression equation relates the value of v d at 't = nA('t) to previous 

values of v d . Therefore at 't = nA('t), each regression equation relates its depen¬ 
dent variable v d to previous values of v d . Because of this fact, the set of regression 
equations at 't = mA('t) gives n equations relating the values of the n dependent 
variables of the set. Solving these n equations determines the values of v p v 0 v 

at 't = n A('t). In this way, all future values of the dependent variables can be de¬ 
termined. 
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27.95. In order to illustrate this procedure, consider the set of equations 

[NSTjy, = [UFRF],('t)x [NST]uj - [UFRF] 2 ('t)x [NST]v 2 (27 -i67) 

[NST]v 2 = [UFRF] 3 ('t) x [NST] v 3 (27 . 168) 

[NST]v 3 = [UFRF] 4 ('t) x [NST] v 4 (27 .i69) 

[NST] v 5 = [NST]v 6 - [NST] v 3 ( 27 - 170 ) 

[NST]v 6 = [UFRF] s ('t) x [NST]v, - [UFRF^'t) x [NST]v 2 (27-171) 


d('t) 


+ 2 E(v 5 ) = v. 


(27-172) 


where values of [UFRF]('t) are determined from test results or calculated from 
integro-differential equations. 


27.96. The regression equation for Eq. (27-172) is 

[q 0 ( v 5 )]('t=n/l('t)) = h( v 4 )]('t= n zi ( 't)) “ hi(Vs)]( i t = {n-l)/W < t)) 


(27-173) 


where 


% (v s > = v 5 + Ml) E(v s ) 


q, (v 5 ) = - v. 


A('t) 


E(vJ 


q(v 4 ) = 


A('t) 


[v 4 (n) + V 4 (n - 1)] 


(27-174) 


(27-175) 


(27-176) 


(27-177) 


(27-178) 


Equations (27-167) through (27-171) can be combined to give 

[NST] v 5 = [P,] x [NST]u, - [l»] x [NST]v 4 

where 

Cf?] - [UFRF]j ('t) X [UFRF] 5 ('t) 

[P 2 ] = [UFRF] 2 ('t) X [UFRF] 3 ('t) X [UFRF] 4 ('t) x [UFRF] 5 ('t) 

+ [UFRF] 3 ('t) X [UFRF] 4 ('t) X [UFRF] 6 ('t) + [UFRF] 4 ('t) 

(27-179) 

27.97. The regression equation for Eq. (27-177) is 

«= n q=n 

v s (nA('0) = F»(„A('»))u 1 «n-q)A('»)) - V P 2 (nA('t)) v 4 ((„ - q) A('t)) 


q = 0 q = 0 

Solving Eq. (27-180) for f(v 5 ,v 4 ) at 't = n('t) gives 

k = n 

V 5 (nA('t)) + F£(0)V 4 (nA('t)) = ^2 ^(nA('t)) u j ((n - k) A('t)) 


(27-180) 


k = 0 


k = n 


- ^ F2(nA('t))v 4 ((n -k)A('t)) (27-181) 


k=l 
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Rearranging Eq. (27-173) gives 

_Lllv 4 (nA( t)) - [qo(v 5 )]('t = n/l('t)) = ( v s)]('t = (n-i)/l('t)) “ _A(^t) v 4 ((n - l)A('t» 

2 

Combining Eqs. (27-181) and (27-182) gives (27-182) 

k= n 

K + P 2 (0)qo(v 5 )] ( , t=n4( . t)) = P/nAf't)) . Uj ((n — k)A('t)) 

k = 0 


k=n 

“ X P 2 (nA('t))v 4 (( n - k)A('t)) + P 2 (0)v 4 ((n - l)A('t)) 

k = l 

- [qiM('.=(n-iM('.» (27-183) 

For a particular problem, the quantities 

k=n 

P 2 (nA('t)) and ^ P,(nA('t)) • u, ((n - k)A('t)) 

k = 0 

are known for all values of n and the functions c^(v 5 ), q^) are known. If v 4 and 

v 5 are known up to 't = (n - l)A('t), then the right-hand sides of Eq. (27-182) and 
Eq. (27-183) can be evaluated. Therefore, Eq. (27-183) can be solved for v 5 at 
't = nA( x t). Then, by substituting the value of q Q (v 5 ) when v 5 = v 5 (nA('t)) into 
Eq. (27-182), the quantity v 4 (nA('t)) is determined. In this manner, all future values 
of v 4 ('t) and v $ ('t) can be determined. Once v 4 ('t) and v 5 ('t) are calculated, any of 

the other dependent variables Vj can be calculated by using Eqs. (27-167) through 
(27-171). 

27.98. This problem demonstrates the general procedure for solving a set of 
integro-differential equations including linear and nonlinear types by the number 
series method. This method reduces the solution to simple arithmetical procedures. 

27.99. The procedure just outlined permits the solution of a set of simultane¬ 
ous integro-differential equations for the dependent variables. It also follows from 
this procedure that if the general form of the equations is known the number series 
transformation of the set of equations can be written. If there exist n number series 
equations for n unknowns, whether the unknowns be dependent variables, indepen¬ 
dent variables, [UFRF] n ('t), or any other unknowns, then a solution can be calcu¬ 
lated. This fact permits a number series synthesis procedure for systems repre¬ 
sented by integro-differential equations. 
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Addition, number series transformations, 772 
Adjustable constant multipliers, 534, 548 
Adjustable constants, 534 
determination of; G25 

Algebra, fundamental theorem of, 21, Dr 15-2 (23) 
partial fraction theorem of, Dr 16-3 (59) 
unique factorization theorem of. Dr 15-2 (23) 
Amplitude and phase graphs, 144 


Barnes, J. L. t 37 
Blasingaine, B. ^>., 651 
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Break point, 153, 300, 586, 590, Dr 24-2 (582) 
Breakaway point, 743 
Brown, G. S., 651 
Bubb, F. W., 760 


Amplitude ratio, dynamic (see Dynamic ampli¬ 
tude ratio) 

Analysis, of instrument engineering problems, 651 
Andronov, A. A., 747 

Angular natural frequency, Tb 19-1 (249) 
undamped, 191, Tb 19-1 (249) 

dependence on first-order factor constant term, 455 

Aperiodic solutions, of cubic characteristic equa¬ 
tions, Dr 22-1 (445) 

of quartic characteristic equations, Dr 22-3 (475) 
Approximations, Fourier transform, 653, 659 
errors and limitations, 665 
inverse Fourier transform, 678 
stepped-curve, 653 
trapezoidal, 659 

Argument condition,552, Dr 23-6 (553) 

Argument curves, 587 

Argument principle, 504, 515, Dr 23-3 (517) 
application of, 521-552 
Nyquist's criterion, 534 
roots of characteristic equations, 549 
Ashworth-Harrison method, 662 
Asymptotic approximations, 608 


C 

Cartesian coordinates, log scale, 587 

resolution from log-scale oolar coordinates 
633. Pr 24-2 (635), Sa 24-3 (638) ’ 

Cartesian coordinate - polar coordinate trans¬ 
formation charts, 640 

Cauchy's residue theorem. Dr 23-2 (514) 

Chaikin. C. F., 747 

Characteristic equations, 21, Dr 15-2 (23) 

first-order (-;0.1), 107, Dr 18-1 (100). 393 
Dr 20-4 (394) 

second-order (-;0,1,2) 193, Dr 19-1 (194). 397 
Dr 20-5 (396), 556 ' ' 

third-order (cubic), 433, Dr 21-6 (435), 441-473, 
558 

fourth-order (quartic), 433, Dr 21-6 (435), 473- 
501, 562 

fifth-order, 433, Dr 21-6 (435), 563 

sixth- through ninth-order, 437, Dr 21-7 (438), 

5 64 

constant-plus-a-polynomial form, 552, Dr 23-6 
(5 53) 

constant-plus-a-rational-function form, 565 
Dr 23-7 (566), 568 
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Characteristic equations ( cont. ) 

rational functions, 509 

stability of ( see Transient stability) 

( See also Transient solution) 

Characteristic equation roots, 21, Dr 15-2 (23). 

Dr 18-1 (108), Dr 19-1 (194) 

first-order, 108, Dr 18-1 (108), 393, Dr 20-4 (394) 

second-order, 193, Dr 19-1 (194), 397, Dr 20-5 
(398), 556 

third-order (cubic),444,Dr 22-1 (445),455-473, 558 

fourth-order (quartic), 476, Dr 22-3 (475), Dr 22-4 (479) 

and stability number, 382, Dr 20-2 (377) 

and transient stability, 375-412 

complex plane plots, 384, Dr 20-3 (365), 549, 

Dr 23-5 (550) 

first-order equations, 393, Dr 20-4 (394) 

second-order equations, 397, Dr 20-5 (398) 

illustrative example, Da 20-1 ($09) 

location of roots on, Fg 20-5 (410) 

distinct, 22. Dr 15-2 (24), 25, Dr 15-5 (30), 62, 

Dr 16-4 (63) 

factoring of, 413-429 

graphical determination of, 504-573 

graphical representation of, 384 

locus of, 552-573 

most positive real part of, 381 

multiple, 22, 25, Pr 15-1 (34) 

real part of, 381 

Characteristic functions, 21 
Characteristic roots, 565 

Characteristic time, first-order, 106 

high damping ratio, 191 

larger, 191, Tb 19-1 (249) 

smaller, 191, Tb 19-1 (249) 

low damping ratio, 191, Tb 19-1 (249) 

Characteristic time - forcing period ratio, 136,141 

Characteristic time ratio, high damping ratio, 192, 

Tb 19-1 (249) 

Characteristic time sum, high damping ratio, 191, 

Tb 19-1 (249) 

Charts ( See also Graphs) 

characteristic equation roots, 455-476, 484-503 

comparison of, 650 

cubic ( see Cubic charts) 

log-scale polar, 640 

log-scale complex, 642 

polar coordinate - Cartesian coordinate trans¬ 
formation, 640 

quartic ( see Quartic charts) 

uniform-scale polar, 640 


Churchill, R. V., 37 
Classical method, 15-33, 67 
first-order equations, 102-164 
second-order equations, 185-247 
sinusoidal relating functions, 91, Dr 17-4 (92) 
( See also Complete solutions) 

Clementson, C. E., 651 
Coefficient ratios, 190, Df 19-1 (186) 
reference, 105 

Coefficients, constant, 18, 788 

determinants, 430, Dr 21-4 (431) 

integral, 414, Th 21-1 (415) 

of partial fraction expansions of Laplace trans¬ 
forms, 62, Dr 16-4 (63), 571, Dr 23-8 (572) 

of polynomic equations, 413 

third-order (cubic), 443, Dr 22-1 (445), 447. 
Dr 22-2 (448), 456-473 

fourth-order (quartic), 476, Dr 22-3 (475) 
resolvent cubic, 477, Dr 22-4 (479), 483 
of transient solution terms, 571, Dr 23-8 (572) 
of first-order equation, 102 
of second-order equation, 185, Tb 19-1 (249) 
of characteristic equation, 413, 440 
adjustable, 413 
real, 417 

relationships to roots, 447, Dr 22-2 (448) 
undetermined, method of, 24, Dr 15-3 (26) 
variation in sign, 414, Th 21-1 (415) 

Coefficients, nonlinear, 801 

Coefficients, undetermined, method of, 24, Dr 15-3 
(26) 

Coefficients, variable, 801 

Complementary function, 107 

Complete solutions, 2, 15-33, Dr 15-1 (19) 

for first-order equations, 109-133 

for second-order equations, 199-234 

with rate-determined step terms, 706, Dr26-1 
(207) 

stability of,365, Dr 20-1 (367), 375, Dr 20-2 (377) 
Complex conjugate roots, 565 
Complex coordinate system overlay, 640 
Cartesian, 640 
log-scale, 640 

Complex multiplication theorem, 50, 69 

Complex plane graphs, 144, 248, 519, Df 23-2 
(520), 541, 549 

log-scale, 519, Df 23-2 (521) 

of rational functions, Dr 23-4 (537) 

polar coordinate system overlay, 642 
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Complex plane graphs ( cont .) 
root determination from, Dr 23-5 (550) 
uniform scale, 519, Df 23-2 (520) 
Complex variable, 41 


Conditional stability, Dr 23-4 (540) 

Conformal transformations, 510, Dr 23-2 ( 511 ) 
Conservative systems, 358 


Constant-plus-a-rational-function characteristic 

equation, locus of roots, 565, Dr 23-7 (566) 

Continuous functions, representation of, by im¬ 
pulse functions, 74 y 


Cubic equations, 441-473, Fo22-l (442),Dr22-l (446) 
associated resolvent, 473, Dr 22-4 (479) 
simplified, 447, 452, Dr 22-2 (448) 

Cubic roots, 441-473 
classes of, 444 

relationship to coefficients,Dr 22-1 (445),Dr 22-2 
(448) 

Cubic Routh-Hurwitz stability criteria, 443 
Curves (see Charts and Graphs) 


by rectangular pulse functions, 74 
Contour systems, 618 
[1 + F), 618, 621 
[1 + 1/FJ, 624 


( F/(l + F)J, 624 
Convergence limit, 41 
Convolution integral, 773 
response functions, Dr 17-2 (82) 
weighting function, 85, Dr 17-2 (83), In 17-1 (99) 

method (see Weighting function convolution 
integral method) 

Corner frequency, 153 

Coulomb friction, 6, 706 

Cramer's rule, 29, 33, Dr 15-4 (28) 

determination of fitting constants by, Dr 15-5(31) 


C T0S 1161 'ca 1 27-l U (777 e ) r SGrleS transformati <>ns, 


D 

Damping ratio, 190, Df 19-1 (187), Tb 19-1 (249) 
and cubic discriminant, 446 
angle of, 402, Dr 20-5 (399) 
effect of, 197 
Damping ratio ratio, 407 
Decibels, 152, 296 
Deciles, 148, 296 
Den Hartog, J. P., 721, 731, 740 
Denominator factors, 579 
Dependent variable, 8, Df 14-1 ( 11 ) 

Dependent variable ratio, 113, 205 

Derivatives, Laplace transforms of, 42, Dr 16-1 ( 44 ) 

Designation of linear integro-differential equations, 


Cross multiplication, number series transforma¬ 
tions, 7v4, Ca 27-1 (775) 

Cubic charts, 455 

first- and second-power coefficient, 456 

second-power coefficient and constant term, 460 

first-power coefficient and constant term, 460 
first-order factor constant term - undamped 
s^t la 4 r 7 n 3 atUral frequency P r °portional con- 

Cubic charts, resolvent, 485 

first-quadrant, 489 

Cubic coefficients, 443 

associated resolvent, 473, Dr 22-4 (479), 483 

relationship to first- and second-order factor 
coefficients, 447 

relationship to roots, Dr 22-1 (445), Dr 22-2 (448) 
Cubic discriminants, 444 
and damping ratio, 446 
resolvent, 483, Dr 22-4 (479) 


^Ci.mnanis, Houtn-Hurwitz, 430, Dr 21-4 (431) 
Descartes' rule of signs, 414 
Design problems, 3, 651 

DeVi ?nn 0n t 16 ,°X Fg 18 * 15 (162 >. Fg 18-16 (163) 
300, Fg 19-36 (302), Fg ld-37 (304) 

of second-order from first-order response 

Dlffe tion t of 1 fj uati0ns ' arbitr ary order, designa- 

sinusoidal relating functions, 242 
Differential equations, first-order, 101-182 
complete solutions, 109-133 

homogeneous (see Differential equations, (-. 0 , 1 )) 

number series method, 788 

solution by Laplace transform method, 164 

solution by weighting function convolution in¬ 
tegral method, 175 

standard form, 102 

transient solution, 107, Dr 18-1 (108) 
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Differential equations, (-;0,1), 107, Dr 18-1 (108) 

Differential equations, (0;0,1), 106 

complete solution for combination of power 
series terms, 125 

complete solution for sequence of forcing func¬ 
tions, 128 

displaced cosine pulse function response, 681, 

Dr 25-5 (684), Fg 25-11 (686), Fg 25-12 (687) 

formal solution by weighting function convolution 
integral method, 175, Dr 18-21 (180) 

impulse function response, 129, Dr 18-8 (132) 

parabolic function response,121, Fg 18-3 (123), 

Dr 18-5 (122), Dr 18-17 (174) 

pulse function response, 678, 679, 681 

ramp-followed-by-constant function response, 129, 
Fg 18-5 (131), Dr 18-7 (130), Dr 18-19(177), 

Dr 18-25 (183) 

ramp function response, 116, Fg 18-2 (119), 

Dr 18-4 (117), Dr 18-16 (172), Dr 18-23 (181) 

rectangular pulse function response. 679,Dr25-4 
(680), Fg 25-9 (682), Fg 25-10 (683) 

sinusoidal response, steady-state, 142, Dr 18-10 
(143), Fg 18-6 (147), Fg 18-7 (149), Fg 18-8 
(150), Fg 18-9 (151), Dr 18-20 (179) 

DAR and DRA deviations, 160, Fg 18-15 (162), 

Fg 18-16 (163) 

step-and-ramp function response, 125, Fg 18-4 
(127), Dr 18-6 (126), 171, Dr 18-18 (176), 

Dr 18-24 (182) 

step function response, decreasing, 115, Fg 18-1 
(115), Dr 18-3 (116), Dr 18-15 (171) 

step function response, increasing, 109 Dr 18-2 (110), 
Fg 18-1 (115), Dr 18-14 (169), Dr 18-22 (180) 

Differential equations, (1;0,1), 154 

sinusoidal relating function, 144 

sinusoidal response, steady-state,144, Dr 18-11 
(145), Fg 18-10 (155), Fg 18-11 (156) 

DAR and DRA deviations, 160, Fg 18-15 (162), 

Fg 18-16 (163) 

Differential equations, (1,0;0,1), 102, Df 18-1 (103) 

formal solution by Laplace transform method, 

164, Dr 18-12 (165) 

sinusoidal response, steady-state, 133, Dr 18-9 
(137), Fg 18-12 (157), Fg 18-13 (158), 

Fg 18-14 (159) 

Differential equations, second-order, 184-357 

homogeneous ( see Differential equations (-; 0,1,2)) 

solution by the Laplace transform method, 317 

solution by the weighting function convolution 
integral method, 348 

standard form, 185 

transient solution, 193, Dr 19-1 (194) 

typical solutions, notation and symbols, 248 

Differential equations, (—;0,1,2), 193, Dr 19-1 (194) 

parameters and equation coefficients, 254, 

Tb 19-2 (256) 


Differential equations (0;0,1,2), 199 

combination forcing function, 281 

displaced cosine pulse function response, 695, 

Dr 25-7 (696), Fg 25-15 (703), Fg 25-16(705) 

forcing function sequence, 283 

impulse function response, 223, Dr 19-8 (230), 
283, Fg 19-24 (287), Fg 19-25 (288), 

Fg 19-26.(289) 

parabolic function response, 214, Dr 19-5 (215), 
0339 ) Fg 19 ‘ 20 (270) ’ Fg 19-21 ( 28 °)> Dr19 -^ 3 


pulse function response, 678, 685, 695 

ramp-followed-by-constant function response, 

214, Dr 19-7 (224), 283, Fg 19-23 (284), 

Dr 19-25 (344), Dr 19-30 (353) 

ramp function response, 209, Dr 19-4 (210), 267, 
Fg 19-15 (271). Fg 19-16 (274), Fg 19-17 ’ 

(275). Fg 19-18 (276). Fg 19-19 (277), 

Dr 19-22 (336), Dr 19-29 (351) 

rectangular pulse function response, 685,Dr25-6 
(688), Fg 25-13 (692), Fg 25-14 (694) 

sinusoidal characteristic curves, 286 

sinusoidal response, steady-state, 241, Dr 19-10 
(240), 286. Fg 19-27 (291), Fg 19-28 (293), 

Fg 19-29 (294), Fg 19-30(295), Fg 19-31 (297), 
Fg 19-32(297), Fg 19-33 (298). Fg 19-34 (299), 
Fg 19-35 (301), Fg 19-36 (302), Fg 19-37(304) 

step-and-ramp function response, 214, Dr 19-6 
(220), 278, Fg 19-22 (282), Dr 19-24 (342) 

step function response, decreasing, 206, Dr 19-3 
(207). 248, Fg 19-1 (250), Fg 19-2 (253), 

Fg 19-3 (255), Fg 19-4 (257), Fg 19-5 (259), 

Fg 19-6 (261), Fg 19-7 (263), Fg 19-8 (264), 

Fg 19-9 (265), Fg 19-10 (265), Dr 19-21 (333) 


step function response, increasing, 199, Dr 19-2 
(200) 264, Fg 19-11 (266), Fg 19-12 (268), 
Fg 19-13 (269), Fg 19-14 (270), Dr 19-20 
(330), Dr 19-28 (349) 

Differential equations (1; 0,1,2), 241 

sinusoidal characteristic curves, 303 


sinusoidal response, steady-state, 241, Dr 19-11 
(242) 303, Fg 19-38 (305), Fg 19-39 (306), 

Fg 19-40 (307), Fg 19-41 (308), Dr 19-17(324) 


Differential equations, (1,0;0,1,2), 241 


sinusoidal characteristic curves, 309 


sinusoidal response, steady-state, 241, Dr 19-13 
(244). 309, Fg 19-48 (315), Fg 19-49 (316), 
Fg 19-50 (318), Fg 19-51 (319), Fg 19-52 
(319), Fg 19-53 (320) 


Differential equations (2;0,1,2), 241 


sinusoidal characteristic curves, 3Q9 

sinusoidal response, steady-state, 241, Dr 19-12 
(243). 309, Fg 19-42 (310), Fg 19-43 (311), 
Fg 19-44 (311), Fg 19-45 (312), Fg 19-46 
(313), Fg 19-47 (314), Dr 19-18 (325) 

Differential equations, (2,1,0;0,1,2), 185, Df 19-1 
(186) 


sinusoidal response, steady-state, 229, Dr 19-9 
(236), 317, Dr 19-15 (321), Dr 19-26 (347) 
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Dimensional forms, of differential equations, 106 

Dimensional similarity factor, 104, 185 

standarti-form, 105 

Direct analysis, 3, 651 

Direct functions, 579 

Discriminant, cubic, 444 

and damping ratio, 446 

resolvent cubic, 483, Dr 22-4 (479) 

Displaced cosine pulse functions (see Pulse func¬ 
tions, displaced cosine) 

Dissipative systems, 359 

Distinct roots of characteristic equations 22 
Dr 15-2 (24), 25, Dr 15-5 (30) 

determination of coefficients for partial fraction 
expansions of Laplace transforms, 62. 

Dr 16-4 (63) 

Division, cross, of number series transforma¬ 
tions, 774, Ca 27-1 (777) 

Division, real, of number series transformations, 772 
Division, synthetic, 417 
Dominant roots, 565 

Dynamic amplitude ratio, Dr 17-3 (89), 91, 135, 

141 , 235 

deviations, 160, Fg 18-15 (162), Fg 18-16 (163) 

Dynamic amplitude ratio - reference amplitude 
ratio ratio, 136, 141, 235, 292 

graphs, 144-164, 286-317, 587 

asymptotic approximation of, 608 

first-order, direct, 589 

second-order, direct, 602 

Dynamic error, 118, 121 

forced,120, 272 

Dynamic response angle, Dr 17-3 (89), 91, 135 
141,292 

graphs, 144-164, 286-317, 587 
first-order, direct, 590 
second-order, direct, 602 
Dynamic response delay, 118, 121 
forced,120, 272 

E 

Equations, differential (see Differential equations) 

Equations, linear integro-differential (see Integro- 
differential equations, linear) 

Errors, dynamic, 118 

Errors, Fourier transform approximation, 665 
Evans, L. W., 441 


Evans, W. R., 504 
Even functions, 678 

F 

Factored form, standard, of rational functions, 579 

Factoring polynomials, theoretical background 
413, Th 21-1 (415) 

Factorization theorem, unique, 22 

Factors, first-order,rational functions of, 595 

Factors of cubic equations, first- and second- 
order, 444 

Factors of polynomials, Dr 24-1 (576) 
real polynomial, 575 
real linear, 575 
real quadratic, 575 

Factors of quartic equations, second-order, 477 
Ferrari, 478 

Fifth-order equations (see Characteristic equa¬ 
tions, Polynomials, etc.) 

Figures of merit, 549 

Final value theorem, 50 

Flrs ^f der ec l uation s (see Characteristic equations 
Differential equations, Polynomials, etc.) 

First-order factors of cubic equations, 444 

First-order functions,Dr 24-1 (576), Dr 24-2 (584) 

Firs !:°!:? er > nctions . de 6 e nerate, 575, Dr 24-2 
(584), 599 

direct, 589 

inverse, 591 

First-order modes, 405 

First-order profiles, 590, Fg24-5 (594), Fg24-12 (605) 

First- and second-order factor coefficients 
relationship to cubic coefficients, 447 

First- and second-power coefficient cubic charts, 456 

Fitting constants, Dr 15-1 (19), 25, 107 

characteristic equation with distinct roots, 25 
Dr 15-5 (30) ’ ’ 

characteristic equation with multiple roots, 25 , 

Pr 15-1 (34) 

Cramer's rule, 29, Dr 15-5 (31) 
impulse function normal solutions, 62, Dr 16-4(63) 
Shields' method, 29, Dr 15-5 (33), Pr 15-1 (36) 
Fitting-constant-determining polynomials, 29 
Floyd, G. F., 673 

Forced dynamic response delay, 120, 124 
Forced response, 358 
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Forced solutions, 17, Dr 15-1 (19), 24, 67,107, 
134,204,229,358 ’ ’ ’ ’ 

method of undetermined coefficients, 24, Dr 15-3 (26) 

( See also Sinusoidal response) 

Forced solution terms, 39 
Forcing frequency, 134 
Forcing functions, 2, 39, 107 
combination of power series terms, 125 
Fourier series, 134 

imaginary exponential, 134,Dr 17-3 (86),Dr 17-4 (92) 
power series, 109 

( See also Step function, Parabolic function, etc.) 
sequence of power series terms, 128 
sinusoidal, Dr 17-4 (93), 134 
trigonometric, 134 
Forcing period, 134 

Formal solutions, classical method, Dr 15-1 (19) 

Laplace transform method for first-order equa¬ 
tions, 164, Dr 18-12 (165) 

for second-order equations, 317, Dr 19-15 (321) 

weighting function convolution integral method 
for first-order equations, 175, Dr 18-21 (180) 

for second-order equations, 348, Dr 19-27 (349) 

Fourier integrals, 37 r 134 

Fourier series, 67, 134 

square wave method, 712, Fg 26-1 (710), 731. 

Dr 26-4 (732) ’ 

Fourier transforms, 652, 770, 783, Dr 25-1 (654) 
and relating functions, 665 

approximation formulas, 653, Dr 25-1 (654), 659, 

Dr 25-2 (660) 

graphical, 669 

inverse, 673, Dr 25-3 (674) 

summation, 662, Pr 25-1 (663) 

Fourth-order equations, ( see Characteristic equa¬ 
tions, Polynomials, elcT; See also Quartic 
equations) 

Franklin, Phillip, 37 
Frequency ratio, 229 
Friction, 721 

Functions of rational functions, 609 
log frequency plots, 635 
nondimensionalization of, 613 

Fundamental theorem of algebra, 21, Dr 15-2 (23) ,414 

G 

Gain margin, 549, Dr 23-5 (551) 

Gardner, M. F., 37 

General functions of rational functions, 632 


Generating number series, 784 
rectangular pulse,Tb 27-5 (787) 
triangular pulse,Tb 27-4 (786) 

Graeffe's method, 421 

Graphical calculation of steady-state sinusoidal 
relating functions, 574-650 

fl + F], 621 

f 1 + 1/F], 624 

f F/(l + F)], 624 

Graphical construction of rational functions, 586 

Graphical determination, of rate step ratios and 
damping ratios, 719 

of transient stability, 504-573 

Graphical Fourier transforms, 669 

Graphical representations (see Graphs) 

Graphs, 3 

complex plane ( see Complex plane graphs) 
cubic ( see Cubic charts) 
linear scale amplitude and phase, 144 
linear scale complex plane, 144 
logarithmic spiral, Dr 26-6 (749-752), 758 
log-scale amplitude and phase, 144 
log-scale complex plane, 642 
log-scale frequency, 587-638 
log-scale polar, 630 

of characteristic equation roots, 455-476,484-503 

of differential equation solutions, 114 . 

for first-order equations, 115-163 

for second-order equations, 250-320 

for second-order equations with rate-determined 
step terms, 710-748 

of functions of rational functions, 609-638 

of polynomials, 4 55-476 , 484 - 503 , 639-650 

of rational functions, 586-608 

of sinusoidal relating functions, 144-164, 286-320, 
587-608, 741-748 

phase plane, 747, Dr 26-6 (753-758) 
quartic ( see Quartic charts) 
uniform-scale polar, 640 
( See also Charts) 

H 

Half-cycle initial and terminal condition matching 
method, steady-state, 711, Fg 26-1 (710), 
719-730 

Harmonic analysis (Ashworth-Harrison method), 662 
Heaviside, Oliver, 37 
Homogeneous equations, 16 
symbol for, 107 
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Horner's method, 416, 417, Dr 21-2 (423) 

Hunting stability, 358 

I 

Impulse function pulse strength, 74, Df 17-1 (73) 

Impulse function response, 57, Dr 16-3 (38) 

Dr 17-2 (79) 

(0;0.1) equation, 129, Dr 18-8 (132) 

(0;0,1,2) equation, 223, Dr 19-8 (230) 

Impulse functions, 5, 57-65. 69-85 

and pulse functions, 69, Df 17-1 (71) 

representation of continuous functions by, 74 
Dr 17-1 (75) 

unit, 57, Tb 16-1 (48), Df 17-1 (71) 

Independent variable, 8,*Df 14-1 (11) 

Independent variable ratio. 120 
Initia 6 i 7 co 1 n 0 d 7 itions - 2 < 25 . Dr 15-5 (30), Pr 15-1 (34), 

equal to zero (normal), 2, 29, 39, 56, Dr 16-2(54) 

matching terminal conditions for half-cycle in¬ 
tervals, Dr 26-2 (723-726) 

Initial condition equations, 27 

Initial condition function terms, 39 

Initial condition functions, 2, 52, 67 

Laplace transform form, 164 

Initial condition number series, 791 

Initial condition polynomials, 46, Dr 16-1 (44) 

Initial value theorem, 50 

Inputs, 2, 358 


Integro-differential equations ( cont .) 

Laplace transform method, 52, 67, Dr 23-8(572) 

nondimensionalization, 7-14 

number series method, 788 

operational methods, 37-66, 788 

standard form, 13, Df 14-1 (11) 

transient solution, 15 

( See also Differential equations) 

Integro-differential equations, nonlinear, number 
series method, 796 

Integro-differential equations, simultaneous, num¬ 
ber series method, 803 

Integro-differential equations with variable and 
nonlinear coefficients, number series method 
801 

Inverse analysis, 651 
Inverse Fourier transforms, 673 
approximations, 678 
reduced, 673 
Inverse functions, 579 
Inverse Laplace transform equations, 42 

J 

Jacobsen, L. S., 731, 740 

K 

Kennedy, Charles, 719 
Kennedy's method, 719 


Input variation, 651 

Instrument engineering, Droblems of, 3, 651 
Integral root theorem, 414, Th 21-1 (415) 

Integrals, convolution, 50, Th 16-1 (49), 773 
Fourier, 37, 134 

Laplace transforms of, 42, Dr 16-1 (45) 

weighting function convolution, 85, Dr 17-2 (83) 

In 17-1 (99) 

Integro-differential equations, linear, with constant 
coefficients, 5, 7-14 

classical method, 15-36, Dr 15-1 (19), 67 

complete, 9, 15 

designation of, 14 

forced solution, 15, 17, 24 

formal solution, Dr 15-1 (19) 
homogeneous, 9 


L 

LapJace transform method, generalized solution 
52, Dr 16-2 (54), 67 

for first-order differential equations, 164 
for second-order differential equations, 317 
formal solution, 164, Dr 18-12 (165). 317 

?/Ji 9 'A 5 Dr 19 " 16 < 323 )- Dr 19-17 

(324), Dr 19-18 (325) 
normal solution, 167, 323 
‘mpu^ihu.cUon^l 67 , Dr 18-13 (168), 323, 

Para D 0 rl C 9- U 23 C S339) 17 °' Dr 18 ' 17 <174) - 332 . 

ramp-followed-by-constant function. 173 
Dr 18-19 (177), 338, Dr 19-25 ($95) ’ 

ramp function, 170, Dr 18-16 (172) 329 
Dr 19-22 (337) 
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Laplace transform method ( cont .) 

sinusoidal response, steady-state. 173, Dr 18-20 
(179), 343, Dr 19-26 (347) 

step-and-ramp function, 171, Dr 18-18 (176), 
335, Dr 19-24 (342) 

step function, decreasing, 170, Dr 18-15 (171), 
329, Dr 19-21 (333) 

step function, increasing, 167, Dr 18-14 (169), 329 
Dr 19-20 (330) 

Laplace transform solution, graphical calcu¬ 
lation of coefficients, 571, Dr 23-8 (572) 

locus of roots method, 571 

Laplace transform pairs, 47, Tb 16-1 (48) 

Laplace transforms, 38, 41, Df 16-1 (40) 

Inverse, 42 

of derivatives and integrals, 42, Dr 16-1 (44) 

of impulse functions, Dr 16-3 (58), 60 

of number series transformations, 770, 783, 

785 

of relating functions, 68, Dr 17-2 (83) 

of weighting functions, Dr 17-2 (83), 85 

partial fraction expansions, Dr 16-3 (59), 61, 

Dr 16-4 (63) 

variable, 41 

Least negative real part of roots, 565 

Limitations, of Fourier transform approxima¬ 
tions, 665 

Linear factors, real, 575 

Linear integro-differential equations (see Integro- 
dlfferential equations, linear and Differential 
equations) 

Linear-scale graphs, 144 

Linearity theorem, 48 

Lin's method, 421, Dr 21-3 (426) 

Liu, Y. J., 441 

Locus of roots, 552, Dr 23-6 (553), Dr 23-7 (566) 
Locus-of-roots method, 504, 552-573 
applied to transient solutions, 571 
interpretation of, 565 
Log frequency plots, 587-650, 

Logarithmic magnitude curves, 587 
Logarithmic decrement, Tb 19-1 (249), 258, 718 
Logarithmic ratio units, 148, 296 
Logarithmic-scale graphs, 144, 587-650 
amplitude and phase, 144 
complex plane, 144, 642 
frequency, 587-650 
polar, 630 

Logarithmic spiral graphs, Dr 26-6 (749-752), 758 
Logarithms of rational functions, 581 
Lorus (logarithmic ratio units) 148, 296 


Low-order polynomials, Routh-Hurwitz stability 
criteria, 430 J 

M 

Macmillan, R. H., 549 
Madwed, A., 760 

Magnitude curves, logarithmic, 587 

Mapping theorems, 514, Dr 23-2 (511) 

and Routh-Hurwitz stability criteria, Dr 23-3 
(517) 

and transient stability, Dr 23-3 (516) 

Mass, 721 

Mathematical operations for number series trans¬ 
formations, 770 

Mechanical systems, second-order equations, 721 
Milne, W. E., 731 
Minorsky, N., 747 

Modes, first-order, corresponding to real roots, 

405 

second-order, corresponding to complex roots, 

406 

Modified standard form, linear integro-differential 
equation,13, Df 14-1 (12) 

Mulligan, J. H., Jr., 393 

Multiple functions, 579 

Multiple roots, partial fraction coefficients. 

Dr 16-4 (64) 

Multiplication, cross, of number series trans¬ 
formations, 774, Ca 27-1 (775) 

Multiplication, real, of number series trans¬ 
formations, 772 

N 

Natural frequency, Df 19-1 (187), Tb 19-1 (249) 

angular, 191, Df 19-1 (187), Tb 19-1 (249) 

undamped, Df 19-1 (187), Tb 19-1 (249) 

undamped angular, 190, Df 19-1 (187), Tb 19-1 
(249) 

Natural period, Tb 19-1 (249), 258 

undamped, Df 19-1 (187), Tb 19-1 (249) 

Newton's method, Dr 21-2 (423) 

Nonconservative systems, 359 

Nondimensional amplitude ratio, 136, 141, 235 

( See also . Dynamic amplitude ratio and Refer¬ 
ence amplitude ratio - dynamic amplitude 
ratio ratio) 

Nondimensional derivative operators, 18 
Nondimensionalization, 4, 7-14, 106 
and number series transformation method, 761 
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Nondimensionalization ( cont .) 
of first-order equations, 102, Df 18-1 (103) 
of second-order equations, 185, Df 19-1 (186) 
of Fourier transforms, Dr 25-1 (654) 

of functions of rational functions, 613 

of Laplace transforms, 42, Df 16-1 (40) 

of linear integro-differential equations, 4, 7-14 

of inverse Fourier transforms, 673, Dr 25-3 (674) 

of rational functions, 580, Dr 24-2 (582) 

of unit impulse functions 60, Dr 16-3 (58) 

Nonlinear integro-differential equations, 4, 6 

number series method, 796 

Normal response functions, 2 

( See also , Normal solutions) 

Normal solutions. 29, 38, 67, In 17-1 (98) 

impulse function, 57, Dr 16-3 (58), Dr 17-2 (79) 

Laplace transform method, 56, Dr 16-2 (54), 

Dr 16-3 (58) 

for first-order equations, 164-178 

for second-order equations, 317-346 

relating function form, Dr 16-2 (55) 

weighting function convolution integral method, 

175 

for first-order equations, 175-183, 679-685 

for second-order equations, 348-356, 685-705 

Normal solution terms, 39, 67 

"Normally unnecessary" parentheses, 10, 43 

Notation. 7-14, 102, Df 18-1 (103), 106, 107, 

185, Df 19-1 (186), 248, Tb 19-1 (249) 

Number series differentiating operators, 781 

orders one through five, Tb 27-3 (783) 

Number scries integrating operators, 778 

orders one through five, 778, Tb 27-1 (782) 

triangular, Fg 27-6 (779), Tb 27-2 (782) 

Number series transformation method, 760-807 

applications, 788 

equations with nonlinear and variable coefficients, 
801 

fundamentals, 760 

linear equations with constant coefficients, 788 

nonlinear equations, 796 

unit function response function, 795 

Number series transformations,differentiating 
operators, 781, Tb 27-3 (783) 


Number series transformations, (cont.) 
for discontinuous functions, 770 
Fourier transforms of, 770, 783 
integrating operators, 778, Tb 27-1 (782) 
triangular, Fg 27-6 (779), Tb 27-2 (782) 
inverse, 764 

Laplace transforms of, 770, 783 

mathematical operations, 770 

ramp, 765, Fg 27-4 (769) 

rectangular, 765, Fg 27-4 (7 6 8) 

step, 765, Fg 27-4 (769) 

triangular, 765, Fg 27-4 (768) 

Number series, generating. 785 

rectangular, Tb 27-5 (787) 

triangular, Tb 27-4 (786) 

Numerator factors, 579 

Numerical analysis, 760-807 

Numerical methods of determining transient 
stability, 413-440 

Nyquist's criterion, 504, 534, Dr 23-4 (535) 
Pr 23-1 (542) 


O 

Octaves, 148, 296 

Odd functions, 678 

Operational calculus, 37 

Operational methods, 37-66 

(See also Laplace transform method and Number 
series transformation method) 

Operator method, 18, 95, Dr 17-5 (96) 

Operators, differentiating, number series, 781 

orders one through five, Tb 27-3 (783) 

Operators, integrating, number series, 778 

orders one through five, 778, Tb 27-1 (782) 

triangular. Fg 27-6 (779), Tb 27-2 (782) 

Operators, nondimensional derivative, 18 

linear, 20 

Output forcing function, 120 
Output response, 120 
Output variation, 651 
Outputs, 2, 358 
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Polynomials (cont.) 


P 

Parameters, second-order equations, 184 , 248, 

Tb 19-1 (249), 254 

Parabolic function response, (0;0,1) equation, 121, 
Fg 18-3 (123), Dr 18-5 (122), Dr 18-17 (174) 

(0;0,1,2) equation, 214, Dr 19-5 (215), 278, 

Fg 19-20 (279), Fg 19-21 (280), Dr 19-23(339) 

Parentheses, in superscripts, 10, 43 

in subscripts, 113 

Partial fraction expansions for Laplace transforms. 
Dr 16-3 (59) 

determination of coefficients for. Dr 16-4 (63) 

Peak ratio, 718 

Performance functions, 2, 135 

Performance function analysis, 3, 651 

Performance operators, 2 

Period, natural, Tb 19-1 (249), 258 

Phase and amplitude graphs, 144, 587 

Phase margin, 549, Dr 23-5 (551) 

Phase plane graphs, 747, Dr 26-6 (749) 

Phase plane method, 712, Fg 26-1 (711), 747. 

Dr 26-6 (749) 

Piecewise-linear equations (see Rate-determined 
step terms) 

Piety, R. G., 760 

Polar coordinate - Cartesian coordinate trans¬ 
formation charts, 640 

Polar coordinate system overlay, log-scale, 642 

Polar coordinates, resolution into log-scale 
Cartesian coordinates, 633, Pr 24-2 (635) 

Sa 24-3 (638) 

Polar plane, log-scale, 519, Df 23-2 (520) 

complex coordinate system overlay, 640 

contour system for f 1 + F], 620 

Polar plane, uniform-scale, 519, Df 23-2 (520) 

Cartesian complex coordinate system overlay. 

640 

contour system for (1 + F], 618 

Polar plane plots, log-scale, 630 

application of Nyquist's criterion to, 541, Pr23-1 
(542) 

Poles, 509, Df 23-1 (508), 575 

Polygon method, vector, 662, Pr 25-1 (663) 

Polynomials, 21, 413 

first-order, 393, Dr 20-4 (394), 430, Dr 21-5 
(434), 522 

second-order, 397, Dr 20-5 (398), 430, Dr 21-5 
(434),525, 556 

third-order (cubic), 433, Dr 21-6 (435), 441- 
474, Fo 22-1 (442), Dr 22-1 (446), 526, 558 

(See also, Cubic equations) 


fourth-order (quartic) 433, Dr 21-6 (435), 441 
Fo 22-1 (442), Dr 22-3 (475), 473-503, 530, 
562 

( See also , Quartic equations) 

fifth-order, 434, Dr 21-6 (435), 532, 563 

sixth-through-ninth-order, 437, Dr 21-7 (438), 
564 

and rational functions,505, 534, 541 
argument principle, 515 
complex roots of, 421 

evaluation of along prescribed path, Dr 23-3 (516) 
factors of, 413, Th 21-1 (415), Dr 24-1 (576) 
Horner's method, 417, Dr 21-2 (422) 

Lin's method, 421, Dr 21-3 (426) 
fitting-constant-determining, 29 
graphical determination of, 505, Dr 23-1 (506) 
graphs of, 639 

(See also , Cubic charts and Quartic charts) 
initial condition, 46 
log-frequency plots, Pr 24-3 (639) 
low-order, 430 

mapping theorems for, 514, Dr 23-2 (512) 

Nyquist’s criterion, 534 

real, 575 

real roots of, 416 

Routh-Hurwitz stability criteria for, 425 

simplification of, 447, 478 

synthetic division of, Dr 21-1 (418) 

transformation of 417, Dr 21-1 (419) 

Polynomic characteristic equations, stability of, 

425, Dr 21-4 (431). Dr 21-5 (434), Dr 21-6 
(435), Dr 21-7 (438) 

Polynomic equations ( see Characteristic equa¬ 
tions and Polynomials 

Power series function responses, 109-125 

combination of, 125 

Principal roots, 565 

Profiles, first-order, 590 

second-order, 602 

use of, 602 Pr 24-1 (609), Sa 24-1 (612), Sa24-2 
(615) 

Profos' method, 549 

Pulse function responses, 651-705, 

displaced cosine, (0;0,1) equation, 681, Dr 25-5 
(684) 

(0;0,1,2) equation, 695, Dr 25-7 (696) 

rectangular, (0,0,1) equation, 679, Dr 25-4 
(680) 

(0;0,1,2) equation, 685, Dr 25-6 (688) 

Pulse function transforms, 50, Fg 16-1 (51) # 
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Pulse functions, displaced cosine, 679 

rectangular, 50, Fg 16-1 (51), 69, Df 17-1 (71) 
679 ’ 

and impulse functions, 69, Df 17-1 (71) 

construction of, 50, Fg 16-1 (51) 

representation of continuous functions bv 74 
Dr 17-1 (75) 

Pulse strength, 70, Df 17-1 (71) 
impulse function, 74, Df 17-1 (73) 


Rational functions, 505, Df 23-1 (508) 

first-order Dr 24-1 (576), Dr 24-2 (584), 589 

, oyy 

degenerate, 599 

second-order, Dr 24-1 (577), Dr 24-2 (584) 

associated with an independent and dependent 
variation, 665 

complex plane plots, 541, Dr 23-4 (537) 
direct, 589, 600 


Q 

Quadratic factors, real, 575 

Quartic charts, 500, Pr 22-1 (500), Fg 22-13 (502) 

analytical basis for, 489, Dr 22-5 (491) 

Quartic damping ratio ratio, 489, Dr 22-5 (491) 

Quartic equations, 441, Fo 22-1 (442), 473-503 
Dr 22-3 (475) 

and associated resolvent cubic discriminants, 

473, Dr 22-4 (479), 483 

Quartic frequency ratio, 489, Dr 22-5 (491) 

Quartic mutual frequency ratio, 490, Dr 22-5 (491) 

Quartic roots, 473-503 

and resolvent cubic discriminant, 483, Dr 22-4 
(481) 

relationship to coefficients, Dr 22-3 (475) 


R 

Ramn-followed-by-constant function response, 

(0;0,1) equation, 129, Dr 18-7 (130), Fg 18-5 
(131), 173, Dr 18-19 (177), 181, Dr 18-25 (183) 

(0,0,1,2) equation, 214, Dr 19-7 (224), 283, 

Fg 19-23 (284), Dr 19-25 (344), Dr 19-30 
(353) 

Ramp function response, (0;0,1) equation, 116, 

Fg 18-2 (119), Dr 18-4 (117), Dr 18-16 (172), 
Dr 18-23 (181) 

(0;0,1,2) equation, 209, Dr 19-4 (210), 267, 

Fg 19-15 (271), Fg 19-16 (274), Fg 19-17 
(275), Fg 19-18 (276), Fg 19-19 (277), 

Dr 19-22 (336), Dr 19-29 (351) 

Ramp number series transformations, 765, 

Fg 27-4 (769) 

Rate-determined step terms, 706-759 
Rate-determined step term ratio, 713 
Rate step ratio, 713, 718 
graphical method, 719 


evaluation of along prescribed path, Dr 23-3 
(516) 

functions of, 609, 613, 635 


general functions of, 632 

graphical construction of, 586, Dr 24-2 (586) 
inverse, 591, 606 


log frequency plots of. 608, Pr 24-1 (609) 

Sa 24-1 (612), Sa 24-2, (615) 


log-scale polar plane plots, 541, Pr 23-1 (542) 
logarithms of, 581 


mapping theorems for, 514, Dr 23-2 (511) 

nondimensional, 580, Dr 24-2 (582), 613 

Nyquist's criterion, 534, Dr 23-4 (535), 541 
Pr 23-1 (542) 


of first-order factors, 595 


poles, 509, Df 23-1 (508) 

polynomial. Dr 23-4 (538), Pr 23-1 (543) 

polynomial times a constant, Pr 23-1 (546) 

ratio of two polynomials, Dr 23-4 ( 540) Pr 23-1 
(545) 

reciprocal of a polynomial, Dr 23-4 (539) Pr 23-1 
(544) 

sinusoidal, steady-state, 575 

standard factored form, 579, Dr 24-1 (576) 

standard logarithmic form, 581, Dr 24-2 (583) 
zeros, Df 23-1 (508) 

Rational-function-plus-a-constant equation forms 
565, Dr 23-7 (566) 

Real linear factors, 575 

Real polynomial factors, 575 

Real quadratic factors, 575 

Real root location theorem, 416, Th 21-1 (415) 

Real translation theorem, 50, Th 16-1 (49) 

Rectangular number series transformations 765 
Fg 27-4 (768) 

Rectangular pulses (see Pulse functions, rectangu- 
1*1 r) 

Rectangular pulse functions (see Pulse functions 
rectangular) ’ 


Ft c ^ . m " 4 Summary. D t - Definition Summary. Dr - Derivation Summary. 

t,on Th rJi n 0, "n *“ " Information Summary. Pt - Procedure Summary. Sa - Sample Calculi 

4 DaVcm? rw “ Th ' 0r ‘ m For “ample, the entry 7-14. 102, Df 18-1 (103) means pages 7 through 

P a 8 c 102, Definition Summary 18-1, page 10). ° * 
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Roots (cont.) 


Reference amplitude ratio, 135, Dr 18-9 (139) 

141, 235, Dr 19-9 (238), 617 

Reference period, 104, Df 18-1 (103) 

Relating functions, 2, 56, Dr 16-2 (53), 68-100 

for unit impulse functions ( see Weighting function) 

frequency, steady-state nondimensional, Dr 18-20 
(179) 

Laplace transforms of, 52, Dr 16-2 (53), 68, 

Dr 17-2 (83), 85, 164, Dr 18-12 (165),Dr 19-15 
(321) ( See also Transfer function) 

sinusoidal, 85, Dr 17-3 (86), In 17-1 (99), 135 

classical method, 91, Dr 17-4 (92) 

equations of arbitrary order, 242-247 

for first-order equations, 133-144 

for second-order equations, 229-241, 292, 346, 

Dr 19-26 (347) 

forms of, from pulse function responses, 651-705 
graphical calculation, 574-650 
imaginary exponential form, 91 
Laplace transform method, 85, Dr 17-3 (86) 
nondimensional, 235 
operator method, 95, Dr 17-5 (96) 
rational function form of, 509 
sine function form of, 91 
standard factored form of, Dr 24-1 (576) 
standard logarithmic form of. Dr 24-2 (582) 
Remainder theorem, 417 

Resolution of log-scale polar coordinates into log- 
scale Cartesian coordinates, 633, Pr 24-2 
(635), Sa 24-3 (638) 

Resolving scale, 633, Pr 24-2 (635), Sa 24-3 
(638) 

Response functions, 56, 68 

for impulse function representations of continuous 
functions, 77, Dr 17-2 (78), In 17-1 (99) 

sinusoidal, steady-state, 85, Dr 17-3 (86) 

In 17-1 (99) 

( See also Relating functions) 

Response loci, sinusoidal, 290 
Response ratio, 273 
Response time, 262 

Root complex plane plots, 384, Fg 20-2 (389), 

Fg 20-3 (390) 

determination of relative transient stability from, 
391, Dr 20-3 (385) 

root location on, 407, Da 20-1 (409) 

by argument principle, 549, Dr 23-5 (550) 

Root reduction theorem, 414, Th 21-1 (415) 

Root scale factor theorem, 414, Th 21-1 (415) 

Root sign change theorem, 414, Th 21-1 (415) 

Roots, characteristic, 565 


characteristic equation (see Characteristic equa¬ 
tion roots) 

complex, 397, Dr 20-5 (398) 
of polynomials, 421 
complex conjugate, 23-1 (507), 565 
cubic, 444, Dr 22-1 (445) 
dominant, 565 
dominant pole pair, 565 
first-order, 393, Dr 20-4 (394) 
locus of ( see Locus of roots) 

most positive (least negative), 381, Dr 20-2 (377), 

polynomial, third- and fourth-order, 441-503 
principal, 565 

quartic, from quartic charts, Pr 22-1 (500) 
and resolvent cubic discriminant, Dr 22-4 (479) 
real, 393, Dr 20-4 (394) 
of polynomials, 416, Dr 21-2 (422) 
Routh-Hurwitz stability criteria, 413, 425-440 
and mapping theorems, Dr 23-3 (517) 
cubic, 443 

quartic, Dr 22-4 (481), 483, 485 
graphical counterpart of, 504, Dr 23-3 (517) 


S 

Scale change theorem, 50, Th 16-1 (49) 

Seamans, R. C., Jr., 651 

Second- and first-order factor coefficients, rela¬ 
tionship to cubic coefficients, 447 

Second-order equations (see Characteristic equa¬ 
tions, Differential equations, Polynomials, etc.) 

Second-order factors of cubic equations, 444 
coefficients, 444 

damping ratio and cubic discriminant, 446 

Second-order functions, 184-357,600-608, Dr 24-1 
(577), Dr 24-2 (584) 

direct, 600 

inverse, 606 

Second-order modes, 405 

Second-order profiles, 602, Fg24-ll (604), Fg24-12 
(605) 

Second- and first-power coefficient cubic charts. 
456 

Sequential solution method, 706, Dr 26-1 (707), 

Fg 26-1 (710), 712 

Shields' method, 29, Dr 15-5 (31) 
for multiple roots, Pr 15-1 (36) 
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Simplification of cubic polynomials, 447 

of quartic polynomials, 478 

of resolvent cubic equations, 478 

Simultaneous linear equations, Cramer's rule 
Dr 15-4 (28), 29, Dr 15-5 (31) 

Sinusoidal forcing functions (see Forcing functions, 
sinusoidal) 

Sinusoidal rational functions, 575 

Sinusoidal relating functions (see Relating func¬ 
tions, sinusoidal) 

Sinusoidal response, first-order equations, 133- 164 

(0;0,1) equation, 142, Dr 18-10 (143), Fg 18-6 
(147), Fg 18-7 (149), Fg 18-8 (150), Fg 18-9 
(151), 175, Dr 18-20 (179) 

(1;0,1) equation, 144. Dr 18-11 (145), Fg 18-10 
(155), Fg 18-11 (156) 

(1,0;0,1) equation, 133, Dr 18-9 (137), Fg 18-12 
(157), Fg 18-13 (158), Fg 18-14 (159) 

graphs and deviations, 160 

Sinusoidal response, second-order equations, 229- 
247 

(0;0,1,2) equation, 241, Dr 19-10 (240), 286, 

Fg 19-27 (291), Fg 19-28 (293), Fg 19-29 
(294), Fg 19-30 (295). Fg 19-31 (297), 

Fg 19-32 (297), Fg 19-33 (298), Fg 19-34 
(299). Fg 19-35 (301), Fg 19-36 (302), 

Fg 19-37 (304), Dr 19-16 (323) 

(0;0,1,2) equation with rate-determined stepterm, 
722, Dr 26-2 (723), Dr 26-6 (749) 

(1;0.1,2) equation, 241, Dr 19-11 (242), 303, 

Fg 19-38 (305), Fg 19-39 (306), Fg 19-40 
(307), Fg 19-41 (308), Dr 19-17.(324) 

(1,0;0,1,2) equation, 241, Dr 19-13 (244), 309, 

Fg 19-48 (315), Fg 19-49 (316), Fg 19-50 
(318), Fg 19-51 (319), Fg 19-52 (319), 

Fg 19-53 (320) 

(2;0,1,2) equation, 241, Dr 19-12 (243), 309, 

Fg 19-42 (310), Fg 19-43 (311), Fg 19-44 
(311). Fg 19-45 (312), Fg 19-46 (313), 

Fg 19-47 (314), Dr 19-18 (325) 

(2,1,0;0,1,2) equation, 229, Dr 19-9 (236), 317, 

Dr 19-15 (321), Dr 19-26 (347) 

(2,1,0;0,1,2) equation with rate-determined step 
term, 722, Dr 26-3 (728), 731, Dr 26-4 (732), 

Dr 26-5 (736) 

deviations, 300 

graphs, 286-320 

with rate-determined sten term, equivalentdamp¬ 
ing ratio comoonent, 735, Dr 26-5 (736) 

Sinusoidal response loci, 290 

Sixth-order equations (see Characteristic equa¬ 
tions, Polynomials, etc .) 


Solutions (see Characteristic equations. Differen¬ 
tial equations, etc.; See also Classical method 
Complete solutions, Formal solutions, Normal’ 
solutions, etc.) 

Special notation, (1,0,0,1) equation, Df 18-1 (103) 
forcea solution. Dr 18-9 (139) 

(-;0,1) equation, Dr 18-1 (108) 

(2,1,0;0,1,2) equation,Df 19-1 (187) 
forced solution, Dr 19-9 (238) 

(-; 0,1,2) equation, transient solution, Dr 19-1 
(196) 

Specific exponential rate, 365 

Stability, conditional, Dr 23-4 (540) 

hunting, 358 

transient ( see Transient stability) 

Stability criteria, Routh-Hurwitz (see Routh- 
Hurwitz stability criteria) - 

Standard-form of first-order differential equa¬ 
tion,102, Df 18-1 (103) 

of general linear integro-differential equation 
9, Df 14-1 (11) 

of logarithmic rational function, 581, Dr 24-2 
(582) 

of second-order differential equation,185, Df 19-1 
(186) 






” r --- • tUUd- 

tion, 125, Dr 18-6 (126), Fg 18-4 (127), 171, 

Dr 18-18 (176), Dr 18-24 (182) 

(0;0,1,2) equation,214, Dr 19-6 (220) 278 
Fg 19-22 (282), Dr 19-24 (342) 

Step function response, decreasing, (0,0,1) equa¬ 
tion,115, Fg 18-1 (115), Dr 18-3 (116) 

Dr 18-15 (171) 

(0,0,1,2) equation, 206, Dr 19-3 (207) 248 
Fg 19-1 (250), Fg 19-2 (253), Fg 19-3 (255), 

5 57) ' Fg 19 " 5 (259) - F 6 19 -6 (261), 

Fg 19-8 (264)> F 6 19-9 (265), 

Fg 19-10 (265), Dr 19-21 (333) 

Ration with rate-determined stepterm 
I?, Dr 26-1 (707), Fg 26-2 (714), Fg 26-3 ’ 

(715), Fg 26-4 (716), Fg 26-5 (717) b 

(-;0,1,2) equation, 254, Fg 19-4 (257) 

Step function response, increasing. (0;0,1) equa¬ 
tion 109, Dr 18-2 (110), Fg 18-1 (115), 

Dr 18-14 (169), Dr 18-22 (180) 

(0;0,1,2) equation, 199, Dr 19-2 (200), 264 

19- 11 (266), Fg 19-12 (268), Fg 19^13 
(269), Fg 19-14 (270), Dr 19-20 (330) 

Dr 19-28 (349) ’ 


Step function transforms, 50 

Step functions, used to construct pulse functions 
50, Fg 16-1 (51) 
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Step number series transformations, 765, Fg 27-4 

v « v“J 

Step terms, rate-determined (see Rate-determined 
step terms) 

Stepped curve approximations, Fourier transform, 
653 

Sturm's functions, 416 

Sturm's theorem, 416, Th 21-1 (415) 

Subscripts, 113 

Subtraction, number series transformations, 772 

Summation formula, Fourier transform, 662 

Superposition, principle of, 17 

Symbols and notation, 14, 102, Df 18-1 (103) 106 
107, 113, 134, 141, 185, Df 19-1 (186), 248, ’ 
Tb 19-1 (249), 290 

Synthetic division, 417 

System function, 68 

Systems, conservative, 358 

dissipative, 359 

nonconservative, 359 

operating, 2 


T 

Theorem, complex multiplication, 50, Th 16-1 (49), 
69 

Cauchy's residue, Dr 23-2 (514) 
fundamental, of algebra, 21 
mapping, 514, Dr 23-2 (511) 
unique factorization, 22 

Theorems for factoring polynomials, 414, Th 21-1 
(415) 

Theorems, Laplace transform, 48, Th 16-1 (49) 

Third-order equations, ( see Characteristic equa¬ 
tions Polynomials, etc. ; See also Cubic equa¬ 
tions) 

Time, 8 

Time, characteristic ( see Characteristic time) 

Time - characteristic time ratio, 114, 262, 267, 272 
Time series, 761 

Transfer function.57, Dr 16-2 (55), 68-100, Dr 17-2 
(83), In 17-1 (99) 

Transform pairs, 37 

Transformation charts, polar coordinates to 
Cartesian coordinates, 640 

Transformations, conformal, 510, Dr 23-2 (511) 

number series, 760 

Transforming the polynomial, 417 

Transforms, 37 

4 

Fourier ( see Fourier transforms) 

Laplace (see Laplace transforms) 


Transient errors, 360, Df 20-1 (361) 
complex exponential forms, 374 
exponential forms, 365 

products of powers of the running variable and 
real exponentials, 373 

real exponential forms, 372 

Transient peak ratio, 258 

Transient solutions, 15, 16, 20,Dr 15-1 ( 19 ), 

ur 1&-Z (24), 67 

coefficients of, 571, Dr 23-8 (572) 

for first-order differential equations. 107 
Dr 18-1 (108) ’ 

for second-order differential equations. 193 
Dr 19-1 (194) ' 

Transient solution components, first- and second- 
order, 405 


higher-order, compared with second-order, 406 

Transient solution sequences for second-order 
equations with rate-determined step terms 
706, Dr 26-1 (707), 712 

Transient solution terms, 39 

Transient stability, 358-412 

and characteristic equation roots, 376-412 

determination by graphical methods, 504-573 

determination by numerical methods, 413-440 

of complete solutions, 365 

linear integro-differential equations with con¬ 
stant coefficients, 375 

transient error forms, 365-375 

of polynomic equations,425, Dr 21-4 (431) 

low-order, 430, Dr 21-5 (434) 

third- through fifth-order, 433, 434, Dr 21-6 
(435) 


sixth- through ninth-order, 437, Dr 21-7 (438) 

stability number, 366, Dr 20-1 (367), 382. 

Dr 20-2 (380) 

Transient stability, absolute, 360, Df 20-1 (361) 
graphical criteria for, 384, Dr 20-3 (385) 
of complete solutions, 365, Dr 20-1 (367) 
complex exponential forms, 374 
exponential forms, 365 

linear integro-differential equations with con¬ 
stant coefficients, 375, Dr 20-2 (377) 

products of powers of the running variable and 
and real exponentials, 373 

of fourth-order (quartic) equations, 477, Dr 22-3 
(475) 

of third-order (cubic) equations, 447, Dr 22-1 
(445) 

Routh-Hurwitz stability criteria for, 425-437 
Transient stability, relative, 360, Df 20-1 (363) 
graphical criteria for, 391, Dr 20-3 (387) 
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Transient stability, relative ( cont .) 

of complete solutions, 372, Dr 20-1 (367) 

complex exponential forms, 375 

linear integro-differential equations with con¬ 
stant coefficients, 375, Dr 20-2 (377) 

products of powers of the running variable and 
real exponentials, 373 

real exponentials, 372 

Routh-Hurwitz stability criteria for, 437 

Transmission ratio, 68 

Trapezoidal approximations, Fourier transform, 
659, Dr 25-2 (660) 

Triangular number series transformations, 760, 
Fg 27-4 (768) 

discontinuous function, 770 
inverse, 764 

Triangular pulse functions, 761 

unit, left and right, 770, Fg 27-5 (771), Tb 27-2 
(7C2) 

Tustin, A., 760 


U 

Undetermined coefficients, method of, 24, Dr 15-3 
(26) 

Unique factorization theorem, 22 

Unit function response function, number series 
method, 795 

Unit functions, 760, 765, Fg 27-3 (766) 

Unit impulse function, Laplace transform of, 47 

Unit triangles, left and right, 770, Fg 27-5 (771), 
Tb 27-2 (782) 



Variable, running, 2, 4, 8 
Variation in sign, 414, Th 21-1 (415) 
Vector polygon method, 662, Pr 25-1 (653) 
Viscous friction, 721 


w 

Weighting function, 68-100, Dr 17-2 (83), In 71-1 
(99) 

Weighting function convolution integrals 85 
Dr 17-2 (83), In 17-1 (99) 

Weighting function convolution integral method, 
for first-order differential equations 175 ’ 
679 

for second-order differential equations, 348,685 

formal solution, 175, Dr 18-21 (180). 348 
Dr 19-27 (349) 

normal solution, displaced cosine pulse function 
response, 681, Dr 25-5 (684), 695, Dr 25-7 
(696) 

ramp-followed-by-constant function response 
181, Dr 18-25 (183), 353, Dr 19-30 (353) 

ramp function response, 181, Dr 18-23 (181) 

351, Dr 19-29 (351) 

rectangular pulse function response, 679, Dr 25-4 
(680), 685, Dr 25-6 (688) 

step-and-ramp function response, 181, Dr 18-24 
(182) 

step function resoonse, 178, Dr 18-22 (180) 349 
Dr 19-28 (349) 

Weiss, H. K., 450, 747 


Y 

Yeh, C. M., 552 


Variable, complex, 41 
dependent, 2,4,8 
independent, 2,4,8 
Laplace transform, 41 


Z 

Zeros, 575 

Zeros of rational functions, 509, Dr 23-1 (508) 
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